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Abstract. We consider satisfiability modulo theory-solving for linear
real arithmetic. Inspired by related work for the Fourier–Motzkin method,
we combine virtual substitution with learning strategies. For the first
time, we present virtual substitution—including our learning strategies—
as a formal calculus. We prove soundness and completeness for that calculus. Some standard linear programming benchmarks computed with an
experimental implementation of our calculus show that the integration
of learning techniques into virtual substitution gives rise to considerable
speedups. Our implementation is open-source and freely available.
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Introduction

Recently there has been considerable progress in real satisfiability modulo theorysolving (SMT) triggered by the idea to adopt from Boolean satisfiability-solving
(SAT) conflict analysis and learning techniques [6, 13, 9, 10, 7, 12, 1, 2]. On the
other hand, during the past twenty years there has been a number of successful
applications of real quantifier elimination methods, of which real SMT-solving
is a special case [5, 18, 19, 17, 20, 21, 16].
Unfortunately, the SMT-solving community and the symbolic computation
community working on quantifier elimination have been quite disconnected. The
underlying frameworks are not really compatible, which makes it hard to even
recognize that ideas from the respective other side are valuable. We would like to
contribute to closing this gap by presenting as a calculus in the style of abstract
DPLL [15] a special case of one successful approach to real quantifier elimination,
viz. virtual substitution. In this paper we restrict ourselves to feasibility checking
for systems of linear constraints. On that basis, we integrate conflict analysis and
learning techniques in the spirit of the SMT ideas mentioned above.
Applying a very general technique like real quantifier elimination to that very
special fragment can not compete with dedicated simplex-based methods. However, our approach has a considerable potential for generalizations, in particular
to non-linear real arithmetic.
The plan of the paper is as follows: Section 2 provides a quick introduction
into the concept of virtual substitution for readers not familiar with that theory.
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In Section 3 we formalize virtual substitution for the special case considered
here as a basic calculus where learning is only used to avoid cycles. This basic
calculus essentially corresponds to a straightforward recursive implementation
of the method. In Section 4 we proceed to an enhanced calculus featuring a
learning technique based on linear algebra. Technically, that enhanced calculus
is obtained by exchanging only one rule in the basic calculus so that soundness,
completeness, and complexity results for the basic calculus can be mostly reused.
Finally, in Section 5 we discuss computational experiments, comment on related
work, and mention possible future work.
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A Quick Introduction to Virtual Substitution

We consider formulas over the language L = (0, 1, +, −, ≥) with the usual semantics over the real numbers. Given a quantifier-free L-formula Q an elimination
set for Q and x is a finite nonempty set E of abstract elimination terms such
that
_
R |= ∃x[Q] ←→
Q[x // e].
e∈E

Here we are using a virtual substitution [x // e], which is defined to map atomic
formulas to quantifier-free formulas rather than terms to terms. In practice, this
is combined with powerful simplification techniques for intermediate and final
results.
In this paper we consider the special case where E contains only linear elimination terms of the form t/b, where t is an L-term and b ∈ N \ {0}. Then
virtual substitution can be defined as formally substituting t/b for x in a suitable extension language of L containing division and rewriting the result as an
L-formula by dropping the positive denominator b. Although it is one of the
principal strengths of virtual substitution methods that they can inherently deal
with arbitrary Boolean combinations, we restrict ourselves here to conjunctions
of atomic formulas as input.
Lemma 1 Consider a formula F = I1 ≥ 0 ∧ · · · ∧ In ≥ 0. Let x be a variable
occurring in F . Then an elimination set E for F and x can be computed as follows: Turn each inequality in F that contains x into an equation. Then formally
solve the equation with respect to x, and add the solution to E.
t
u
As an example consider
F = −2x1 − x2 + 5 ≥ 0 ∧ x1 + x2 + 5 ≥ 0 ∧ −x1 + x2 + 3 ≥ 0.
By Lemma 1, an elimination set for F and x1 is given by
E = {(−x2 + 5)/2, −x2 − 5, x2 + 3}.
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∃x1 [F ] ←→ F [x1 //(−x2 + 5)/2] ∨ F [x1 // −x2 − 5] ∨ F [x1 // x2 + 3]
= (0 ≥ 0 ∧ x2 + 15 ≥ 0 ∧ 3x2 + 1 ≥ 0) ∨
(x2 + 15 ≥ 0 ∧ 0 ≥ 0 ∧ 2x2 + 8 ≥ 0) ∨
(−3x2 − 1 ≥ 0 ∧ 2x2 + 8 ≥ 0 ∧ 0 ≥ 0)
←→ x2 + 4 ≥ 0.
In practice, there are many optimizations, which lead to smaller elimination sets.
For instance, when there are both lower and upper bounds on the considered
variable, only one of these has to be taken into account, i.e., in our example
E = {−x2 − 5} would actually be sufficient. For our calculi to be presented in
the next sections, we are exclusively going to use the elimination sets according
to Lemma 1. It is going to be crucial that each elimination term originates from
exactly one constraint.
Consider the elimination
W of several variables, say, ∃x2 ∃x1 F . Eliminating x1
as above we obtain ∃x2 e∈E F [x1 // e]. Before eliminating x2 we can move ∃x2
inside the disjunction and eliminate x2 independently within each disjunct, which
our calculi are implicitly going to do. This idea reduces the asymptotic worstcase complexity of the procedure from doubly exponential to singly exponential
deterministic time in the input word length [22]. Recall that the Fourier–Motzkin
method [14], in contrast, is doubly exponential [3, Section 4-4], [23], and that
the simplex method is singly exponential in the worst-case as well [8], although
it is known to perform much better than this bound on practical input.
For a more thorough introduction into the virtual substitution framework,
we refer the reader to [11, 5].

3

A Basic Calculus

In this section we introduce a conflict-driven calculus for deciding satisfiability
of systems
F = I1 ≥ 0 ∧ · · · ∧ In ≥ 0
of linear inequalities. By var(F ) we denote the finite set of variables occurring in
F . Without loss of generality we assume that var(F ) 6= ∅. Our calculus is based
on the virtual substitution method, which we combine with conflict analysis and
learning. In this section we are going to present a basic version with a primitive
concept of learning, which leads to exhaustive enumeration of all test terms in
the sense of [22, 11]. That calculus will serve as a basis for an enhanced calculus
with stronger learning techniques, which we are going to present in the next
section.
3.1

States

The states of our calculus are either > (sat), ⊥ (unsat), or triplets (F, S, L). F
is the input system, which will not be modified by any calculus rule.
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S is a stack h(x1 , ν1 ), . . . , (xk , νk )i, growing to the right. Given a stack S =
h(x1 , ν1 ), . . . , (xk , νk )i, we denote h(x1 , ν1 ), . . . , (xk+1 , νk+1 )i by S |(xk+1 , νk+1 ).
For i ∈ {1, . . . , k − 1}, νi is a pair (ti , Ji ), where Ji ∈ {I1 , . . . , In } and
ti = −


1 X
ax x + a0
b
x∈V

P
is derived from Ji [x1 // t1 ] . . . [xi−1 // ti−1 ], which equals x∈V ax x + bxi + a0 ≥ 0
with V = var(F ) \ {x1 , . . . , xi }. In other words, ti is the formal solution of Ji = 0
with respect to xi subject to choices for x1 , . . . , xi−1 based on S. We call ti an
elimination term. Since for given h(x1 , ν1 ), . . . , (xi−1 , νi−1 )i the elimination term
ti is uniquely determined by Ji and xi , we allow ourselves the convenient notation
xi ← ti (Ji ) instead of (xi , (Ji , xi )). The last stack element νk is either a pair as
described above, or “?” or “⊥.” In the last two cases, we also write xi ← ? and
xi ← ⊥, respectively.
Finally,Pwe have a set L of lemmas, each of which is a disjunction of negated
equations x∈var(F ) ax x 6= 0, where ax ∈ Z.
For a given system F of linear inequalities, the initial state of our calculus is
(F, hi, ∅).

3.2

Rules

Before discussing the rules of our calculus we need some definitions. A quantifierfree formula Q is trivially inconsistent if it is ground and equivalent to “false.”
Let Q be a quantifier-free formula. Given S = hx1 ← t1 (J1 ), . . . , xk ←
tk (Jk )i we define the successive—in contrast to simultaneous—virtual substitution of S into Q as
Q/S = Q[x1 // t1 ] . . . [xk // tk ].
Here [xi // ti ] denotes the virtual substitution of ti for xi in the sense of [22, 11].
While virtual substitution in general maps atomic formulas to quantifier-free
formulas, it is easy to see that for our linear inequalities one generally obtains
atomic formulas. Specifically, for % ∈ {=, >, ≥, 6=} we have


(c1 x1 + J % 0) x1 // b−1 K = (c1 K + bJ % 0),
where J = c2 x2 + · · · + cm xm , K = a2 x2 + · · · + am xm , ci , ai ∈ Z, and b ∈
N \ {0}. Our definition naturally generalizes to sets of quantifier-free formulas,
in particular to L. Furthermore, we observe that the very special situation of
our linear constraints allows to define virtual substitution even for terms:


(c1 x1 + J) x1 // b−1 K = c1 K + bJ.
Note that this differs from the standard definition of term substitution by dropping a positive integer denominator b.
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Our first two rules decide for the next variable to be eliminated and assign
to it one possible elimination term, respectively:
Decide :
(F, S, L) ` (F, S | xk+1 ← ?, L)
where S does not contain “?” or “⊥”
if F/S is not trivially inconsistent, and xk+1 ∈ var(F/S).
Substitute :
(F, S | xk ← ?, L) ` (F, S | xk ← eterm(F, S, L, xk ), L)
Given F , S, and x ∈ var(F/S), we denote the elimination set described in
Lemma 1 by E(F/S, x). Recall that every elimination originates from a single
constraint. For our purposes here we are going to assume that E(F/S) actually contains pairs (t, J), where t is an elimination term originating from J/S.
Formally we write:
R |= ∃x[F/S] ←→

_

F/S | x ← t (J).

(1)

(t,J)∈E(F/S,x)

We call an elimination term (t, J) L-admissible, if L/(S | x ← t (J)) is not trivially inconsistent. The elimination term function eterm(F, S, L, x) enumerates
all L-admissible elements of E(F/S, x). In the end it returns “⊥.”
The following two rules handle the situation that our trial substitutions have
led to an inconsistency. We learn just enough not to repeat our unlucky decisions
in the future. Afterwards, we successively remove elements from the top of S until
F/S is not trivially inconsistent anymore.
Leaf Conflict :

 Wk

F, S, L ` F, S, L ∪
i=1 Ji 6= 0
where S = hx1 ← t1 (J1 ), . . . , xk ← tk (Jk )i, k ≥ 1
if F/S is trivially inconsistent, and L/S is not trivially inconsistent.
Leaf Backtrack :
(F, S | xi ← ti (Ji ) | . . . | xk ← tk (Jk ), L) ` (F, S | xi ← ?, L)
if L/S | xi ← ti (Ji ) is triv. inconsistent, and L/S is not triv. inconsistent.
It is not hard to see that based on our limited learning in Leaf Conflict we
leaf-backtrack exactly one step. This is going to be improved with our enhanced
calculus in the next section.
The following two rules are concerned with the situation that the enumeration
of some elimination set E(F/S, xk ) has ended with eterm delivering “⊥” in
Substitute. Similarly to Leaf Conflict we learn in Inner Conflict not
to return to the particular subproblem to eliminate xk from F/S. Afterwards,
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Inner Backtrack can backtrack exactly one step:
Inner Conflict :

F, S | xk ← ⊥, L `

F, S | xk ← ⊥, L ∪

Wk−1
i=1

Ji 6= 0



where S = hx1 ← t1 (J1 ), . . . , xk−1 ← tk−1 (Jk−1 )i
if L/S is not trivially inconsistent.
Inner Backtrack :
(F, S | xk−1 ← tk−1 (Jk−1 ) | xk ← ⊥, L) ` (F, S | xk−1 ← ?, L)
if L/S | xk−1 ← tk−1 (Jk−1 ) is trivially inconsistent.
Finally, we fail when the elimination set for the first-chosen variable is exhausted. We succeed when F/S becomes ground and equivalent to “true:”
Fail :
(F, hx1 ← ⊥i, L) ` ⊥
Succeed :
(F, S, L) ` >
if var(F/S) = ∅, and F/S is equivalent to “true.”
To conclude the discussion of our basic calculus we would like to point out
that it is deterministic in the following sense: Every reachable state (F, S, L)
matches the premise of exactly one of the rules.
3.3

Soundness

Lemma 2 (Invariants of the Calculus) Consider
(F, hi, ∅) `n (F, S 0 | xk ← νk , L0 ),
where S 0 = hx1 ← t1 (J1 ), . . . , xk−1 ← tk−1 (Jk−1 )i.
(i) If νk = (tk , Jk ), then for all l ∈ {1, . . . , k} the following holds:
h
i
Vl
R |= ∃[F/hx1 ← t1 (J1 ), . . . , xl ← tl (Jl )i] ←→ ∃ F ∧ i=1 Ji = 0 .
(ii) For νk = ? or νk = ⊥ the equivalence in (i) holds for all l ∈ {1, . . . , k − 1}.
Proof. We simultaneously prove (i) and (ii) by induction
on n.
V
The stack of the initial state is empty, and since ∅ is defined as “true,” we
obtain R |= ∃[F ] ←→ ∃[F ]. This proves both (i) and (ii) for n = 0.
Consider now (F, hi, ∅) `n (F, S, L) ` (F, S 0 | xk ← νk , L0 ). Assume that both
(i) and (ii) hold for (F, S, L). We show by case distinction on the rule applied in
the last derivation step that (F, S 0 | xk ← νk , L0 ) satisfies both (i) and (ii).
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Decide yields S 0 = S, and νk = ? so that we are in case (ii), which holds by
the induction hypothesis.
With Substitute we have S = S 0 | xk ← ? and either νk = (tk , Jk ) or
νk = ⊥. In the first case we see that






Vk−1
R |= ∃ F/S 0 /hxk ← tk (Jk )i ←→ ∃ F ∧ i=1 Ji = 0 ∧ Jk = 0 .
In the second case we can directly apply the induction hypothesis.
Leaf Conflict and Inner Conflict both yield S 0 | xk ← νk = S, and we
apply the induction hypothesis.
With Leaf Backtrack and Inner Backtrack we obtain S = S 0 T for
some possibly empty stack T . Furthermore, νk = ?, i.e., we are in case (ii). The
fact that S 0 is a prefix of S allows us to apply the induction hypothesis.
Finally, Fail and Succeed do not match our considered derivation.
t
u
Lemma 3 Consider (F, hi, ∅) `n (F, S 0 , L0 ). Then the following hold:
V
(i) R |= F −→ L0 .
(ii) If S 0 = S10 | xk ← ⊥, then R |= ¬∃[F/S10 ], i.e., F/S10 is unsatisfiable.
Proof. To start with, we remark that Fail and Succeed rules do not match our
situation. We simultaneously prove (i) and (ii) by induction on n.
V
V
(i) For n = 0, since ∅ is defined as “true,” we obtain R |= F −→ ∅.
Consider now (F, hi, ∅) `n (F, S, L) ` (F, S 0 , L0 ) and assume that both (i) and
(ii) hold for n.
With Decide, Leaf Backtrack, Inner Backtrack, or Substitute we
have L0 = L.
With Leaf Conflict we have S 0 = S = hx1 ← t1 (J1 ), . . . , xk ← tk (Jk )i
for k ≥ 1. By definition of the rule, we know that F/S 0 is trivially inconsistent,
Vk
in particular F/S 0 is unsatisfiable. Lemma 2(i) implies that F ∧ i=1 Ji = 0 is
unsatisfiable. We equivalently transform
"
R |= ¬∃ F ∧

k
^
i=1

#

"

Ji = 0 ←→ ∀ F −→

k
_

#
Ji 6= 0 ,

i=1

i.e., F implies also the lemma newly learned in Leaf Conflict.
With Inner Conflict we have S 0 = S = S10 | xk ← ⊥, where S10 = hx1 ←
t1 (J1 ), . . . , xk−1 ← tk−1 (Jk−1 )i. By the induction hypothesis for (ii), F/S10 is
Vk−1
unsatisfiable. By Lemma 2(ii) it follows that also F ∧ i=1 Ji = 0 is unsatisfiable,
and we proceed in analogy to the previous case.
(ii) For n = 0, we observe that the stack of the initial state is empty. Again,
consider (F, hi, ∅) `n (F, S, L) ` (F, S 0 , L0 ) and assume that both (i) and (ii)
hold for n.
With Decide, Leaf Backtrack, Inner Backtrack, or Leaf Conflict
the top element of S 0 is not of the form xk ← ⊥.
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With Substitute assume that S 0 = S10 | xk ← ⊥. According to (1), we know
that
_
R |= ∃xk [F/S10 ] ←→
F/S10 | xk ← tk (Jk ).
(tk ,Jk )∈E(F/S10 ,xk )

On the other hand, by (i), R |= F −→

V

L, in particular
^
R |= [F/S10 | xk ← tk (Jk )] −→
L/S10 | xk ← tk (Jk ).

Inspection of Substitute shows that eterm(F, S10 , L, xk ) = ⊥, which means
that L/S10 | xk ← tk (Jk ) is equivalent to “false” for all (tk , Jk ) ∈ E(F/S10 , xk ).
Together R |= ∃xk [F/S10 ] −→ false, i.e., F/S10 is unsatisfiable.
With Inner Conflict we have S 0 = S, and we can directly apply the
induction hypothesis.
t
u
Theorem 4 (Soundness) (i) If (F, hi, ∅) `∗ ⊥, then F is unsatisfiable.
(ii) If (F, hi, ∅) `∗ >, then F is satisfiable.
Proof. (i) Since ⊥ is reachable only by Fail we are in the following situation:
(F, hi, ∅) `∗ (F, hx1 ← ⊥i, L) ` ⊥.
Now choose S10 = hi in Lemma 3(ii).
(ii) Since > is reachable only by Succeed we are in a situation:
(F, hi, ∅) `∗ (F, S, L) ` >,
where S = hx1 ← t1 (J1 ), . . . , xk ← tk (Jk )i, and F/S does not contain variables
and is equivalent to “true.” Denote by Ei the set E(F/hx1 ← t1 (J1 ), . . . , xi−1 ←
ti−1 (Ji−1 )i, xi ). According to (1), it is easy to see that ∃x1 . . . ∃xk F is equivalent
to
_
_
···
F/hx1 ← s1 (M1 ), . . . , xk ← sk (Mk )i.
(sk ,Mk )∈Ek

(s1 ,M1 )∈E1

Furthermore, in exactly one of the above disjuncts we have (s1 , M1 ) = (t1 , J1 ),
. . . , (sk , Mk ) = (tk , Jk ), i.e., our stack S is substituted into F . Since F/S is
equivalent to “true,” the entire disjunction is equivalent to “true.” Hence, F is
satisfiable.
t
u
3.4

Completeness

Our goal is to assign to each state S = (F, S, L) of a derivation with our calculus
a weight (n, k, h, l) ∈ N4 , which lexicographically decreases with each derivation
step. For the definition of the weight we proceed in three stages:
1. The input constraints F in a given state S determine a finite abstract F -tree
T . Each node of T is either a variable node containing a variable chosen by
Decide or a term node containing an elimination term or the unique root
node, which is considered a term node, as well.
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2. Using L in S, each term node is labeled either active or inactive. Using S in
S exactly one node of T is selected. If the selected node is a variable node,
then it is additionally labeled “?” or “⊥.”
3. From the labeled tree T we can finally determine a weight for our state S.
We are now going to make precise these three steps. In the following we denote
by τi the elimination term (ti , Ji ). Firstly, T is uniquely described by giving
for each node N the path from the unique root node to N : The empty path
() describes the root node. Given a path (x1 , τ1 , . . . , xk , τk ) to a term node, we
obtain a variable node (x1 , τ1 , . . . , xk , τk , xk+1 ) for each variable xk+1 occurring
in F/hx1 ← τ1 , . . . , xk ← τk i. Given a path (x1 , τ1 , . . . , xk , τk , xk+1 ) to a variable
node, we obtain a term node with path (x1 , τ1 , . . . , xk , τk , xk+1 , τk+1 ) for each
elimination term τk+1 ∈ E(F/hx1 ← τ1 , . . . , xk ← τk i, xk+1 ).
Secondly, a term node (x1 , τ1 , . . . , xk , τk ) is inactive if L/hx1 ← τ1 , . . . , xk ←
τk i is trivially inconsistent; otherwise it is active. The selected node essentially
corresponds to the stack S: If S = hx1 ← τ1 , . . . , xk ← ?i or S = hx1 ←
τ1 , . . . , xk ← ⊥i, then we select the variable node (x1 , τ1 , . . . , xk−1 , τk−1 , xk )
and label it “?” or “⊥,” respectively. If S = hx1 ← τ1 , . . . , xk ← τk i, then we
select the term node (x1 , τ1 , . . . , xk , τk ).
Finally, the weight of T is (n, k, h, l) ∈ N4 , where
– n is the number of active nodes,
– k is the number of inactive nodes on the path from the root to the selected
node,
– h is the depth of T minus the length of the path from the root to the selected
node,
– l = 1 if the selected node is labeled “?,” otherwise l = 0.
Lemma 5 Consider states (F, S, L) and (F, S 0 , L0 ) with weights (n, k, h, l) and
(n0 , k 0 , h0 , l0 ), respectively:
(F, S, L) ` (F, S 0 , L0 ) =⇒ (n, k, h, l) >lex (n0 , k 0 , h0 , l0 ).
Proof. Decide yields n = n0 , k = k 0 , h > h0 , l < l0 . Substitute depends on
the return value of eterm; in either case n = n0 , k = k 0 , h ≥ h0 , l > l0 . Leaf
Conflict and Inner Conflict yield n > n0 , k = k 0 , h = h0 , l = l0 . Leaf
Backtrack and Inner Backtrack yield n = n0 , k > k 0 , h < h0 , l < l0 .
Finally, notice that Fail and Succeed cannot produce (F, S 0 , L0 ).
t
u
At this point it is clear that our calculus performs only sound derivations and
always terminates. For our main result we have to make sure that for all reachable
states different from “⊥” and “>” there is always at least one calculus rule
applicable. We had already mentioned in Subsection 3.2 that in fact exactly one
rule is applicable. For the sake of completeness, we state this formally once more.
Lemma 6 Consider (F, hi, ∅) `∗ (F, S, L). There is one and only calculus rule
and at least one state S such that (F, S, L) ` S.
t
u
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Theorem 7 (Completeness) Given a system F of linear inequalities, every
derivation beginning in the initial state (F, hi, ∅) terminates either in state “⊥”
or in state “>.”
Proof. By Lemma 5 every derivation starting in the initial state terminates.
Assume for a contradiction that the final state is neither “⊥” nor “>,” then
Lemma 6 admits another derivation step, a contradiction.
t
u
3.5

Complexity

From earlier complexity results on the virtual substitution method [22] it is clear
that there is a singly exponential upper bound on the worst-case complexity of
the calculus bounding the number of substitutions as well as the overall number
of derivation steps. This complexity bound persists when extending the approach
to strict inequalities, which is straightforward. It is noteworthy that this bound
is one exponential step smaller than the known lower bound for the Fourier–
Motzkin method.

4

An Enhanced Calculus

Recall from Subsection 3.2 our definition of virtual substitution into terms, which
differs from regular substitution by eliminating positive denominators. Similar
to regular substitution, that virtual substitution can be expressed via linear
combinations:
Lemma 8 Consider a stack S = hx1 ← t1 (J1 ), . . . , xk ← tk (Jk )i and a linear
term K. Then one can compute α1 , . . . , αk ∈ Q, b ∈ N \ {0} such that
K/S = b

k
X

αi Ji + bK.

(2)

i=1

Proof. Let K 0 = K[x1 /t1 ] . . . [xk /tk ] be the result of regular substitution of stack
0
S
Pkinto K. It is clear that there exist α1 , . . . , αk ∈ Q such that K = K0 +
i=1 αi Ji . On the other hand, there exists b ∈ N \ {0} such that K/S = bK . It
follows that (2) has a solution. Compute b := K/S
K 0 . Using this fixed b consider
f = 0, where f is the recursive polynomial
bK + b

k
X

αi Ji − K/S ∈ Z[α1 , . . . , αk ][var(F )].

i=1

Solve the linear system p1 = 0, . . . , p|var(F )| = 0, q = 0, where p1 , . . . , p|var(F )| ∈
Z[α1 , . . . , αk ] are the coefficients of the variables in f , and q ∈ Z[α1 , . . . , αk ] is
the constant term of f .
t
u
We call (K ≥ 0) ∈ F a conflicting inequality with respect to S if (K ≥ 0)/S is
trivially inconsistent.
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Lemma 9 Consider a state (F, S, L), where S = hx1 ← t1 (J1 ), . . . , xk ←
tk (Jk )i, and let (K ≥ 0) ∈ F be a conflicting inequality with respect to S.
Compute α1 , . . . , αk ∈ Q as in Lemma 8. Then
R |= F −→

k
_

Ji 6= 0.

i=1
αi <0

Proof. Assume that F holds. Using the fact that K ≥ 0 is a conflicting inequality
with respect to S and Lemma 8 we can compute α1 , . . . , αk ∈ Q such that


 k

k
k
P
P
P
−1 = sgn(K/S) = sgn
αi Ji + K = sgn 
αi Ji +
αi Ji + K  .
i=1

i=1
αi ≥0

i=1
αi <0

On the other hand, it isPclear that F implies non-negative linear combinations
k
of its constraints, i.e.,
i=1,αi ≥0 αi Ji + K ≥ 0. Assume for a contradiction
Vk
Pk
that i=1,αi <0 Ji = 0, which implies
i=1,αi <0 αi Ji ≥ 0. This leads to the
Pk
Pk
contradiction i=1,αi <0 αi Ji + i=1,αi ≥0 αi Ji + K ≥ 0.
t
u
Given a conflicting inequality (K ≥ 0) ∈ F with respect to some stack S,
the following new rule uses a function lincomb computing α1 , . . . , αk ∈ Q as in
Lemma 8 in order to learn the corresponding disjunction from Lemma 9:
Analyze Conflict :

 Wk

F, S, L ` F, S, L ∪
i=1,αi <0 Ji 6= 0
where S = hx1 ← t1 (J1 ), . . . , xk ← tk (Jk )i
and (α1 , . . . , αk ) = lincomb(S, K ≥ 0).
if F contains a conflicting inequality K ≥ 0 with respect to S.
Our enhanced calculus replaces Leaf Conflict in favor of Analyze Conflict. Since for any choice of α1 , . . . , αk ∈ Q we have
R |=

k
_
i=1
αi <0

Ji 6= 0 −→

k
_

Ji 6= 0,

i=1

the lemmas learned now are at least as strong as the ones learned with the basic
calculus.
W
It is quite clear that one could even learn the stronger lemma αi <0 Ji > 0.
However, computational experiments indicate that this does not perform significantly better than the version described above.
4.1

Soundness

Inspection of Lemma 2 and its proof shows that that lemma remains valid also
for Analyze Conflict instead of Leaf Conflict. From Lemma 9 it immediately follows that Lemma 3(i) remains valid. Finally, Lemma 3(ii) remains valid,
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because as with Leaf Conflict the premise of the assertion is false. On these
grounds the Soundness Theorem 4 for the basic calculus remains valid for our
enhanced calculus.
4.2

Completeness

For the termination of our enhanced calculus, we construct weights for the states
in the same way as in Subsection 3.4. Then Lemma 5 remains valid. For proving
this we have to supplement that in the case of an application of our new Analyze
Conflict rule we obtain n > n0 , k = k 0 , h = h0 , l = l0 . Finally, Lemma 6 remains
valid. On these grounds, the Completeness Theorem 7 remains valid.
4.3

Complexity

It is clear that the single exponential upper worst-case bound on the time complexity discussed for the basic calculus in Subsection 3.5 holds also for the enhanced calculus. It is open whether there is a polynomial upper bound, but we
do not believe so.

5

Computational Experiments and Conclusions

We have implemented both calculi in the Reduce package Redlog [4]. Both Redlog and Reduce are freely available on SourceForge.3
In our implementation we use the selection of either upper or lower bounds,
which we have briefly discussed after the example in Section 2. This is supplemented with the virtual substitution of either ∞ or −∞, respectively. From a
learning point of view, these substitutions can be essentially ignored. Thus, on
the practical side, we are already a bit closer to the virtual substitution than in
our theory developed here.
For getting an impression of the performance of our enhanced calculus in contrast to the basic calculus we have computed some of the smaller examples from
Netlib:4 afiro (28 constraints, 32 variables), blend (75 constrains, 83 variables),
kb2 (44 constrains, 41 variables), sc50a (51 constrains, 48 variables), sc50b (51
constrains, 48 variables), sc105 (106 constrains, 103 variables). In addition, we
have computed kmc, a Klee–Minty cube of dimension 50 [8].
The results are collected in Table 1. The columns “basic” and “enhanced”
refer to our respective calculi. The columns “rlqe” refer to Redlog’s implementation of quantifier elimination by virtual substitution, which accepts way more
general input than our examples considered here. For each example we give the
number of performed substitutions and the computation times for the various
methods.
All our examples are originally linear optimization problems, while in their
present form our calculi are limited to feasibility. Under “original” in Table 1
3
4

http://reduce-algebra.sourceforge.net/
http://www.netlib.org/lp/data/

83
103 ms
43
17 ms
50
18 ms
86
16 ms
48
14 ms
n/a
>8 h

blend

kb2

kmc

sc50a

sc50b

sc105

4,450
39 s

48
14 ms

70
49 ms

50
19 ms

43
19 ms

83
103 ms

136
52 ms

original
enhanced

1,785,226
21 min

1,561
353 ms

7,535
2s

50
18 ms

6,965
7s

1,592
706 ms

267
42 ms

rlqe

n/a
>8 h

49
14 ms

166,894
7s

50
18 ms

n/a
>8 h

n/a
>8 h

909,315
37 s

basic

6,701
1 min

49
16 ms

600
673 ms

50
18 ms

n/a
>8 h

n/a
>8 h

183
70 ms

feasible
enhanced

n/a
>8 h

602
161 ms

24,700
7s

50
18 ms

n/a
>8 h

n/a
>8 h

546
86 ms

rlqe

n/a
>8 h

216,952
13 s

15,064,009
10 min

50
19 ms

n/a
>8 h

n/a
>8 h

34,382,742
23 min

basic

5,427
44 s

49
18 ms

568
594 ms

50
20 ms

n/a
>8 h

n/a
>8 h

183
70 ms

infeasible
enhanced

n/a
>8 h

2,223
545 ms

56,668
17 s

48
18 ms

n/a
>8 h

n/a
>8 h

574
92 ms

rlqe

Table 1. Netlib examples computed by our implementation. For each example the first line gives the number of performed substitutions,
and the second line gives the CPU running times. All computations have been performed on a 2.4 GHz Intel Xeon E5-4640 running
Debian Linux 64 bit.

333,355
14 s

afiro

basic

13
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we collect data for the original constraint sets ignoring the target functions.
All these examples are in fact feasible so that there is a certain risk that we
accidentally find feasible points very early.
This observation motivates the additional computation of two variants for
each of these examples: As a first variant, we add a constraint c ≤ dme, where
c is the objective function and m ∈ Q \ Z is its known minimum subject to
the constraints. The idea is that this makes the problem “just feasible.” The
corresponding results are collected in Table 1 under “feasible.” Similarly, we add
c ≤ bmc to render the problem infeasible but “almost feasible.” The corresponding results are collected in Table 1 under “infeasible.”
We observe that the number of substitutions performed with the enhanced
calculus is in many cases orders of magnitude smaller than the number of substitutions performed by the basic calculus. The computation times with the
enhanced calculus are often dramatically shorter and never significantly longer.
The few slightly longer computation times can be explained by an overhead
caused by solving systems of linear equations for finding the αi in Analyze
Conflict.
Although our calculus can not directly compete with simplex-based methods
for solving systems of linear inequalities, it gives significant improvements over
basic virtual substitution. Since virtual substitution can handle parameters and
quantifier alternations [22, 11], we believe our calculus has a great potential in
such extensions.
Concerning the general approach and the role of possible parameters, virtual
substitution is somewhat similar to the Fourier–Motzkin method. However, recall
from Subsection 3.5 that the worst case time complexity for our approach is one
exponential step better than that of the Fourier–Motzkin method.
We are confident that generalization of our calculi to strict inequalities and
negated equations is quite straightforward. We think that the treatment of conjunctive systems of polynomial inequalities of arbitrary degrees is a challenging
but realistic next step. From a theoretical point of view, generalization of virtual
substitution to arbitrary degrees is well-understood [24]. From a practical point
of view, there are robust implementations in Redlog for degree two, which have
been successfully applied to numerous problems from science and engineering
during the past twenty years [5, 18, 19, 17, 20, 21, 16].
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