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Bérenger, Fellow IEEE, Fumie Costen, Senior
Member, IEEE, Ryutaro Himeno, Hideo Yokota,
Abstract—The total-field/scattered-field method, also called the
Huygens surface method, is a common method to enforce an
incident wave in a FDTD grid filled with a vacuum. In this paper
it is shown that it can also be used in such dispersive media
as the Debye media. The incident wave to be enforced on the
Huygens surface is computed either by an analytical calculation
in the general case or by means of the auxiliary grid technique
in special cases. As in a vacuum, the leakage of energy outside
the Huygens surface is lower than −40 dB with the analytical
incident wave and it can be far lower with the auxiliary grid
incident wave.
Index Terms—Huygens surface, total field/scattered field,
FDTD, dispersive media, biomedical engineering, auxiliary grid.

I. I NTRODUCTION
Electromagnetic simulators have become an essential tool
with applications ranging from telecommunications to radar
systems and design of high speed electronic circuit boards
as well as health-care devices in biomedical engineering.
Such applications need to address the behaviour of physical
electromagnetic waves in the time domain during propagation
in a wide range of media such as a dispersive human body.
There are several approaches to solve Maxwell equations
numerically. Among them, the Finite Difference Time Domain
(FDTD) method has become the most widely used [1], capable
of explicitly computing macroscopic transient electromagnetic
interactions with general three dimensional geometries. A fine
spatial sampling, strong absorbing boundary conditions, and
appropriate source excitations contribute to its high accuracy.
One of the commonly used techniques to excite the FDTD
space is the Huygens surface method, otherwise called the
total field/scattered field (TF/SF) method [1]. Relying on the
equivalence theorem, it permits physical sources to be replaced
with fictitious ones. This is necessary when the physical
sources are outside the FDTD domain, but can also be used in
other situations [2]. A drawback to the TF/SF method derives
from the FDTD dispersion. As the frequency approaches the
cutoff frequency of the grid, there is a growing leakage of
energy into the scattered field region, where the field should
be zero. To overcome this problem, several methods have been
proposed over the years to implement equivalent sources that
match the dispersion of the grid. Tan and Potter [3] developed
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a 1-D multi-point auxiliary propagator for 2-D simulations so
as to match the dispersion, in 2-D, at specific angles to the
1-D dispersion. In [4] they proposed the FDTD Discrete Plane
wave formulation, where leakage error is at the level of the
computer precision at any angle and frequency range, using
six 1-D FDTD auxiliary grids.
Beside such sophisticated implementations in a vacuum,
use of the TF/SF technique has been also reported in lossy
[5] and anisotropic [6] layered media. It has also been used
in frequency dependant Debye media with the subgridding
technique [7][8], which relies on Huygens surfaces for the
connection of grids. The present paper addresses a more
classical use of the TF/SF method in Debye media, namely
when it is used to generate a known incident wave. Numerical
experiments are reported to assess the method and to evaluate
its effectiveness. The initial motivation of the work was the
need of a tool for exciting plane waves in Debye media,
allowing experiments in such bioelectromagnetic areas as in
the current work on the extension of the absorbing boundary
condition [9] to Debye media. The TF/SF method may also be
useful in the future to simulate EM propagation from sources
such as electronic devices which transmit information and
diagnostics inside the human body.
Section II of the paper briefly describes the implementation
of the Huygens surface in the Debye media where the FDTD
solution relies on use of an auxiliary equation to compute the
electric E field as a function of the displacement D field at
each FDTD step. Section III shows one dimensional (1D) and
three dimensional (3D) experiments. The reported results show
that the wave generated inside the Huygens surface matches
the incident wave and that the leakage in the scattered field
region remains small.
II. T HE H UYGENS S OURCE I N D EBYE M EDIA
A. The Huygens source in the FDTD scheme
The scheme used in this paper is the one in [7][8]. It relies
on the auxiliary equation obtained by discretising the time
domain counterpart of the equation D(ω) = r (ω) 0 E(ω)
where the relative permittivity in the Debye medium r reads
σ
S − ∞
+
(1)
r (ω) = ∞ +
1 + ωτ
0 ω
where S and ∞ are the relative static and optical permittivities, σ is the conductivity, and τ is the relaxation time. One
time step consists of using the Maxwell-Ampere equation to
advance the H field, as in a vacuum, the Maxwell-Faraday
equation to advance the D field, and finally the auxiliary
equation to obtain E as a function of the advanced D.
Let us consider the 1D Huygens surface in Fig. 1. The
nodes from Hz (i1 + 12 ) to Ey (i2 ) are in the total field region
while the nodes up to Ey (i1 ) and from Hz (i2 + 21 ) are in the
scattered field region. To advance Hz (i1 + 12 ), the incident
electric field Einc1 at node i1 must be added to Ey (i1 ) in the
space derivative, which gives a FDTD equation,
n+ 12
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Similarly, Einc2 can be written as
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where δ = (i2 − i1 )∆x, from which

Similarly, to advance Dy (i1 ) the incident field Hinc1 must
be subtracted to Hz (i1 + 12 ) which yields
Dyn+1 (i1 ) = Dyn (i1 ) −

(3)

The component Ey (i1 ) is then obtained from Dy (i1 ) using
the auxiliary equation given in [10]. Similar equations are used
to advance Hz (i2 + 12 ) and Dy (i2 ). Notice that the FDTD
equations in a vacuum can be viewed as a special case of (2)
and (3) where E is obtained with just D = 0 E in place of
the auxiliary equation.
B. Production of the incident field
In a vacuum, the calculation of the incident field, which is
the field in the medium if the source were present, is easy. In
a Debye medium the calculation is a little more complicated
because the medium is lossy and dispersive. Let us consider
an incident plane wave propagating to the right, and let us
assume, without loss of generality, that we know Einc1 at
node i1 of the grid (Fig. 1). To enforce the Huygens surface
we must use consistent values of Hinc1 , Hinc2 , and Einc2 ,
at nodes Hz (i1 + 12 ), Hz (i2 − 12 ), Ey (i2 ) respectively. This
means that Hinc1 , Hinc2 and Einc2 must be the components of
the field that experienced the propagation in the medium from
node Ey (i1 ) to the other three nodes. This can be computed
using the relative permittivity (1). Consider for instance Hinc1 .
Taking account of the differences in time, ∆t/2, and in space,
∆x/2, it can be expressed [11] in frequency domain as
Hinc1 (ω) = Einc1 (ω) · TH (δ, ω)

(4)

r
p
0 ω[∆t/2−<[√r (ω)]δ/c]
TH (δ, ω) = r (ω)
·e
µ0
√
·e−ω|=[ r (ω)]|δ/c ,

(5)

with

where c is the speed of light, < and = mean the real and
imaginary parts of a complex number and δ = ∆x/2. From
this, Hinc1 (t) can be obtained by multiplying the Fourier
transform of Einc1 (t) with the filter TH , and by performing
an inverse Fourier transform. This reads
Hinc1 (t) = F −1 [F(Einc1 (t)) · TH (δ, ω)].

(7)

with

Fig. 1. The Huygens surface in the 1D FDTD grid. Displacement Dy (i) is
computed at the same nodes as field Ey (i).
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Einc2 (ω) = Einc1 (ω) · TE (δ, ω)

(6)

The Fourier transforms can be easily performed numerically.

Einc2 (t) = F −1 [F(Einc1 (t)) · TE (δ, ω)].

(9)

Finally, Hinc2 can be obtained using (5) and (6), with just
δ = (i2 + 12 − i1 )∆x in place of ∆x/2.
The Huygens surface can be generalized to the 2D or 3D
cases in a trivial manner for a plane wave propagating at any
incidence angle with respect to the grid. The FDTD nodes of
the surface can be placed at the same locations as in a vacuum
[1]. Assuming then that the E field is known on a reference
plane perpendicular to the propagation of the incident wave,
the Einc and Hinc components can be computed using (6)
and (9), with δ in (5) and (8) equal to the distance from the
considered node to the reference plane.
In addition to this analytical calculation, the incident field
can also be obtained by means of the auxiliary grid method
[1][3][4][5]. In 1D it consists of propagating the incident
wave on an auxiliary grid filled with the same medium and
discretized with the same steps ∆x and ∆t. Using as Einc and
Hinc the fields observed at the same locations in the auxiliary
grid, the Huygens surface is in theory perfect, without leakage.
This is because the incident field has experienced the same
dispersion as that of the principal grid. In practice there is a
small leakage which is produced by rounding errors, which
then depends on the encoding and on the computer. However,
the method is rigorous only in 1D, 2D, or 3D when the
direction of propagation of the incident wave is parallel to one
of the axes of coordinates. Approximate auxiliary grids have
been developed for oblique incidence in a vacuum [1][3]. In
this paper the method is only used in 1D and in 3D when the
propagation is in x direction.
III. N UMERICAL E XPERIMENTS
A. 1D FDTD space
1) Simulation set-up: The 1-D FDTD space and time are
sampled"with ∆x = 1 mm# and ∆t = 2 ps. The function
2

t − 125∆t
is used for the electric incident
100 exp −
25∆t
field Einc1 to correct Ey (i1 ) in Fig. 1. The entire FDTD space
is filled with a Debye medium.
The calculations reported in this paper have been performed
with a Skin medium which is one of the most absorbing human
tissues. Its one-pole Debye media parameters are S = 47.93,
∞ = 29.85, τ = 43.6 ps, σ = 0.541 S/m.
2) Field in the total field region: The width of the total
field region in Fig. 1 is 100 FDTD cells. Fig. 2 presents the
generated electric field Ey at i = i1 + 1, and i = i2 − 1. The
incident field enforced on the Huygens surface was computed
analytically using (4) - (9). The results are compared with
reference fields computed using an auxiliary grid where the
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Fig. 2. Total fields for the 1D experiments. The result at i2 − 1 is multiplied
with 10.
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Fig. 3. Scattered field (leakage) in 1D, at two nodes one cell from the left
and right hand sides of the Huygens surface.
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incident field was enforced as a hard source at node Ey (i1 ).
A good agreement is observed at the two nodes. The relative
errors are quantified by computing the differences between the
computed results and the reference solutions as
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where i is the node location, either i1 + 1 or i2 − 1, and n is
the time step. Formula (10) yields errors 0.37% at i1 + 1 and
0.67% at i2 − 1. As expected, the relative error grows with the
distance from the left hand side of the Huygens surface since
the effect of dispersion grows. However, because the medium
is highly absorbing, the absolute error decreases as the wave
propagates inside the Huygens surface.
As was discussed in Section II-B, the auxiliary grid method
permits the field enforced by the Huygens surface to perfectly
match the dispersion of the FDTD grid. In principle, in the
total field region the generated fields should be identical to
the reference fields computed in the auxiliary grid. In practice,
there is a small difference between the two fields, due to
rounding errors. Using (10), we obtained errors 0.0022% at
i = i1 + 1 and 0.015% at i = i2 − 1. These errors are
implementation dependant, but in any case they are far lower
than the errors obtained with the analytical incident wave.
3) Leakage from the Huygens surface: This is observed at
Ey (i1 − 1) and Ey (i2 + 1). Fig. 3 shows the leakage obtained
when using the analytical incident wave. The peak of the
leakage at i = i1 − 1 is −53 dB as compared to the peak
of the closest node in the interior of the surface and −53.5
dB as compared to the peak of the incident wave. In contrast
at i = i2 + 1 the leakages are −43.9 dB and −70.4 dB. Using
the auxiliary grid incident field the observed leakage is far
smaller. In theory it is zero. In practice the left surface has
a leakage of −112.3 dB as compared to the incident field.
Similarly, the leakage of the right surface is −112.7 dB.
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Fig. 4. Total fields for the 3D experiments. The results at locations 2, 3, and
4 are multiplied by 3, 5, and 6 respectively.

B. 3D FDTD space
1) Simulation set-up: The 3-D FDTD space is uniformly
sampled with ∆x = ∆y = ∆z = 1mm and ∆t = 2ps. The
grid size of the 3-D FDTD space is 200 × 200 × 200 which
includes the 100 × 100 × 100-grid Huygens excitation surface.
The wave propagates towards the +x direction in the 3-D
FDTD space and the Huygens surface is set at the same nodes
as in a vacuum [1]. The left hand surface perpendicular to x is
set between the plane with index i = i1 − 21 , which holds Hy
and Hz nodes, and the plane with index i = i1 , which holds
Ey and Ez nodes. Notice this disposal is the dual of the one
used in 1D in Fig. 1. Obviously, setting the surface between
Hz (i1 − 21 ) and Ey (i1 ) is also possible in 1D. The right hand
surface perpendicular to x is set between indexes i = i2 and
i = i2 + 21 . The locations of the surfaces perpendicular to y and
z are similar and can be obtained by a circular permutation of
the coordinates. The same Gaussian function as the one used
in 1D is utilised as the electric incident field, with the same
analytical calculations (4) - (9). As in 1D, the 3D FDTD space
is filled with Skin tissue.
2) Field in the total field region: The Ey component parallel to the incident electric field is plotted in
Fig. 4 at four locations, two close to the left and
right hand sides, namely Ey i1 + 1, j1 + 50 + 12 , k1 + 50
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C. 3D FDTD space with oblique incident wave
The FDTD space is 100×100×100 which includes a
50×50×50 Huygens cube. The Gaussain pulse used in Sections III-A, III-B is utilised to generate the excitation. The
incident fields are computed using the analytical method. The
direction of propagation is perpendicular to x axis and 45◦
from y and z axes. Fig. 6 shows the Ez component on
i = i1 + 2 plane at t = 0.6, 1, 1.6 ns. The wave is well
generated in the total field region with leakage similar to the
one observed in Fig. 5. We can observe in Fig. 6 that there is
a small residual field behind the pulse, i.e. the color is slightly
different from that of the exterior of the Huygens cube. This
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(b) t = 1 ns.
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to
and Ey i2 − 1, j1 + 50 + 12 , k1 + 50 , and two close

the edges, namely Ey i1 +33, j1 + 3 + 12 , k1 + 3 and
Ey i2 − 33, j2 − 3 − 21 , k2 − 3 . The fields at these nodes,
denoted as locations 1, 4, 2, 3 in Fig. 4, are compared with
references solutions computed as before using a 1D auxiliary
grid. As in 1D in Fig. 2, we observe a good agreement.
Especially, this means that the Huygens surface planes perpendicular to y and z do not produce a significant spurious
field in the total field region. By applying (10) to the four
locations, errors 0.51%, 0.627%, 1.88%, 1.58% are obtained.
3) Leakage: The Ey component is represented in Fig. 5 at
four nodes; all outside the Huygens surface. One node was
 to
the left of the surface, Ey i1 − 1, j1 + 50 + 12, k1 + 50 , one
to the right, Ey i2 + 1, j1 + 50 + 12 , k1 + 50 , one near an
edge, Ey i1 − 1, j2 − 50 + 12 ,k1 − 1 , and one near a corner,
Ey i2 + 1, j2 + 1 + 12 , k2 + 1 . Compared to the field at the
closest nodes in the interior of the surface, the leakages are
−46.5 dB, −43.8 dB, −57.3 dB, and −57.0 dB respectively.
As compared to the incident wave, they are −47.1 dB, −70.4
dB, −57.8 dB, and −83.5 dB. In theory the non-excited
components, in our case Ex , Ez , Hx , and Hy , have zero
values whereas in practice these components are non-zero.
The non-excited components, near the Huygens surface where
the largest values are observed, are of the same order as the
leakage of the excited components. In particular, components
Ex and Ez are of the same order as the Ey leakage plotted
in Fig. 5.
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Fig. 5. Scattered field (leakage) in 3D, at four nodes one cell outside the
Huygens surface.

z

y

(c) t = 1.6 ns.
Fig. 6. Wave propagating in skin tissue perpendicularly to the x axis and
45◦ from the y and z axes.

is because the attenuation of the high frequencies is higher
than the one of the low frequencies in Debye media. In other
words the pulse is filtered by the Debye medium. This results
in the presence of the tail that is also visible in the 1D and
3D results in Fig. 2 and Fig. 4.
IV. C ONCLUSION
The total field/scattered field method can be used to generate
an incident wave in the dispersive Debye media. This offers
the possibility of placing radiating sources in the human
body, whose tissues are well represented by Debye models.
Numerical experiments with an incident plane wave have
shown that the quality of the generated wave is close to that in
a vacuum. In particular, the leakage out of the Huygens surface
is less than −40 dB when the incident field is enforced as
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an analytical function. Obviously the quality can be far better
when the incident wave matches the grid dispersion, which can
be easily realized by using an auxiliary grid when the incident
field propagates in the direction of one axis of coordinates. A
further work could be the extension of the Schneider method
[12] to reduce the leakage at oblique incidence. This method
could be used with little additional cost since it relies on the
dispersive delay of propagation in the FDTD grid, which could
be incorporated into the filters (5) and (8).
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