
Translating Graded Modalities into Predicate Logic�Hans J�urgen Ohlbach, Renate A. Schmidtand Ullrich HustadtABSTRACT In the logic of graded modalities it is possible to talk about sets of �nite cardinality.Various calculi exist for graded modal logics and all generate vast amounts of case distinctions. In thispaper we present an optimized translation from graded modal logic into many-sorted predicate logic.This translation has the advantage that in contrast to known approaches our calculus enables us toreason with cardinalities of sets symbolically. In many cases the length of proofs for theorems of thiscalculus is independent of the cardinalities. The translation is sound and complete.1 IntroductionFrom Minsky's early frame systems, which were de�ned purely operationally, and Brachman's kl-one knowledge representation system [4, 35] to the language ALC of Schmidt-Schau� and Smolka's[28] paper there has been a continuous trend in designing knowledge representation systems moreand more according to logical principles with clear syntax and semantics and logical inferences asbasic operations. ALC in particular is a language with the usual logical connectives u, t, : andthe additional constructs (all R C) and (some R C). For example, the following is an ALC de�nitionwhich de�nes a `concept' proud-father as a father all of whose children are successful persons.proud-father = father u (all has-child successful-person);The fragment of ALC that includes the operations u, t, :, all, some is just a variant of the multi-modal logicK(m) [27]. The concept (all R C) corresponds to [R]C where the relational term R (a `role'in kl-one jargon) is the parameter of the modal operator, and is interpreted as a binary accessibilityrelation. ALC is still limited in its expressiveness. In pure ALC it is not possible to de�ne conceptslike, for example, a city as a place with more than, say, 100 000 inhabitants. There are extensions ofALC, like ALCN , with additional operators, called `number restrictions'.city = place u (atleast 100 001 inhabited-by people) (1)is a suitable ALCN de�nition. (atleast n R C) and (atmost n R C) restrict the number of so-called`role �llers', i.e. they restrict the number of elements in the range of the relation R to at least n andat most n, respectively. The corresponding modal logic of ALCN is the multi-modal version of thesystem of `graded modalities', which was introduced by Goble [17] and Fine [13, 14] and which isinvestigated in Fattorosi-Barnaba and de Caro [12, 11], and van der Hoek [34, 33].Graded modalities are modal operators indexed with cardinals which �x the number of worldsin which a formula is true. The formula 3n' is true in a world i� there are more than n accessibleworlds in which ' is also true. The dual formula 2n', given by :3n:', is then true in a world i�there are at most n accessible worlds in which :' is true. More formally, the semantics is de�ned interms of one accessibility relation, say R, byM; x j=K 3n' i� jfy jR(x; y) &M; y j=K 'gj > nM; x j=K 2n' i� jfy jR(x; y) &M; y j=K :'gj � n;whereM denotes a model and x, y denote possible worlds. For any set A, jAj denotes the cardinalityof A. This semantics is very natural and intuitive, but it has one disadvantage. All inference systems�Published in Wansing, H. (eds), Proof Theory of Modal Logic. Applied Logic Series 2, Kluwer, 253{291.1



2based on this semantics, in particular, tableaux systems, deal with these 3n-operators by generatinga corresponding number of terms explicitly. For example, the formula 3100 000people triggers thegeneration of 100001 constant symbols as representatives for the individuals denoting people. Exceptfor counting these constant symbols and comparing the length of lists, known tableaux systems donot provide for arithmetical computation. In particular, reasoning with symbolic arithmetic terms isimpossible. For example, in tableaux systems the formula 3n+1p!3np which is true for all n canonly be veri�ed for concrete values of n, but in general it cannot be veri�ed for arbitrary values of n.This is not the case for the Hilbert system axiomatizing the graded modalities. It is formulatedwith arithmetical terms, and in principle, this allows for invoking arithmetical computations. How-ever, Hilbert systems have other disadvantages that makes them unsuitable to form the basis forautomated reasoning. For example they do propositional reasoning just with modus ponens andthe instantiation rule. Even for trivial theorems one gets large proofs and the search space is veryunstructured and enormously big.A direct translation of formulae with graded modalities into predicate logic requires the axioma-tization of �nite domains. This is feasible only for small cardinalities. We may translate sentence (1)as follows: 8x city(x) $ place(x) ^9y1 : : : y100 001 y1 6= y2 ^ y1 6= y3 ^ : : : ^ y1 6= y100 001 ^y2 6= y3 ^ : : : ^ y2 6= y100 001 ^...y100 000 6= y100 001 ^inhabited-by(x; y1) ^ : : : ^ inhabited-by(x; y100 001) ^people(y1) ^ : : : ^ people(y100 001):The translation of 3n-expressions requires (n+1)n=2 equations. Even for small n this is more thancurrent theorem provers can cope with. One immediate alternative is introducing set variables anda cardinality function. For sentence (1) an alternative formulation is:8x city(x) $ place(x) ^ 9Y (jY j > 100 000^8y (y 2 Y ! (inhabited-by(x; y) ^ people(y)))):This is not really a feasible alternative, for the axiomatization of the cardinality function then requiresthe above (n+ 1)n=2 equations, and this for every n:8Y jY j > n $ 9y1 : : : yn+1 y1 2 Y ^ : : : ^ yn+1 2 Y ^y1 6= y2 ^ y1 6= y3 ^ : : : ^ y1 6= yn+1 ^y2 6= y3 ^ : : : ^ y2 6= yn+1 ^...yn 6= yn+1:In this paper we present a two step translation of graded modal logics into predicate logic.In the �rst step, we transform graded modal logics into another multi-modal logic with standardinterpretation. In particular, we accommodate modal logics with graded modalities in a multi-modallogic with two kinds of modalities:(i) hni, [n] characterized by a relational structure (over a universe U) of in�nitely but countablymany di�erent relations Rn (n 2 IN0), and(ii) 3, 2 characterized by a designated relation E.We translate formulae of the form 3n' into hni2' and the intuitive idea underlying this translationis this: If ' is true in a set Y of worlds with more than n elements then we introduce an accessibilityrelation Rn that connects the actual world and a world wY which we can think of as being arepresentative for the set Y . This de�nes the hni-operator.2' and its associated accessibility relationE expresses that ' is true in all the worlds of the set Y . E connects the world wY with all the worldsin Y and can be thought of as the membership relation. Thus, hni2' encodes `there is a set withmore than n elements (encoded by hni) and ' is true for all the elements of this set (encoded by



Translating Graded Modalities into Predicate Logic 32)'. Our �rst problem now is to �nd a sound and adequate axiomatization of the modalities hni,[n], 3 and 2 as to capture the graded modalities 3n and 2n. It turns out that this is not entirelypossible. The axiomatization we present in this paper has some non-standard models which do notreect our intuition. But this does no harm, as we will see. We show: A formula ' is a theorem of agraded modal logic i� the translation of ' is a theorem in the new logic. This translation is only anintermediary step in a translation to predicate logic.In the second step, we translate the multi-modal logic into a predicate logic using the functionaltranslation of [23, 24, 10, 18, 2, 36]. The reason for using the functional translation instead ofthe usual relation translation is this: The multi-modal logic of graded modalities can have frameproperties that are not �rst-order de�nable in terms of Rn relations. However, the frame propertiescan be formulated in a weak fragment of second-order logic and it is possible to formulate them inan alternative adapted language as �rst-order expressions. The alternative language is a functionallanguage in which binary relations are encoded as sets AF of functions. The set AF of accessibilityfunctions de�ning the accessibility relation R is given by:R(x; y)$9f 2 AF y = f(x):This sequence of translations of a system of numerical modalities �rst into another multi-modallogic and then into a many-sorted predicate logic (using the functional translation) yields an axiom-atization, in particular, an axiomatization of properties of �nite sets. Instead of counting symbolsthis system uses arithmetical reasoning.This paper is structured as follows. In Section 2 we give a short overview of modal logics withgraded modalities. In Section 3 we introduce the normal multi-modal logic for accommodating gradedmodal logics. We de�ne a translation from logics of graded modalities into the multi-modal logic thatwe exhibit to be sound and complete. In Section 5 we present the functional translation of the multi-modal logic into predicate logic. We conclude with Section 6 in which we apply the new techniquesto the knowledge representation language ALCN .2 Graded modalities, the system KNormal modal logics like K, T, S4 and S5 have one modal operator, the necessity (or box) operator2. The possibility (or diamond) operator 3 is de�ned as its dual. By de�nition,3'$:2:':In [17] Goble investigates modal logics with more than one modality. His logics have a �xed and�nite number of modalities. Each modality represents a di�erent grade of necessity. For example, theformula Nm' ^Nn for positive integers m < n, is read to mean  is more necessary than '. Kit Fine [13, 14] generalizesthis idea and introduces modal logics with numerical modalities. These are now commonly referred toas modal logics with graded modalities. In a series of papers Fattorosi-Barnaba, de Caro and Cerrato[12, 7, 11, 6] rediscover and analyze various modal logics of graded modalities.Recent investigations of graded modal logics are by van der Hoek in [34] and [33]. Together withde Rijke he applies graded modalities to linguistics and arti�cial intelligence. In [31] they show thatgeneralized quanti�ers can be modelled with graded modalities. In [32] they also show that certainnumerical quanti�er operations available in kl-one-based knowledge representation languages canbe modelled with graded modalities.In this paper we adopt the de�nition of the graded modal logic K of van der Hoek [34]. K isan extension of the normal modal logic K with graded modalities. Formally, the vocabulary of Kconsists of the set of propositional symbols p; p1; p2; : : : ; q; q1; q2; : : :, the constant ? (falsity), thelogical symbol ! (implication) and the modal operator symbols 3n for n 2 IN0, and the usualpunctuation symbols. Formulae of K have the following forms:p; q; : : : ; ?; '! ; 3n':



4As usual we de�ne :' (negation), > (truth), ' _  (disjunction), ' ^  (conjunction) and '$ (double-implication) as abbreviations for '!?, :?, :'! and :' _ : , respectively. Further-more, 2n' abbreviates :3n:' for n � 0, 3!0' abbreviates 20:', and 3!n' is the abbreviation for3n�1' ^ :3n' with n > 0.3n' is read to mean ' is true in more than n accessible worlds,2n' is read to mean :' is true in at most n accessible worlds, and3!n' is read to mean ' is true in exactly n accessible worlds.De�nition 2.1 The system K of graded modalities is de�ned by the following axiomsA1 the axioms of propositional logicA2 `K 3n+1'!3n'A3 `K 20('! )! (3n'!3n )A4 `K 20:(' ^  )! ((3!n' ^3!m )!3!n+m(' _  ))together with the uniform substitution rule, Modus Ponens, and the necessitation rule for 20:US if ' is a theorem so is every substitution instance of ',MP if `K ' and `K '! then `K  N if `K ' then `K 20'.Observe that 30 and 20 coincide with the standard modal operators 3 and 2. K is therefore asubsystem of K.Theorem 2.2 [34] The following are theorems of K.A5 `K 20('! )! (2n'!2n )A6 `K 3n(' ^  )! (3n' ^3n )A7 `K 3!n' ^3!m'!? for n 6= mA8 `K 2n:'$ (3!0' r 3!1' r : : : r 3!n')A9 `K :3n(' _  )!:3n'A10 `K 3n+m(' _  )! (3n' _3m )A11 `K 3!n' ^3m'!? for m � nA12 `K 3n(' ^  ) ^3m(' ^ : )!3n+m+1'( r denotes exclusive-or.)The semantics of K is given by a frame F = (W;R) consisting of a non-empty set W , called theset of worlds, and a binary relation R over W , called the accessibility relation. We de�ne a model(based on a frame F) of K as a triple M = (W;R; V ). V denotes a valuation function mappingpropositional variables to subsets of W . Truth in a model M for formulae of K at any world x isde�ned (in terms of the satis�ability relation j=K ) as follows:M; x j=K p i� x 2 V (p)M; x j=K 3n' i� jfy 2W jR(x; y) ^M; y j=K 'gj > nM; x j=K 2n' i� jfy 2W jR(x; y) ^M; y j=K :'gj � n (2)and as usual for the other connectives. For any binary relation R, let R(x) denote the set of imagesof x under R. That is, de�ne R(x) = fy jR(x; y)g. Then, satis�ability of 3n' and 2n' can bereformulated as follows:M; x j=K 3n'i� 9Y � R(x) with jY j > n and 8y 2 Y : M; y j=K 'M; x j=K 2n'i� 8Y � R(x) with jY j > n, 9y 2 Y : M; y j=K ': (3)



Translating Graded Modalities into Predicate Logic 5(The proof is routine.) It is now easy to see that the usual duality for box and diamond also holdfor 3n and 2n, i.e. we have 3n'$:2n:'.A formula ' is a K thoerem, i.e. j=K ', i� ' holds in all worlds of all K frames.Theorem 2.3 The axiomatization of K is sound and complete, i.e. for all formulae ', we have`K ' i� j=K ':A proof can be found in [12].In the remainder of this paper we assume the formulae of K to be in negation normal form whichcan be obtained by systematically applying the following equivalences from left to right.:(' _  ) $ :' ^ : :(' ^  ) $ :' _ : '! $ :' _  '$ $ ('! ) ^ ( ! ):2n' $ 3n:':3n' $ 2n:'3 From graded modalities to multi-modal logicIn this section we present a new interpretation for K and investigate its logical counterpart.A formula 3n' of K is interpreted as an expression in which a subset of the accessible worldswith more than n worlds is selected. More concretely, the formula 3n' is true in a world x i�there is a set of worlds (a subset of W ) accessible by R from x containing more than n worlds inwhich ' holds. Equivalently, 3n' is true in x i� there is subset Y of the range of R from x withcardinality strictly greater than n such that ' is true in every world in this subset, see (3). In ouralternative interpretation of K we introduce a new class of worlds WY , each world representingsubsets of accessible worlds of W . That is, we represent the set Y by a designated world in this newclass of worlds. Furthermore, instead of having just one accessibility relation R, here, we have foreach n 2 IN0 a di�erent accessibility relation Rn. Their domain is W and their range is restrictedto WY . More precisely, for any n, Rn relates worlds in W to those elements in WY which representsets (of worlds in W ) of cardinality greater than n. And �nally, there is an additional designatedaccessibility relation, denoted E for `element of', which relates the new kind of worlds WY to theworlds in W again. The relation E represents the element-of relation (strictly speaking the converseof the `element of' relation) between a subset Y of W and its elements. For example, consider theformula 33'. According to the de�nition of the previous section 33' is true in a world x i� thereare at least 4 worlds to which x is R-related. This de�nition is depicted in the �rst picture below.The second picture depicts our new alternative view.x y1y2y3y4RRRR x Y y1y2y3y4R3 EEEEThe relation R is replaced by the relational composition of the two new relations R3 and E. In theprocess we have introduced a new world which we labelled Y as it is meant to represent the set ofworlds y1, y2, y3 and y4.The alternative semantics for K sketched above characterizes a new graded modal logic which wedescribe now. We call the systemKE . It is a normal multi-modal logic system with graded modalities.In this logic the operators 3n are replaced by a combination of two operators.KE is more expressivethan the system K. Nevertheless, it has similar properties as K as we will show below.Our systemKE di�ers from an alternative translation into a multi-modal logic `Lcount', developed



6by [1]. In their system there are n-place operators hni with semanticsM; x j= hni'1; : : : ; 'n i� there are distinct y1; : : : ; yn such thatM; y1 j= '1 and : : : and M; yn j= 'nCalculi based on this semantics, however, seem not to be much di�erent to the calculi based on theoriginal semantics for graded modalities. In a corresponding tableaux system one has to introducewitnesses for the worlds again, but this is what we want to avoid.3.1 The system KEThe language of KE is that of K with the graded modalities 3n and 2n replaced by the symbolshni, [n], 3 and 2. Formulae of KE have the following forms:p; q; : : : ; ?; '! ; hni'; 3':As in Section 2 we de�ne the classical connectives in the usual way. The duals of hni and 3 areabbreviated as follows: For n 2 IN0, [n]' abbreviates :hni:' and 2' abbreviates :3:'. Theintended meaning of hni' is,' is true in some world accessible by the binary relation Rn.The intended meaning of 3' is' is true in some world accessible by the binary relation E.We call hni and [n] the numerical operators and 3 and 2 the membership operators. The relationsRn and E are de�ned as sketched above. Namely, W forms the domain of the Rn and the co-domainof E and the new class of worlds WY forms the co-domain of the Rn and the domain of E. Dually,the intended meaning of [n]' is' is true in all worlds accessible by Rn.And the intended meaning of 2' is' is true in all worlds accessible by E.So, the syntax hni' (respectively [n]') is the shorthand for hRni' (respectively [Rn]'), 3' (respec-tively 2') is the shorthand for hEi' (respectively [E]').K-formulae of the form 3n' and 2n' can be formulated as KE-expressions of the formhni2' and [n]3';respectively. The logic KE is more expressive than K. It permits arbitrary combinations of modaloperators, not only alternate combinations of necessity and possibility operators. For example,[3][4]22' is a well-formed formula of KE , although it may not make much sense in our intendedsemantics. However, there are combinations of modal operators which have no equivalent formulationin K, but which have interesting applications. Here is an example of such a formula:[10](football-team!2football-player):It says that, if there is a set with more than 10 elements for which the proposition football-team holdsthen the proposition football-player must be true for all its elements. In this way we can distinguishbetween notions like teams which we interpret as sets and notions like players which we interpret aselements.We now give a Hilbert axiomatization for KE and investigate its characteristic frames.De�nition 3.1 The axioms and rules of the system KE are:N1 the axioms of propositional logic and Modus PonensN2 the K-axioms for [n] and 2:`KE [n]('! )! ([n]'! [n] ) `KE 2('! )! (2'!2 )



Translating Graded Modalities into Predicate Logic 7N3 the necessitation rules for [n] and 2:If `KE ' then `KE [n]' if `KE ' then `KE 2'N4 `KE [0]3'! [n]2'N5 `KE hni2'!hni3'N6 `KE [n]'! [n+ 1]'N7 `KE hn+mi2(' _  )! (hni2' _ hmi2 )N8 `KE (hni2(' ^  ) ^ hmi2(' ^ : ))!hn+m+ 1i2'Although the box operators can be treated as abbreviations in terms of diamond operators, orvice versa, we use both operators and allow for arbitrary conversions back and forth with[n]' $ :hni:'2' $ :3:':N1{N3 are the basic axioms for every normal modal logic. N4 captures that, if something holdsfor every set of worlds with more than zero elements, that is, if it holds for every non-empty set ofworlds, then it holds also for all sets with more than n elements. This means, the composition Rn ;Efor n arbitrary is a subrelation of the composition R0 ;E. N5 ensures that no set with more than nelements is empty. A contrapositive version of N6 is hn+ 1i2'!hni2'. It captures that sets withmore than n+ 1 elements are sets with more than n elements.N7 corresponds to A10 and is a bit more complicated to explain. As an example suppose n = 2and m = 4. For these values N7 ish6i2(' _  )! (h2i2' _ h4i2 )which is equivalent to (h6i2(' _  ) ^ :h2i2')!h4i2 :In words, if there are more than 6, say 7, worlds in which the formula ' _  is true, but it is not thecase that ' holds in more than two worlds (i.e. :' is true in all but possibly two worlds) then in theremaining 5 of 7 worlds  is true. The axiom says that every (n+m)-element set can be decomposedinto an n-element set and an m-element set, but note, the axiom is slightly stronger.The intuition underlying N8 is the following: Suppose there is a set Y1 with at least n+1 elementswhere ' ^  holds and there is another set Y2 with at least m + 1 elements where ' ^ : holds.Since  and : cannot hold simultaneously in one world, Y1 and Y2 must be disjoint. Thus, ' holdsin Y1 [ Y2 which is of cardinality at least n+m+ 2. Therefore, hn+m+ 1i2' is true.Now we turn to the semantics of KE . The K-axioms and necessitation rules allow us to use thestandard Kripke semantics. We choose the Kripke semantics for the multi-modal logicK(m) where mis the number of modal operators. Note that KE has in�nitely but countably many modal operators.A KE-frame is a relational structure F = (W; fRngn2 IN0 ; E):W is a non-empty set of worlds. The Rn are binary relations over W (each is associated with amodality hni) and E is a designated binary relation over W (associated with the modality 3). Therelations satisfy the properties N4{N8 given below. A model of KE based on a frame F is a pairM = (F ; V ) where V is a function mapping propositional variables to subsets of W . Truth andsatisfaction for the propositional fragment of KE is de�ned as for the propositional fragment ofK. See (2) in the previous section. A modal formula is satis�ed (is true or holds) in a world x i�depending on its form the following holds:M; x j=KE hni' i� there is a y such that Rn(x; y) and M; y j=K 'M; x j=KE [n]' i� for all y such that Rn(x; y), M; y j=K 'M; x j=KE 3' i� there is a y such that E(x; y) and M; y j=K 'M; x j=KE 2' i� for all y such that E(x; y), M; y j=K ':



8A formula is a tautology if for any frame F the formula is satis�ed in all F-based models.The following are the characteristic properties of KE-frames that correspond to the axioms N4{N8:N40 8xyz ((Rn(x; y) ^ E(y; z))!9u (R0(x; u) ^ 8v (E(u; v)! v = z)))N50 8xy (Rn(x; y)!9z E(y; z))N60 8xy (Rn+1(x; y)!Rn(x; y))N70 8xy Rn+m(x; y)!8fg 9uv (Rn(x; u)!E(u; f(u)) ^Rm(x; v)!E(v; g(v)))!(Rn(x; u) ^ Rm(x; v) ^E(y; f(u)) ^ f(u) = g(v))N80 8xyz (Rn(x; y) ^ Rm(x; z) ^ 8u (E(y; u)!:E(z; u))!9v (Rn+m+1(x; v) ^ 8w (E(v; w)!E(y; w) _E(z; w))))for any n;m 2 IN0.We computed these properties with a tool, called scan1, which is an implementation of thequanti�er elimination algorithm of Gabbay and Ohlbach [15]. To this end we used the standardKripke semantics as translation rules for translating the axioms into predicate logic. In this relationaltranslation (this is the standard translation ST of van Benthem [29, 30]), the formula variables becomeuniversally quanti�ed predicate variables. The quanti�er elimination algorithm produces for thesesecond-order formulae equivalent formulae without predicate quanti�ers. That means ST(N4)$ N40etc. This procedure guarantees soundness of the semantics with respect to the axiom system, i.e.if `KE ' then j=KE ': (4)If all these `frame axioms' (N4{N8) were �rst-order then the Sahlqvist Theorem [26, 29, 30] wouldensure completeness of this frame class relative to the axioms. Unfortunately, N70 is again second-order. Therefore we have to prove completeness explicitly. We do this indirectly for translated Kformulae by using the completeness of K and the soundness and completeness of the translation intoKE which is proven below. General completeness for arbitrary formulae is still open, but for thepurpose of our translation, this is fortunately not necessary.The correspondence property N40 states that all singleton subsets of the set of worlds accessibleby Rn are uniquely represented by a world accessible by R0. N50 asserts that every world accessibleby Rn leads via E to another world. We say E is weakly serial. (Recall, a relation R is said to beserial (or total) i� 8x 9y R(x; y)). By N60 the set fRngn2 IN0 of Rn relations forms a linear orderwith R0 being the largest element, since for any m > n, Rm is a subrelation of Rn.The correspondence property N70 of N7 expresses intuitively that every set y with more thann +m elements can be decomposed into a set u with more than n elements and a set v with morethan m elements, and if y happens to have exactly n +m + 1 elements then u and v overlap in atleast one element.N80 expresses, as already mentioned, that for disjoint sets the cardinality of their union is thesum of the cardinalities of the sets.For a better understanding of the frame properties it is helpful to think of the variable y inRn(x; y) and E(y; z) as representing a set Y , Rn(x; y) as representing that the cardinality of Y isgreater than n, and E(y; z) as representing that z is an element of Y . Then N40{N80 represent:N400 8Y z ((jY j > n ^ z 2 Y )!fzg � YN500 8y (jY j > n!Y 6= ;)N600 8Y (jY j > n+ 1!jY j > n)1scan is accessible via World Wide Web athttp://www.mpi-sb.mpg.de/guide/staff/ohlbach/scan/scan.html.This is a WWW interface for activating the program remotely. We invite the reader to use the tool and verifythe above correspondence properties for N4{N8.



Translating Graded Modalities into Predicate Logic 9N700 8Y (jY j > n+m!8fg 9UV (jU j > m ^ jV j > m)!if f selects from U and g from V then f(U) 2 Y ^ f(U) = g(V ))N800 8Y Z ((jY j > n ^ jZj > m ^ Y \ Z = ;)!9V (jV j > n+m+ 1 ^ V � Y [ Z)):We can show that the standard class of frames associated with KE have the expected structure,namely that all worlds accessible by Rn have more than n E-successors. However, non-standardKE-frames exist which do not have this intended structure. The problem is, we cannot enforce in aHilbert system that R1-accessible worlds have more than one E-successor. This may be captured byan axiom like [1](9p (3p ^3:p));or a rule similar to Gabbay's irreexivity rule (but this gives no new theory) [16]. See also [25].The modal language of K and KE is not expressive enough to characterize this class of frames.On the other hand, we can show using an inductive argument that whenever an R1-successor hasmore than one E-successor, then for any positive integer n every Rn-successor has more than nE-successors. This is to say, the induction step goes through, but unfortunately the base case of theinduction cannot be guaranteed. Because the translation of the logic K into the logic KE is soundand complete (we show this below), we know whenever a translated K-formula has a model then ithas a model with the expected structure.We did not investigate the non-standard models further. It may turn out that they are p-morphicimages of standard models, in which case they are completely irrelevant because normal modal logicscannot distinguish p-morphic images.3.2 From K to KENext we de�ne a translation function mapping formulae of K into formulae of KE . We show thatthe translation is sound and complete.De�nition 3.2 The translation function � maps K-formulae into KE-formulae according to thefollowing constraints: �(p) = p�(:') = :�(')�(' @  ) = �(') @ �( )�(3n') = hni2�(')�(2n') = [n]3�(');where p denotes any propositional variable and @ denotes any binary logical connective ^, _, ! or$.Theorem 3.3 (Soundness of �). The translation � from K into KE is sound. That is, for anyformula ' of K if `K ' then `KE �(').Proof. Suppose ' is a theorem in K. We proceed by induction on the length of the proof of ' andshow that the proof sequence of ' in K determines a proof sequence of �(') in KE . We are done ifwe show that the �-translations of the axioms and the rules of K are KE-theorems.� leaves the propositional axioms and Modus Ponens unchanged. The translation of the necessi-tation rule N is: `KE ' implies `KE [0]3':If ' holds then, by the necessitation rule for 2 and [0], [0]2' holds. Apply modus ponens using thecontrapositive instance with n = 0 of N5 and get [0]3'2.2Formally, instead of ' one has to consider �('). But for the proofs this makes no di�erence.



10 The translation of A2 is a contrapositive version of N6. It remains to prove the translations of A3and A4 can be derived from the axioms of KE using the rules of KE .For A3 we prove �(A3) = [0]3('! )! (hni2'!hni2 )is a theorem inKE . Suppose [0]3('! ) and hni2' hold. Suppose further that :hni2 , i.e. [n]3: ,holds. From [0]3('! ) we infer by N4 that [n]2('! ) holds. By the K-axiom for 2, it follows that[n](2'!2 ). This is equivalent to [n](:2 !:2'), i.e. [n](3: !3:'). Using the K-axiom for[n] we infer [n]3: ! [n]3:'. From :hni2 , which is equivalent to [n]3: , using Modus Ponenswe get [n]3:', or equivalently :hni2'. This contradicts hni2'. Thus �(A3) is derivable in KE .For A4: Let � = [0]3:(' ^  ) ^ hn� 1i2' ^ :hni2' ^ hm� 1i2 ^ :hmi2 :Then �(A4) is equivalent to�! (hn+m� 1i2(' _  ) ^ :hn+mi2(' _  )):We prove this in two steps. First, we prove �!hn+m� 1i2(' _  ). Suppose � holds. It su�ces toshow hn� 1i2(' ^ : ): (5)From hn� 1i2(' ^ : ), or equivalently hn� 1i2((' _  ) ^ : ), and hm� 1i2 , or equivalentlyhm� 1i2((' _  ) ^  ), using axiom N8 we deduce hn+m� 1i2(' _  ).For proving that (5) follows from � we proceed by contradiction. Suppose that :hn� 1i2(' ^ : ),i.e. [n� 1]3(:' _  ) holds. From [0]3:(' ^  ) using N4 we get [n� 1]2:(' ^  ) Since, in general,in any normal modal logic 2 (and, in particular, [n� 1]) distributes over conjunction, we obtain[n� 1](3(:' _  ) ^ 2(:' _ : )): (6)The K-axiom for 2 is equivalent to (2' ^3 )!3(' ^  ). Thus (6) is equivalent to [n �1](3((:' _  ) ^ (:' _ : ))). This in turn is equivalent to [n� 1]3:'. Thus :hn� 1i2' whichcontradicts hn� 1i2'.Next, we prove �!:hn+mi2(' _  ). Suppose � holds. Then, in particular, :hni2' and :hmi2 hold, and :hn+mi2(' _  ) is derivable by (the contraposition of) N7. Therefore, �(A4) is a theo-rem in KE .For proving completeness a semantic proof su�ces. We prove (in the next the theorem) that for atranslated formula �(') which is true in all KE-frames, ' is true in all K-frames. If �(') is provablein KE then the soundness of the KE-semantics guarantees that �(') is true in all KE-frames, then' is true in all K-frames and then it is provable in K (by the completeness of K).Theorem 3.4 For any formula ' of K,if j=KE �(') then j=K '.Proof. Our strategy is the following. Suppose j=KE �('). (i) For an arbitrary K-frame F weconstruct a KE-frame F 0. �(') is valid in this particular frame F 0. Then we show, (ii) ' is valid inF . (i): Take any K-frame F = (W;R). We construct a KE-frame F 0 as an extension of the frame Fas follows. For any world x 2 W let R(x) be the R-image of x. For any �nite subset Y of R(x) withjY j = n + 1 for n a non-negative integer, we add Y as a new world to F . We call Y a `set-world'.Note, every Y is non-empty. We de�ne every relation Rm for m � n to contain the pair (x; Y ), and,we de�ne the relation E to contain all pairs (Y; z) for z 2 Y . Furthermore, we assume the relationsRn and E are the smallest relations satisfying these conditions. Now, de�ne F 0 to be the relationalstructure (W 0; fRngn2 IN0 ; E)with W 0 being the set of worlds of F 0 that includes the set of worlds W of F and all set-worlds Y .Note, the set-worlds have no Rn-successors and the worlds in W have no E-successors. We show thatF 0 is a frame for KE by showing that F 0 satis�es the properties N40{N80.



Translating Graded Modalities into Predicate Logic 11N40: If Rn(x; y) ^ E(y; z) holds then y must be a set-world with jyj > n and z 2 y. For u = fzgwe obtain R0(x; u) ^ 8v (E(u; v)! v = z).N50: If Rn(x; y) then y is a non-empty set-world, i.e. 9z E(y; z) is true.N60: If Rn+1(x; y) then y is a set-world with jyj > n+ 1 > n, i.e. Rn(x; y) holds as well.Recall N70: 8xy Rn+m(x; y)! 8fg 9uv(Rn(x; u)!E(u; f(u)) ^Rm(x; v)!E(v; g(v)))!(Rn(x; u) ^ Rm(x; v) ^ E(y; f(u)) ^ f(u) = g(v))Rn+m(x; y) means that y is a set-world with jyj > n+m. We distinguish two cases.Case 1: jyj = n + m + 1. Let f and g be any functions mapping worlds to worlds. If there isat least one Rn-accessible set-world u with juj > n and f does not map u to one of its elements(:E(u; f(u))) or there is at least one Rm-accessible set-world v with jvj > n and g does not map v toone of its elements (:E(v; g(v))) then we can choose this u or v, respectively. Then the implication(Rn(x; u)!E(u; f(u)) ^ Rm(x; v)!E(v; g(v)))!(Rn(x; u) ^ Rm(x; v) ^ E(y; f(u)) ^ f(u) = g(v)) (7)is true because the premiss is false.Now assume, f chooses for every set-world u with juj > n some element f(u) 2 u and g choosesfor every set-world v with jvj > m some element g(v) 2 v. The key observation for the proof is thatfor every set with n +m + 1 elements every decomposition into a set u with n + 1 elements and aset v with m+ 1 elements overlaps in at least one element. Thus, the situation is as depicted in thefollowing �gure. u z1x y zn+1v zn+m+1
RnRn+mRm EEEEFor �nding the right u and v we follow this procedure: we start by choosing a subset u1 � y withn + 1 elements. Suppose f(u1) = x1. If there is a subset v � y with jvj > m and g(v) = x1 we aredone. Suppose for no such subset we have g(v) = x1. x1 is marked as `not an image of g'. Now wechoose another n+1-element subset u2 of y which does not contain x1. Suppose f(u2) = x2. Again,if for some subset v with jvj > m we �nd g(v) = x2 we are done. If not, we mark x2 as `not an imageof g'. We continue until we have found a suitable u and v, or until exactly n+1 worlds remain whichare not marked `not an image of g'. In the latter case we choose this set for u. Suppose f(u) = x.Take v = y n u[ fxg. jvj = m+ 1 and g(v) 6= z for all z 2 y n u. Since g must select some element inv, g(v) = x is the only choice. Thus, suitable u and v exist that satisfy (7).Case 2: jyj > n +m + 1. Take any subset y0 � y with jy0j = n+m+ 1. By Case 1, we can �ndfor any f and g subsets u � y0 and v � y0 with the property (7). But these are also subsets of y andtherefore the property holds as well.N80: This property expresses that the union of two disjoint sets of cardinality > n and > m is aset with cardinality > n+m+ 1, and this is true in F 0.We have proved F 0 is a frame for KE .(ii): Let M = (F ; V ) be any model based on F with V an arbitrary valuation. De�ne M0 to bethe model (F 0; V ). (Observe that V (p) does not, and need not contain set-worlds.) (ii) follows fromM0; x j=KE �(') i� M; x j=K ' (8)where x is any world in W . We prove (8) by induction on the structure of '. The base case in which' is any propositional variable is trivial. The inductive step for the propositional connectives goes



12through easily. We consider the case ' is of the form 3n . (The case for ' of the form 2n is dual.)The inductive hypothesis is: M0; x j=KE �( ) i� M; x j=K  :Suppose M0; x j=KE �(3n ), i.e. hni2 is true at x in M0. Then, Rn(x; Y ) in F 0 for some setY � R(x) with n + 1 elements and for all z 2 Y we have M0; z j=KE  and by the inductivehypothesis M; z j=K  . There are at least n such z, therefore, M; x j=K 3n .Conversely, supposeM; x j=K 3n . This means the world x has more than n successors by R inall of which  is true. Consequently, a set Y with cardinality n+1 exists that contains R-successorsy of x and in all y,  is true. This implies, in F 0, x and Y are connected by Rn and Y is connectedto all its elements by E. Thus, hni2 is true in x.This completes the proof.As consequences we get the following two theorems.Theorem 3.5 (Completeness of �). The translation � from K into KE is complete. That is,for any formula ' of K, if `KE �(') then `K '.Proof. Suppose �(') is a theorem in KE , i.e. `KE �('). Then, since KE is sound (4), j=KE �(').By the previous theorem j=K '. K is sound and complete (Theorem 2.3). Therefore, it follows that`K '.Now, we can show the completeness of the semantics of KE with respect to its axiomatizationfor translated formulae.Theorem 3.6 (Relative completeness of KE). For any K formula 'if j=KE �(') then `KE �(').Proof. If �(') holds in all KE-frames then ' holds in all K-frames (by Theorem 3.4), then ' isprovable in K (by the completeness of K, Theorem 2.3), and then �(') is provable in KE (by thesoundness of the translation, Theorem 3.3).4 From multi-modal logic to predicate logicWe aim at making available �rst-order theorem proving methods for reasoning with graded modalexpressions. In the previous section we have embedded the logic K in the multi-modal logic KE .Unfortunately, one of the axioms, namely N7, is not �rst-order de�nable in the standard Kripkesemantics. Its relational translation N70 is a second-order formula. So, instead of using the standardrelational translation we use the functional translation as proposed in Ohlbach and Schmidt [22] fornon-�rst-order axioms like McKinsey's axiom.The functional translation method was proposed by various authors, for example Ohlbach [23, 24],[10], [18], [2] and [36]. It exploits the fact that every binary relation can be decomposed into a setAFR of functions, called accessibility functions. Any (non-empty) relation R is de�ned by:R(x; y)$9 2 AFR y = (x):In the functional translation we quantify over the accessibility functions instead of worlds. For modal-ities determined by serial (i.e. total) accessibility relations, that is, for modalities satisfying theD-axiom the functional translation rules for modal formulae are:�f ([R] ; x) = 8:AFR �f ( ; #(; x))�f (hRi ; x) = 9:AFR �f ( ; #(; x)):The target logic is a many-sorted predicate logic, in which AFR is the sort for accessibility functionsde�ning R and the symbol # is a function symbol for the `apply' function (this means, the applica-tion of a function f to x, i.e. f(x), is encoded by #(f; x)). For modalities determined by accessibility



Translating Graded Modalities into Predicate Logic 13relations that are not serial the set of accessibility functions AFR contains partial functions. Accord-ingly, the functional translation �f of modal formulae must compensate for partiality by an extracondition involving a predicate deR. For non-serial modalities �f is de�ned by::deR(x)!8:AFR �f ( ; #(; x)) and :deR(x) ^ 9:AFR �f ( ; #(; x)).The term :deR(x) is meant to capture that x is not a dead-end in the relation R.We now give the formal de�nition of the functional translation �f for multi-modal logics ofwhich K(m) is the weakest. �f is a function mapping formulae of K(m) to formulae of a many-sortedpredicate logic PLM (with predicate variables) with a signature speci�ed by:(i) sort symbols ? (for the bottom sort), W (for the world sort) and W?.(ii) sort declarations W vW? and ? vW?.(iii) sort symbols AFR for every modality hRi(iv) a binary function symbol # declared by #: AFR �W? !W? for all AFR.(v) predicate symbols deR for every modality hRi (de is short for dead-end, or in our application,den(x) means the set-world x does not represent more than n elements) and(vi) for each propositional variable p there is a unary predicate symbol p (we purposely use thesame symbols).This signature de�nes a many-sorted predicate logic we refer to as PLM .De�nition 4.1 (The functional translation). Let �f be a function that takes two arguments: amodal formula and a `world term' which are mapped to a formula in PLM . �f is de�ned inductivelyby �f (p; w) = p(w) for p a propositional variable�f ([R] ; x) = :deR(x)!8:AFR �f ( ; #(; x))�f (hRi ; x) = :deR(x) ^ 9:AFR �f ( ; #(; x))and for the propositional connectives �f is a homomorphism.The functional translation for a multi-modal formula ' with propositional variables p1; : : : ; pn isde�ned by �f (') = 8p1; : : : ; pn8w:W �f (';w):For a Hilbert rule of the form `from '1 and : : : and 'n infer ''�f ('1) ^ : : : ^ �f ('n)!�f (')is the functional translation. �f maps a set � of Hilbert axioms and rules to the conjunction of thefunctional translation of the members: �f (�) = '̂2��f ('):�f is called the functional translation function.For serial modalities the :deR(x) : : : part of the de�nition in �f can be omitted.As with the relational translation, the functional translation of the Hilbert axioms yields second-order formulae with universally quanti�ed predicate variables. This translation is sound, i.e. whatevercan be proved from the axioms, holds in the models of these second-order formulae. If these second-order formulae are equivalent to a �rst-order formula then the Sahlqvist theorem together with thecompleteness of the transition from the relational to the functional representation (which is easy)guarantees completeness. If the second-order formulae are not equivalent to �rst-order formulae thencompleteness is still an open problem. Unfortunately this is the case for KE .Ohlbach and Schmidt [22] prove the following relativized soundness and completeness result forthe functional translation �f .Theorem 4.2 (Relative soundness and completeness of the functional translation) Let �be additional Hilbert axioms in a propositional modal logic K(m) and ' any modal formula. If therelational second-order translation of � is complete then' is a �-theorem i� �f (�)!�f (') is a predicate logic theorem in PLM .



14 The result of the translation by �f is in general not a �rst-order expression. The translation isuseful only if the axioms in �f (�) can be described by a set �0 of �rst-order formulae. If �f (�) isequivalent to such a set �0 the implication�f (�)!�f (')can be proved by refuting the formula �0 ^ :�f ('):�f (') is a monadic second-order formula only with second-order universal quanti�ers. In the negationnormal form of its negation :�f (') only existentially quanti�ed second-order predicate variablesoccur and these are treated as ordinary �rst-order predicates. Therefore, �0!�f (') can be provedwith the standard �rst-order procedures.Not every axiomatization � has an equivalent �rst-order formulation. The theorem above canbe strengthened for certain axioms without �rst-order relational characterizations when we use thefollowing quanti�er exchange rule.De�nition 4.3 (Quanti�er exchange rule). Let ' be any modal formula in K(m). De�ne anoperation � on PLM which transforms the functional translation �f (') into its prenex normal formaccording to the rule 9:AFR 8�:AFR  ; 8�:AFR 9:AFR  : (9)The operation � moves existential functional quanti�ers inwards thus weakening the originalformula. �(�f (')) implies �f ('), but not conversely. The quanti�er exchange rule exploits that onerelational frame in general corresponds to many `functional frames', and there is always one which isrich enough to allow for moving existential quanti�ers over universal quanti�ers. This is investigatedin Ohlbach and Schmidt [22] where a stronger theorem than Theorem 4.2 is proved, namely:Theorem 4.4 (Relative soundness and completeness of the functional translation withthe quanti�er exchange rule) Let � be additional Hilbert axioms in a propositional modal logicK(m) and ' any modal formula. If the relational second-order translation of � is complete then' is a �-theorem i� �(�f (�))!�(�f (')) is a theorem in PLM ,provided in �(�f (')) all existential functional quanti�ers are moved inward as far as possible.This theorem says that the original formula ' can be proved to be a theorem in the system � byproving its weakened translation �(�f (')) using the weakened forms �(�f (�)) of the translationsof the axioms in �. In �(�f (')) the existential functional quanti�ers are pushed inward as far aspossible. Negating �(�f (')) we simultaneously replace universal quanti�ers by existential quanti�ersand existential quanti�ers by universal quanti�ers. The quanti�er pre�x of the prenex normal formof :�(�f (')) consists of a sequence of existentially quanti�ed predicate variables pi (ended with anexistentially quanti�ed world variable) followed by a sequence of existentially quanti�ed functionalvariables, followed by a sequence of universally quanti�ed functional variables. In the Skolemizedclause form of :�(�f (')) no Skolem functions occur, only Skolem constants. This simpli�es thetranslation considerably. More importantly, � allows us to move existential quanti�ers inward as faras we like. This weakens an axiom like the McKinsey axiom just enough so that we get a �rst-ordertranslation for the axiom. This operation works for axiom N7 as well, as we will see in the nextsection.The functional translation generates nested #-terms as arguments to predicates. We can avoidthese by using the world path notation of Ohlbach [23]. To this end we add a new sort symbol AF�to PLM and we let � be a new binary function symbol. Furthermore, we include the following axiomsand sort declarations: AFR v AF�� : AF� �AF� ! AF�8x:W 8; �:AF� #( � �; x) = #(�; #(; x))� is associative:� denotes composition operation of accessibility functions and AF� denotes the set of all possible com-positions of all accessibility functions in the union of AFR. Instead of nested #-terms, like #(�; #(; x)),



Translating Graded Modalities into Predicate Logic 15we use a more economic notation and write #(( ��); x) or #([�]; x) (omitting �), instead. The latteruses the world path syntax which we prefer from here on.Notice that the conditions in the two theorems requiring that the relational translation of theaxioms into second-order logic is complete means that all formulae which are valid in the framescharacterized by these second-order formulae are provable from the axioms. For KE we showed thisfor the translatedK formulae only. Since this is su�cient for our purpose, we can assume completenessof these transformations.5 From KE to predicate logicIn this section we apply the functional translation method explained in the previous section to themodal logic KE which we introduced in Section 3.Recall, KE is a multi-modal logic with in�nitely but countably many numerical modal opera-tors (hni and [n]) and two special membership operators 3 and 2. In the relational semantics thenumerical operators are interpreted by the set fRngn2 IN0 of binary relations and the membershipoperators by the special relation E. The functional translation for serial modalities is considerablysimpler than for non-serial modalities. The accessibility relations Rn (n 2 IN0) and E are not serial.Axiom N5, hni2'!hni3', speci�es a weak form of seriality for E. Every world accessible by someRn (i.e. every set-world) has a successor by E.We do not need the full expressiveness of the language of KE . A subset of formulae with char-acteristic patterns of modal operators hni, [n], 3 and 2 will do. For example, in the axiomatizationde�ning KE the operators 3 and 2 do not occur in the scope of 3 and 2 operators, they alwaysoccur in the scope of hni and [n] operators. This is intentional. Only these patterns make sensein our application of KE . We think of the numeric modalities picking only sets and the 3 and 2operators picking only elements of these sets. For this we need a special class of formulae in whichthe E-successors of worlds accessible by E are irrelevant, only E-successors of worlds accessibleby the relations Rn count. We are therefore permitted to assume E is serial (which we prove inTheorem 5.1).The language of KE that we will use is restricted to the set of admissible formulae. We say aformula ' of KE is admissible i� all 3 and 2 operators appear in the scope of a hni or [n] operator(for some n). Examples of admissible formulae are:hni2p; [n]3p; hni(p ^3q) and [n](:2p!3q):The formulae 3p; and hni23qon the other hand, are not admissible. We note that the translations of K (presented in Section 3.2)are admissible formulae, since the corresponding modalities for modal operators of K are hni2 and[n]3. The axioms N4{N8 are also admissible, whenever ',  and �i are admissible.For admissible formulae we may assume the relation E is serial.Theorem 5.1 Let ' be an admissible formula of KE. If ' is valid in a model then ' is valid in amodel in which the relation E (associated with the modalities 3 and 2) is serial.Proof. Let ' be valid in a model M = (F ; V ) based on the frameF = (W; fRngn2 IN0 ; E):De�ne F� to be the structure (W; fRngn2 IN0 ; E�) obtained from F by replacing E with E�. E�includes E and all pairs (x; x) of x 2 W for which no y 2 W exists such that E(x; y). Then, E� isserial.We show that ' is valid in M� = (F�; V ). The only critical case is where ' has a formulaequivalent to  = 2� ^ 2:� as subformula. For  is true at any world x in M i� x has no E-successor in M. In M�, however,  is false at x whenever  is true at x in M(otherwise there is aninconsistency).  occurs in the scope of either hni or [n] for some n. First, we consider the case that occurs in the scope of hni. Let '0 be the hni subformula of ' with  in its scope. We may assume'0 is of the form hni(( _ �) ^ �). Now, suppose '0 is true in a world x ofM. Then there is a y 2W



16such that Rn(x; y). Since E is weakly serial there is a z 2 W such that E(y; z), which implies  isfalse in y of M. Hence, '0 is true in x of M i� it is also true in x of M�. Next, we consider the casethat  occurs in the scope of [n]. Assume '0 is of the form [n](( _ �) ^ �) and suppose '0 is truein x 2 W of M. Then either there are or there are no y's in W such that Rn(x; y). If there are y'sthen we argue as above. If there are no y's then '0 is trivially true in x of M�. We conclude, ' isindeed valid in M�.This theorem licenses the translation of the 3 and 2 operators without the dead-end predicatedeE . For admissible formulae in KE the translation function �f is modi�ed as follows:�f ([n] ; x) = :den(x)!8:AFn �f ( ; #(; x))�f (hni ; x) = :den(x) ^ 9:AFn �f ( ; #(; x))�f (2 ; x) = 8:AFE �f ( ; #(; x))�f (3 ; x) = 9:AFE �f ( ; #(; x)):We are now set to compute the functional translation of the KE-axioms N4{N8. This is a mechanicaland tedious task, which we left to an implementation of the general translation procedure and ourtool for eliminating second-order quanti�ers.In our listing of the result we use the following notation. :n is the abbreviation for :AFn and:E for :AFE . Variables without sort declarations are assumed to be of sort W . In the respectiveclause forms variables and Skolem functions are indexed by their sort. The value in the subscript ofa Skolem function, say fnm, associates the function with the m-th modality hmi. AFm is the sort ofthe terms formed with fnm. The superscript is part of the name of the Skolem function. It is onlyused to distinguish the di�erent Skolem functions for the di�erent instances of the clauses. (In anactual implementation, these numbers are the objects of symbolic arithemtical manipulations.) nindicates  is a variable of sort AFn.In the following we list for each axiom N4{N8, (i) the functional translation, (ii) the �rst-orderequivalent formulation and (iii) its clause form.N4: `KE [0]3'! [n]2'.The functional translation �f (N4) is8'8x [(:de0(x)!80:0 9�0:E '(#([0�0]; x)))!(:den(x)!8:n 8�:E '(#([�]; x)))]:This has a �rst-order equivalent formulation, namely8x de0(x)! den(x) ^8x [:den(x)! (8:n 8�:E 90:0 8�0:E#([�]; x) = #([0�0]; x))]: (10)The clause form is: :de0(x) _ den(x):den(x) _ #([n�E ]; x) = #([fn0 (x; n; �E)�0]; x):N5: This axiom becomes a tautology because we assume E is a serial relation.N6: `KE [n]'! [n+ 1]'.�f (N6) is given by 8'8x [(:den(x)!8�:n '(#(�; x)))!(:den+1(x)!8:n+1 '(#(; x)))];the �rst-order equivalent by:8x den(x)! den+1(x) ^8x [:den+1(x)! (8:n+1 9�:n #(; x) = #(�; x))]; (11)and the clause form by: :den(x) _ den+1(x):den+1(x) _ #(n+1; x) = #(gnn(x; n+1); x):



Translating Graded Modalities into Predicate Logic 17N7: `KE hn+mi2(' _  )! (hni2' _ hmi2 )is translated to �f (N7):8' 8x [(:den+m(x) ^ 9:n+m 8�:E ('(#([�]; x)) _  (#([�]; x))))! [(:den(x) ^ 9:n 8�:E '(#([�]; x))) _(:dem(x) ^ 9:m 8�:E  (#([�]; x)))]]:This is equivalent to the formula8x [den+m(x) _ [:den(x) ^ :dem(x) ^8:n+m 8�; �:E 9�:E 9:n 9:m(#([n+m�]; x) = #([n�(n)]; x) ^#([n+m�]; x) = #([n�(m)]; x)))]]:(Note, here we have used the sorts as indices to distinguish three di�erent variables: n, m andn+m.) This formula is still second-order (note the �(n) and �(m) terms). We get a �rst-orderequivalent formula if we apply the quanti�er exchange rule � to �f (N7). �(�f (N7)) is8' 8x [(:den+m(x) ^9:n+m 8�:E ('(#([�]; x)) _  (#([�]; x))))![(:den(x) ^ 9:n 8�:E '(#([�]; x))) _(:dem(x) ^ 8�:E 9:m  (#([�]; x)))]]which is equivalent to the �rst-order formula8x [den+m(x) _ [:den(x) ^ :dem(x) ^8:n+m 8�:E 9�:E 9:m 8�:E 9:n(#([n+m�]; x) = #([n�]; x) _ #([n+m�]; x) = #([n�]; x))]]:The clause form is: den+m(x) _ :den(x):den+m(x) _ :dem(x):den+m(x) _ #([n+mh1nmE (x; n+m; �E)]; x)= #([h2nmn (x; n+m; �E ; �E)�E ]; x):den+m(x) _ #([n+mh1nmE (x; n+m; �E)]; x)= #([h3nmn (x; n+m; �E)�E ]; x):N8: `KE (hni2(' ^  ) ^ hmi2(' ^ : ))!hn+m+ 1i2'is translated to �f (N8):8' 8x [[(:den(x) ^ 9:n 8�:E ('(#([�]; x)) ^  (#([�]; x)))) ^(:dem(x) ^ 9:m 8�:E ('(#([�]; x)) ^ : (#([�]; x))))]!(:den+m+1(x) ^ 9:n+m+1 8�:E '(#([�]; x)))]This is equivalent to8x [den(x) _ dem(x) _8:n 8:m 9:n+m+1 8�:E(:den+m+1(x) _ 9�; �:E #([n�]; x) = #([m�]; x)) ^[9�; �:E #([n�]; x) = #([m�]; x) _9�:E #([n�]; x) = #([n+m+1�]; x) _9�:E #([m�]; x) = #([n+m+1�]; x)]]:The clause form isden(x) _ dem(x) _ :den+m+1(x) _#([nk1nmE (x; n; m)]; x) = #([mk2nmE (x; n; m)]; x):den(x) _ dem(x) _#([nk3nmE (x; n; m)]; x) = #([mk4nmE (x; n; m)]; x) _#([nk5nmE (x; n; �E)]; x) = #([knmn+m+1(x; n; m)�E ]; x) _#([mk6nmE (x; m; �E)]; x) = #([knmn+m+1(x; n; m)�E ]; x):



18 TheKE-axioms and their translations are schemas. They represent the conjunction of all instanceswith the n and m taking on concrete non-negative integer values. This can be exploited in certaingeneralizations. For example, the subformula 8x den(x)! den+1(x) of (11) can be generalized to8x den(x)! dem(x) for all m > n:This formula subsumes the subformula 8x de0(x)! den(x) of the translation (10) of N4. The re-maining part of (11) can also be generalized to:8x [:dem(x)! (8:m 9�:n #(; x) = #(�; x))] for all m > n:The clause form is dem(x) _ #(m; x) = #(gnmn (x; m); x) for all m > n: (12)Recall the relation translation of N6. We noted N60 generalizes toRm � Rn for all m � n:This ordering on the accessibility relations fRngn2 IN0 induces a linear ordering on the set fAFngn2 IN0of sets of accessibility functions. We capture this ordering by the subsort declarationAFm v AFn for all m � n: (13)In a resolution calculus this declaration has the same e�ect as clause (12). We therefore replace (12)in PLM by the subsort declaration (13).The �nal translation for KE in PLM is still to come. We add yet more syntactic sugar and hopethis makes the translations more easily readable. Every translated KE-formula ' in negated form,which we aim to refute, contains only terms which have the form #([s1 : : : sn]; x0) (in world-pathnotation). x0 is the Skolem constant originating from the 8x quanti�er in �f ('). Such terms can bereplaced by just [s1 : : : sn] or just the empty list [] for formulae not containing modal operators.In the clause form of the translations of the KE-axioms the equations contain terms of the form#([t1 : : : tm]; x) with x a universally quanti�ed variable.We may instantiate x with, say #([s1 : : : sn]; x0),and get #([t1 : : : tm]; #([s1 : : : sn]; x0)) which is the same as #([s1 : : : snt1 : : : tm]; x0)). We get the sameresult if we introduce a new variable w� of sort AF� and replace #([t1 : : : tm]; x) with [w�t1 : : : tm].We further require that w� can be uni�ed with arbitrary strings [s1 : : : sn].In this notation the axiomatization of KE reduces to the following set of PLM formulae whichde�nes our predicate logic theory for KE .P1 den(w�); [w�xnz] = [w�fn0 (w�; xn; z)y]P2 AFm v AFn for all m > nP3 :den(w�); dem(w�) for all m > nP4 den+m(w�);[w�xn+mh1nm(w�; xn+m; y)] = [w�h2nmn (w�; xn+m; y; z)y]P5 den+m(w�); [w�xn+mh1nm(w�; xn+m; y)] = [w�h3nmn (w�; xn+m; y)z]P6 demax(n;m)(w�); :den+m+1(w�);[w�xnk1nm(w�; xn; ym)] = [w�ymk2nm(w�; xn; ym)]P7 demax(n;m)(w�);[w�xnk3nm(w�; xn; ym)] = [w�ymk4nm(w�; xn; ym)];[w�xnk5nm(w�; xn; z)] = [w�knmn+m+1(w�; xn; ym)z];[w�ymk6nm(w�; ym; z)] = [w�knmn+m+1(w�; xn; ym)z]:(The variables y and z and the functions h1nm and k1nm{k6nm without index are variables andfunctions of sort AFE .)Theorem 5.2 For any K-formula ',



Translating Graded Modalities into Predicate Logic 19' is a K-theorem i� (P1{P7)!�(�f (')) is a theorem in PLM ,By way of examples we illustrate how P1{P7 can be used during inference with a resolution-basedtheorem prover. Bernhard Nebel provided the following examples.Example 5.3 The set A = f3033>; 3023?; 21?g is an inconsistent set of K-formulae. Withtheory resolution we can show the inconsistency in a single step. The KE and the PLM formulationsof 3033>, 3023? and 21? are respectivelyh0i2h3i2> and :de0([]) ^ :de3([a0x]);h0i2[3]3? and :de0([]) ^ de3([b0y]);[1]3? and de1([]):The set A is represented by the following set of clauses:C1 :de0([]) C3 de3([b0y])C2 :de3([a0x]) C4 de1([]);where x and y are variables and a0 and b0 are Skolem constants. Letting n = 0 and m = 0 in P6 andusing the substitutionfx0 7! a0; y0 7! b0; x 7! k100([]; a0; b0); y 7! k200([]; a0; b0)gP6 simultaneously resolves with C1{C4 yielding the empty clause.The next example is more complicated.Example 5.4 The set B = f303033>; 303023?; 3021?; 21?g of K-formulae is inconsistent.B contains the formulae of A (from Example 5.3) pre�xed with a 30 and the formula 21?. The setof expressions in B is represented by the following clauses (derived as in the previous example viaKE and �f translations, which we omit):C1 :de0([]) C5 de3([c0x0d0y0])C2 :de0([a0x]) C6 de1([e0x00])C3 :de3([a0xb0y]) C7 de1([])C4 :de0([c0x0])For the refutation we use P1 with n = 0 and P6 with n = 0 and m = 0. P1 can immediately besimpli�ed with clause C1. The instances are:P10 [f00 ([]; x0; z)y] = [x0z]P60 de0(w�); :de1(w�); [w�x0k100(w�; x0; y0)] = [w�y0k200(w�; x0; y0)]:The result of simultaneously resolving P60, C1, and C7 with uni�er fw� 7! []g isC8 [x0k100([]; x0; y0)] = [y0k200([]; x0; y0)]:Paramodulating with C8 and with uni�er fx0 7! a0; x 7! k100([]; a0; y0)g, C3 becomes (this meanswe do equality replacement with uni�cation in C3 using the equation C8)C9 :de3([y0k200([]; a0; y0)b0y]):This becomesC10 :de3([x0zb0y])when paramodulating with P10 using the uni�erfy0 7! f00 ([]; x0; z); y 7! k200([]; a0; y0)g:We resolve P60 and C4 using uni�er fw� 7! [c0x]; x0 7! xg to getC11 :de1([c0x]);[c0xx00k100([c0x]; x00; y00)] = [c0xy00k200([c0x]; x00; y00)]:



20Now, use the uni�er fx0 7! c0; x0 7! z 7! x; x00 7! d0;y00 7! b0; y0 7! k100([c0x]; d0; b0); y 7! k200([c0x]; d0; b0)gand apply E-resolution to C5, C10 and C11 and getC12 :de1([c0x]):(This means we resolve between C5 and C10 using an equation in C11.) Resolving this with C6 usingE-resolution with C8 yields the empty clause. The uni�er isfx0 7! e0; x00 7! k100([]; e0c0); y0 7! c0; x00 7! k200([]; e0c0)g:Example 5.5 In this example we show(3n' ^3m ^ 20:(' ^  ))!3n+m+1(' _  ) (14)is a theorem in K by showing that the following set of clauses is refutable. The set represents thenegation of the theorem.C1 :den([]) C5 de0([]); :'([y0c]); : ([y0c])C2 '([anx]) C6 den+m+1([]); :'([xn+m+1d])C3 :dem([]) C7 den+m+1([]); : ([xn+m+1d])C4  ([bmx0])C5 can be resolved with P3, letting n = 0 and m = n, and C1 yieldingC 05 :'([y0c]); : ([y0c]):This can be paramodulated using the equation in P1 and using the uni�erfw� 7! []; y0 7! fn0 ([]; xn; z); y 7! cg:The result is:C 005 :'([xnz]); : ([xnz]):Resolve this with C2 and getC8 : ([anz]):Now, take C6 and paramodulate with P7 using the second equation and the uni�erfw� 7! []; xn+m+1 7! knmn+m+1([]; xn; ym); z 7! dgand obtainC9 den+m+1([]); :'([xnk5nm([]; xn; d)]);demax(n;m)([]);[xnk3nm([]; xn; ym)] = [ymk4nm([]; xn; ym)];[ymk6nm([]; ym; d)] = [knmn+m+1([]; xn; ym)d]:The demax(n;m)([]) literal can be eliminated from C9 with either C1 or C3 in one resolution step. TheclauseC 09 den+m+1([]); :'([xnk5nm([]; xn; d)]);[xnk3nm([]; xn; ym)] = [ymk4nm([]; xn; ym)];[ymk6nm([]; ym; d)] = [knmn+m+1([]; xn; ym)d]remains. Take C7 and paramodulate with C 09 and uni�erfxn+m+1 7! knmn+m+1([]; xn; ym)g:We obtain



Translating Graded Modalities into Predicate Logic 21C10 den+m+1([]); :'([xnk5nm([]; xn; d)]); : ([ymk6nm([]; ym; d)])[xnk3nm([]; xn; ym)] = [ymk4nm([]; xn; ym)]:Use C2 and C4 to get rid of the :' and the : literals. The uni�er isfxn 7! an; ym 7! bm; x 7! k5nm([]; an; d); x0 7! k6nm([]; bm; d)g:C10 becomesC11 den+m+1([]); [ank3nm([]; an; bm)] = [bmk4nm([]; an; bm)]:This we can use to paramodulate with C8. The uni�er isfz 7! k3nm([]; an; bm)gand the result is:C12 den+m+1([]); : ([bmk4nm([]; an; bm)]):Resolve this with C4 which yieldsC13 den+m+1([]):Now we use P6 and getC14 demax(n;m)([]); [xnk1nm([]; xn; ym)] = [ymk2nm([]; xn; ym)]:Get rid of the demax(n;m)([]) literal by resolving with either C1 or C3. The equationC 014 [xnk1nm([]; xn; ym)] = [ymk2nm([]; xn; ym)]:remains. We use C8 again and paramodulate with C 014 substituting withfxn 7! an; z 7! k1nm([]; xn; ym)gwhich leavesC15 : ([ymk2nm([]; an; ym)]):In the last step we resolve C15 and C4 with uni�erfym 7! bm; x 7! k2nm([]; xn; ym)gto get the empty clause.In the functional translation we can prove instances of formulae with concrete values assignedto the n and m in the modal operators. There are examples of formulae for which the proofs withsymbolic arithmetic terms instead of concrete values work as well. However, this approach may notalways work. The formula (15) below provides an example of a theorem which is true for all n andm (that satisfy the required restriction), but which can be proved in our system only for concreteinstances of n and m. The situation may be worse. It may be the case that the proof of a formula fora particular concrete instance n depends on the instance of the formula for n� 1, and the proof ofthis instance depends on the formula for n� 2, and so on, to the formula for 0. Call this `inductionon foot'. We now demonstrate a process of how a schema like (15) can be proved in our system by(ordinary) induction for all values followed by a translation step which yields a lemma we add to ourtheory.Suppose there are at least twenty objects in p and at least twenty objects in q and in all thirtyobjects exist. Then we expect the intersection of p and q to contain at least 10 objects. Our intuitionis captured by the following formula3n' ^3m ^2j:(' ^  )!3n+m+1�j(' _  ) (15)with n+m+1� j � 0, if we let p� ', q �  , n = m = 19 and j = 9. In Example 5.5 we showed (15)for the case that j = 0. Unfortunately there is no resolution-based proof for the general case. In thenext theorem we use induction to prove (15).Theorem 5.6 (15) is a theorem in K.



22Proof. The proof is by induction on j. We proved the base case in Example 5.5. Let j > 0. Asinduction hypothesis assume3n' ^3m ^ 2j�1:(' ^  )!3n+m+1�(j�1)(' _  )holds. Assume further3n',3m , and2j:(' ^  ) hold. That2j:(' ^  ) holds implies (:2j�1:(' ^  ) ^ 2j:(' ^  )) _ 2j�1:(' ^  )holds.Suppose2j�1:(' ^  ) holds. Then we apply the induction hypothesis. We get3n+m+1�(j�1)(' _  )which implies, by A2, 3n+m+1�j(' _  ) holds.For the second case assume :2j�1:(' ^  )$3j�1(' ^  ) holds. Let k = n +m, ' = ' ^ : and  = ' ^  in A10. Then 3k' ^ 2k:(' ^  )!3k�n(' ^ : ):From3n', respectively3m , and2j:(' ^  ) we infer that3n�j(' ^ : ), respectively3m�j(:' ^  ),holds. Hence, by A12, 3m+n+1�j�1((' ^ : ) _ (:' ^  ))holds. Using A12 again, this time applied to the formulae3m+n+1�j�1((' ^ : ) _ (:' ^  )) and 3j�1(' ^  );we conclude 3m+n+1�j(' _  ) holds. This proves the theorem.The next result shows we can replace the axiom N8 in KE by the corresponding KE-formulationof the formula (15).Theorem 5.7 Axiom N8 of KE can be replaced byhni2' ^ hmi2 ^ [j]3:(' ^  )!hn+m+ 1� ji2(' _  ) (16)for n+m+ 1� j � 0.Proof. In Theorem 5.6 we proved (15), itsK-formulation, is a theorem inK. Thus, by Theorem 3.3,(16) holds inKE . It remains to show (16) implies N8. This is immediate if we let j = 0 and substitute' ^  for ' and ' ^ : for  exploiting [0]3>$> (N4).Although replacing N8 with (16) does not increase the number of provable formulae, we avoid theinduction argument necessary for proving (16) which we would have to provide by hand as we don'thave an induction theorem prover at our disposal. Also, we avoid proving instances of (16).The functional translation of (16) into predicate logic is somewhat more complicated than thatof N8. It is given by8' 8x [[(:den(x) ^ 9:n 8�:E '(#([�]; x))) ^(:dem(x) ^ 9:m 8�:E  (#([�]; x))) ^(:dej(x)!8:j 9�:E :('(#([�]; x)) ^  (#([�]; x))))]![(:den+m+1�j(x) ^9:n+m+1-j 8�:E ('(#([�]; x)) _  (#([�]; x))))]]:Like �f (N7) this formula cannot be reduced to a �rst-order formula. We swap the quanti�ers9:n+m+1-j and 8�:E. The quanti�cation elimination algorithm scan produces then for this inputthe following clauses:P8 demax(n;m)(w�); :den+m+1�j(w�);[w�f7nmjj (w�; xn; xm)u] = [w�xnf5nmj(w�; xn; u)]P9 demax(n;m)(w�); :den+m+1�j(w�);[w�f7nmjj (w�; xn; xm)u] = [w�xmf6nmj(w�; xm; u)]P10 demax(n;m)(w�); :dej(w�);[w�f1nmjn+m+1�j(w�; v; xn)v] = [w�xnf2nmj(w�; v; xn)];[w�f3nmjn+m+1�j(w�; v; xm)v] = [w�xmf4nmj(w�; v; xm)]



Translating Graded Modalities into Predicate Logic 23P11 demax(n;m)(w�);[w�f1nmjn+m+1�j(w�; v; xn)v] = [w�xnf2nmj(w�; v; xn)];[w�f3nmjn+m+1�j(w�; v; xm)v] = [w�xmf4nmj(w�; v; xm)];[w�f7nmjj (w�; xn; xm)u] = [w�xnf5nmj(w�; xn; u)]P12 demax(n;m)(w�);[w�f1nmjn+m+1�j(w�; v; xn)v] = [w�xnf2nmj(w�; v; xn)];[w�f3nmjn+m+1�j(w�; v; xm)v] = [w�xmf4nmj(w�; v; xm)];[w�f7nmjj (w�; xn; xm)u] = [w�xmf6nmj(w�; xm; u)]together with the clause den(w); dem(w); :dej(w); :den+m+1�j(w); (17)which is implicit in P1{P7. We can show that, for any positive integers n, m and j,9k l (k; l) 2 fn;mg � fj; n+m+1{jg such that k � l:For, suppose not. Suppose n, m and j exist such that for any k and l with (k; l) 2 fn;mg �fj; n+m+1{jg we have k < l. Then, n < j, m < j and n < n +m + 1� j. Hence, j < m + 1, andthus, m < j < m+ 1, which cannot be for j a positive integer.If the values n, m and j are such that we can choose k and l with k strictly larger than l then (17)is subsumed by P3. Otherwise, if the values are such that we can choose identical k and l, then (17)is a tautology. In either case (17) is redundant.We conclude this section with an example (supplied to us by Werner Nutt) in which we exhibitthe computational e�ect of using the clauses P8{P12.Example 5.8 Suppose the universe consists of at most thirty objects. If there are at least twentyobjects in p and there are at least twenty objects in q, then there are at least ten objects in p ^ q. Astandard tableaux system for the number operators would generate twenty witnesses for p, twentywitnesses for q and then it would need to identify ten of them in order not to exceed the limit ofthirty. But there are combinatorically many ways for identifying ten of them.In our system we prove the conjecture by showing the following set of K-formulae is inconsistent:f319p; 319q; 230?; 29:(p ^ q)g:We can choose any other suitable combination of numbers. This will not change the structure of theproof at all. The translation into PLM is:f:de19([]) ^ p([a19x]); :de19([]) ^ q([b19x]); de30([]);de9([]) _ :p([y9c]) _ :q([y9c])g:The corresponding set of clauses consists of:C1 :de19([]) C4 de30([])C2 p([a19x]) C5 de9([]); :p([y9c]); :q([y9c])C3 q([b19y])Resolve C5 with P3 and C1 and eliminate the de9([]) literal from C5 leaving:C 05 :p([y9c]); :q([y9c])We resolve the instance of P9 with n = m = 19, j = 9, namelyP9' de19([]); :de30([]);[f719 19 99 ([]; x19; x019)u] = [x19f619 19 9([]; x019; u)];with C1 and C4 and obtainC6 [f719 19 99 ([]; x19; x019)u] = [x019f619 19 9([]; x019; u)]:Applying the uni�er fy9 7! f719 19 99 ([]; x19; x019); u 7! cg; we can use this in a paramodulation stepwith C 05 resulting in



24 C7 :p([x019f619 19 9([]; x019; c)]); :q([f719 19 99 ([]; x19; x019)c])Unify in C2 and C7 with fx019 7! a19; x 7! f619 19 9([]; x019; c)g. Resolving C2 and C7 yieldsC8 :q([f719 19 99 ([]; x19; a19)c]):Now we use the following instance of P8:P8' de19(w�); :de30(w�);[w�f719 19 99 (w�; x19; x019)u] = [w�x19f519 19 9(w�; x19; u)]This can be reduced with C1 and C4 to the equationC9 [f719 19 99 ([]; x19; x019)u] = [x19f519 19 9([]; x19; u)];which we can now use in a paramodulation step with C8. We getC10 :q([x19f519 19 9([]; x19; c)]):The empty clause is obtained if we resolve C10 with C3 using the appropriate uni�er.6 From concept description languages to graded modalitiesA knowledge representation system in the kl-one-style [4] usually consists of a so called T-Box andan A-Box [5]. The T-Box axiomatizes the part of the world that is to be modelled in the systemwhereas the A-Box is more or less a classical database containing information, in general groundfacts, about the actual situation.Most T-Box (or terminological) languages have as syntactic primitives concept names and rulenames. Concept names denote sets of objects and role names denote binary relations between theseobjects. Using concept forming connectives, like :, u , t , some and all, compound concept termscan be built which also denote sets of objects.A prototypical concept description language is the ALC language (short for `attributive conceptdescription language with complement'). It has a well-de�ned model-theoretic semantics and itscomputational behaviour is completely understood. The terminological language of ALC uses onlythe concept-forming operators :, u , t with the usual meaning (complement, union, intersection)as well as role quanti�cations (all R C) and (some R C). (all R C) denotes the set of all objects whoseR-successors (R-�llers in the kl-one terminology) are all in C. (some R C) denotes the set of allobjects with some R-successor in C. Typical examples for concept de�nitions in ALC are:man = person u (some sex male)parent = person u (some child >)father = parent u mangrandfather = father u (some child parent)woman = person u :man> denotes the set of all objects.Given a set T of concept equations, a concept C is coherent if there is a model for T in whichC denotes a nonempty set. Furthermore, a concept description C subsumes a concept description Din T , if C denotes in every model of T a superset of D. Deciding coherence and subsumption is thebasic reasoning service of the knowledge representation systems based on ALC. According to theabove de�nitions, for example, it is possible to infer that grandfathers are fathers and persons andmen as well, i.e. man subsumes father and grandfather.In [28], Schmidt-Schau� and Smolka show that deciding coherence and subsumption of con-cept descriptions is P-SPACE-complete and can be decided with linear space. Many variants andextensions of ALC have now been investigated [19, 20, 21, 27, 9, 8, 35] and are used in implemen-tations of knowledge representation languages [3]. We focus on a language very much like ALCNwhich includes numerical quanti�cation operators atleast and atmost. For example, the concept term(atleast 3 has-child blond) represents the set of individuals who have at least three children who areblond. The term (atmost 2 has-parent >) represents the set of individuals who have at most twoparents. The language we consider is slightly more expressive than ALCN . Our version, referred to



Translating Graded Modalities into Predicate Logic 25as ALCN+, allows for arbitrary concepts to be included in other concepts, whereas in ALCN onlyatomic concepts can be included in other concepts.Now, we de�ne the syntax of ALCN+. The signature of the terminological language of ALCN+consists of a set �R of role names and a disjoint set �C of concept names. From role names Q 2 �Rand concept names A 2 �C compound concept terms C are formed according to the following rules:C;D �! A j :C jC u D jC t D j (some R C) j (all R C) j(atleast n R C) j (atmost n R C) jC v D jC = D:n is a non-negative integer. Most authors de�ne the symbols v and = to be sentential symbols. Wede�ne them to be connectives just as u and t are. Note, we consider terminological sentences ofthe form C v D and C = D to be concept terms. In ALCN terminological sentences are constrainedto be of the form A v C and A = C, where A are concept names. A T-Box is de�ned as a set ofconcept terms.The semantics of ALCN+ is speci�ed by an interpretation I = (U; V ) with U a non-empty set U(the domain of interpretation) and a signature assignment V . The signature assignment maps rolenames to binary relations on U and it maps concept names to subsets of U . The interpretation ofconcept terms C and D speci�ed by:CI = V (C) if C is a concept name(:C)I = U nCI(C u D)I = CI \ DI(C t D)I = CI [ DI(C v D)I = (U nCI) [ DI(C = D)I = (U n (CI [ DI)) [ (CI \ DI))(some R C)I = fx 2 U j 9y 2 U RI(x; y) ^ y 2 CIg(all R C)I = fx 2 U j 8y 2 U RI(x; y)! y 2 CIg(atleast n R C)I = fx 2 U j jfy 2 CI jRI(x; y)gj � ng(atmost n R C)I = fx 2 U j jfy 2 CI jRI(x; y)gj � ngAtomic concept names in a T-Box T are interpreted as the entire domain and are all equivalent tothe top concept >. > is the largest element in the subsumption ordering. The complement of > is ?and represents the empty set.An interpretation I = (U; V ) with CI = U for all concept terms C in the T-Box T is a model ofT . A concept term C is universal i� CI = U for all interpretations I. C is empty i� CI = ; for allinterpretations I.The entailment relation j= between concept terms is de�ned by:C j= D i� DI = U for every interpretation I of C.Then C j= D i� C v D is universal i� C u :D is empty.We treat sets fC1; : : : ;Cng of concept terms in the same way as the conjunction C1 u : : : u Cn.Thus, a given T-Box T will be treated as the conjunction of its elements.In contrast to other terminological languages the language ALCN+ includes no role-formingoperators. Roles that occur are all atomic. To simplify our presentation, without loss of generalitywe assume there is one atomic role R.Now we show that we can embed ALCN+ in K. De�ne a mapping � from the language ofALCN+ to the language of K by:�(C) = C if C is a concept name or > or ?�(:C) = :�(C)�(C u D) = �(C) ^ �(D)�(C t D) = �(C) _ �(D)�(C v D) = �(C)!�(D)�(C = D) = �(C)$�(D)�(some R C)) = 30�(C)�(all R C) = 20�(C)�(atleast n R C) = 3n�1�(C)�(atmost n R C) = 2n:�(C)



26It is easy to verify that � is well-de�ned. The following is the main statement of this section.Theorem 6.1 (Soundness and Completeness of �).A concept term C is universal i� �(C) is a tautology.Proof. Let I = (U; V ) be any interpretation of a T-Box of ALCN+. Let M be the modal model(U;RI ; V ). By induction on the structure of C prove, for every x 2 U :x 2 CI i� M; x j= �(C):We omit the details.7 ConclusionIn the logic of graded modalities it is possible to express properties of �nite sets. The usual inferencecalculi for this logic generate for all sets used in the proof at least as many constants (witnesses) asthe cardinality of each set. Even for moderate values a vast number of witnesses are generated whichare processed by case distinctions in the proof.In this paper we present an alternative method which avoids case distinctions, instead our methoduses limited arithmetical reasoning. It arises in a series of transformation steps. First, we translatethe logic of graded modalities K into a new normal multi-modal logic, calledKE . Unfortunately, KEdoes not reduce by the standard relational translation to �rst-order logic. One of the axioms of KEis second-order. We solved this irreducibility problem by, instead of using the relational translation,using a functional translation with a particular optimization which exploits the richer structure ofthe functional models.Our method can also be applied in the �eld of knowledge representation. The terminological logicALCN is closely related to the graded modal logic K. In fact, there is an exact correspondencebetween terminological operators and modal operators. Our approach provides a viable alternativeinference mechanism to the constraint algorithms commonly used, which also su�er from the overheadof evaluating case distinctions.Our approach must be viewed as a �rst step toward e�cient reasoning with �nite sets. There area number of open problems which need to be addressed.(i) A general completeness result for KE would allow us to use the full expressivity of this system.As long as this is not proved, we can guarantee completeness only for the original K formulae.This is what we wanted from the beginning, but a stronger result would be preferable.(ii) Our �rst-order theory is represented by a set of axiom schemas which are understood to beconjunctions of all its instances with the numerical variables instantiated with concrete values.The implementation of the calculus will rely on theory resolution. The axiom schemas will beencoded as inference rules. Since the axiom schemas contain equations the realization will notbe easy, but it is certainly solvable.(iii) The original logic of graded modalities is decidable. Accordingly, we expect a resolution strategyfor the translated formulae can be developed that is complete and terminates. This has yet tobe done.(iv) Our calculus is still limited in reasoning with arithmetical terms. It remains to be investigatedwhether and how this capability can be enhanced.(v) We have applied our methods to kl-one-type reasoning but only for reasoning within theT-Box. This corresponds directly to that in modal logic. We haven't accounted for A-Boxreasoning about concrete instantiations of concepts/sets and roles/relations. The functionaltranslation applied to A-Box terms generates many equations. It is not immediate how thesecan be treated e�ciently.(vi) The correspondence properties for the axioms of KE except one are �rst-order. This does notrule out that KE is complete with respect to a �rst-order model theory. If this were the casewe can get a translation into predicate logic that avoids some equational reasoning.
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