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Abstract. The logical characterization of the strong and the weak (ig-
noring silent actions) versions of resource bisimulation are studied. The
temporal logics we introduce are variants of Hennessy-Milner Logics that
use graded modalities instead of the classical box and diamond operators.
The considered strong bisimulation induces an equivalence that, when
applied to labelled transition systems, permits identifying all and only
those systems that give rise to isomorphic unfoldings. Strong resource
bisimulation has been used to provide nondeterministic interpretation
of finite regular expressions and new axiomatizations for them. Here we
generalize this result to its weak variant.

1 Introduction

Modal and temporal logics have been proved useful formalisms for specifying
and verifying properties of concurrent systems (see e.g. [19]), and different tools
have been developed to support such activities [8,7]. However, to date, there is
no general agreement on the type of logic to be used. Since a logic naturally
gives rise to equivalences (two systems are equivalent if they satisfy the same
formulae) often, for a better understanding and evaluation, the proposed logics
have been contrasted with behavioural equivalences. The interested reader is
referred to [10,17] for comparative presentations of many such equivalences.

Establishing a direct correspondence between a logic and a behavioural equiv-
alence provides additional confidence in both approaches. A well-known result
relating behavioural and logical semantics is that reported in [15]; there, a modal
logic, now known as Hennessy-Milner Logic HML, is defined which, when inter-
preted over (arc-) labelled transition systems with and without silent actions,
is proved to be in full agreement with two equivalences called strong and weak
observational equivalence. Other correspondences have been established in [2]
where two equivalences over Kripke structures (node-labelled transition systems)
are related to two variants of CTL* [13], and in [12] where three different logical
characterizations are provided for another variant of bisimulation called branch-
ing bisimulation.

In this paper, we study the logical characterization of yet another variant
of bisimulation that we call resource bisimulation [6]. This bisimulation takes
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into account the number of choices a system has, even after it has decided the
specific action to be performed. The new equivalence counts the instances of
specific actions a system may perform and thus considers as different the two
terms P and P + P ; the latter representing the non-deterministic composition
of a system with itself. Intuitively, this can be motivated by saying that P + P
duplicates the resources available in P . This permits differentiating systems also
relatively to a form of fault tolerance known as “cold redundancy”: P + P is
more tolerant to faults than P , because it can take advantage of the different
instances of the available resources.

Resource bisimulation enjoys several nice properties (we refer to [6] for a
comprehensive account and for additional motivations). It has been shown that
resource bisimulation coincides with the kernel of resource simulation (this re-
sult is new for simulation-like semantics). Moreover, it permits identifying all and
only those labelled transition systems that give rise to isomorphic unfoldings.
Also, resource bisimulation, when used to provide nondeterministic interpreta-
tion of finite regular expressions, leads to a behavioural semantics that is in full
agreement with a tree-based denotational semantics and is characterized via a
small set of axioms obtained from Salomaa’s axiomatization of regular expres-
sions [21] by removing the axioms stating idempotence of + and distributivity
of • over +, see Table 1.

Table 1. Axioms for resource bisimulation over finite regular expressions.

X + Y = Y +X (C1)
(X + Y ) + Z = X + (Y + Z) (C2)

X + 0 = X (C3)

(X•Y )•Z = X•(Y •Z) (S1)
X•1 = X (S2)
1•X = X (S3)
X•0 = 0 (S4)
0•X = 0 (S5)

(X + Y )•Z = (X•Z) + (Y •Z) (RD)

In this paper we continue our investigation on resurce bisimulation in two
directions. First, we study a logical characterization of resource bisimulation,
then, we provide a sound and complete axiomatization for its weak variant.
The logic which characterizes resource bisimulation is obtained by replacing
both the box and the diamond modalities of HML with the family of graded
modalities [14], defined below, where # denotes multisets cardinality.

p |= 〈µ〉nψ if and only if #{|p′ | p µ−→ p′ and p′ |= ψ|} = n.
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If we define Graded HML (GHML) to be the set of formulae generated by the
grammar:

ψ ::= True ψ1 ∧ ψ2 〈µ〉nψ where µ ∈ A and 0 ≤ n < ∞

it can be established that

(∀ψ ∈ GHML, P |= ψ ⇐⇒ Q |= ψ) if and only if P ∼r Q

We shall also study the weak variant of resource bisimulation over regular ex-
pressions enriched with a distinct invisible τ−action, and we shall provide also
for this new equivalence both an axiomatic and a logical characterization. The
complete axiomatization will be obtained by adding the axiom

α•τ•X = α•X

to those for (strong) resource bisimulation of Table 1. The logical characteri-
zation is obtained by providing a different (weak) interpretation of the modal
operators described above.

Due to space limitation, all proofs are omitted, they are reported in the full
version of the paper.

2 Nondeterministic Expressions and Resource
Bisimulation

In this section we provide an observational account of finite nondeterministic reg-
ular expressions, by interpreting them as equivalence classes of labelled transition
systems. This part has been extensively treated in [6]. The proposed equivalence
relies on the same recursive pattern of bisimulation but takes into account also
the number of equivalent states that are reachable from a given one.

Let A ∪ {1} be a set of actions. The set of nondeterministic finite regular
expressions over A is the set PL of terms generated by the following grammar:

P ::= 0 1 a P + P P •P where a is in A.

We give the following interpretation to nondeterministic regular expressions. Like
in [1], the term 0, denotes the empty process. The term 1 denotes the process
that does nothing and successfully terminates. The term a denotes a process that
executes a visible action a and then successfully terminates. The operator + can
be seen as describing the nondeterministic composition of agents. The operator •

models sequential composition.

Definition 1. A labelled transition system is a triple < Z,L, T > where Z is a
set of states, L is a set of labels and T = { n−→⊆ Z × Z | n ∈ L} is a transition
relation.
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Table 2. Active predicate.

active(1)

active(a)

active(P ) ∨ active(Q) =⇒ active(P +Q)

active(P ) ∧ active(Q) =⇒ active(P •Q)

Table 3. Operational Semantics for PL.

Tic)
1

<1,ε>−→ 1

Atom)
a

<a,ε>−→ 1

Sum1)
P

<µ,u>−→ P ′, active(Q)

P +Q
<µ,lu>−→ P ′

Sum′
1)

P
<µ,u>−→ P ′, ¬active(Q)

P +Q
<µ,u>−→ P ′

Sum2)
Q

<µ,u>−→ Q′, active(P )

P +Q
<µ,ru>−→ Q′

Sum′
2)

Q
<µ,u>−→ Q′, ¬active(P )

P +Q
<µ,u>−→ Q′

Seq1)
P

<α,u>−→ P ′, active(Q)

P •Q
<α,u>−→ P ′•Q

Seq2)
P

<1,u>−→ 1, Q
<µ,u′>−→ Q′

P •Q
<µ,uu′>−→ Q′

In our case, states are terms of PL and labels are pairs < µ, u > with
µ ∈ A ∪ {1} and u a word, called choice sequence, in the free monoid generated
by {l, r}. The transition relation relies on the “active” predicate defined in
Table 2 and is defined in Table 3. There, and in the rest of the paper, we write
z

n−→ z′ instead of < z, z′ >∈ n−→.
We have two kinds of transitions:

• P
<a,u>−→ P ′: P performs an action a, possibly preceded by 1-actions with

choice sequence u.
• P

<1,u>−→ 1: P performs 1-actions to reach process 1 with choice sequence u.

These transitions are atomic, which means that they cannot be interrupted
and keep no track of intermediate states. In both cases, u is used to keep in-
formation about the possible nondeterministic structure of P , and will permit
distinguishing those transitions of P whose action label and target state have the



Graded Modalities and Resource Bisimulation 385

same name but are the result of different choices. Thus for a+a, it is possible to
record that it can perform two different a actions: a+a

<a,l>−→ 1 and a+a
<a,r>−→ 1;

without the l and r labels, we would have only the a + a
a−→ 1 transition.

The predicate active over PL processes that is used in Seq1 allows us to
detect empty processes and to avoid performing actions leading to deadlocked
states.

The rules of Table 3 should be self-explanatory. We only comment on those
for + and •.

The rule for P +Q says that if P can perform < µ, u > to become P ′, and Q is
not deadlocked, then P +Q can perform < µ, lu > to become P ′ where l records
that action µ has been performed by the left alternative. If Q is deadlocked,
then, no track of the choice is kept in the label. The right alternative is dealt
with symmetrically.

Seq1) mimics sequential composition of P and Q; it states that if P can
perform < µ, u > then P •Q can evolve with the same label to P ′•Q. The premise
active(Q) of the inference rule ensures that Q can successfully terminate.

In order to abstract from choice sequences while keeping information about
the alternatives a process has for performing a specific action, we introduce a
new transition relation that associates to every pair < P ∈ PL, µ ∈ Act∪{1} >,
a multiset M , representing all processes that are target of different < µ, u >-
transitions from P . The new transition relation is defined as the relation that
satisfies:

P
µ−→ {| P ′ | ∃u. P <µ,u>−→ P ′ |}

Thus, for example, we have:

– a + a
a−→ {| 1, 1 |} because − a + a

<a,l>−→ 1 and − a + a
<a,r>−→ 1,

– (1 + 1)•(a + a) a−→ {| 1, 1, 1, 1 |} because

− (1 + 1)•(a + a)
<a,ll>−→ 1, − (1 + 1)•(a + a)

<a,lr>−→ 1,

− (1 + 1)•(a + a)
<a,rl>−→ 1 − (1 + 1)•(a + a)

<a,rr>−→ 1.

We shall now introduce the bimulation-based relations that identifies only
those systems that have exactly the same behaviour and differ only for their
syntactic structure. This equivalence relation, called resource bisimulation and
introduced in [6], relates only those terms whose unfolding, via the operational
semantics, gives rise to isomorphic labelled trees. The transition relation

µ−→,
introduced above, is the basis for defining resource bisimulation.

Definition 2. (Resource Bisimulation)

a. A relation � ⊆PL×PL is a r-bisimulation if for each < P,Q >∈ �, for each
µ ∈ A ∪ {1}:
i. P

µ−→ M implies Q
µ−→ M ′ and ∃f injective: M → M ′, such that ∀P ′ ∈

M , < P ′, f(P ′) >∈ �;
ii. Q

µ−→ M ′ implies P
µ−→ M and ∃g injective: M ′ → M , such that

∀Q′ ∈ M ′, < Q′, g(Q′) >∈ �;
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b. P and Q are r-bisimilar (P ∼r Q), if there exists a r-bisimulation � contain-
ing < P,Q >.

The above definitions should be self explanatory. We just remark that the in-
jection f : M → M ′ is used to ensure that different (indexed) processes in M are
simulated by different (indexed) processes in M ′ 1. Thus r-bisimilarity requires
the cardinality of M be less or equal to the cardinality of M ′.

Since the multisets we are dealing with are finite, conditions i) and ii) of
Definition 2 can be summarized as follows: P

µ−→ M implies Q
µ−→ M ′ and

there exists a bijective f : M → M ′, s.t. for all P ′ ∈ M , < P ′, f(P ′) >∈ �.
With standard techniques it is possible to show that ∼r is an equivalence

relation and it is preserved by nondeterministic composition and sequential
composition. It is not difficult to check that a �∼r a + a, a + b ∼r b + a and
(1 + 1)•a ∼r a + a.

3 A Logical Characterization of Resource Bisimulation

In this section, we provide a positive logic for resource bisimulation. In [15],
a modal logic, now known as Hennessy-Milner Logic (HML), is defined which,
when interpreted over labelled transition systems with (or without) silent ac-
tions, is proved to be in full agreement with weak (or strong) observational
equivalence.

Our logic is obtained from HML by eliminating the false predicate and by
replacing both the box and the diamond modalities (or, alternatively, both the
box and the ¬ modality) with a family of so called graded modalities [14] of the
form 〈µ〉nϕ where 0 ≤ n < ∞. Intuitively, a process P satisfies the formula
〈µ〉nϕ if P has exactly n µ-derivatives satisfying formula ϕ.

Let Graded HML (GHML) be the set of formulae generated by the following
grammar:

ϕ ::= tt ϕ ∧ ϕ 〈µ〉nϕ where µ ∈ A ∪ {1} and 0 ≤ n < ∞.

The satisfaction relation |= for the logic over GHML formulae is given by:

P |= tt for any P
P |= ϕ1 ∧ ϕ2 iff P |= ϕ1 and P |= ϕ2

P |= 〈µ〉nϕ iff #({| P ′ | ∃u. P <µ,u>−→ P ′ |} ∩ {|P ′ | P ′ |= ϕ|}) = n

We shall let �L denote the binary relation over PL processes that satisfy the
same set of GHML formulae:

�L = {(P,Q) |∀ϕ ∈ GHML , P |= ϕ ⇐⇒ Q |= ϕ}
and will show that �L is a resource bisimulation.
1 Since a multiset can be seen as a set of indexed elements, an injection between
multisets can be seen as an ordinary injection between sets.
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Indeed, we can prove that the equivalence induced by GHML formulae co-
incides with resource equivalence. The proof that if P ∼r Q then, for all ϕ ∈
GHML, it holds that (P |= ϕ iff Q |= ϕ) is standard and follows by induction on
the syntactic structure of formulae.

Proposition 1. Let P , Q be PL processes. If P ∼r Q then (∀ϕ ∈ GHML ,
P |= ϕ ⇐⇒ Q |= ϕ).

The proof of the reverse implication, namely, the proof that any two processes
satisfying the same set of GHML formulae are weak resource equivalent, requires
a more sophisticated proof technique. It needs to be shown that, if �L was not
a weak resource bisimulation, then, there would exist (P,Q) ∈ �L such that for
some µ ∈ Act, P

µ−→ M implies Q
µ−→ M ′ and for all bijective fi: M → M ′,

there would exist Pi ∈ M such that (Pi, fi(Pi)) �∈ �L. This implies that there
exists a formula ϕ̄ ∈ GHML such that Pi |= ϕ̄ but f(Pi) �|= ϕ̄.

We can prove that, given a multiset of processes, we can find a formula
characterizing each of its bisimulation classes, in the sense that every element
in a class satisfies the characteristic formula of the class and does not satisfies
any formula characterizing any other class. In this way, from the hypothesis that
P ∼r Q does not hold, we can obtain a formula satisfied by one of the original
processes, but not by the other one.

Given a multiset M and GHML formulae ϕ1, ϕ2, ... , ϕn, let Mϕi

i be the
subset of M that satisfies ϕi:

Mϕi

i = {|P ′ ∈ M | P ′ |= ϕi|} i ∈ [1..n]

If {Mϕ1
1 ,Mϕ2

2 , ...,Mϕn
n } is a partition of M , then we shall write M = Mϕ1

1 �
Mϕ2

2 � ... �Mϕn
n .

Lemma 1. Given a finite multiset M and a partition M1 �M2 � ...�Mn of M
satisfying the property that two elements of the same class satisfy the same
formulae and two elements in two different classes behave differently for at least
one formula, then, for every class, there is a formula (the characteristic formula)
satisfied by all the elements of that class and by none of any other class. Therefore
we can write M = M ξ1

1 � M ξ2
2 � ... � M ξn

n , where ξ1,...,ξn are such that each
P ∈ M ξi

i satisfies ξi, (P |= ξi), while each Q ∈ M
ξj

j , j �= i, does not satisfy ξi,
(Q �|= ξi).

The coincidence between resource bisimulation and the equivalence induced
by the GHML formulae immediately follows from the lemma above.

Proposition 2. Let P , Q be PL processes.
If (∀ϕ ∈ GHML , P |= ϕ ⇐⇒ Q |= ϕ) then P ∼r Q.
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4 Weak Resource Bisimulation

This section is devoted to giving expressions in presence of invisible actions.
Let A∪{1} be a set of visible actions and τ �∈ A∪{1} be the invisible action.

We use µ, γ, ..., µ′, γ′, ... to range over by A∪{1}∪{τ}, α, β, ..., α′, β′, ... to range
over by A ∪ {τ} and a, b, ..., a′, b′, ... to range over by A.

The set of nondeterministic regular expressions over A ∪ {τ} is the set of
terms generated by the following grammar:

P ::= 0 1 a τ P + P P •P where a is in A.

We will refer to the set of terms above as PL as well. We extend the interpretation
given for the τ–less case as follows: τ denotes a process which can internally
evolve and then successfully terminates. For those familiar with the operational
semantic of process algebras, we would like to remark that 1-actions do not play
the same role of invisible τ - actions. They simply stand for successful terminated
processes.

To deal with the new actions, we extend the transition relation of Table 3 by
adding the rule:

Tau)
τ

<τ,ε>−→ 1

It relies on the predicate active defined in Table 2 extended with the condition
below, that is used to detect empty processes

active(τ).

We have now three kinds of transitions:

• P
<a,u>−→ P ′: P performs an action a, possibly preceded by 1-actions, with

choice sequence u.
• P

<1,u>−→ 1: P performs 1-actions to reach process 1 with choice sequence u.
• P

<τ,u>−→ P ′: P performs an action τ , possibly preceded by 1-actions, with
choice sequence u.

These transitions are atomic; they cannot be interrupted and, moreover, leave
no track of intermediate states. In both cases, u is used to keep information about
the possible nondeterministic structure of P , and will permit distinguishing those
transitions of P with identical action label and target state.

Starting from elementary transitions, weak transitions can be defined. They
can be invisible or visible. Weak invisible transitions denote sequences of τ -
transitions (possibly interleaved by 1’s) that lead to branching nodes, while weak
visible transitions denote the execution of visible actions (possibly) followed or
preceded by invisible moves. As usual, we have also terminating moves, i.e., se-
quences of 1-actions leading to successful termination of a process; see Table 4
for their formal definitions. In order to be able to give full account of the differ-
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Table 4. Weak Transitions for PL.

WT1)
P1

<µ,u>−→ P2

P1
<µ,u>
=⇒ P2

WT2)
P1

<τ,u1>
=⇒ P2 and P2

<α,u2>
=⇒ P3

P1
<α,u1u2>
=⇒ P3

WT3)
P1

<α,u1>
=⇒ P2 and P2

<τ,u2>
=⇒ P3

P1
<α,u1u2>
=⇒ P3

ent alternatives a process has when determining the specific action to perform,
we introduce a transition relation that associates a multiset M , to every pair
P ∈ PL, µ ∈ Act ∪ {1} ∪ {τ}. M represents all processes that reacheable via
(initial) weak < µ, u >-transitions by P . Since we are interested in the branch-
ing structure of processes and in detecting their actual choice points, we remove
from M all those processes which can perform a τ actions in a purely determin-
istic fashion. That is, we remove those target processes which can perform an
initial τ -transition “without choice”. This new transition relation is defined as
the least relation such that:

P
µ

=⇒ {| P ′ | ∃u. P <µ,u>
=⇒ P ′ |} − {| P ′ | P ′ <τ,v>

=⇒ with v = ε |}.

The transition relation
µ

=⇒ is the basis for defining resource equivalence.

Definition 3. (Weak Resource Bisimulation)

1. A relation � ⊆PL×PL is a weak resource bisimulation if for each < P,Q >∈
�, for each µ ∈ A ∪ {1} ∪ {τ}:
(i) P

µ
=⇒ M implies Q

µ
=⇒ M ′ and there exists an injective f : M → M ′,

such that for all P ′ ∈ M , < P ′, f(P ′) >∈ �;

(ii) Q
µ

=⇒ M ′ implies P
µ

=⇒ M and there exists an injective g : M ′ → M ,
such that for all Q′ ∈ M ′, < g(Q′), Q′ >∈ �.

2. P and Q are weak resource equivalent (P ≈r Q), if there exists a weak
r-bisimulation � containing < P,Q >.

Remark 1. An immediate difference between weak resource equivalence and the
standard observational equivalence, see e.g. [18], is that we do not consider
“empty” τ - moves, i.e., moves of the form P

<ε,ε>
=⇒ P ; we require at least one τ

to be performed. In our framework, a process cannot idle to match a transition
of another process which performs invisible actions.
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Below, we provide a number of examples that should give an idea of the
discriminating power of weak resource equivalence:

- Processes τ•τ and τ are related, while τ + τ and τ are taken apart. The
reason for the latter differentiation is similar to that behind 1 + 1 �≈r 1.
Indeed (τ + τ)•a is equal to τ•a + τ•a which has to be different (in this
counting setting) from τ•a.

- Processes a•τ and a are related because the τ following action a is not
relevant from the branching point of view.

- τ•a and a are instead distinguished because the τ action preceding the a
in the former process can influence choices when embedded in a
non-deterministic context.

- Processes τ and 1 are not equivalent, again because a τ action can be ignored
only after a visible move.

- Processes (τ + 1)•a and a + τ•a are weak resource bisimilar.
- Processes τ(τ + 0) and τ•τ are weak resource bisimilar

The following proposition states a congruence result for weak resource bisim-
ulation. We can prove that our equivalence is actually preserved by all PL op-
erators; noticeably it is preserved by +. This is another interesting property of
our equivalence notion; weak equivalences are usually not preserved by + and
additional work is needed to isolate the coarsest congruence contained in them.

Proposition 3. Weak resource equivalence is preserved by all PL operators.

Let us consider now the simulation relation, denoted by �r and called weak
resource simulation, obtained by removing item 1.(ii) from Definition 3. It can be
can shown that (like for strong resource bisimulation) the kernel of �r, coincide
with weak resource equivalence.

Proposition 4. Let �r be the preorder obtained by considering one of the two
items in the definition of ≈r, and let P and Q, be two processes. Then, P ≈r Q
iff P �r Q and Q �r P .

The logical characterization of resource equivalence can be easily extended
to the weak case. It is sufficient to extend the alphabet and to introduce a τ
modality. Then, within the actual definition of the satisfaction relation

– P
<µ,u>−→ P ′ has to be replaced by P

<µ,u>
=⇒ P ′;

– #(({| P ′ | ∃u. P <µ,u>−→ P ′ |}) ∩ {|P ′ | P ′ |= ϕ1|}) = n has to be replaced by
#(({|P ′ |∃u.P <µ,u>

=⇒ P ′|}−{|P ′ |P ′ <τ,v>
=⇒ with v = ε|})∩{|P ′ |P ′ |= ϕ1|}) = n.

– P ∼r Q has to be replaced by P ≈r Q.

Proposition 5. The equivalence induced by extended weak GHML formulae
coincides with weak resource equivalence.
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Table 5. The τ−law for EPL.

α•τ •X = α•X (T1)

A sound and complete axiomatization of weak resource equivalence over PL
processes can also be provided. We can prove that the new weak equivalence
is fully characterized by the axiom of Table 5 (please remember that now α ∈
A∪{τ}) together with the set of axioms of Table 1 (which soundly and completely
axiomatize strong resource equivalence [6]).

Proposition 6. The axiom of Table 5 together with the set of axioms of Table 1
soundly and completely axiomatize weak resource bisimulation over PL.

Remark 2. Consider the axiom of Table 5 and replace action α with µ. The
resulting axiom, µ•τ•X = µ•X , is not sound. Indeed, by letting µ = 1 and
X = 1 we would have that 1•τ•1 and 1•1 are related by the equational theory,
while they are not weak resource equivalent as remarked above. Therefore the
axiom X•τ•Y = X•Y is not sound.

5 Conclusions

We have introduced graded modalities and used them to provide a logical char-
acterization of the strong and weak versions of resource bisimulation, an equiva-
lence which discriminates processes according to the number of different compu-
tation they can perform to reach specific states. As a result, resource bisimulation
identifies all and only those labelled transition systems that give rise to isomor-
phic unfoldings. In the case of the weak variant this isomorphism is guaranteed
up to ignoring the invisible τ−actions. We have also extended the complete ax-
iomatization of strong resource bisimulation of [6] to the weak variant of the
equivalence.

The results that we have obtained for regular espressions can easily be ex-
tended to full-fledged process algebras like CCS, CSP, ACP or variants thereof
that are equipped with a structural operational semantics, if care is taken to
properly model the choice operators.

The logic we have introduced to characterize both resource and weak resource
bisimulation, can easily be related with other modal logics introduced for dealing
with bisimulation. In particular, referring to [9] as a comprehensive treatment,
we can describe our logic as a polymodal ℵO graduated logic. Also in [9], bisim-
ulation is a k-counting bisimulation, that in the case k = ℵO coincide with our
resource bisimulation. On the other hand the two points of view are completely
different and, in some sense, complementary. There, one was interested in the
largest logic (the more expressive one) invariant under bisimulation. Here, we
are looking for the minimal logic that is sufficient for characterizing bisimilar
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processes. As a consequence, our logic is extremely poor in connectives (just the
conjunction) as well as in atomic propositions (just tt). In this way we showed
that for example negation is not necessary. We have extended also our result to
the case in which a “silent” relation τ between worlds is allowed, while we have
not explicitly treated infinite terms. Nonetheless it can be immediately seen, by
looking to the structure of proofs, that, if we allow infinite terms corresponding
to behaviours with finite branching, e.g. guarded by µ operators, all the results
will still hold. This is in accordance with the fact that, in the modal logics quoted
above, µ operators are introduced for positive formulae only, and our language
consists of strict positive formulae.
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