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Truthandsatisfiability

Lemma.Letforallfreevariables�of�wehave����
�����
.
Then�����ifandonlyif������.

Lemma.Foreveryinterpretation�andclosedformula�the

followingpropositionsareequivalent:(i)����;(ii)�issatisfiable;

and(iii)�isvalid.

Lemma.Let�beaformulawithfreevariables����������.Then�

issatisfiable(respectively,valid)ifandonlyiftheformula

����������(respectively,����������)issatisfiable.
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Monotonicandequivalentreplacement

Theorem.Let��beasubformulaofaformula��and������

bevalid.Let��beobtainedfrom��byreplacementofoneor

morepositive(respectively,negative)occurrencesof��by��.

Then�����(respectively�����).

Theorem.Let��beasubformulaofaformula��and������.

Let��beobtainedfrom��byreplacementofoneormore

occurrencesof��by��.Then�����.
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Renamingboundvariables

Definition.Wesaythataformula��
�

isobtainedfromaformula�

byrenamingboundvariablesif��
�

canbeobtainedfrom�bya

sequenceofthefollowingsteps.Let� ����beasubformulaof�

and
beavariablenotoccurringin�.Define��astheformula

obtainedfrom��byreplacementofallfreeoccurrencesof�by
.

Replace� ����in�by� �
��.

Definition.Aformula�iscalledrectifiedif(i)novariableappears

bothfreeandboundin�,and(ii)foreveryvariable�,theformula�

containsatmostoneoccurrenceofquantifiers��and��binding�.
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Prenexform,CNF

Definition.Prenexformulahastheform� ������� ����,where�

isapropositionalformula.Aformula�isaprenexformofaformula

�if�isprenexand���.

Definition.Aquantifiedbooleanformula�isinCNF,ifitiseither

�,or�,orhastheform� �������� ���������������
,where

����������areclauses.
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