February 17, 2000

A decision procedure for term algebras with queues

Tatiana Rybina and Andrei Voronkov

Department of Computer Science University of Manchester Preprint Series CSPP-2

A decision procedure for term algebras with queues

Tatiana Rybina^∗ Andrei Voronkov^†

February 17, 2000

Abstract

In software verification it is often required to prove statements about heterogeneous domains containing elements of various sorts, such as counters, stacks, lists, trees and queues. Any domain with counters, stacks, lists, and trees (but not queues) can be easily seen a special case of the term algebra, and hence the decision procedures for term algebras can be applied to decide the first-order theory of such a domain.

We present a quantifier-elimination procedure for the first-order theory of term algebras extended with queues. The complete axiomatization and decidability of this theory can be immediately derived from the procedure.

Copyright © 2000, University of Manchester. All rights reserved. Reproduction (electronically or by other means) of all or part of this work is permitted for educational or research purposes only, on condition that no commercial gain is involved.

Recent preprints issued by the Department of Computer Science, Manchester University, are available on WWW via URL http://www.cs.man.ac.uk/preprints/index.html or by ftp from ftp.cs.man.ac.uk in the directory pub/preprints.

∗Department of Computer Science, University of Manchester. Partially supported by an EPSRC grant. †Department of Computer Science, University of Manchester. Partially supported by a grant from the Faculty of Science and Technology.

Contents

1 Introduction 1

2 Term algebras with queues 2 2.1 Sorts . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 2.2 Structure Q(S) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

3 Quantifier elimination 5

4 Axiomatization 24

5 Related papers and concluding remarks 25

Bibliography 26

Index 27

1 Introduction

Our motivation for investigating decidability of term algebras with queues comes from software and hardware verification. In framework of Rainbow project [see Visser, Barringer, Fellows, Gough and Williams 1998], we had to prove correctness of some protocols for infinite-state systems, containing a queue of messages. The correctness problem was reduced to proving first-order statements about such queues. When we replaced the queue by a stack, we could use standard decision procedures for term algebras, since stacks can be easily interpreted in a many-sorted version of term algebras. However, such a replacement changes the protocol and does not prove correctness of the original protocol. When we looked into computer science and logical literature, to our surprise we could not find any decision procedure for the first-order theory of queues. We have found that queues have attracted a lot of attention in verification [Bjørner 1998]. However, Bjørner [1998] presented a decision procedure only for the quantifierfree theory of queues (though in a much richer signature than ours), which was not enough for our purpose: some statements, like absence of deadlocks required truly first-order formulas with quantifier alternations.

In this paper we prove decidability of a first-order theory of term algebras extended with queues. This result implies decidability of the first-order theory of essentially any domain that may contain the following kinds of objects: queues, lists, trees, stacks, finite domains, counters, or embedded domains, like queues of trees, since all these kinds of objects except for queues can be represented as sorts in a many-sorted term algebra.

Independently, our results are of general interest in logic since they give quantifier elimination and decision procedures for the first-order theory of words on any finite alphabet with two operations: addition of alphabet symbols to the left and to the right of a word.

Our proof is based on a quantifier elimination procedure that extends standard quantifier elimination procedures for term algebras [Maĺcev 1961, Maher 1988, Hodges 1993]. For verification purposes, quantifier elimination is even more attractive than a mere decidability result,

2 2 Term algebras with queues

since quantifier elimination allows one to “simplify” formulas into equivalent quantifier-free formulas (though the size of the quantifier-free formula may be huge). So, one can “reuse” the same subformulas occurring in verification statements by running the quantifier elimination procedure on each subformula ones, instead of re-running a decision procedure from scratch.

Our paper is structured as follows. In Section 2 we define the structure Q(S) of term algebras with queues. Section 3 is devoted to the proof of quantifier elimination for the firstorder theory of Q(S). The quantifier elimination procedure and the proof of this section provides an axiomatization for term algebras with queues, this axiomatization is presented in Section 4. In Section 5 we discuss related papers, mostly on term algebras, and some possible results that can be proved for the first-order theories of queues.

2 Term algebras with queues

2.1 Sorts

We assume a finite set of basic sorts. We define sorts as follows:

1. Every basic sort is a sort;

2. If α is a sort, then queue(α) is a sort, called a queue sort.

We call a function type any expression of the form α_1 × . . . × α_n → β, where α_1, . . . , α_n, β are sorts, n ≥ 0. When n = 0, we will write β instead of → β. A signature S is a pair consisting of a finite set of function symbols, and a function : mapping every function symbol f to a function type α_1 × . . . × α_n → β, called the type of f, where β is a basic sort. The number n is called the arity of f. Function symbols of arity 0 are called constants. We assume that every signature contains at least one constant.

Though we deal with algebras, i.e., structures with no relation symbols besides the equality =, we will sometimes need to extend them by relation symbols of different types. We call a relation type any expression of the form α_1 × . . . × α_n, where α_1, . . . , α_n are sorts, n ≥ 0. In this paper we understand validity and equivalence as validity and equivalence in Q(S).

2.2 Structure Q(S)

Every signature S defines a unique structure Q(S), called a term algebra with queues as follows.

Universe of Q(S). The universe of Q(S) is defined inductively as follows.

1. For every constant a : β, a is an element of Q(S) of the sort β.

2. For every elements e_1, . . . , e_n of the same sort α, where n ≥ 0, the sequence e_1 . . . e_n is an element of Q(S) of the sort queue(α). Such elements will be called queues. The empty sequence is called the empty queue, and denoted ε_α. Note that there exist empty queues of different sorts. Alternatively, we can characterize the domain of queue(α) as the set of words on α.

3. If f : α_1 × . . . × α_n → β and e_1, . . . , e_n are elements of Q(S) of the sorts α_1, . . . , α_n, respectively, then f(e_1, . . . , e_n) is an element of Q(S) of the sort β.

• Sort (Natural numbers) :

1. 0 : nat;

2. successor : nat → nat

• Sort (Negative numbers) :

1. −1 : neg;

2. predecessor : neg → neg

• Sort (Integers) :

1. pos : nat → int; 2. neg : neg → int

• Sort (Stacks):

1. empty : stack;

2. push : int, stack → stack

next(x, y) ⇔ ∀z (x = pos(z) → y = pos(successor(z))) ∧ (x = neg(−1) → y = pos(0)) ∧ ∀z (x = neg(predecessor(z)) → y = neg(z))

Figure 1: Example: defining several domains and the integer successor function in term algebras

We consider two elements equal only if they have the same sort and coincide as expressions. For example, f(a) ≠ f(b) if a and b are different constants. Two queues e_1 . . . e_n and d_1 . . . d_m are equal if and only if n = m and e_1 = d_1, . . . , e_n = d_n. The length of a queue q = e_1 . . . e_n is a number of elements of q, i.e. n.

To give the reader the idea of how different domains can be specified in term algebras with sorts, in Figure 1 we define several sorts, including integers and stacks of integers, and write down a first-order formula next expressing the successor function on integers.

Using different signatures we obtain different domains, in which sorts can be empty or nonempty, finite or infinite, moreover, the finite ones can be effectively built.

Lemma 2.1 Given a signature S and a sort β, one can effectively recognize whether the domain of β is empty, finite nonempty or infinite. Moreover, there exists a computable mapping D from the set of sorts to the set of finite subsets of Q(S) such that D(β) is the domain of β, whenever the domain of β is finite. □

The proof is straightforward.

We are not interested in having empty sorts (and all the resulting complications of first-order logic with function symbols and empty sorts), so we assume that the signature S is such that every sort defined in it is nonempty.

Language of Q(S). The language of Q(S), denoted L_{Q(S)}, is a first-order language using, in addition to function symbols in S, the equality relation symbol = and the following symbols:

1. for every sort α, the constant ε_α : queue(α);

2. for every sort α, the function symbols ladd_α : α × queue(α) → queue(α) and radd_α :

α × queue(α) → queue(α).

As usual, we assume an infinite set of variables of each sort α. Intuitively, ladd and radd are the left- and right-insert operations on queues respectively. We denote by ⊤ and ⊥ the logical connectives “true” and “false”.

4 2.2 Structure Q(S)

Semantics of Q(S). Now we define the interpretation for each symbol of the language L_{Q(S)}.

For every function symbol f : α_1 × . . . × ×α_n → β of S, the interpretation f of this symbol in Q(S) is defined as follows: for all elements e_1, . . . , e_n of the sorts α_1, . . . , α_n we have f(e_1, . . . , e_n) = f(e_1, . . . , e_n). Likewise, the interpretation ε_α of the constant ε_α is the empty queue of the sort queue(α), i.e., ε_α itself.

The interpretations ladd_α and radd_α of the function symbols ladd_α and radd_α are defined as follows. For all elements e, e_1, . . . , e_n of a sort α:

ladd_α(e, e_1 . . . e_n) = ee_1 . . . e_n; radd_α(e, e_1 . . . e_n) = e_1 . . . e_ne.

In computer science literature, queues are usually defined as datatypes with three operations push, top and pop, where push inserts an element into the queue from the right, top gives the leftmost element of the queue and pop removes the leftmost element. Using queues with the operations ladd and radd instead gives us a definitionally equivalent first order language as we will now show. We write down explicit definitions of push_α, top_α and pop_α in terms of ladd_α and radd_α and vice versa.

push_α(x, y) = z ↔ radd_α(x, y) = z;

top_α(x) = y ↔ ∃z ladd_α(y, z) = x; pop_α(x) = y ↔ ∃z ladd_α(z, y) = x.

The operations ladd_α and radd_α can be defined in terms of push_α, top_α and pop_α as follows:

ladd_α(x, y) = z ↔ z ≠ ε_α ∧ top_α(z) = x ∧ pop_α(z) = y; radd_α(x, y) = z ↔ push_α(x, y) = z.

In term algebras without queues, the interpretation t of every ground term t is t itself. Since the domain consists of the ground terms of S, every element of the domain is the interpretation of a unique ground term. In term algebras with queues, every element of the domain is also the interpretation of some ground term, but this term is not unique. For example, the queue ab consisting of two constants a and b of sort α is the interpretation of four different ground terms:

ladd_α(a, ladd_α(b, ε_α)); ladd_α(a, radd_α(b, ε_α)); radd_α(b, ladd_α(a, ε_α)); radd_α(b, radd_α(a, ε_α)).

Lemma 2.2 Each element of Q(S) is the interpretation of a ground term. For every element e of Q(S) there exists a unique ground term t such that e is the interpretation of t and t has no occurrences of radd_α. There exists an algorithm that, given two ground terms s, t, verifies whether Q(S) |= s = t. □

Due to this lemma, we can (and will) identify elements of the universe of Q(S) with ground terms, and thus blur the distinction between syntax and semantics.

3 Quantifier elimination

We say that a theory T admits quantifier elimination if for any formula A(v̄) of the language of this theory, one can effectively find a quantifier-free formula B(v̄) of the same language equivalent to A(v̄) in T .

The first-order theory of term algebras in the language L_{Q(S)} does not admit quantifier elimination. A simple example is the formula A(x) = ∃y(x = f(y)) expressing that the outermost function symbol of x is f. This formula is not equivalent to any quantifier-free formula of the language L_{Q(S)}. However, we can change L_{Q(S)} into a definitionally equivalent language L^′_{Q(S)} which admits quantifier elimination.

We introduce the following function and relation symbols:

1. a unary relation symbol Is_f for each function symbol f : α_1 × . . . × α_n → β, n ≥ 1 of S, this symbol is of the type β;

2. a unary function symbol f_i, called decomposition function, for each function symbol f :

α_1 × . . . × α_n → β, n ≥ 1 of S and each i = 1, . . . , n, this symbol is of the type β → α_i;

3. unary function symbols

lhead_α : queue(α) → α, rhead_α : queue(α) → α, ltail_α : queue(α) → queue(α), rtail_α : queue(α) → queue(α).

for each sort α. The symbols lhead and rhead are called left and right head functions. The symbols ltail and rtail are called left and right tail functions.

For convenience, we will usually omit types in function and relation symbols and simply write ladd , radd , . . . etc. The first-order language using the constants of S (including ε_α) and these new symbols will be denoted L^′_{Q(S)}. Note that all function symbols of L^′_{Q(S)} are unary. In our proofs we will sometimes use formulas with symbols both in L_{Q(S)} and L^′_{Q(S)}.

Now, we define interpretations of the new function and relation symbols. We want to avoid having partial functions, so we will have to give artificial values to some functions on some arguments. To this end, we choose one element in each sort α and declare it the value of these terms. The fixed element will be denoted by fix_α. When α is clear from the context, we simply write fix. For simplicity, we assume that for any queue sort queue(α) the fixed element is the empty queue ε_α.

1. Is_f (x) denotes that the outermost function symbol of x is f, i.e.

Is_f (x) ↔ ∃x_1, . . . , x_n f(x_1, . . . , x_n) = x.

2. f_i’s are decomposition functions, they extract the ith component from the terms of the form f(t_1, . . . , t_n):

f_i(x) = y ↔ ∀x_1, . . . , x_n(f(x_1, . . . , x_n) = x → y = x_i) ∧ (¬Is_f (x) → y = fix_α).

The rest of the new functions are intended to decompose queues.

3. The functions lhead and ltail give the leftmost element of a queue, and the queue obtained by removing this element:

lhead (q) = y ↔ ∃w(ladd (y, w) = q) ∨ (q = ε ∧ y = fix); ltail (q) = w ↔ ∃y(ladd(y, w) = q) ∨ (q = ε ∧ w = ε).

4. Likewise, the functions lhead and ltail give the rightmost element of a queue, and the queue obtained by removing this element:

rhead (q) = y ↔ ∃w(radd (y, w) = q) ∨ (q = ε ∧ y = fix); rtail (q) = w ↔ ∃y(radd (y, w) = q) ∨ (q = ε ∧ w = ε).

We will leave out parentheses in successive applications of lhead , rhead , ltail , rtail and the decomposition functions, for example, we write f_irhead_αltail_αx instead of f_i(rhead_α(ltail_α(x))). Uppercase letters L, M stand for sequences, maybe empty, of any unary function symbols of L^′_{Q(S)}, we often call such sequences prefixes. For example, if L = rtail_βf_ilhead_α then Lx denotes the term rtail_βf_ilhead_αx.

Let us note that the new collection of function symbols is definitionally equivalent to the collection of function symbols of L_{Q(S)}. We have already shown above how to express the symbols of the new language using first-order formulas of the old language, now we will express the old language symbols using the new ones. Indeed, it is not hard to argue that the following formulas are tautologies:

ladd (x, y) = z ↔ z ≠ ε ∧ lhead (z) = x ∧ ltail (z) = y; radd (x, y) = z ↔ z ≠ ε ∧ rhead (z) = x ∧ rtail (z) = y;

f(x_1, . . . , x_n) = y ↔ Is_f (y) ∧ ⋀ i=1...n f_i(y) = x_i.

To avoid some technical problems, we will impose some restrictions on the fixed elements of sorts. Let us define the weight of any element e, denoted weight(e) by induction as follows.

weight(e) =

1, if e is a constant 1 + ∑ i weight(t_i), if e = f(t_1, . . . , t_n), f ∈ S. 1 + ∑ i weight(t_i), if e is a queue t_1 . . . t_n

Now we impose the following requirement on the fixed element fix_α of any sort: fix_α must be an element of the sort α with the minimal weight. Let us note that this property is consistent with the requirement that fix_{queue(α)} = ε_α, since the empty queue has the least weight 1. We need this requirement in order to make the following lemma hold:

Lemma 3.1 Let e be any element and g be a unary function of the new language L^′_{Q(S)}. Then weight(g(e)) ≤ weight(e), moreover, if weight(g(e)) = weight(e), then g(e) is the fixed element of its sort.

Proof. Straightforward from the definition of the semantics of the new functions and the definition of weight(e). □

As a simple consequence, we obtain the following lemma.

Lemma 3.2 Let e be any element and L be any nonempty sequence of unary functions of the new language L^′_{Q(S)}. If Le = e, then e is the fixed element of its sort. □

Our aim in this section is to prove the following theorem:

Theorem 3.3 (Quantifier Elimination) The first-order theory of term algebras with queues in the language L^′_{Q(S)} admits quantifier elimination.

The proof of this theorem will be based on a series of transformations of A(v̄) into equivalent formulas of special form, until we obtain a quantifier-free formula. Let us now introduce a convenient definition.

Definition 3.4 (quantifier elimination reduction class) Let C_1 and C_2 be two classes of formulas. We say C_1 is a quantifier elimination reduction class for C_2 if we have: every formula A ∈ C_2 is equivalent to a quantifier-free formula if so is every formula of C_1. A class C is called an absolute quantifier elimination reduction class, if it is a quantifier elimination reduction class for the class of all formulas.

Let us note two main properties of quantifier elimination reduction classes.

1. The first-order theory of term algebras admits quantifier elimination if and only if the class of all quantifier-free formulas of this theory is an absolute quantifier elimination reduction class.

2. If C_1 is a quantifier elimination reduction class for C_2 and C_2 is a quantifier elimination reduction class for C_3, then C_1 is a quantifier elimination reduction class for C_3.

3. If C_1 is a quantifier elimination reduction class for C_2 and C_2 is an absolute quantifier elimination reduction class, then C_1 is an absolute quantifier elimination reduction class.

Speaking in new terms, we will provide a sequence of absolute quantifier elimination reduction classes.

We call a literal any atomic formula or its negation. Consider the class of formulas of the form ∃x(A_1 ∧ . . . ∧ A_n), (1) where n > 0 and all A_i’s are literals.

Lemma 3.5 The class of formulas (1) is an absolute quantifier elimination reduction class.

Proof. We will show how to eliminate quantifiers from an arbitrary formula, provided we can eliminate them from the formulas (1). So we assume that any formula (1) is equivalent to a quantifier-free one.

Take an arbitrary formula A. If it has no quantifiers, we are done. Otherwise, take any innermost quantifier in A. If this quantifier is ∀x, replace it by ¬∃x¬. Then A has a subformula ∃xC, where C is a boolean combination of literals. By moving negations inwards and using the distributivity laws for conjunction and disjunction, we can turn C into a formula ⋁ i ⋀ j C_{i,j}, where each C_{i,j} is a literal. Then we can replace ∃xC by the equivalent disjunction ⋁ i ∃x ⋀ j C_{i,j}. Note that for all i the formulas ∃x ⋀ j C_{i,j} are of the form (1), thus by our assumption they can be turned into equivalent quantifier-free formulas D_i. Therefore, ∃xC is equivalent to the quantifier-free formula ⋁ i D_i. □ Now it is enough to show how to eliminate quantifiers from formulas (1). Our proof will be similar to the proof of quantifier elimination for term algebras as presented in [Hodges 1993], but with one essential difference. First-order formulas of the theory of term algebras cannot express very “deep” properties of terms. For example, one cannot express that c is the only constant occurring in a term x. The first-order language of queues can express certain statements about elements in a queue at an arbitrary depth. For example, the following formula expresses that c is the only element in a queue q, i.e., q = c . . . c:

ladd (c, q) = radd (c, q). (2)

This property of the first-order language of queues will create some technical difficulties. Later, we will introduce a special notation that allows us to express formulas like (2).

Consider literals of the following forms: x = t, x = Lx, Lx = t, Lx = Mx, Is_f (x), Is_f (Lx), x ≠ t, x ≠ Lx, Lx ≠ t, Lx ≠ Mx, ¬Is_f (x), ¬Is_f (Lx), (3) where L, M are nonempty and t is a term in which x does not occur.

Lemma 3.6 The class of formulas ∃x(C), where C is a conjunction of literals of the form (3), is a quantifier elimination reduction class for the class of formulas of the forms (1). Thus, by Lemma 3.5, this class of formulas is an absolute quantifier elimination reduction class.

Proof. Consider any formula (1): ∃x(A_1 ∧ . . . ∧ A_n). If any A_i contains no occurrences of x, it can be moved outside of ∃x, obtaining an equivalent formula A_i ∧ ∃x(A_1 ∧ . . . A_{i−1} ∧ A_{i+1} . . . ∧ A_n). Therefore, we can assume that x occurs in each A_i. Since all function symbols of L^′_{Q(S)} are unary, it is not hard to argue that every A_i has either one of the forms listed in (3), or x = x or x ≠ x. It is straightforward how to get rid of the last two literals. □

In our proofs we will often use the following trick. Given a formula C = ∃x((A_1 ∨ . . . ∨ A_n) ∧ B), we will consider instead formulas C_i = ∃x(A_i ∧ B). Note that C ↔ C_1 ∨ . . . ∨ C_n but C_i do not contain disjunction. We will refer to this trick as disjunctive splitting.

It remains to show how to eliminate the existential quantifier applied to a conjunction of literals of forms given in (3). Let us first get rid of some simple cases in (3), so that only the following kind of literals remain: Lx = t, Lx = Mx, Is_f (x), Is_f (Lx), x ≠ t, Lx ≠ t, Lx ≠ Mx, (4) where L, M are nonempty and t is a term in which x does not occur.

Lemma 3.7 The class of formulas ∃x(C), where C is a conjunction of literals of the form (4), is a quantifier elimination reduction class for the class of formulas ∃x(D), where D is a conjunction of formulas (3). Thus, by Lemma 3.6, this class of formulas is an absolute quantifier elimination reduction class.

Proof. We have to show how to get rid of the literals x = t, x = Lx, x ≠ Lx, ¬Is_f (x) ¬Is_f (Lx) in the formula ∃x(D).

Case: x = t. Any formula ∃x(x = t ∧ E(x)) is equivalent to E(t), so we can eliminate ∃x.

Case: x = Lx. By Lemma 3.2, the x = Lx implies x = fix, hence x = Lx is equivalent to x = Lx ∧ x = fix. Using x = fix we can eliminate ∃x as in the previous case.

Case: x ≠ Lx. Using elementary logic, this formula is equivalent to (x = fix ∧ x ≠ Lx) ∨ (x ≠ fix ∧ x ≠ Lx). Using disjunctive splitting, we can consider the formulas (x = fix ∧ x ≠ Lx) and (x ≠ fix ∧ x ≠ Lx) separately. With the first formula we can eliminate quantifiers as in the case x = t above. By Lemma 3.2, the second formula is equivalent to x ≠ fix, so we get rid of x ≠ Lx. Case: ¬Is_f (x). Let β be the type of x. Let g_1, . . . , g_n be all function symbols of types α_1 × . . . × α_k → β except f and c_1, . . . , c_m be all constants of the type β. It is not hard to argue that ¬Is_f (x) is equivalent to the formula ⋁ i=1...n Is_{gi} (x) ∨ ⋁ i=1...m x = c_i. Then we can use disjunctive splitting.

Case: ¬Is_f (Lx). This case is analogous to the previous one. □ It remains to show how to eliminate the existential quantifier applied to a conjunction of literals of forms given in (4). Our next step would be to get rid of the prefixes L in terms Lx, after this the proof will be relatively straightforward. In the case of quantifier elimination for term algebras, there is a simple way to get rid of such prefixes, but for term algebras with queues variables x of queue sorts will cause some complications. Another complication is caused by the fact that an application of lhead or rhead to a term of a queue sort may give a term of a basic sort, and vice versa, the application of an decomposition function f_i to a term of a basic sort may give a term of a queue sort. So we will now split the prefixes L to segments, so that within each segment the terms have the same queue sort, or otherwise only basic sorts.

Let L be a sequence of unary functions of the new language L^′_{Q(S)} and L = L_1ML_2, where L_1, L_2 may be empty. We say that M is a segment in L in one of the following cases:

1. M is a sequence of the decomposition functions f_i, the last symbol in L_1 and the first symbol in L_2 are not decomposition functions (in this case we can say that M is a subsequence consisting of decomposition functions that can be extended neither to the left nor to the right).

2. M is a sequence consisting of a head function followed by zero or more tail functions and the first symbol of L_2 is not a tail function.

3. M is a sequence consisting of one or more tail functions, the first symbol of L_2 is not a tail function, and L_1 is empty.

Segments are illustrated on the following example:

ltail rtail

segment 1

f_1 h_2 f_1

segment 2

lhead

segment 3

rhead rtail rtail

segment 4 .

Let A be any quantifier-free formula and x a variable. We call the segment depth of x in A the maximal number of segments in all prefixes L such that Lx occurs in A. If the segment depth is 0, no function symbol is applied to x in A at all.

Recall that our next aim is to eliminate the existential quantifier ∃x applied to a conjunction of literals of forms given in (4). Our next step would be to show how to decrease the segment depth of x. We begin with a special case of the segment depth ≤ 1 and then note that the proof we have used for this case can be generalized to decrease an arbitrary segment depth. We will consider two separate cases, depending on whether x is of basic sort or not.

Lemma 3.8 Consider the class C of formulas of the form ∃x(A_1(x) ∧ . . . ∧ A_n(x)), (5) where x is of a basic sort β, each A_i is of the form (4), and the segment depth of x in this formula is at most 1. The class of quantifier-free formulas is a quantifier elimination reduction class for C.

Proof. We assume that the domain of the sort β is infinite, otherwise by Lemma 2.1 we can effectively find terms s_1, . . . , s_k such that every element of the sort β is equal to one of s_1, . . . , s_k, and replace (5) by the equivalent quantifier-free formula ⋁ j=1...k ⋀ i=1...n A_i(s_j).

Let us call the height of x in a formula of the language L^′_{Q(S)} the maximal number of symbols in sequences L such that Lx occurs in (5). If the height of x in (5) is 0 and (5) contains no occurrences of Is_f (x), then each A_i is simply of the form x ≠ t_i and (5) is ∃x(x ≠ t_1 ∧ . . . ∧ x ≠ t_n). Since the domain of the sort β is infinite, this formula is valid and can be replaced by ⊤.

So we assume that either the height of x in (5) is > 0 or (5) contains an occurrence of Is_f (x). Let F be the set of all function symbols of L_{Q(S)} of sorts . . . → β, and C be the set of all constants of L_{Q(S)} of the sort β. Then the following formula B is a tautology: ⋁ f∈F Is_f (x) ∨ ⋁ c∈C x = c,

so the formula ∃x(A_1(x) ∧ . . . ∧ A_n(x)) is equivalent to ∃x(B ∧ A_1(x) ∧ . . . ∧ A_n(x)). Using disjunctive splitting and equivalences ∃x(x = c ∧ A_1(x) ∧ . . . ∧ A_n(x)) ↔ A_1(c) ∧ . . . ∧ A_n(c) we can assume that at least one of A_i’s is Is_f (x). Moreover, we can assume that there exists exactly one such A_i, because Is_f (x) ∧ Is_g (x) is unsatisfiable for f ≠ g. So our formula is of the form

∃x(Is_f (x) ∧ A_1(x) ∧ . . . ∧ A_n(x)). (6)

Suppose that the arity of f is m. Then this formula is equivalent to ∃x_1 . . . x_m(A_1(f(x_1, . . . , x_m)) ∧ . . . ∧ A_n(f(x_1, . . . , x_m))). We want to get rid of all occurrences of f. We change each occurrence of f_if(x_1, . . . , x_m) to x_i, and each occurrence of g_if(x_1, . . . , x_m) for g ≠ f to fix. Formulas f(x_1, . . . , x_m) ≠ t are changed into ¬Is_f (t) ∨ (Is_f (t) ∧ (f_1t ≠ x_1 ∨ . . . ∨ . . . f_mt ≠ x_m)), then we apply disjunctive splitting. After this transformation we obtained a disjunction of formulas ∃x_1 . . . ∃x_m(B_1 ∧ . . . ∧ B_k), (7) where each B_i has one of the forms (4) but with x replaced by some x_j, or the form x_j = t. If any equation x_j = t appears, we eliminate ∃x_j and replace x_j by t everywhere, so we may assume that (7) contains no x_j = t. Now all atoms in (7) are of the forms (4), but with x replaced by x_i’s. We can apply the procedure again to the subformula ∃x_m(B_1 ∧ . . . ∧ B_k). Termination is guaranteed by the following observation: either (7) contains less equations than (5) (in the case when at least one x_j = t was eliminated), or the number of equations remains the same but the height of each x_i in (7) is strictly less than its height it (5). □

We want to prove a statement similar to Lemma 3.8, but for queue sorts. Consider the set of literals Lq = t, Lq = Mq, q ≠ t, Lq ≠ t, Lq ≠ Mq, Is_f (Lq), (8) where L, M are nonempty and t is a term in which q does not occur.

Lemma 3.9 Consider the class C of formulas of the form ∃q(A_1(q) ∧ . . . ∧ A_n(q)), where q is of a queue sort queue(α), each A_i is of the form (8), and the segment depth of q in C is at most 1. The class of quantifier-free formulas is a quantifier elimination reduction class for C.

This lemma requires more elaborate reasoning and will be proved after a series of other statements. We will explain the proof informally. The proof is carried out using the case analysis on the length of the queue q. For “short” queues, we will eliminate ∃q immediately, for “sufficiently long” ones we will do the same trick as for the basic sorts, when we substituted f(x_1, . . . , x_n) for x, but we will substitute a “sufficiently long” term for q. To understand what is “sufficiently long”, we will introduce the notions of left and right depths of q in a formula. For long enough formulas we have to understand how to deal with quantifier-free formulas like (2), which express “deep” properties of queues. As we will see, all these deep properties of queues can be formulated as statements about periodicity of queues. So we will introduce special formulas ∗_{m,n} expressing periodicity of queues, and prove several properties of these formulas. After having done all this preliminary work, quantifier elimination will be more or less straightforward.

Now we will introduce notation for “short” and “long” queues. For terms t_1, . . . , t_n : α, where n ≥ 0 we denote by |t_1 . . . t_n| the term

ladd (t_1, ladd (t_2, . . . ladd (t_n, ε) . . .)).

Evidently, this term denotes the queue consisting of elements t_1, . . . , t_n. Note that || is ε. Likewise, for terms t_1, . . . , t_n, s_1, . . . , s_m : α and w : queue(α) we denote by |t_1 . . . t_nws_1 . . . s_m| the term

ladd (t_1, ladd (t_2, . . . ladd (t_n, radd (s_m, radd (s_{m−1}, . . . radd (s_1, w) . . .))) . . .)).

Evidently, this term denotes the queue obtained from w by adding the sequence t_1, . . . , t_n on the left and the sequence s_1, . . . , s_m on the right.

For each positive integer m, we denote by length(q) < m the following formula q = ε ∨ ⋁ k=1...m−1 ∃x_1 . . . ∃x_k(q = |x_1 . . . x_k|). The following lemma asserts that every queue is either “short” (of length less than l + r − 1) or “sufficiently long” (of length at least l + r).

Lemma 3.10 For every nonnegative integers l, r such that l + r > 0 the following formula is a tautology: (length(q) < l + r) ∨ ∃z_1 . . . ∃z_l∃u_1 . . . ∃u_r∃w(q = |z_1 . . . z_lwu_1 . . . u_r|). (9) Let us now continue the proof of Lemma 3.9.

Proof (of Lemma 3.9, continued). Recall that we are eliminating quantifiers in a formula C of the form ∃q(A_1(q) ∧ . . . ∧ A_n(q)), (10) where q is of a queue sort queue(α), each A_i is of the form (8), and the segment depth of q in C is at most 1.

We define the left (right) depth of q in (10), as the maximal number of lhead_α’s and ltail_α’s (respectively, rhead_α’s and rtail_α’s) in all prefixes L such that Lq appears in (10). For example, the left depth of q in the formula lhead_αltail_αq ∧ q ≠ w is 2 and the right depth is 0.

Let the left depth of q in (10) be l and the right depth be r. Using Lemma 3.10 and disjunctive splitting on formula (9), we can replace (10) by a disjunction of formulas of the following two forms:

∃q∃x_1 . . . ∃x_k(q = |x_1 . . . x_k| ∧ A_1(q) ∧ . . . ∧ A_n(q)) (11) ∃q∃z_1 . . . ∃z_l∃w∃u_1 . . . ∃u_r(q = |z_1 . . . z_lwu_1 . . . u_r| ∧ A_1(q) ∧ . . . ∧ A_n(q)) (12) So it remains to show how to eliminate quantifiers in such formulas.

Any formula (11) is equivalent to ∃x_1 . . . ∃x_k(A_1(|x_1 . . . x_k|) ∧ . . . ∧ A_n(|x_1 . . . x_k|)).

Recall that every A_i(q) is of forms (8). Simplify all literals A_i(|x_1 . . . x_k|) using the following valid equations:

lhead (|y_1 . . . y_m|) = y_1, ltail (|y_1 . . . y_m|) = |y_2 . . . y_m|, ltail(||) = ||, lhead (||) = fix, rhead (|y_1 . . . y_m|) = y_m, rtail (|y_1 . . . y_m|) = |y_1 . . . y_{m−1}|, rtail (||) = ||, rhead (||) = fix,

then we obtain a formula of the form ∃x_1 . . . ∃x_k(B_1 ∧ . . . ∧ B_n), where the B_i’s are formulas p = s, p ≠ s, Is_f (p), |p_1 . . . p_l| = |s_1 . . . s_u| and |p_1 . . . p_l| ≠ |s_1 . . . s_u|, where all p’s and s’s are either x_i’s or terms in which x_i’s do not occur. Formulas |p_1 . . . p_l| = |s_1 . . . s_u| for l ≠ u can be replaced by ⊥, and for l = u by p_1 = s_1 ∧ . . . ∧ p_l = s_l, and similar for formulas |p_1 . . . p_l| ≠ |s_1 . . . s_u|. After this transformation and disjunctive splitting we can assume that all B_i’s are formulas p = s, p ≠ s, Is_f (p), then we can proceed as in the proof of Lemma 3.8 to get rid of all quantifiers ∃x_i.

Now it remains to show how to eliminate quantifiers in (12). Formula (12) is equivalent to ∃z_1 . . . ∃z_l∃w∃u_1 . . . ∃u_r(A_1(|z_1 . . . z_lwu_1 . . . u_r|) ∧ . . . ∧ A_n(|z_1 . . . z_lwu_1 . . . u_r|)) Recall that every A_i(q) is of forms (8). Simplify all literals A_i(|z_1 . . . z_lwu_1 . . . u_r|) using the following valid equations:

lhead (|y_1 . . . y_mwv_1 . . . v_k|) = y_1, ltail (|y_1 . . . y_mwv_1 . . . v_k|) = |y_2 . . . y_mwv_1 . . . v_k|, rhead (|y_1 . . . y_mwv_1 . . . v_k|) = v_k, rtail (|y_1 . . . y_mwv_1 . . . v_k|) = |y_1 . . . y_m . . . y_mwv_1 . . . v_{k−1}|. Note that because of the choice of l and r as the left and the right depth of q in (10), this transformation will remove all occurrences of lhead , rhead , ltail , rtail from the formula. Further simplify the obtained formula using the following equivalences: |y_1 . . . y_mwv_1 . . . v_k| = |p_1 . . . p_lwq_1 . . . q_u| ↔ y_1 = p_1 ∧ |y_2 . . . y_mwv_1 . . . v_k| = |p_2 . . . p_lwq_1 . . . q_u|, |y_1 . . . y_mwv_1 . . . v_k| = |p_1 . . . p_lwq_1 . . . q_u| ↔ v_k = q_u ∧ |y_1 . . . y_mwv_1 . . . v_{k−1}| = |p_1 . . . p_lwq_1 . . . q_{u−1}|, and similar for ≠ instead of =. Using disjunctive splitting, when necessary, we obtain a formula of the form ∃x_1 . . . ∃x_k∃w(B_1 ∧ . . . ∧ B_n), where the B_i’s are formulas of the following forms x_i = x_j, x_i = t, Is_f (x_i), |y_1 . . . y_mw| = |wq_1 . . . q_u|, |y_1 . . . y_mwv_1 . . . v_k| = t, x_i ≠ x_j, x_i ≠ t, |y_1 . . . y_mw| ≠ |wq_1 . . . q_u|, |y_1 . . . y_mwv_1 . . . v_k| ≠ t, where y_i, v_i, p_i, q_i are variables from the set {x_1, . . . , x_k}, and t are terms not containing any x_i’s and w.

Evidently, in the equalities |y_1 . . . y_mw| = |wq_1 . . . q_u| and |y_1 . . . y_mw| ≠ |wq_1 . . . q_u| we can assume m = u, otherwise they can be replace by ⊥ and ⊤, respectively.

Equalities |y_1 . . . y_mwv_1 . . . v_k| = t can be dealt with in the standard way: we replace any equation ladd (y_i, s) = t by t ≠ ε ∧ lhead (t) = y_i ∧ rtail (t) = s, and similar for radd and for literals |y_1 . . . y_mwv_1 . . . v_k| ≠ t.

Equalities w = t can be dealt with as in Lemma 3.7, by removing them and replacing w by t. So we can assume that all B_i’have one of the following forms

x_i = x_j , x_i = t, x_i ≠ x_j, x_i ≠ t, Is_f (x_i), (13) |y_1 . . . y_mw| = |wq_1 . . . q_m|, |y_1 . . . y_mw| ≠ |wq_1 . . . q_m|, w ≠ t. (14) In equations (13) w does not occur, and the variables x_j ’s in these equations are of segment depth 0. They can be dealt with as in Lemma 3.7 after we eliminate ∃w, so we will only consider the case when all B_i’s have one of the forms in (14).

We will now study properties of formulas |y_1 . . . y_mw| = |wq_1 . . . q_m|, and then return to the proof of Lemma 3.9 again. □

For all sorts α and integers m, k such that m > k ≥ 0, denote by ∗_{m,k,α}(q, z_1, . . . , z_m) the following formula: |z_1 . . . z_mw| = |wz_{k+1} . . . z_mz_1 . . . z_k|. As usual, we will omit α and write ∗_{m,k} instead. One can notice that the formula ∗_{m,k} express some kind of periodicity properties of w. For example, the formula ∗_{4,0}(w, a, b, a, b) expresses that w is obtained by repeating the sequence ab zero or more times.

We call a sequence of variables or elements t_1 . . . t_m periodic if it has the form s_1 . . . s_n . . . s_1 . . . s_n k times

, (15)

for some k ≥ 2. In this case we also write t_1 . . . t_m = (s_1 . . . s_n)^k. Any nonperiodic sequence of variables is called a pattern. A pattern s_1, . . . , s_n is said to be the pattern of a sequence t_1, . . . , t_m of variables, if t_1, . . . , t_m has the form (15), for some k ≥ 1. For example, the sequences x, y, x, y and z, z, z, z are periodic, their patterns are x, y and z respectively, but the sequence x, y, x is not periodic, and hence its pattern is x, y, x itself.

Let e_1, . . . , e_n be a sequence of elements of Q(S) and z_1, . . . , z_n be a sequence of variables. We call e_1, . . . , e_n a shadow of z_1, . . . , z_n if for every i, j, e_i = e_j if and only if z_i coincides with z_j .

For every pattern p_1, . . . , p_n denote by #^{p1,...,pn} (z_1, . . . , z_n) the formula ⋀ i<j,p_i≠p_j z_i ≠ z_j ∧ ⋀ i<j,p_i=p_j z_i = z_j .

For example, we have

#^{x,y,y,x}(z_1, z_2, z_3, z_4) ↔ z_1 ≠ z_2 ∧ z_1 ≠ z_3 ∧ z_2 ≠ z_4 ∧ z_3 ≠ z_4 ∧ z_1 = z_4 ∧ z_2 = z_3.

It is easy to see that the property “e_1, . . . , e_n is a shadow of p_1, . . . , p_n” can be expressed as follows.

Lemma 3.11 Let p_1, . . . , p_n be a pattern and e_1, . . . , e_n be elements of Q(S). Then e_1, . . . , e_n is a shadow of p_1, . . . , p_n if and only if #^{p1,...,pn} (e_1, . . . , e_n) holds. □

Let t_1, . . . , t_m be a sequence of terms or elements and 0 ≤ k < m. We call the k-rotation of this sequence the sequence t_{k+1}, . . . , t_m, t_1, . . . , t_k. We call a rotation of a sequence of terms or elements t_1, . . . , t_m any k-rotation of this sequence, for 0 ≤ k < m. For example all rotations of the sequence x, y, z are x, y, z itself, y, z, x and z, x, y. All rotations of x, y, x are x, y, x itself, y, x, x and x, x, y. Lemma 3.12 Suppose e_1, . . . , e_m and d_1, . . . , d_m are elements, w is a queue, and |e_1 . . . e_mw| = |wd_1 . . . d_m|. Then d_1, . . . , d_m is a rotation of e_1, . . . , e_m. Therefore, the following formula is valid: |z_1 . . . z_mw| = |wu_1 . . . u_m| → ⋁ k=0...m−1 (z_1 = u_{k+1} ∧ . . . ∧ z_{m−k} = u_m ∧ z_{m−k} = u_1 ∧ . . . ∧ z_m = u_k ∧ ∗_{m,k} (w, z_1, . . . , z_m)). (16)

Proof. Let w = |x_1 . . . x_n|. Consider two cases.

1. Case : n ≤ m. Evidently |e_1 . . . e_mw| = |wd_1 . . . d_m| is equivalent to the following conjunction:

e_1 = x_1 ∧ . . . ∧ e_n = x_n ∧ e_{n+1} = d_1 ∧ . . . ∧ e_m = d_{m−n} ∧ x_1 = d_{m−n+1} ∧ . . . ∧ x_n = d_m,

that implies |e_{n+1} . . . e_me_1 . . . e_n| = |d_1 . . . d_m|.

2. Case : n > m. In this case we can represent n as am + b, where b < m, and w as |x_1 . . . x_{am}y_1 . . . y_b|. The equality |e_1 . . . e_mw| = |wd_1 . . . d_m| can be rewritten as |e_1 . . . e_mx_1 . . . x_{(a−1)m}x_{(a−1)m+1} . . . x_{am}y_1 . . . y_b| = |x_1 . . . x_mx_{m+1} . . . x_{am}y_1 . . . y_bd_1 . . . d_m|. By considering the first am elements and the rest of elements in the queues of this equation, we obtain

|e_1 . . . e_mx_1 . . . x_{(a−1)m}| = |x_1 . . . x_mx_{m+1} . . . x_{am}|; (17) |x_{(a−1)m+1} . . . x_{am}y_1 . . . y_b| = |y_1 . . . y_bd_1 . . . d_m|. (18) It is not hard to argue that (17) implies

x_1 = e_1 ∧ . . . ∧ x_m = e_m ∧ x_{m+1} = e_1 ∧ . . . ∧ x_{2m} = e_m ∧ . . . x_{(a−1)m+1} = e_1 ∧ . . . ∧ x_{am} = e_m.

Therefore, (18) can be rewritten as |e_1 . . . e_my_1 . . . y_b| = |y_1 . . . y_bd_1 . . . d_m|. Now b < m, so we can use the proof of the previous case to show that d_1, . . . , d_m is a rotation of e_1, . . . , e_m. □ Given an equality of the form |e_1 . . . e_mq| = |qe_{k+1} . . . e_me_1 . . . e_k|, we now want to prove some statements about the sequence e_1 . . . e_m. Let us denote by (e_1 . . . e_r)^∗ any sequence of the form e_1 . . . e_r . . . e_1 . . . e_r 0 or more times

Lemma 3.13 Let |e_1, . . . , e_m| be a nonempty sequence of elements which is equal to its krotation: |e_1 . . . e_m| = |e_{k+1} . . . e_me_1 . . . e_k|. (19) Then both e_1 . . . e_m and e_1 . . . e_k have the form (e_1 . . . e_r)^∗, where r = gcd(m, k). In particular, if k > 0, then the sequence e_1 . . . e_m is periodic.

Proof. If k = 0, then gcd(m, k) = m and the lemma is obvious. So assume k ≠ 0. The proof is by induction on m.

Note that (19) is equivalent to the system of equations

e_1 = e_{k+1} . . . e_{m−k} = e_m m − k equations (20)

e_{m−k+1} = e_1 . . . e_m = e_k k equations (21)

Consider two cases: k ≤ m − k and k > m − k.

Case: k ≤ m − k. Using (21), substitute in (20) e_1, . . . , e_k for e_{m−k+1}, . . . , e_m. We obtain:

e_1 = e_{k+1} . . . e_{m−2k} = e_{m−k} e_{m−2k+1} = e_1 e_{m−k} = e_k m − k equations

Then e_1, . . . , e_{m−k} coincides with its k-rotation. Note that gcd(m−k, k) = gcd(m, k) = r, hence by the induction hypothesis both e_1 . . . e_{m−k} and e_1 . . . e_k have the form (e_1 . . . e_r)^∗. By (21), e_{m−k+1} . . . e_m also has this form. Using y_1 . . . y_m = e_1 . . . e_{m−k}e_{m−k+1} . . . e_m we conclude that y_1 . . . y_m has the form (e_1 . . . e_r)^∗, too.

Case: k > m − k. By swapping (20) with (21), and also swapping the left-hand sides of (20), (21) with their right-hand sides we obtain

e_1 = e_{k+1} . . . e_k = e_m k equations e_{k+1} = e_1 . . . e_m = e_{m−k} m − k equations

Then use the same arguments as in the previous case, but with k replaced by m − k. It remains to prove that if k > 0, then the sequence e_1 . . . e_m is periodic. Indeed, if k ≠ 0, then gcd(m, k) < m, so e_1 . . . e_m is obtained by repeating e_1 . . . e_r more than once. □

Lemma 3.14 Let p_1, . . . , p_m be a pattern, e_1, . . . , e_m a sequence of elements of a sort α, and q a queue of the sort queue(α). Then #^{p1,...,pm} (e_1, . . . , e_m) ∧ ∗_{m,k}(q, e_1, . . . , e_m) holds if and only if e_1, . . . , e_m is a shadow of p_1, . . . , p_m and q = e_1 . . . e_m . . . e_1 . . . e_m 0 or more times e_1 . . . e_k.

Proof. Let us first prove the “if” direction. Suppose that e_1, . . . , e_m is a shadow of p_1, . . . , p_m and q = e_1 . . . e_m . . . e_1 . . . e_m 0 or more times e_1 . . . e_k.

Then #^{p1,...,pm} (e_1, . . . , e_m) holds by Lemma 3.11 and evidently q is a solution to the equation |e_1 . . . e_mq| = |qe_{k+1} . . . e_me_1 . . . e_k|. Now we prove the “only if” direction. Suppose #^{p1,...,pm} (e_1, . . . , e_m) ∧ ∗_{m,k}(q, e_1, . . . , e_m). Since #^{p1,...,pm} (e_1, . . . , e_m), by Lemma 3.11 and the definition of pattern the sequence e_1, . . . , e_m is nonperiodic. Let q = d_1 . . . d_n. Then ∗_{m,k}(q, e_1, . . . , e_m) implies e_1 . . . e_md_1 . . . d_n = d_1 . . . d_ne_{k+1} . . . e_me_1 . . . e_k. (22) Let us now prove (23) for every p ≥ 0 and 1 ≥ l < m such that mp + l ≤ n we have d_{mp+l} = e_l.

The proof is by induction on m. When m = 0, d_l = e_l follows immediately from (22). When m > 0, (22) implies d_{mp+l} = d_{(m−1)p+l}. By the induction hypothesis, d_{(m−1)p+l} = e_l, hence d_{mp+l} = e_l.

So (23) is proved. It is easy to see that (23) implies that for some l

q = d_1 . . . d_n = e_1 . . . e_m . . . e_1 . . . e_m

0 or more times

e_1 . . . e_l. (24)

To conclude the proof it is enough to show k = l. Suppose, by contradiction, k ≠ l. Using (24), we can rewrite (22) into e_1 . . . e_m e_1 . . . e_m . . . e_1 . . . e_m 0 or more times

e_1 . . . e_l = e_1 . . . e_m . . . e_1 . . . e_m 0 or more times e_1 . . . e_le_{k+1} . . . e_me_1 . . . e_k.

In this equation, remove from both sequences all elements but the last m. The equation becomes

e_{l+1} . . . e_me_1 . . . e_l = e_{k+1} . . . e_me_1 . . . e_k. (25)

Since k ≠ l, then k > l or l > k. Consider the case k > l, the other case is symmetric. Equation (25) implies that e_{l+1} . . . e_me_1 . . . e_l is equal to its k − l-rotation e_{k+1} . . . e_me_1 . . . e_k. By Lemma 3.13, e_{l+1} . . . e_me_1 . . . e_l is periodic. But then e_1 . . . e_m is periodic too, so we obtain a contradiction. □

Lemma 3.15 Let e_1, . . . , e_n a periodic sequence of variables and p_1, . . . , p_m be its pattern. Then the following formula is valid: #^{p1,...,pm} (z_1, . . . , z_m) ∧ ∗_{n,l}(q, z_1, . . . , z_n) ↔ #^{p1,...,pm} (z_1, . . . , z_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m), (26)

where k = (l mod m).

Proof. Let r be the number such that n = mr. Let e_1, . . . , e_m be elements such that #^{p1,...,pm} (e_1, . . . , e_m). Extend e_1, . . . , e_m to the periodic sequence e_1, . . . , e_n by repeating the sequence e_1, . . . , e_m r times. Take any queue q. It is enough to prove that ∗_{n,l}(q, e_1, . . . , e_n) implies ∗_{m,k}(q, e_1, . . . , e_m), and vice versa, ∗_{m,k}(q, e_1, . . . , e_m) implies ∗_{n,l}(q, e_1, . . . , e_n).

1. We suppose ∗_{n,l}(q, e_1, . . . , e_n) and prove ∗_{m,k}(q, e_1, . . . , e_m). Using the same arguments as in Lemma 3.14 (when we proved (24)), we can prove that q = e_1 . . . e_m . . . e_1 . . . e_m 0 or more times

e_1 . . . e_p (27)

for some p < m. By substituting q by the right-hand side of this equation in the formula ∗_{n,l}(q, e_1, . . . , e_n) and repeating the arguments of Lemma 3.14 again (when we proved k = l in that lemma), we can prove p = k. By Lemma 3.14, (27) implies ∗_{m,p}(q, e_1, . . . , e_m), and hence by p = k we have ∗_{m,k}(q, e_1, . . . , e_m).

2. We suppose ∗_{m,k}(q, e_1, . . . , e_m) and prove ∗_{n,l}(q, e_1, . . . , e_n). By Lemma 3.14 q = e_1 . . . e_m . . . e_1 . . . e_m 0 or more times e_1 . . . e_k.

It is a simple exercise to show that for any such queue q we have ∗_{n,l}(q, e_1, . . . , e_n). □

Lemma 3.16 Let z_1, . . . , z_m and u_1, . . . , u_m be two patterns and k ≠ l. Then the following formula is valid #^{z1,...,zm} (z_1, . . . , z_m) ∧ #^{u1,...,um} (u_1, . . . , u_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m) → ¬ ∗_{m,l} (q, u_1, . . . , u_m). (28) Proof. Denote the length of q by l_q. Take arbitrary elements z_1, . . . , z_m, u_1, . . . , u_m, q such that #^{z1,...,zm} (z_1, . . . , z_m) ∧ #^{u1,...,um} (u_1, . . . , u_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m) ∧ ∗_{m,l}(q, u_1, . . . , u_m). By Lemma 3.14, #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m) implies k = (l_q mod m). Likewise, we obtain l = (l_q mod m), which contradicts to k ≠ l. □

Lemma 3.17 Let z_1, . . . , z_m and u_1, . . . , u_n be two patterns and m ≠ n. Then the following formula is valid #^{z1,...,zm} (z_1, . . . , z_m) ∧ #^{u1,...,un} (u_1, . . . , u_n) ∧ ∗_{m,k}(q, z_1, . . . , z_m) ∧ ∗_{n,l}(q, u_1, . . . , u_n) → length(q) < m + n. (29) Proof. We take any elements z_1, . . . , z_m, u_1, . . . , u_n, q such that #^{z1,...,zm} (z_1, . . . , z_m) ∧ #^{u1,...,un} (u_1, . . . , u_n) ∧ ∗_{m,k}(q, z_1, . . . , z_m) ∧ ∗_{n,l}(q, u_1, . . . , u_n) and prove that q has less than m + n elements. Suppose, by contradiction, that q has at least m + n elements. Assume m > n (the case n > m is symmetric). Since #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m), by Lemma 3.14, q has the form z_1 . . . z_m . . . z_1 . . . z_m 0 or more times

z_1 . . . z_k. (30) Likewise, since #^{u1,...,un} (u_1, . . . , u_n) ∧ ∗_{n,l}(q, u_1, . . . , u_n), q has the form u_1 . . . u_n . . . u_1 . . . u_n 0 or more times

u_1 . . . u_l. (31) Let r = (m mod n). Since (30) and (31) coincide, their first m + n elements coincide, too. Then we have z_1 . . . z_mz_1 . . . z_n = u_1 . . . u_n . . . u_1 . . . u_r. (32)

This implies z_1 . . . z_n = u_1 . . . u_n. Substitute in (32) u_1 . . . u_n for z_1 . . . z_n, we obtain . . . u_1 . . . u_n = . . . u_{r+1} . . . u_nu_1 . . . u_r. Thus, the sequence u_1 . . . u_n is equal to its r-rotation. By Lemma 3.13, either r = 0 or u_1 . . . u_n is periodic. But #^{u1,...,un} (u_1, . . . , u_n) implies that u_1 . . . u_n is not periodic, so r = 0. Recall that r = (m mod n), r = 0, hence n divides m. But then (32) implies z_1 . . . z_m = u_1 . . . u_n . . . u_1 . . . u_n, and hence z_1 . . . z_m is periodic. This contradicts to #^{z1,...,zm} (z_1, . . . , z_m). □

Lemma 3.18 Let z_1, . . . , z_m and u_1, . . . , u_m be two patterns. Then the following formula is valid #^{z1,...,zm} (z_1, . . . , z_m) ∧ #^{u1,...,um} (u_1, . . . , u_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m) ∧ ∗_{m,k}(q, u_1, . . . , u_m) → q = |z_1, . . . , z_k| ∨ (z_1 = u_1 ∧ . . . ∧ z_m = u_m).

(33)

Proof. Suppose that z_1, . . . , z_m, u_1, . . . , u_m and q are elements of the term algebra with queues such that #^{z1,...,zm} (z_1, . . . , z_m) ∧ #^{u1,...,um} (u_1, . . . , u_m) ∧ ∗_{m,k}(q, z_1, . . . , z_m) ∧ ∗_{m,k}(q, u_1, . . . , u_m) By Lemma 3.14, this implies q = |(z_1 . . . z_m)^rz_1 . . . z_k| = |(u_1 . . . u_m)^ru_1 . . . u_k|, for some r. If r = 0 then q = |z_1 . . . z_k| = |u_1 . . . u_k|. Hence, z_1 = u_1, . . . , z_k = u_k. If r > 0 then q = |(z_1 . . . z_m)^rz_1 . . . z_k| = |(u_1 . . . u_m)^ru_1 . . . u_k| implies z_{k+1} = u_{k+1}, . . . , z_m = u_m. □ Now we can conclude the prove of Lemma 3.9.

Proof (of Lemma 3.9, continued). Recall that we have to show how to eliminate the quantifier in a formula C of the form ∃w(B_1 ∧ . . . ∧ B_p), where all B_i’s have one of the forms given in (14): |y_1 . . . y_nw| = |wq_1 . . . q_n|, |y_1 . . . y_nw| ≠ |wq_1 . . . q_n|, w ≠ t. By Lemma 3.12 one can assume that in all such formulas q_1 . . . q_n is a rotation of y_1 . . . y_n, so all B_i’s have one of the forms |y_1 . . . y_nw| = |wy_{l+1} . . . y_ny_1 . . . y_l|, |y_1 . . . y_nw| ≠ |wy_{l+1} . . . y_ny_1 . . . y_l|, w ≠ t, i.e. one of the forms ∗_{n,l}(q, y_1, . . . , y_n), ¬ ∗_{n,l} (q, y_1, . . . , y_n), w ≠ t. Using tautologies y_i = y_j ∨y_i ≠ y_j and disjunctive splitting, we can assume that for each pair i, j either y_i = y_j or y_i ≠ y_j occurs in C. If y_i = y_j occurs in C, replace in C y_i by y_j. Assume that z_1, . . . , z_m is the pattern of y_1, . . . , y_n after such a replacement. Since for each pair i, j either y_i = y_j or y_i ≠ y_j occurs in C, it is not hard to argue that the formula #^{z1,...,zm} (z_1, . . . , z_m) occurs in C. So we can assume that all B_i’s have one of the forms #^{z1,...,zm} (z_1, . . . , z_m) ∧ |y_1 . . . y_nw| = |wy_{l+1} . . . y_my_1 . . . y_l|, #^{z1,...,zm} (z_1, . . . , z_m) ∧ |y_1 . . . y_nw| ≠ |wy_{l+1} . . . y_my_1 . . . y_l|, w ≠ t. By Lemma 3.14 these formulas are equivalent to #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{n,l}(w, y_1, . . . , y_n), #^{z1,...,zm} (z_1, . . . , z_m) ∧ ¬ ∗_{n,l} (w, y_1, . . . , y_n), w ≠ t. By Lemma 3.15 one can replace in these formulas y_1, . . . , y_n by the nonperiodic sequence z_1, . . . , z_m, m by n, and l by a suitable k. So we can assume that all B_i’s have one of the forms

#^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m), (34) #^{z1,...,zm} (z_1, . . . , z_m) ∧ ¬ ∗_{m,k} (w, z_1, . . . , z_m), (35) w ≠ t, (36) where the sequence z_1, . . . , z_m is nonperiodic.

Concerning formulas of the form (36), note the following.

(37) Every formula ∃w(w ≠ t_1 ∧ . . . ∧ w ≠ t_v) is valid.

Indeed, every queue sort has an infinite number of elements, so we can always find a w different from t_1, . . . , t_v.

If at least two different B_i’s are of the form (34), then C contains the subformula #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ #^{u1,...,um′} (u_1, . . . , u_m′ ) ∧ ∗_m′_{,k}′ (w, u_1, . . . , u_m′ ). (38)

If m ≠ m^′, then by Lemma 3.17 this formula implies length(w) < m + m^′, so we can eliminate the quantifier ∃w as for formula (11) on page 12. If m = m^′ but k ≠ k^′, then by Lemma 3.16 (38) is false, so we eliminate the quantifier again. If m = m^′ and k = k^′, then by Lemma 3.18 formula (38) implies

w = |z_1, . . . , z_k| ∨ z_1 = u_1 ∧ . . . ∧ z_m = u_m.

Using disjunctive splitting, we can consider the cases w = |z_1, . . . , z_k| and z_1 = u_1 ∧. . .∧z_m = u_m separately. If w = |z_1, . . . , z_k|, we can again eliminate ∃w as for formula (11) on page 12. If z_1 = u_1 ∧ . . . ∧ z_m = u_m, then the (38) can be replaced by the equivalent formula #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ z_1 = u_1 ∧ . . . ∧ z_m = u_m,

which has less occurrences of subformulas of the form (34).

Thus, we can now assume that at least one of B_i’s is either of the form (34) or of the form (35), but only at most one of B_i’s is of the form (34). Consider two possible cases.

Case: all B_i’s are of the form (35). Then C is of the form ∃w( ⋀ i (#^{z1,...,zmi} (z_1, . . . , z_{mi} ) ∧ ¬ ∗_{mi ,ki} (w, z_1, . . . , z_{mi} )) ∧ w ≠ t_1, . . . , w ≠ t_v).

The variable w is of the sort queue(α) for some α. Note the following:

(39) If the domain of α contains exactly one element, then ¬ ∗_{m,k} (w, z_1, . . . , z_m) is false for all m, k. So for sorts α with one element C is equivalent to ⊥. Assume that the domain of α has more than one element. By Lemma 3.14, if #^{z1,...,zm}i (z_1, . . . , z_{mi} ) holds only when w has period m_i. Let m be the maximum of all m_i’s. It is not hard to argue that there is an infinite number of queues having no period between 1 and m. Each of these queues satisfies ⋀ i #^{z1,...,zmi} (z_1, . . . , z_{mi} ) ∧ ¬ ∗_{mi ,ki} (w, z_1, . . . , z_{mi} ),

since there is an infinite number of such queues, at least one of them also satisfies w ≠ t_1, . . . , w ≠ t_v, so C can be replaced by ⊤.

Case: exactly one B_i is of the form (34). We will now show how to get rid of all B_j’s of the form (35). Suppose that at least one such B_j occurs in C, then C contains the subformula #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ #^{u1,...,um′} (u_1, . . . , u_m′ ) ∧ ¬ ∗_m′_{,k}′ (w, u_1, . . . , u_m′ ). (40)

Consider the following three possible cases.

Subcase: m ≠ m^′. Using the tautology

length(w) < m + m^′ ∨ ¬(length(w) < m + m^′)

and disjunctive splitting, we can assume that either length(w) < m + m^′ or ¬(length(w) < m + m^′) occurs in C. In the former case, we can eliminate the quantifier as before. In the latter case, (40) becomes #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ #^{u1,...,um′} (u_1, . . . , u_m′ ) ∧ ¬ ∗_m′_{,k}′ (w, u_1, . . . , u_m′ ) ∧ ¬(length(w) < m + m^′)

(41)

By Lemma 3.17, the formula #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ #^{u1,...,um′} (u_1, . . . , u_m′ ) ∧ ¬(length(w) < m + m^′)

implies ¬ ∗_m′_{,k}′ (w, z_1, . . . , z_m′ ), hence ¬ ∗_m′_{,k}′ (w, u_1, . . . , u_m′ ) can be omitted from (41).

Subcase: m = m^′ and k ≠ k^′. By Lemma 3.16 #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ #^{u1,...,um′} (u_1, . . . , u_m′ ) → ¬ ∗_m′_{,k}′ (w, u_1, . . . , u_m′ ), hence ¬ ∗_m′_{,k}′ (w, z_1, . . . , z_m′ ) can be omitted from (40). Subcase: m = m^′ and k = k^′. In this case (40) is #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ #^{u1,...,um} (u_1, . . . , u_m) ∧ ¬ ∗_{m,k} (w, u_1, . . . , u_m). (42) Consider the tautology w = |z_1, . . . , z_k| ∨ (z_1 = u_1 ∧ . . . ∧ z_m = u_m) ∨ ¬(w = |z_1, . . . , z_k| ∨ (z_1 = u_1 ∧ . . . ∧ z_m = u_m)). Using this tautology and disjunctive splitting we can assume that one of the formulas w = |z_1, . . . , z_k|, or z_1 = u_1 ∧ . . . ∧ z_m = u_m, or ¬(w = |z_1, . . . , z_k| ∨ (z_1 = u_1 ∧ . . . ∧ z_m = u_m) occurs positively in C. If w = |z_1, . . . , z_k| occurs positively in C, then we can eliminate ∃w as before. If z_1 = u_1 ∧ . . . ∧ z_m = u_m occurs positively in C, then (42) can be replaced by ⊥. The only remaining case is that ¬(w = |z_1, . . . , z_k| ∨ (z_1 = u_1 ∧ . . . ∧ z_m = u_m)) occurs positively in C. By Lemma 3.18 #^{z1,...,zm} (z_1, . . . , z_m) ∧ ∗_{m,k}(w, z_1, . . . , z_m) ∧ ¬(w = |z_1, . . . , z_k| ∨ (z_1 = u_1 ∧ . . . ∧ z_m = u_m) ∧ #^{u1,...,um} (u_1, . . . , u_m) → ¬ ∗_{m,k} (w, u_1, . . . , u_m), hence ¬ ∗_{m,k} (w, z_1, . . . , z_m) can be removed from (42).

In all three cases we could remove the subformula of the form (35). Therefore, we can assume that C has the form ∃w(∗_{m,k}(w, z_1, . . . , z_m) ∧ w ≠ t_1 ∧ . . . ∧ w ≠ t_v). Using Lemma 3.14, one can see that there exists an infinite number of queues w satisfying ∗_{m,k}(w, z_1, . . . , z_m), so C is valid.

The proof of Lemma 3.9 is completed. □

Lemma 3.19 Let k be a nonnegative integer. The class of formulas ∃xC, where C is a conjunction of literals of the form (4), and the segment depth of x in C is ≤ k, is a quantifier elimination reduction class for the class of such formulas but with the segment depth of x in C be ≤ k + 1.

24 4 Axiomatization

Proof. Consider any formula ∃x(C). For every prefix Lx occurring in C such that L contains more than one segment do the following. Let L = MN, where N is the last segment in L. Introduce a new variable y and replace the formula ∃x(C) by the ∃y∃x(Nx = y ∧ C^′), where C^′ is obtained from C by replacing Lx by My. It is not hard to argue that ∃x(C) ↔ ∃y∃x(Nx = y ∧ C^′). Note that in the new formula ∃y∃x(Nx = y ∧ C^′) the segment depth of x is 1. Eliminate the quantifier ∃x in ∃x(Nx = y ∧ C^′) as in Lemmas 3.8 and 3.9. This elimination may introduce new variables z_i, but only if segment depth 0. By routing inspection of the proofs of 3.9 and 3.8, one can note that the elimination of ∃x does not increase the segment depth of y. We can continue this procedure with y in place of x, until the segment depth of y becomes 1. Then x can be eliminated by Lemmas 3.8 and 3.9. □

Only a few final steps are to be made towards the proof of the Quantifier Elimination Theorem.

Proof (of Theorem 3.3). By Lemma 3.9 it is enough to show how to eliminate the quantifier in ∃x(A_1 ∧ . . . ∧ A_n), where each A_i is of the form (4). By Lemma 3.19 we can decrease the segment depth of x to 0. When the segment depth is 0, the quantifier can be eliminated by Lemmas 3.8 and 3.9. □

Now let us rip the harvest.

Theorem 3.20 The first-order theory of any term algebra with queues is decidable.

Proof. Given any first-order sentence A of the theory of term algebras with queues, first find an equivalent sentence A^′ of the language L^′_{Q(S)}. By Quantifier Elimination Theorem 3.3, one can effectively find a quantifier-free sentence A^{′′} equivalent to A^′, and hence to A. Any quantifier-free sentence is a boolean combination of variable-free literals. Evidently, any literal of A^{′′} can be effectively evaluated to ⊤ or ⊥, and hence also A^{′′} itself. □

4 Axiomatization

Our proof gives us the following axiomatization of term algebras with queues. Such an axiomatization can be extracted from our proof, it is presented below. This axiomatization lacks elegance compared to the axiomatizations of term algebras. It is likely that our axiomatization can be slightly simplified, but we doubt that a considerable simplication is possible, since we cannot see how to avoid all combinatorics related to the formulas ∗_{m,n}. The axiomatization consists of two parts. One part is the standard axiomatization of term algebras, that can be found in [Hodges 1993] or [Maher 1988], including the following axioms: x ≠ t[x] where x is a proper subterm of t[x]. In our case the term t may also contain operations on queues.

The second part consists of the following axioms ε ≠ ladd (x, w), ε ≠ radd (x, w), w = ε ∨ ∃x∃w^′(w = ladd (x, w^′)) w = ε ∨ ∃x∃w^′(w = radd (x, w^′)) ladd (x_1, w_1) = ladd (x_2, w_2) → x_1 = x_2 ∧ w_1 = w_2, radd (x_1, w_1) = radd (x_2, w_2) → x_1 = x_2 ∧ w_1 = w_2, ladd (x, radd (y, w)) = radd (y, ladd (x, w)), ladd (x_1, . . . ladd (x_n, ε) . . .) = radd (x_n, . . . radd (x_1, ε) . . .) |x_1 . . . x_mw| ≠ |wy_1 . . . y_n|, where in the last formula m ≠ n, and sets of formulas (26), (28), (29), (33) used in our lemmas. Finally, for the very special case when a basic sort α has only one element, we have to add the axiom

ladd_α(x, z) = radd_α(x, z).

Completeness of this axiomatization can be checked by routine inspection of our proofs.

5 Related papers and concluding remarks

Bjørner [1998] discusses the use of queues in verification and gives a decision procedure for a quantifier-free theory of queues, he uses a richer signature than we do. The signature of queues in [Bjørner 1998] contains the binary relation “subqueue”, with such relations the first-order theory of queues (and even the existential theory) is undecidable.

[Maĺcev 1961] was the first to prove decidability of term algebras, he used quantifier elimination. Other quantifier elimination procedures are described in [Maher 1988, Hodges 1993]. Each of [Maĺcev 1961, Maher 1988, Hodges 1993] gives an axiomatization of term algebras, Maher [1988] also provides such an axiomatization for rational trees.

The decision procedure of [Maĺcev 1961] gives a nonelementary upper bound on the firstorder theory of term algebras. The first-order theory of term algebras also has a (even hereditary) nonelementary lower bound. This result follows from [Compton and Henson 1990]: the theory of any paring function (i.e. binary one-to-one function) has a hereditary nonelementary lower bound. Obviously, such a function is definable in term algebras having at least one binary function symbol in the signature. When the signature contains only unary function symbols, the first-order theory of term algebras is LATIME(2^{O(n)}): the class of problems solvable by alternating Turing machines running in exponential time but only with a linear number of alternations, for details see [Ferrante and Rackoff 1979, Berman 1980, Volger 1983b, Volger 1983a, Vorobyov and Voronkov 1998]. Vorobyov and Voronkov [1998] prove complexity results for some fragments of first-order logic over term algebras.

Evidently, if we consider the first-order theory of term algebras with queues, the nonelementary lower bound follows from the nonelementary lower bound for term algebras.

If we only consider queues over a finite domain, then the lower bound LATIME(2^{O(n)}) for queues follows from such a lower bound for term algebras with unary function symbols, since we can define term algebras with unary function symbols in any theory of queues, even queues over the domain of two elements. It is interesting to find the precise upper bound for the theory of queues over a finite (or infinite) domain, one can prove the upper bound LATIME(2^{O(n)})

26 REFERENCES

if the key result of [Ferrante and Rackoff 1979] can be proved for queues: quantifiers in any quantified formula can be bound by elements of the exponential height [see also Vorobyov and Voronkov 1998]. However, our proof does not imply such a bound on the number of elements in a queue. A related question is the complexity of any term algebra with queues and unary functions: one cannot directly represent a paring function in such structures, but these structures contain quite complex objects, for example queues of queues.

References

Berman L. [1980], ‘The complexity of logical theories’, Theoretical Computer Science 11, 71–77. Bjørner N. [1998], Reactive verification with queues, in ‘ARO/ONR/NSF/DARPA Workshop on Engineering Automation for Computer-Based Systems’, Carmel, CA, pp. 1–8.

Compton K. and Henson C. [1990], ‘A uniform method for proving lower bounds on the computational complexity of logical theories’, Annals of Pure and Applied Logic 48, 1–79.

Ferrante J. and Rackoff C. W. [1979], The computational complexity of logical theories, Vol. 718 of Lecture Notes in Mathematics, Springer-Verlag.

Hodges W. [1993], Model theory, Cambridge University Press.

Maher M. [1988], Complete axiomatizations of the algebras of finite, rational and infinite trees, in ‘Proc. IEEE Conference on Logic in Computer Science (LICS)’, pp. 348–357.

Maĺcev A. [1961], ‘On the elementary theories of locally free universal algebras’, Soviet Mathematical Doklady 2(3), 768–771.

Visser W., Barringer H., Fellows D., Gough G. and Williams A. [1998], Efficient CTL model checking for analysis of Rainbow designs, in H. Li and K. Probst, eds, ‘Advances in Hardware Design and Verification, Procedings of CHARME’97’, Chapman and Hall, Montreal.

Volger H. [1983a], ‘A new hierarchy of elementary recursive decision problems’, Methods of Operations Research 45, 509–519.

Volger H. [1983b], ‘Turing machines with linear alternation, theories of bounded concatenation and the decision problem of first order theories (Note)’, Theoretical Computer Science 23, 333–337.

Vorobyov S. and Voronkov A. [1998], Complexity of nonrecursive logic programs with complex values, in ‘PODS’98’, ACM Press, Seattle, Washington, pp. 244–253.

Index

Symbols (e_1 . . . e_r)^∗ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16 (s_1 . . . s_n)^k . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 ∗_{m,k,α} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 #^{p1 ,...,pn} (z_1, . . . , z_n) . . . . . . . . . . . . . . . . . . . . . . . 14 ⊥ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 ε_α — the empty queue . . . . . . . . . . . . . . . . . . . . . .2 | t_1 . . . t_nws_1 . . . s_m | . . . . . . . . . . . . . . . . . . . . . . . 12 | t_1 . . . t_n | . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 ⊤ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 ε_α — the constant for the empty queue . . . . . 3 f_i — decomposition function . . . . . . . . . . . . . . . .5 k-rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 A absolute quantifier elimination reduction class 7 arity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 B basic sort . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 C constant . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 D decomposition function (f_i) . . . . . . . . . . . . . . . . . 5 disjunctive splitting . . . . . . . . . . . . . . . . . . . . . . . . .8 E empty queue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 F fix_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 function type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 H head functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 height . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 I Is_f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 L L^′_{Q(S)} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 ladd_α — the left-insert operation . . . . . . . . . . . 3 L_{Q(S)} . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 language of Q(S) . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 left depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 left head function . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 left tail function . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 length . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3 length(q) < m . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 lhead_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 literal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 ltail_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 P pattern . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 periodic sequence of variables . . . . . . . . . . . . . . 14 pop_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 prefix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .6 push_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 Q Q(S) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 quantifier elimination . . . . . . . . . . . . . . . . . . . . . . . 5 quantifier elimination reduction class . . . . . . . 7 queue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 queue(α) — the sort of queues . . . . . . . . . . . . . . 2 queue sort . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 R radd_α — the right-insert operation . . . . . . . . . 3 relation type . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 rhead_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 right depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 right head function . . . . . . . . . . . . . . . . . . . . . . . . . 5 right tail function . . . . . . . . . . . . . . . . . . . . . . . . . . .5 rotation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 rtail_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .5 S segment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9 segment depth . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 shadow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 signature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 sort . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 T tail functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 term algebra with queues . . . . . . . . . . . . . . . . . . . 2 top_α . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 4 type of f . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2 U universe of Q(S) . . . . . . . . . . . . . . . . . . . . . . . . . . . .2 W weight . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 weight(e) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6