E

∗

†

‡

E

E

E

E

M(x) σ x , . . . , x_n (M(x )∧. . .∧M(x_n))σ ∗ †

‡

M(x ) ∧ . . . ∧ M(x_n)

σ E E E

E E

E

Σ Σ Σ X T_Σ(X) Σ T_Σ s≈t {t /x , . . . , t_n/x_n} ⇀↽ σ {t /x , . . . , t_n/x_n} (σ) ⇀↽ {x , . . . , x_n} (σ) ⇀↽ {t , . . . , t_n} E σ Eσ σ E x_i t_i φ x , . . . , x_n φ ∀φ ∀x . . . ∀x_nφ ∃φ s , t , . . . , s_n, t_n, s, t s ≈ t , . . . , s_n ≈ t_n ⊢ s ≈ t ∀(s ≈t ∧ . . . ∧ s_n≈t_n ⊃ s≈t) s t {s ≈t , . . . , s_n≈t_n} E ⊢_∀ s≈t E {s ≈t , . . . , s_n≈t_n} ⊢_∀ s≈t σ s σ ≈ t σ, . . . , s_nσ ≈ t_nσ ⊢ sσ ≈ tσ S S E E x≈a ⊢_∀ g(x)≈x {x≈a} ⊢_∀ g(x)≈x ∀xh(x)≈a ∧ ∀y([h(a)≈y ∧ y ≉ g(h(y))] ∨ [h(b)≈f(y) ∧ y ≉ g(f(y))]) ∀x h(x)≈a

h(x )≈a h(x )≈a [ h(a)≈y y ≉ g(h(y)) ] ⋁ [ h(b)≈f(y) y ≉ g(f(y)) ]

h(x )≈a, h(x )≈a, h(a)≈y ⊢_∀ y≈g(h(y)) h(x )≈a, h(x )≈a, h(b)≈f(y) ⊢_∀ y≈g(f(y)) E

{a/x , b/x , g(h^n(a))/y} n ≥ E E n = E E

E

E

≤

E n n E E_i

S Σ σ S (σ) = (S) (σ) ⊆ T_Σ E ≥ Σ_n n ≥ n E Σ E Σ

Σ_n n ≥ E E

Σ E > E Σ >

σ S xσ S x S S S Eσ

C x , . . . , x_n Σ L L^+ L^− Σ x^+_i ⇀↽ x_i≈ x^−_i ⇀↽ x_i≈ (¬x_i)^+ ⇀↽ x_i≈ (¬x_i)^− ⇀↽ x_i≈ c = (L ∨ . . . ∨ L_m) R(c) L^−, . . . , L^−_{m−} ⊢_∀ L^+_m c = (x ∨ ¬x ∨ ¬x ) R(c) x ≈ , x ≈ ⊢_∀ x ≈ σ {R(c) | c ∈ C} σ C □ Σ

E Σ

∃x . . . ∃x_n k⋀ i= A_i A_i x_m = x_j + x_k x_m | x_j x_m = p | p s Σ {a , a , . . .} Σ Σ

Σ s^na_i n

E D x_m = x_j + x_k m, j, k E G_i ⇀↽ (sa_i≈a_i ⊢_∀ x_i≈a_i) i ∈ { , . . . , n} P_{jkm} ⇀↽ (a_j ≈x_k, a_k≈a_m ⊢_∀ x_j ≈x_m) A_i x_m = x_j + x_k D_{jm} ⇀↽ (a_m≈x_m, a_j ≈a_m ⊢_∀ x_j ≈a_j ) A_i x_m | x_j N_m ⇀↽ (⊢_∀ x_m≈s^pa_m) A_i x_m = p D E θ

θ G_i x_iθ = s^pa_i p θ G_j , G_k, G_m, P_{jkm} x_j θ = s^pa_j , x_kθ = s^qa_k, x_mθ = s^{p+q}a_m p, q θ G_j , G_m, D_{jm} x_j θ = s^pa_j , x_mθ = s^q a_m p, q q | p θ N_m x_mθ = s^pa_m □ E Σ

σ [m /x , . . . , m_n/x_n] x_i m_i (σ) σ {x , . . . , x_n} s^nxa n x a s≈t s, t

s^nx_ia s^{n+mi} a S s → t

→ →^∗ → t t ↓ t →^∗ t ↓ s t ↓→ s

D (t , t , t , t ) t λt λ =, |, <, ≤ t_i +, D ( (x , ), , y + , y) D [m /x , . . . , m_n/x_n] D

(k, l) k, l i | j k ik = j (j, k, l, m) l ≤ j < k ≤ m k − l | m − j D ∃x . . . ∃x_n k⋀ i= D_i D_i D D D_i j, k, l j = (k, l) j | k j | l d, e kd = le + j D

D_i

x_j = (x_k, x_l) ⇐⇒ x_j | x_k ∧ x_j | x_l∧ ∃y∃z(x_k | y ∧ x_l | z ∧ y + x_j = z) □ k, l, m l < k ≤ m j (j, k, l, m)

R E ⊢_∀ F E F σ R (E, F ) ⊆ (σ) Eσ ⊢ F σ R

∃x . . . ∃x_n k⋀ i= R_i R_i R {x , . . . , x_n} σ R_i [ /x, /y] R sxa ≈ya ⊢_∀ s ya ≈a DR

∃x . . . ∃x_n k⋀ i= B_i B_i D R {x , . . . , x_n} DR B_i P S P S P Σ S D D

R DR DR D

Σ R E Σ {x , . . . , x_n} {a , . . . , a_q } f { , . . . , n} { , . . . , q} E_f E x_i x_ia_{f (i)} E s x ≈x ⊢_∀ x ≈x f( ) = , f( ) = , f( ) = E_f s x a ≈x a ⊢_∀ x a ≈x a

{ , . . . , n} { , . . . , q} M P S R S ⇀↽ {∃x . . . ∃x_n( ⋀ E∈P E_f ) | f ∈ M} P S P P σ Σ s^ma_i m ≤ i ≤ q σ {s^m a_i /x , . . . , s^{mn} a_{in} /x_n} g g(j) ⇀↽ i_j [m /x , . . . , m_n/x_n]

∃x . . . ∃x_n( ⋀ E∈P E_g ) □ R E t a_i≈t a_j E t t DR P R P DR P DR P^′ P R s^px_ka_i DR ∃x . . . ∃x_nB B^′ B s^px_ka_i x_{n+} a_i DR ∃x . . . ∃x_{n+} (x_{n+} = x_k + p ∧ B^′) s^pa_i □ R E a_i R s x a ≈x a , s x a ≈sx a ⊢_∀ x a ≈x a + + + + + = DR B R B E DR j ∈ { , . . . , n − } B_i x_j < x_{j+} DR D DR DR DR DR

DR P h S DR B DR B_{xi←xj} B x_i x_j DR ∃x . . . ∃x_nB DR ∃x . . . ∃x_n(x_i < x_j ∧ B), ∃x . . . ∃x_n(x_j < x_i ∧ B), ∃x . . . ∃x_nB_{xi←xj} h DR DR □ ≻ T_Σ s^na_i ≻ s^ma_j i > j i = j n > m

≻

D E , E E ≡_∀ E (s≈t) ∈ E E ⊢ s≈t (s^′≈t^′) ∈ E E ⊢ s^′≈t^′ E , E E ≡_∀ E E s≈t E, E ⊢ s≈t E, E ⊢ s≈t j, k, l, m, n l < j, m ≤ l, m < k n = (j − l, k − m) + m s^j a_i≈s^la_i, s^ka_i≈s^ma_i ≡_∀ s^na_i≈s^ma_i s^j a_i≈s^la_i, s^ka_i≈s^ma_i ⊢ s^na_i≈s^ma_i d, e (j − l)d = (k − m)e + (n − m) p (k − m)p ≥ l s^ma_i → s^ka_i s^na_i p + e s^{n+(k−m)p+(k−m)e}a_i s^ma_i s^ma_i → s^ka_i p s^la_i → s^j a_i d s^{m+(k−m)p+(j−l)d}a_i s^j a_i≈s^la_i, s^ka_i≈s^ma_i ⊢ s^{n+(k−m)p+(k−m)e}a_i≈s^na_i s^j a_i≈s^la_i, s^ka_i≈s^ma_i ⊢ s^{n+(k−m)p+(j−l)d}a_i≈s^ma_i n + (k − m)p + (k − m)e = m + (k − m)p + (j − l)d □ k, l, m, n, p l < k ≤ m (n, k, l, m) s^ka_i≈s^la_i, s^ma_i≈s^pa_j ≡_∀ s^ka_i≈s^la_i, s^na_i≈s^pa_j k − l | m − n d (k − l)d = m − n n ≥ l s^la_i → s^ka_i d s^na_i s^ma_i s^la_i≈s^ka_i ⊢ s^na^i≈s^ma^i □ k, l, m, n, p l < k, m < k n = k − m + p s^ka_i≈s^la_i, s^ma_i≈s^pa_j ≡_∀ s^la_i≈s^na_j , s^ma_i≈s^pa_j k, l, m, n, p, r l < k ≤ m (n, k, l, m) r = k − n + p s^ka_i≈s^la_i, s^ma_i≈s^pa_j ≡_∀ s^la_i≈s^ra_j , s^na_i≈s^pa_j s^ka_i≈s^la_i, s^ma_i≈s^pa_j ≡_∀ s^ka_i≈s^la_i, s^na_i≈s^pa_j (n, k, l, m) n < k s^ka_i≈s^la_i, s^na_i≈s^pa_j ≡_∀ s^la_i≈s^ra_j , s^na_i≈s^pa_j □ r, l, m, n, p m ≤ r n = r−m+p s^ra_i≈s^la_j , s^ma_i≈s^pa_k ≡_∀ s^na_k≈s^la_j , s^ma_i≈s^pa_k E ⊢_∀ F R Σ E t≈t a_i ∈ Σ E ua_i≈va_j j ≤ i DR S R E ⊢_∀ F E ≻ E t t ↓ E D DR P S DR

P P ∃x . . . ∃x_n(E ⊢_∀ F ∧ Φ) E ⊢_∀ F P^′ P E ⊢_∀ F a_i ∈ Σ E x_j a_i≈x_la_i x_ka_i≈x_ma_i j = l m = k x_j a_i≈x_la_i x_ma_i≈x_ka_i l < j, m ≤ l, m < k E^′ E x_j a_i≈x_la_i, x_k a_i≈x_ma_i x_{n+} a_i≈x_ma_i P^′

∃x . . . ∃x_n∃x_{n+} ∃x_{n+} ∃x_{n+} (x_{n+} + x_l = x_j ∧ x_{n+} + x_m = x_k∧ x_{n+} = x_m + (x_{n+} , x_{n+} )∧ E^′ ⊢_∀ F ∧ Φ) P P^′ a_i, a_j ∈ Σ i > j E x_k a_i≈x_la_i x_ma_i≈x_pa_j k = l x_ka_i≈x_la_i E l < k

k > m P P^′ ∃x . . . ∃x_n∃x_{n+} (x_{n+} + x_m = x_k + x_p ∧ E^′ ⊢_∀ F ∧ Φ) E^′ E x_ka_i≈x_la_i x_{n+} a_j ≈x_la_i k ≤ m P P^′ ∃x . . . ∃x_n∃x_{n+} ∃x_{n+} ( (x_{n+} , x_k, x_l, x_m)∧ x_{n+} + x_{n+} = x_k + x_p∧ E^′ ⊢_∀ F ∧ Φ) E^′ E x_k a_i≈x_la_i, x_ma_i≈x_pa_j x_la_i≈x_{n+} a_j , x_{n+} a_i≈x_pa_j a_i, a_j , a_k ∈ Σ i > j i > k E x_ra_i≈x_la_j x_ma_i≈x_pa_k m ≤ r P P^′

∃x . . . ∃x_n∃x_{n+} (x_{n+} + x_m = x_r + x_p ∧ E^′ ⊢_∀ F ∧ Φ)

E^′ E x_r a_i = x_la_j x_{n+} a_k = x_la_j

P^′ P □

E ⊢_∀ F Σ E^′ E ≻ (s → t) ∈ E^′ s≈t ∈ E s ≻ t Σ E^′

s^ma_i ↓= s^na_i, (n, k, l, m) (s^ka_i → s^la_i) ∈ E^′ k ≤ m s^{m−k+l}a_j ↓ (s^ka_i → s^la_j ) ∈ E^′ i > j k ≤ m s^ma_i

s, t E ⊢ s≈t s ↓= t ↓

DR D DR P > DR

P P ∃x . . . ∃x_n(E ⊢_∀ F ∧ Φ) P^′ P F t≈t P^′ ⇀↽ ∃x . . . ∃x_nΦ P P^′ F x_ma_i≈x_pa_i m ≠ p E x_ka_i≈x_la_i k ≤ m, k ≤ p k > l P^′

∃x . . . ∃x_n∃x_{n+} ( (x_{n+} , x_k , x_l, x_m)∧ (x_{n+} , x_k, x_l, x_p) ∧ Φ) P P^′

F x_ma_i≈x_pa_i E x_k a_i≈x_la_i k ≤ m, k > p k > l P^′ ∃x . . . ∃x_n( (x_p, x_k, x_l, x_m) ∧ Φ)

F x_ma_i≈t E x_k a_i≈x_la_j i > j k ≤ m P^′ ∃x . . . ∃x_n∃x_{n+} (E ⊢_∀ x_{n+} a_j ≈t∧ x_{n+} + x_k = x_m + x_l ∧ Φ)

P D ∃x (x < x ) P^′ P □

P Σ D

P DR D □

E Σ Σ_n E Σ E Σ_n n > Σ^m_n ⇀↽ {f , . . . , f_n, c , . . . , c_m} f , . . . , f_n c , . . . , c_m E Σ_n n > E Σ ⇒ ⇐ S Σ_n x , . . . , x_m k ≥ S c , . . . , c_k f_i Σ_n f f^i Σ S^′ S f_i f f^i j ∈ { , . . . , m} {f f^ic ≈c | i ∈ { , . . . , n}}∪ {c ≈c , . . . , c ≈c_k} ⊢_∀ x_j ≈c S S^′ □

E

x_i x_j x_k R R x_l {f , . . . , f_n, c_l} l ∈ {i, j, k} c_i≈x_j , c_j ≈c_k ⊢_∀ x_i≈x_k R {V c_i/x_i, W c_j /x_j , V W c_k/x_k} V, W f , . . . , f_n □ E Σ

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

E

⃗E

E

E

E