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Abstract. Several approaches to optical flow estimation use differential 
methods to model changes in image brightness over time. In computer vision it 
is often desirable to over constrain the problem to more precisely determine the 
solution and enforce robustness. In this paper, two new solutions for optical 
flow computation are proposed which are based on combining brightness and 
gradient constraints using more than one quadratic constraint embedded in a 
robust statistical function. Applying the same set of differential equations to 
different quadratic error functions produces different results. The two 
techniques combine the advantages of different constraints to achieve the best 
results. Experimental comparisons of estimation errors against those of well-
known synthetic ground-truthed test sequences showed good qualitative 
performance. 

1   Introduction 

Many methods for computing optical flow have been proposed over the years, 
concentrating on the accuracy and density of velocity estimates. Variational optic 
flow methods belong to the best performing and best understood methods. The energy 
functional can be designed in such a way that it preserves motion boundaries, is 
robust under noise or invariant to illumination changes, it handles large displacements 
and adapts to occlusion or mismatches. Differential methods allow optic flow 
estimation based on computing spatial and temporal image derivatives and can be 
classified into techniques that minimize local or global energy functions. Both 
methods attempt to overcome the ill-posedness due to the aperture problem where 
computing the optic flow component is only possible in the direction of intensity 
gradient, i.e. normal to image edges. Therefore, differential methods use smoothing 
techniques and smoothness assumptions. Local techniques use spatial constancy 
assumptions, e.g. in the case of the Lucas-Kanade method [1]. Global techniques 
supplement the optic flow constraint with a regularizing smoothness, e.g. Horn and 
Schunck [2]. Combining the different smoothing effects of local and global methods 
provides the robustness of local methods with the full density of global methods [3]. 
Extending the optic flow brightness constancy assumption by a gradient constancy 
assumption yields excellent results at the expense of extra computation [4, 5, 6] 
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compared to the combined local-global method. Other constancy assumptions are 
possible, such as the constancy of the Hessian or the Laplacian [7], that reveal certain 
advantages in comparison to the brightness constancy assumption. The data term of 
the energy function usually embeds the constancy assumption in a quadratic norm that 
is nonlinear with respect to motion components. Since this causes problems when 
minimizing the energy function, first order Taylor expansion is often used to linearize 
the expression and make solution easier. However, the linear approximation is 
accurate only if the image gradient changes linearly along the displacement and fails 
in the presence of large displacements. Coarse-to-fine strategies or multiresolution 
approaches [3, 8, 9] overcome this limitation by incrementally refining the optic flow 
from a coarse scale to a finer scale. The coarse scale motion is used to warp the 
original sequence before going to the next finer level, resulting in a hierarchy of small 
displacement problems at each level. The final result is obtained by a summation of 
all motion increments and is more accurate. To compute optical flow robustly, 
outliers should be penalized less severely. Therefore, robust statistical formulation 
makes the recovered flow field less sensitive to assumption violations by replacing 
the quadratic penalizer by nonquadratic penalizers [3, 7, 10, 11]. Although this leads 
to nonlinear optimization problems, they give better results at locations with flow 
discontinuities. Currently, the most popular regularizers of optical flow estimation are 
the variational based isotropic or anisotropic smoothness operators where the latter 
considers discontinuities at the motion boundaries [12]. Finally, spatiotemporal 
approaches use the information of an additional dimension to consider spatiotemporal 
smoothness operators by simply replacing 2D Gaussian convolution with 3D 
spatiotemporal Gaussian convolution. Spatiotemporal versions of the Horn and 
Schunck and Combined Local Global (CLG) methods  have been proposed [3, 13] 
where the energy functions are extended by including temporal data (3D). Thus the 
minimization is understood in a spatiotemporal way over more than two frames. In 
general, experiments showed that extending the energy function with temporal data 
obtaining a spatiotemporal formulation give better results than spatial ones [13] 
because of the additional denoising in the temporal dimension. Over-constraining the 
optical flow problem allows more precise determination of a solution. Moreover, it 
uses redundant information to enforce robustness with respect to measurement noise. 
Constraints can be obtained using several approaches by either applying the same 
equation to multiple points or defining multiple constraints for each image point [14]. 
The latter can be obtained by applying a set of differential equations [15] or applying 
the same set of equations to different functions which are related to image brightness.  

In this paper, section 2 discusses the main optical flow constraints involved in local 
and global optic flow approaches and the use of higher image derivatives. Section 3 
proposes a novel variational approach that integrates the gradient constraint into 
different error functions which can be minimized with numerical methods. Based on 
the results, we extend in section 4 the method with brightness constraint to allow for 
more competition between the constraints and the use of multiple robust functions. 
Then section 5 presents mulitresolution techniques that implement warping to correct 
the original sequence before going to the next finer level by creating a sophisticated 
hierarchy of equations with excellent error reduction properties. Qualitative 
experiments using a number of synthetic and real image sequences are presented in 
section 6 and a summary concludes the paper. 
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2   Optical Flow Constraints 

In this section we derive our variational model for the combined constancy 
assumptions. Since its formulation is essentially based on the variational optic flow 
methods we start by giving a short review. Let us consider some image sequence 
I(x,y,t), where (x,y) denotes the location within a rectangular image domain Ω and 

[0, ]t T∈  denotes time. Many differential methods for optic flow are based on the 

optical flow constraint (OFC) assumption that the brightness values of image objects 
do not change over time, i.e. constancy of the brightness value: 

( , , 1) ( , , )I x u y v t I x y t+ + + = ,      0,x y tI u I v I+ + =  (1) 

where the displacement u(x,y,t), v(x,y,t) is called the optic flow. For small 
displacements, we may perform a first order Taylor expansion yielding the optic flow 
constraint where subscripts denote partial derivatives. In order to cope with the 
aperture problem (the single OFC equation is not sufficient to uniquely compute the 
two unknowns u and v), Lucas and Kanade [1] assumed that the unknown optic flow 
vector is constant within some neighbourhood of size ρ and introduced an equation 
that can be solved if the system matrix is invertible. Unlike the Lucas-Kanade method 
which is local, Horn and Schunck [2] introduced a global method that adds a 
regularization constraint to the energy function to determine the unknown u and v, 

( )2 2 2( , ) ( ) (| | | | )HS x y tE u v I u I v I u v dxdyα
Ω

= + + + ∇ + ∇∫  (2) 

α>0 is a regularization parameter. At locations where no reliable flow estimate is 

possible i.e. with the gradient | | 0I∇ ≈ , the regularizer 2 2| | | |u v∇ + ∇ fills in 
information from the neighbourhood which results in completely dense flow fields. 
The CLG method [3] complements the advantages of both approaches, benefiting 
from the robustness of local methods with the density of global approaches: 

( )2 2 2( , ) *( ) (| | | | )CLG x y tE u v K I u I v I u v dxdyρ α
Ω

= + + + ∇ + ∇∫  (3) 

The method also proved robust with respect to parameter variations. Variational 
methods require the minimization of an energy functional, which, from the 
discretization of the Euler-Lagrange equations, results in linear or non-linear systems 
of equations. The large sparse system of equations is minimized iteratively using 
Gauss-Seidel or Successive Over Relaxation SOR methods.  

Although the brightness constancy assumption works well, it cannot deal with 
either local or global changes in illumination. Other constancy assumptions such as 
the gradient constancy assumption (which assumes the spatial gradients of an image 
sequence to be constant during motion) are applied [5, 6]. A global change in 
illumination affects the brightness values of an image by either shifting or scaling or 
both. Shifting the brightness will not change the gradient; scaling affects the 
magnitude of the gradient vector but not its direction. 



14 A. Fahad and T. Morris 

0, 0.xx xy xt yx yy ytI u I v I I u I v I+ + = + + =  (4) 

It is to be noted that the grey value and gradient constancy assumptions yield good 
results; other higher order constancy assumptions may be applied. One choice 
including second order derivatives is the Hessian. Not all constancy assumptions 
based on derivatives perform equally well, neither are they well-suited to estimate 
different types of motion. 

3   Variant Gradient Constraint Formulation 

The gradient constraint produces two equations with the two unknowns of the optical 
flow in the spatial domain. Reformulating equation 3 using the gradient constraint 
produces two energy functions, equations (5) and (6) (we only show the data 
constraint without the regularization for brevity). One function (eq. (5)) penalizes 
each data constraint with a quadratic error, and the other one (eq. (6)) penalizes both 
data constraints with one quadratic error, 

2 2( , ) ( ) ( )data xx xy xt yx yy ytE u v I u I v I I u I v I dxdy
Ω

= + + + + +∫  (5) 

2( , ) (( ) ( ) )data xx yx xy yy xt ytE u v I I u I I v I I dxdy
Ω

= + + + + +∫  (6) 

Table 1. shows the results of using both equations to process the Yosemite sequence 
that has ground truth. The results show that using equation (6) generates results with a 
smaller average angular error (AAE, which is defined below by equation 14). 
However, re-formulating the equations by replacing the quadratic error terms by non-
quadratic penalizers, where outliers are penalized less severely, produced different 
results. The reformulated expressions are equations (7) and (8) with their AAE results 
presented in Table 1. 

( )2 2
1( , ) ( ) ( )data xx xy xt yx yy ytE u v I u I v I I u I v I dxdyψ

Ω

= + + + + +∫  (7) 

( )2
1( , ) (( ) ( ) )data xx yx xy yy xt ytE u v I I u I I v I I dxdyψ

Ω

= + + + + +∫  (8) 

where ψ1(s
2) and ψ2(s

2) are nonquadratic penalisers. Using these to process the 
Yosemite sequence gave the results presented in Table 1. We notice equation (7) gave 
less AAE than equation (8). Furthermore, we analyze the optical flow generated for 
each pixel looking for smaller angular errors. Figure 1(a) shows two different colours, 
light and dark gray. Light gray regions represent where equation (7) generated smaller  
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angular error than equation (8) and vice versa for dark regions. Obviously, the two 
energy functions produced different results and neither of them has produced a 
smaller angular error for all pixels. An explanation for this behaviour can be given as 
follows. Let us denote e1 to be the error from the x-derivative (Ix) constancy constraint 
and e2 to be the error from the y-derivative (Iy) constancy. At locations where e1 and 
e2 are quite small, the smoothing constraint becomes more important making flow 
fields more regularized which can be noticed in cloudy regions of the sequence 
having very small gradients. Since 2 2 2

1 2 1 2( )e e e e+ ≤ + for all e1 and e2 both negative 
and non-negative, thus using one quadratic error gives higher error values making the 
regularization less important in cloudy regions with very small gradients. On the other 
hand, balancing between e1 and e2 in equation (7) allows both gradient constancy 
errors to compete for the best flow field.  Hence, it would be interesting to construct a 
hybrid data constraint that constitutes the best features of the two constraints. 
Therefore, we propose a new energy function that combines the gradient constraint 
equations using more than one penalizer, equation (9), 

( )

( )

2 2
1

2
1

( , ) ( ) ( )

(( ) ( ) )

data xx xy xt yx yy yt

xx yx xy yy xt yt

E u v I u I v I I u I v I

I I u I I v I I

ψ

ψ

= + + + + + +

+ + + + +

∫

∫
 (9) 

The new energy function benefits from balancing between the two penalizers. 

Table 1. Comparison between the different combination of brightness and gradient data const-
raints used in the energy functions applied to the cloudy Yosemite sequence. The table shows the 
average angular error between the ground truth and the computed direction of motion. 
 

Frame Eq.(5) Eq.(6) Eq.(7) Eq.(8) Eq.(10) Eq.(11) 
6 6.98 6.71 5.86 6.14 5.54 6.04 
7 6.43 6.24 5.35 5.67 5.26 5.62 
8 6.48 6.28 5.35 5.67 5.26 5.62 
9 6.85 6.65 5.46 5.77 5.37 5.72 
10 6.56 6.37 5.55 5.87 5.46 5.82 

4   A Combined Brightness-Gradient Constraint 

The previous approaches used only the gradient constancy assumptions. Brox. [5] 
introduced competition between the brightness constancy and the gradient constancy 
that produced the best optical flow results by delaying the linearization of constraints. 
He applied methods from robust statistics where outliers are penalized less severely: 

( ) ( )( )2 2
1

( , )

( , 1) ( , ) ( , 1) ( , )

data

dxdy

E u v

I x w t I x t I x w t I x tψ γ
Ω

=

+ + − + ∇ + + − ∇∫  (10) 
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Reformulating equation (10) by penalizing both brightness and gradient constancy 
constraints using one quadratic error and using robust statistics we find, 

( )( )2
1

( , )

( , 1) ( , ) ( , 1) ( , )

dataE u v

I x w t I x t I x w t I x tψ γ γ
Ω

=

+ + − + ∇ + + − ∇∫  (11) 

Table 1 shows the results of applying both equations to process the Yosemite 
sequence and comparing the results to the ground truth. The results show a smaller 
average angular error (AAE) for equation (10) maintaining all other parameters 
constant. However, figure 1 shows two different regions where small angular errors 
are found, and no method produced a globally smaller angular error. Therefore, to 
benefit from the advantages of both energy functions we propose a hybrid data 
constraint that combines both brightness and gradient constancy constraints,  

( )

( )

2 2 2 2
1

2 2
2

( , ) ( )

| | | |

E u v BC GCx GCy BC GCx GCy

u v dxdy

ψ γ γ γ γ

αψ
Ω

Ω

= + + + + + +

∇ + ∇

∫

∫
 

, ,x y t xx xy xt yx yy ytBC I u I v I GxC I u I v I GyC I u I v I= + + = + + = + +  

(12) 

where γ is constant. We notice in the new energy function the competition between 
three data constancy terms. This competition allows the optical flow field that reaches 
the minimum by fitting the brightness constancy, the gradient constancy and both 
brightness and gradient constancy such that each constancy term has one quadratic 
error. 

5   Nonquadratic Implementation and Multiresolution Approach 

At locations with flow discontinuities, the constancy assumption model for motion 
analysis may not be capable of determining the optical flow uniquely, especially in 
homogenous areas or where there are outliers caused by noise, occlusions, or other 
violations of the constancy assumption. Moreover, the smoothness assumption does 
not respect discontinuities in the flow field. In order to capture locally non-smooth 
motion [3, 10] and data outliers [6, 12], it is possible to replace the quadratic penalizer 
with a nonquadratic penalizer in the energy function. We use a function proposed by 
[3] where the bias that a particular measurement has on the solution is proportional to 

the derivative of the penalizer function 2 2 2( ) 2 1 /i i is sψ β β= + , where the βi arescal-

ing parameters. The energy functional now is not solved using linear optimization 
methods and is regarded as a nonlinear optimization problem. 



 Multiple Combined Constraints for Optical Flow Estimation 17 

  

Fig. 1. (a) Light gray areas represent equation (7) holding smaller angular error and dark areas 
equation (8) holding smaller angular error. (b) The same results for equation (10) and (11). 

( )
( )( )( )

( )
( )( )( )

2 2'
2

2' 2 2 2
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2 2'
2

2' 2 2 2
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0

1
,

0

1
.

div u v u

BC GCx GCy BC GCx GCy J u J v J

div u v v

BC GCx GCy BC GCx GCy J u J v J

ψ

ψ γ γ γ γ
α

ψ

ψ γ γ γ γ
α

⎛ ⎞= ∇ + ∇ ∇ −⎜ ⎟
⎝ ⎠

+ + + + + + +

⎛ ⎞= ∇ + ∇ ∇ −⎜ ⎟
⎝ ⎠

+ + + + + + +

 

where, 

2 2 2 2
11

12 21

2 2 2 2
22

13

23

( )

( )( ).

( )

( )( )

( )(

x xx yx x xx yx

x y xx xy yx yy x xx yx y xy yy

y xy yy y xy yy

x t xx xt yx yt x xx yx t xt yt

y t xy xt yy yt y xy yy t

J I I I I I I

J J I I I I I I I I I I I I

J I I I I I I

J I I I I I I I I I I I I

J I I I I I I I I I I

= + + + + +

= = + + + + + + +

= + + + + +

= + + + + + + +

= + + + + + + )xt ytI I+

 

(13) 

Since we consider linearizing the constancy assumptions, multiscale focusing or 
multiresolution strategies are required for large motions. These techniques 
incrementally compute the optic flow based on a sophisticated coarse to fine strategy 
[3, 9, 11] where the coarsest scale resolution is refined. Then the coarse scale motion 
is used to warp the original sequence before continuing to the next finer level. This is 
different from using the estimated flow at the coarse level as initialization for the next 
finer level which only speeds up the convergence. The final displacement is the sum 
of all the motion displacement computed at each level, so called motion increments. 

6   Experiments 

In this section, we present the results of testing our algorithm on a variety of synth-
etic image sequences. Comparisons of our results with the previously reported results 
 are made to demonstrate the performance of our algorithm. We evaluate the 
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algorithm using the Yosemite sequence with cloudy sky obtained from 
ftp://ftp.csd.uwo.ca/pub/vision. We compare the average angular error defined by 
Barron et al. [8] with respect to the ground truth flow field, 

2 2 2 2

1
arccos

( 1)( 1)

c e c e

c c e e

u u v v
Angular Error

u v u v

⎛ ⎞+ +⎜ ⎟=
⎜ ⎟+ + + +⎝ ⎠

 (14) 

where (uc,vc) denotes the correct flow, and (ue,ve) is the estimated flow. Table 2 shows 
the results of combined gradient constraint using two quadratic errors in equation (9) 
which reflect better results than using only the gradient constraint with one quadratic 
error as in Table 1. The reason for this is that the gradient constancy is invariant under 
brightness changes. This behaviour agrees with the theoretical consideration of 
Papenberg et al. [7] where higher order terms are superior in areas where illumination 
changes (the sky region). We fix all the parameters for all energy functions except for 
the robust function parameters β1 and β2 to values in the range between 1×10-4 5×10-2.  

Table 2. Average angular errors computed for the cloudy Yosemite sequence for five different 
frames using two flow computations. Std. Dev.: standard Deviation of AAE.  

Yosemite# Eq. (9) Std. Dev. Eq.(12) Std. Dev. 
6 5.36 7.30 5.28 7.30 
7 4.85 6.76 4.73 6.73 
8 4.85 6.76 4.72 6.73 
9 4.95 6.74 4.83 6.71 
10 5.05 6.78 4.93 6.75 

Table 3. Average angular errors for the Office sequence under varying amounts of added noise. 
The combined Local-Global approach into the data functions ameliorates the effect of noise, the 
noise still affects the gradient constraint. 

 Yosemite with Cloud Office 
σn AAE STD AAE STD 
0 4.82° 6.73° 3.20° 4.20° 
5 5.51° 7.74° 3.80° 4.39° 

10 6.89° 8.63° 4.77° 4.86° 
20 11.59° 11.26° 7.09° 6.42° 

In another experiment we studied the effect of noise on the robustness of the 
equations. We added white Gaussian noise to the synthetic Yosemite and Office 
sequence (www.cs.otago.ac.nz/research/vision/). We can observe in Table 3 that the 
flow computations using the method suffered a little when severely degraded by 
Gaussian noise since the functional contains higher order terms. Therefore, in the 
future, we intend to delay the linearization of the data constraints to avoid such 
degradation. 
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(a) (b)

(c) (d)

(e) (f)

 

Fig. 2. (a) Frame 8 of the Yosemite sequence with clouds. (b) Ground truth between frame 8 
and 9 for the sequence with clouds. (c) Computed flow field by equation 12 for the sequence 
with clouds. (d) Frame 8 of the Office sequence. (e) Ground truth (f) Computed flow field by 
equation 12. 

7   Conclusion 

In this paper, we have introduced a combination of constancy assumptions for optic 
flow computation under local global smoothing effects. The new energy functional 
data term contains brightness and gradient constancy assumptions. While each of 
these concepts has before proved its use, we have shown that their combination into 
different quadratic errors and under smoothing regimes delivers better results. A full 
multigrid strategy avoids local minima and helps improve the convergence of the 
solution to a global minimum. We further showed that the improved results come at 
the price of being more sensitive to noise. 
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