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Abstract

The main contribution of this thesis is the application of the
first-order theorem prover DARWIN, the implementation of
the Model Evolution calculus, to software verification prob-
lems. It is attempted to embed the theorem prover as a de-
cision procedure in the KEY system for formal specification
and verification.

As a true first-order calculus, Model Evolution does not have
to rely on ground instantiations, giving it an advantage in rea-
soning with quantifiers and uninterpreted function symbols
that is required for the class of proof obligations that are ex-
amined.

This work is also a first approach towards satisfiability mod-
ulo theories in Model Evolution. It gives a heuristic imple-
mentation that is shown to be successful for a number of ex-
amples and discusses alternative possibilities to lift ground
procedures of satisfiability modulo theories to the first-order
calculus.






Deutsche Zusammenfassung
(German Abstract)

Diese Arbeit verfolgte das Ziel, den Theorembeweiser DARWIN als Ent-
scheidungsprozedur im KEY-System zur Softwareverifikation einzusetzen.
Dort werden die in einem integrierten Ansatz von objektorientierter Soft-
wareentwicklung und -spezifikation gewonnenen Beweisverpflichtungen
in einem taktisch gefiihrten Ansatz bearbeitet. Dabei ist an bestimmten
Stellen Interaktion mit den Benutzern noétig, um die ndchsten Schritte
auszuwdhlen.

Um diese Interaktion zu eliminieren, wurden vom KEY-System ausge-
hend Ansidtze untersucht, Beweisverpflichtungen an automatische Theo-
rembeweiser zu delegieren. Diese Arbeit konzentriert sich darauf, DAR-
WIN, die Implementierung des Kalkiils der Modellevolution, auf seine Eig-
nung als Entscheidungsprozedur fiir Probleme der Softwareverifikation,
generiert von KEY, zu untersuchen.

Die Schwierigkeiten dieses Ansatzes sind hauptséchlich auf der Seite
von DARWIN zu finden, jedoch kann dessen Einsatz Erfolg fiir KEY ver-
sprechen. Modellevolution ist ein instanzbasiertes Verfahren fiir Logik er-
ster Stufe, das den im aussagenlogischen Fall duflerst erfolgreichen DPLL-
Algorithmus liftet. In beiden Ansdtzen wird inkrementell eine Interpre-
tation der Klauselmenge konstruiert bis ein Widerspruch auftritt oder ein
Modell gefunden wurde. Die direkte Verfiigbarkeit eines Modells konnte
es KEY erlauben, dieses als zusétzliche Information iiber einen fehlgeschla-
genen Beweis zu verwenden, oder einen Beweis zu zertifizieren. Im Gegen-
satz zu anderen instanzbasierten Methoden fiir Logik erster Stufe, die
Grundinstanzen annehmen, steht der Modellevolution die Termstruktur
zur Verfiigung, so dass ein echt méchtigeres Schliefien moglich ist.

Beweisverpflichtungen, insbesondere im Kontext der Softwareverifika-
tion, treten hdufig in Verbindung mit einer Hintergrundtheorie auf, die
die Semantik der Programmumgebung formalisiert. Erfiillbarkeit modulo
einer Theorie ist fiir instanzbasierte Methoden ein aktueller Forschungs-
bereich. In dieser Arbeit wird ein erster Ansatz verfolgt, mit Modellevolu-
tion modulo einer Theorie zu schliefsen und den Kalkiil somit einem wichti-
gen Anwendungsgebiet zu 6ffnen.

Als Hintergrundtheorie fiir Beweisverpflichtungen wahlt KEY die Ver-
einigung der Theorie der Arrays und der linearen Ganzzahlarithmetik
(AUFLIA). Quantoren sind in dieser Theorie ebenso erlaubt wie uninter-
pretierte Funktionssymbole, so dass der Kalkiil der Modellevolution als
Verfahren fiir Logik erster Stufe seine Stdrken hier besonders ausspielen
kann.

Die Verbindung zwischen KEY und DARWIN wird von der SMT-LIB-
Initiative geschaffen, deren Ziel eine Bibliothek von Benchmarks fiir Erfiill-
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barkeit modulo Theorien ist. Der Export in deren syntaktischer Spezifika-
tion ist in KEY bereits vorhanden, in einem ersten Schritt wurde ein Import
in diesem Format fiir DARWIN implementiert.

Die Theorie der Gleichheit liegt fast jeder Theorie zugrunde, insbeson-
dere auch der AUFLIA-Theorie. Gleichheitsschliefsen in Modellevolution
wurde zwar formuliert, war zum Zeitpunkt dieser Arbeit jedoch noch nicht
in DARWIN verfiigbar. Um laufende Arbeiten daran nicht zu duplizieren,
wurde eine Approximation von Gleichheitsschlieflen mit Ersetzungsregeln
verwendet, die rein operational definiert wurde, ohne den Kalkiil zu veran-
dern, so daf$ trotzdem Ergebnisse erzielt werden konnten, fiir die mit der
Integration des Gleichheitsschlieflens in den Kalkiil der Modellevolution
eine starke Verbeserung zu erwarten ist.

Aus einer Betrachtung verschiedener Verfahren fiir Schlieflen modulo
Theorien im aussagenlogischen DPLL-Kalkiil ergaben sich keine im Rah-
men dieser Arbeit umsetzbare Ansdtze, diese in den Kalkiil der Mod-
ellevolution zu liften, wie Modellevolution selbst ein Lifting des DPLL-
Verfahrens ist.

Es wurde dann ein heuristischer Ansatz verfolgt, der im Allgemeinen
unvollstindig ist und wiederum rein operational ohne Verdnderung des
eigentlichen Kalkiils implementiert ist. Die Klauselmenge wird in eine
kanonische Form transformiert und mit einer Menge von passend for-
mulierten Theorieaxiomen, in diesem Fall der AUFLIA-Theorie, vereinigt.

Mit diesem Ansatz konnten verschiedene Beispiele aus dem Bereich der
Softwareverifikation, die von KEY oder der SMT-LIB stammten, erfolg-
reich bearbeitet werden.
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Chapter 1

Introduction

The ultimate goal set for this work is to use the theorem prover DARWIN as
a decision procedure for the verification of software within the KEY system
that is used in an integrated approach to object-oriented software develop-
ment and verification. It generates proof obligations from a specification
and uses its own prover to follow them. At certain points in the tactically
guided proof construction, interaction with the user is required to choose
the next derivation steps.

To minimize interactivity and involvement of the user, possibilities
have been explored to delegate proof obligations to back-end provers to be
embedded in the KEY system. This work focusses on the implementation
of the Model Evolution calculus DARWIN, which is an automated theorem
prover, as a decision procedure for such proof obligations.

With the challenges of the approach mostly on DARWIN’s side, it can
offer some rewards to the KEY system. The Model Evolution calculus is
an instance-based method on clauses in first-order logic with a proper first-
order reasoning. The idea behind instance-based methods is to build up an
interpretation of the clause set until contradiction or saturation. With the
direct availability of an interpretation, the generated proof could be certi-
tied or a model could be returned, making it possible to rely on the proof or
use information from the interpretation in the KEY system. In contrast to
other instance-based methods that use ground instances, Model Evolution
retains the first-order structure of the clauses and can exploit the advantage
of still having the term structure at its hand making the reasoning more
powerful.

Proof obligations especially in a software verification context most often
imply reasoning modulo a background theory that formalizes the seman-
tics of the programming environment. For instance-based methods that
appeared only recently, satisfiability modulo theories is an active area of
current research and no prior results exist for Model Evolution modulo the-
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2 CHAPTER 1. INTRODUCTION

ories. This work takes a first step towards making the calculus applicable
to problems from the important domain of software verification.

Outline of the Work

Setting the stage for our endeavors we need to introduce several systems
that will be described for the rest of this chapter.

As the KEY system is already equipped to export its proof obligations
in the SMT-LIB format, it was only necessary to make DARWIN literate in
that format. Chapter 2 will discuss issues of our implementation.

The following chapter 3 is concerned with the background theory satis-
fiability has to be checked modulo. KEY sets this theory to be the so-called
AUFLIA theory of arrays, uninterpreted functions and linear integer arith-
metic.

Equational reasoning is at the heart of almost any background theory
and also plays an important role in the AUFLIA theory that is used through-
out this work. Though the calculus of Model Evolution with equality has
been defined, there is no implementation yet. In chapter 4 we describe our
approximation of rewrite-based equational reasoning that was conceived
to be easily implementable without duplicating efforts for and interfering
with a soon available version of DARWIN with equational reasoning.

Chapter 5 finally contains thoughts towards theory reasoning in the
Model Evolution calculus and a first heuristic approach. We have evalu-
ated it with proof obligations from the KEY system as well as with bench-
marks from SMT-LIB and discuss the performance of our approach.

We conclude with chapter 6 by summarizing our results and pointing
out some open ends that could be subjects of further research.

System descriptions

The already mentioned KEY system is the starting point and source of proof
obligations. The implementation of the Model Evolution calculus DARWIN
is to be used as a decision procedure within KEY. We will briefly discuss
the main features of the calculus and its roots in the DPLL procedure. The
link between KEY and DARWIN is provided by the SMT-LIB initiative that
created a library of benchmarks to compare solvers for satisfiability modulo
theories and established a syntactical specification for those benchmarks
that will be used a means of exchange here.



KEY

The KEY system is a joint project at the Universities of Karlsruhe and
Koblenz-Landau and the Chalmers University in Goteborg, see [BHS07]
for a detailed description.

The KEY approach to software verification tries to integrate formal
specification and verification as seamlessly as possible into the process of
designing software. This is achieved by embedding the KEY tools into
computer-aided software engineering (CASE) tools, currently there are
plug-ins for the environments Borland Together and Eclipse IDE available.

The target language is JAVA CARD which is a subset of the JAVA lan-
guage that basically allows sequential, i. e. non-threaded, JAVA programs
without dynamic class loading and floating point types. JAVA CARD is sup-
posed to be used on smart cards and similar devices where the full features
of JAVA are not needed, but applications are often security-critical so that
verifying the correctness of an implementation is more than desirable.

In Borland Together the software is modelled using the Unified Mod-
elling Language (UML) and verification conditions are specified in the Ob-
ject Constraint Language (OCL) which is part of UML. The Eclipse IDE
chose the Java Modelling Language (JML) for both tasks.

In both environments the user can apply standard design patterns that
have been prepared to make it easier for them to write verification con-
ditions, they are further supported by other means to make formal speci-
fication really accessible to a user with an intermediate literacy in formal
methods.

The formal specification that has been created in a CASE tool is then
translated to a dynamic logic and the interactive prover runs a sequent cal-
culus on it. This part of the KEY system can be used as a stand-alone tool
as well. The derivation is governed by the tactlet mechanism that applies
to the sequent a set of find-and-replace rules that consists of the derivation
rules of the calculus as well as of more heuristic and theory specific rules.
It is by choosing a tactlet to be applied where the user can and sometimes
has to guide the derivation.

To decrease interactivity, many approaches have been considered, one
of them being the translation to SMT-LIB syntax of an open proof goal to be
closed by an external prover that can be called at any time in the derivation.

DARWIN

The Model Evolution calculus was conceived as a first-order lifting of the
Davis-Putnam-Logemann-Loveland procedure (DPLL), named after its au-
thors who described it in [DP60] and [DLL62]. Though DPLL was origi-
nally intended as a decision procedure for satisfiability of first-order clause
sets as well, it handles quantifiers quite inefficiently and is nowadays al-
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most exclusively but with great success used only on ground propositional
clauses.

This ground propositional DPLL procedure can be described quite el-
egantly with a sequent-style calculus as in [Tin02]. It starts with a set of
clauses ® and an empty context A that in each derivation step is a set of
ground literals that must be true for the clause set ® to be satisfiable. This is
meant by the sequent A I @ that is maintained throughout the derivation.
A is incrementally filled from the clause set ® until it becomes contradic-
tory or saturated. In the latter case the context A is a Herbrand model for
the clause set ®.

On a short glance at the calculus as described by [Tin02], the context A
is grown by the rule

AF @, {1}

that puts the literal [ into the context — unless the literal / or its opposite —I
has already been asserted — so that the unit clause {!} is satisfied.

The second rule that affects the context guesses the truth value of a lit-
eral p and splits the derivation tree in two branches for asserting p and —p,
respectively

AF @, {CVyp}
A pkE®,{CVp} A,—-pkE®,{CVp}

ifpg Aandp¢ A (1.2)

In a derivation branch the context always grows, literals are never removed
from it.

There are two rules left that modify the clause set but not the context.
The subsume rule removes clauses that are already satisfied by the context
while the resolve rule detects a contradiction between a literal in the context
and a literal in a clause. It tries to repair the situation by removing the literal
from the clause so that another literal has to satisfy the clause. If this is not
possible, the current branch of the derivation tree is closed and if there is
no choice point left to backtrack to, the clause set is unsatisfiable.

If the calculus reaches a sequent A = @ with an right-hand side that has
become empty by subsumption, the clause set is satisfiable and the current
context A is a model for it.

The Model Evolution calculus is a direct lifting of this DPLL procedure
as described by [BT03]. The context is now no longer a set of ground literals
but a finite representation of a first-order interpretation. The rules from the
DPLL calculus are changed to handle non-ground literals in the clause set
and two additional rules are needed.

But still, the underlying idea stays the same: asserting truth values from
unit clauses or splitting on guessed truth values for literals from non-unit
clauses, removing subsumed literals and detecting contradictions between



the context and literals in clauses. If all branches in the derivation tree are
closed, the clause set is unsatisfiable, if the right-hand side of the sequent is
empty, the context is a model for the clause set which has thus been proven
to be satisfiable.

The version of DARWIN that is current at the time of writing imple-
ments the Model Evolution calculus as introduced here, a detailed descrip-
tion is [BFT04]. The Model Evolution calculus with equality in [BT05] has
not been implemented yet and only this work is a first approach towards
satisfiability modulo theories with Model Evolution.

SMT-LIB

The goal of the SMT-LIB initiative, as stated by its coordinators, is to “pro-
duce an on-line library of benchmarks for Satisfiability Modulo Theories”
[RTO06]. A benchmark is to be understood as a single formula that may un-
derlie a set of assumptions whose satisfiability is to be checked with respect
to a specified background theory.

While the SMT-LIB format is not explicitly intended to be used as a
means of exchange between systems, it will do very well for this purpose.
A proof obligation or a goal in KEY is nothing but a formula to be checked
for satisfiability in a certain background theory. As will be described below,
SMT-LIB defines background theories separately from the formula to be
checked, thus minimizing the information that has to be passed from KgY
to DARWIN and allowing the latter to employ its own rules of inference on
the theory.

The current version of the SMT-LIB at time of writing was 1.2, released
on 30 August 2006, see [RT06]. As the SMT-LIB initiative is gaining more
and more support from the community it is expected to evolve with input
from the community and become a common format. Yet it is at the current
state completely sufficient for the purposes of this work and there exist
many benchmarks from the domain of software verification.
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Chapter 2

SMT-LIB

DARWIN in its current version cannot read SMT-LIB files. As the Model
Evolution calculus works on sets of clauses in clausal normal form (CNF),
DARWIN has to be presented its input in that form in the sort-free first-
order predicate logic without equality. On the other hand, SMT-LIB was
designed to ease the creation of benchmarks thus allowing many conve-
nience notations and not constraining the input to a normal form. Its logic
is many-sorted and contains equality, making the translation of SMT-LIB
input to DARWIN not as trivial as it may sound and requiring some succes-
sive steps that will be detailed in the following sections.

2.1 Overview of the specification

The SMT-LIB format as in [RT06] was kept modular to be extensible and
adaptable to many applications. The specification distinguishes between
the underlying logic, the background theory and the formula language.

The underlying logic is fixed to a basic many-sorted first-order logic
with equality. Only sorts and sorted symbols can be defined, there are no
subsorts or quantifiers over sorts keeping the logic semantically equiva-
lent to an unsorted first-order logic with equality. In fact, [RT06] define a
translation of formulas in the many-sorted logic of SMT-LIB to unsorted
first-order logic.

Symbols, i. e. predicate and function symbols, must be declared with
their argument sorts and in the case of functions also with their value sort.
Overloading of function and predicate symbols is permitted if the sort of
the function’s value is the same for all its versions with the same arity. Thus
each functional subterm has a unique sort that can be determined locally
from the declaration of the function symbol.

SMT-LIB requires only the signature to be formally, i. e. machine-
readably, described, while the theory itself may well remain only informal
in a natural language. There will only be a limited number of interesting

7



8 CHAPTER 2. SMT-LIB

theories, and solvers will make use of their own specialized axiomatiza-
tions for popular theories, therefore not requiring to be given one. The
theories of integer arithmetic, real arithmetic or extensional arrays are ex-
amples of frequent background theories.

The formula language is the fragment of the logic that the benchmark
uses, it is an expansion of the signature of the background theory. Again,
the current SMT-LIB specification does not require the definition of the
formula language to be machine-readable, it is rather to be seen as a hint
for the user as to what formulas to expect. A set of benchmarks could e. g.
restrict its language to a quantifier-free fragment of first-order logic and a
solver then take advantage of this fact. The combination of a theory and a
formula language is called sublogic, again there will be a certain number
of interesting ones. Each year there is a competition between SMT solvers
that features about ten different sublogics as divisions in the competition®.

Technically there are three file types defined, corresponding to the dis-
tinguished aspects above. The underlying logic is fundamental and can-
not be changed. A theory file defines the background theory, a logic file
refers to exactly one theory and additionally specifies the formula language
for the benchmark. Distinct theories or sublogics cannot be combined and
used together in one sublogic or benchmark, respectively. A combination
of theories like the integer and array theory has to be formulated as a new
theory.

The benchmark file finally refers to one logic and contains exactly one
formula to be checked for satisfiability. It may give more formulas as as-
sumptions and use free sort, predicate and function symbols that have to
be declared.

2.2 Sorts

In an SMT-LIB formula sorts are only referenced in quantifiers, but there
they are compulsory. Bound variables always quantify over elements of
one sort, e. g. s in these two formulas:

Vx:s @
dx:s ¥

The universally quantified formula ® holds for all elements x of sort s and
there is an element x of sort s for which ¥ holds. According to the transla-
tion semantics given in [RT06] these formulas are to become

Vx sg(x) — @

dx ss(x) AY

1See www. smtcomp. org for the current SMT-COMP’07 in July 2007
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in the unsorted first-order logic where ss(x) is a predicate that is true ex-
actly for elements of sort s. This predicate is also used in clauses that repre-
sent the sort constraints of the declarations of functions and constants. For
each constant ¢ with sort s there has to be a clause

ss(c)

and for each function f(xy,...,x,) whose arguments are of the sorts s; to
sy, respectively, and whose value is of sort s, this is to be constrained by the
clause

Sop (X1) Ao A s, (x) = ss(f(x1,..., %))

where again ss and s, to s;, are predicates that are true for all elements of
their respective sort.

This translation gives an exact semantic of the many-sorted first-order
logic of SMT-LIB in the usual unsorted first-order logic. However, we
chose to implement the translation for DARWIN in a different way. We
observed that the introduction of sort predicates slowed down the proof
search considerably (see section 5.2.3 for an example) due to the nature of
an instance-based method. Especially theories mostly contain quantified
implications. If each bound variable there is guarded by a predicate con-
straining its sort, the Model Evolution calculus does not only have to assert
all literals in the conclusion of the implication, but also the sort predicates
in the premiss. Depending on the depth of the terms the quantified vari-
ables are instantiated with, this can considerably lengthen the derivation.
Take a simple axiom for commutativity of a function plus as an example:

Vi:IntVx:IntVy:Int = plus(x,y) — t = plus(y, x)
According to the translation semantics it would become
VEVX VY Simi(t) A Sme (%) A sme(y) — (f = plus(x,y) — t = plus(y, x))
which is already in CNF and can thus be written as
{ t = plus(y,x), ~t = plus(x,), “stue(t), ~sim(x), “s1mt(y) }
in the usual clause syntax. To asserte. g.
P(plus(plus(c,d),plus(a,b)))

from

P(plus(plus(a,b),plus(c,d))),

with P being an arbitrary predicate symbol, the calculus would have to
assert

Smt(plus(a, b))
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and

smt(plus(c, d))

as well which would in turn involve the sort constraints from the defini-
tions of plus

VxVy  Sme(x) Asme(y) — sme(plus(x,y))

and the sort constraints

SInt(a)

etc. for the definitions of the constants first.

For that reason the sort constraints were dismissed, or formally speak-
ing, assumed to be true for all elements. This makes the formula to prove
weaker, but if the weaker formula is found to be unsatisfiable, a more con-
strained formula certainly is as well.

On the other hand, we found that our equational reasoning discussed
in section 4.3 profits from an explicit inclusion of sorts, again because of
the way an instance-based method like Model Evolution works. Without
sort constraints the calculus is not aware of the existence of different sorts
and may choose to assert an equation between terms of distinct sorts. This
will, of course, lead to a greater search space in the derivation. For that
reason we chose to use a ternary predicate eqs instead of the usual equality
predicate, adding the sort of the terms in the first argument of the predi-
cate. That way, equality does not admit to assertions of equations between
distinct sorts.

The availability of an implementation of the Model Evolution calculus
with equality ([BT05]) will obsolete the need for the ternary predicate egs.
Equations will then only be asserted from equations that are in the context
and as long as the clause set only contains well-sorted equations between
terms of the same sort, ill-sorted equations can never occur in the deriva-
tion. See section 4.3 for details on the implementation of equality.

2.3 Formula language

Formulas can occur as an axiom in the background theory or in the bench-
mark either as an assumption or as the formula itself. In all cases they have
the same syntax that is an extension of the usual syntax for first-order logic.
The concrete syntax can be found in [RT06], in the following only the ex-
tensions are discussed and how they are transformed for DARWIN. They
are introduced mostly for the convenience of writing benchmarks and do
not enhance the expressiveness of the logic.
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if-then-else for formulas For formulas &, ®; and P, there is an if-then-
else connective
if &y then P4 else P,

provided that is syntactically equivalent to
q>0 — @1 A —|q)() — q)z.

It is replaced with the equivalent during recursive parsing, note that
this grows the length of the formula exponentially in the number of occur-
rences of if-then-else formulas in the if part.

if-then-else for terms A different form of if-then-else chooses one of two
given terms ¢; and ¢, depending on the validity of the formula ®:

ite(dD, t1, tz).

Observe that this is a term that has a formula and two terms as argu-
ments. The term’s value depends on the validity of the embedded formula.
The approach followed here introduces a new constant symbol v that is
substituted for the if-then-else term. The formula

(®—v=8)N(~P —v=1)

is then conjunctively added to the atom that contains the if-then-else term.
The new variable v will be free in the formula, however, its sort can be
deduced at each of its three occurrences. In both equalities, the sort of the
right hand side will be accessible and identical to the sort of v. Where
v replaces the original if-then-else term, it will occur as the argument of
either a function or a predicate and both will be declared with the sorts of
their arguments.

As this translation has to add a formula further up in the parse tree,
it cannot be applied while terms are recursively parsed. Therefore the if-
then-else term will only be eliminated after the whole formula has been
parsed.

E. g. the formula

—P(f (ite(P, t1, t2))

becomes
S(P(fo)AN(® —0v=H)N (=D — v =1)).

Assignments A formula can contain formula or term variables that stand
for a formula or a term, respectively. Those variables are always bound
by an assignment and allow to use abbreviations for frequently occurring
subformulas or subterms.
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A formula or term variable is always expanded to the formula or term
it has been assigned during parsing. Though this information might help
building DARWIN’s term database that stores each term only once, it is dis-
carded. It would be too much an effort to keep the assignment information
while it is not guaranteed that after putting the formula in CNF the as-
signed term or formula will still be present unchanged.

n-ary connectives SMT-LIB allows most connectives to be of arbitrary
arity. When building the CNF, only conjunctions and disjunctions are al-
lowed to be greater than binary. If any other connective (e. g. xor or iff)
appears with an arity greater than two, it is reduced to a left-associative
chain of binary connectives.

Equalities are allowed to be greater than binary in SMT-LIB as well.
They are reduced to a chain of binary equations. The distinct predicate that
states the pairwise disjointness of its terms analogously becomes a chain of
pairwise inequalities.

Numbers DARWIN cannot deal with arithmetic, thus all numbers, be they
rational or integer, are treated as uninterpreted functions. Each number
is prefixed with n and the decimal point is replaced by an underscore to
conform to the syntax of identifiers.

Annotations All annotations are removed regardless of their content.
Currently there is no formal specification of any annotation so there is no
loss of information. However, it is considered to define certain annotations
in future versions of the SMT-LIB that may e. g. denote a predicate as
commutative or associative.

Overloading Overloading of functions is not supported thus violating
the SMT-LIB specification that allows this to a limited extent that is called
“ad hoc” overloading in [RT06]. Two formulas with the same arity must
not have a different sort, the sort of their arguments may differ. In any
case the sort of a term can be determined by only considering the term it-
self. As each formula is closed, there are no free variables and the sort of a
variable can be read from the quantifier, constants and functions have to be
declared.

Not supporting overloading does not lose any expressive power as the
overloaded functions can always be renamed.
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2.4 Building the CNF

To create the clausal normal form of a formula, the existing approach in
DARWIN to read input from the TPTP benchmark library? is reused. For
TPTP formulas not in CNF the embedded E prover? is called to return an-
other TPTP file in CNF.

Thus the set of formulas read from an SMT-LIB benchmark is written
in TPTP format and passed to E whose output is then read by DARWIN.
Though DARWIN’s logic does not use sorts and we further chose to drop the
sort predicates, we still need to know the sorts of constants and functions
for our equational reasoning that will be introduced in chapter 4.

The TPTP format does not deal with sorts, however, by referring to the
declarations from the SMT-LIB input this information can be preserved —
except for the Skolem constants introduced by the E prover. In the worst
case a formula like

dx:sydy:sy, x=y

with s, and s, being the sorts of x and y, respectively, is skolemized to
Cy = Cy

where the sorts of ¢, and ¢, cannot be determined. Both are fresh constants
that have not been declared in the SMT-LIB benchmark. Equations are
always between terms of the same sort, however in this case, the sort of
neither side of the equation is known.
In the formula
dx:t P(x,a)

the bound variable x of sort t will be skolemized, i. e. the formula is of type
0 in Smullyan’s uniform notation, see e. g. [Smu95]. We then replace the
atom P(x,a) by a conjunction of the atom and a predicate for the sort of x,
yielding in this case

dx  P(x,a) Asi(x).

If s;(x) evaluates to true for any x, the satisfiability of the formula is pre-
served. After skolemization we get

P(cy,a) Asi(cy)

and the subformula s;(cy) tells us that ¢y is of sort + which we add to our
declarations of functions and constants. We then replace the conjunction
by the original, now skolemized atom

P(cy,a)

2See [SS98]
3See [Sch04]
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still preserving satisfiability as again this is equivalent to having s;(x) eval-
uate to true for any x.

This mechanism to find the sorts of skolem symbols is applied after the
described removal of if-then-else terms in section 2.3. The connectives iff
and xor have both polarities and thus can be both § and 7 formulas. Their
subformulas are treated as 6 formulas, because skolemization will happen
for existentially quantified variables in their subterms.

Removing the sort predicates after skolemization, but before the CNF
is built, is not possible, as calling the E prover is one atomic step. Thus
the predicates have to be removed from the returned clauses. We have
to evaluate the sort predicates to true for any argument, therefore every
positive occurrence of a sort predicate in a clause will trivially satisfy it
and we remove that clause. By a similar argument we remove negative
occurrences of a sort predicate from every clause as that literal can never
be satisfied.

The formula

dx:spdy sy P(x)xorQ(y)
is replaced by

dx 3y (P(x) Asi(x))xor(Q(y) As2(y))

which is skolemized and transformed to the clause set

{ Pex), Qley) }

{ P(cx), s1(cx) }
{ Qey), s2(cy) }
{_'P(Cx)r _‘Q(Cy)/ 51 (Cx)/ _‘SZ(Cy) }

The sort predicates s1(cy) and s2(cy) tell the sort of the Skolem constants
and can now be removed. Evaluating s;(x) and s»(x) to true for any x, this
is equisatisfiable to the clause set

{ P(Cx)r Q(Cy) }
{ =P(cx), =Q(cy) }

which is exactly the CNF of the original formula without the added sort
predicates.

The correctness of the transformations follows quite easily if one as-
sumes that the introduced sort predicate s(x) is true for every x. Then for
every formula & satisfiable by a model M, it is also a model for ® with
added sort predicates:

MED® & MEODAs(x)
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Satisfiability is thus preserved. Of course, it does not matter when the sort
predicate is eliminated and this may well happen after building the CNFE.
By this argument, the E prover may use the definitory CNF instead of sim-
ple CNF as it does for larger formulas. Inserting and removing the sort
predicates does not change the satisfiability of the formula in that case ei-
ther.

2.5 SMT-LIB to DARWIN

Putting together the steps described above, we are presenting input in
SMT-LIB syntax to DARWIN using some intermediate transformations.

The parser for SMT-LIB files was initially taken from [RT06] and hap-
pened to be written in OCaml, the programming language of DARWIN. It
was slightly adapted to handle version 1.2 of the SMT-LIB specification
and incorporated into DARWIN.

The goal of parsing is to convert the input to the TPTP format in order to
use the E prover to clausify it and pass it on to DARWIN’s proof procedure.
In that translation the different types of formulas from the benchmark and
the theory are mapped to the according formula roles in TPTP. Axioms from
the theory take the role axiom, an assumption in the benchmark becomes
a hypothesis and the formula is the conjecture. When processing these
formulas, the E prover negates the conjecture and returns the clauses as a
negated_conjecture. To preserve the polarity of the original formula, it is
negated prior to passing it to the E prover to neutralize the negation done
there.

The elements of SMT-LIB that are not defined in TPTP, viz. if-then-else
subformulas, assignments, n-ary connectives, numbers and annotations are
removed during recursive parsing as described in section 2.3. If-then-else
subterms are only eliminated after parsing, overloading of function sym-
bols is not supported.

To be able to take advantage of the sortedness of the SMT-LIB input for
theory reasoning that will be described later, the declarations of predicates,
functions and sorts are kept and the formulas to be clausified are prepared
as described in section 2.4 to be able to recover the sort of the introduced
skolem constants.

The formula is presented to and interpreted by DARWIN without sorts
as the Model Evolution calculus does not support this. Following sec-
tion 2.2, sort predicates from the translation semantics are not used, but
as we will discuss later, our equational reasoning takes advantage of the
sort information.
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Chapter 3

Sublogic AUFLIA

Most of this work focusses on one specific sublogic, named AUFLIA
that KEY delivers its proof obligations exported to SMT-LIB syntax in.
It is short for “Arrays, uninterpreted function symbols and linear integer
arithmetic” and in the files provided by [RTO06] the logic refers to the theory
Int_ArraysEx. The latter is the union of the integer theory and the theory of
arrays with extensionality that have integer indices and values. A theory
in SMT-LIB only defines predicate and function symbols and their proper-
ties, the fragment of the underlying logic benchmark formulas are drawn
from is not defined but in the sublogic. The AUFLIA sublogic is concerned
with closed, quantified formulas over an expansion of the theory signature
with free sort, function and predicate symbols where the function symbol
for multiplication must not occur nested. Thus it is always possible to see
a multiplication as a linear sum which explains the term linear arithmetic
used in AUFLIA’s name.

The Model Evolution calculus is especially suited to problems in the
AUFLIA logic as it is a true first-order calculus and as such can handle the
possible term structures built up by quantifiers and uninterpreted func-
tions quite well compared to approaches that use ground instantiations.

The following sections describe those properties and issues using the
AUFLIA logic in some detail.

3.1 Integer theory

The theory defines one single sort, Int, so that all constants and functions
are of that sort as are the arguments of functions and predicates.

Further defined are the two constants 0 and 1 and the functions unary
minus neg(x), binary subtraction minus(x, y), binary addition plus(x,y)
and binary multiplication times(x, y) that have the usual meaning in inte-
ger arithmetic. Both addition and multiplication are associative, commu-
tative and have respectively 0 or 1 as their unit, binary subtraction is only

17
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associative. In the linear arithmetic fragment there is no division and no
distributivity of plus(x,y) and times(x, y) as this would violate the linear-
ity constraint.

The relation predicates < and > are both reflexive, transitive and anti-
symmetric, their strict counterparts < and > are transitive and irreflexive.

In this formulation the theory cannot be recursively axiomatized in
SMT-LIB’s underlying logic, the sorted first-order logic with equality. Be-
ing at least as expressive as Peano arithmetic, it is undecidable, too.

However, this is not as unfortunate as it may sound, because the
sublogic AUFLIA will restrict its formula language on the background the-
ory to a more tractable fragment of a combination of integer and array logic.

3.2 Array theory

The general theory of arrays with extensionality (ArraysEx) is modelled by
two functions select and store:

select : Array x Index — Element

store : Array x Index x Element — Array.

The semantic is given by the axioms

Va : Array Vi : Index Ve : Element select(store(a,i,e)) =e (3.1)

Va : Array Vi : Index Vj : Index Ve : Element

(i =) V (select(store(a, i,e),j) = select(a,])) (-2

Va: Array Vb : Array ((Vi: Index select(a,i) = select(b,i)) — a = D).
(3.3)
The first quite obvious axiom (3.1) states that an element e stored into
an array a at index i can be read from that position. The second axiom
(3.2) ensures that writing an element e to index i does not affect any ele-
ment at a position j unless j is equal to i. The extensionality axiom (3.3)
defines two arrays as equal if they have the same elements stored at the
same indices, which would be called value identity in programming lan-
guages. If one leaves out the extensionality axiom (3.3), the equality on
arrays becomes what would be called structural identity. This theory has
been named Arrays in SMT-LIB in contrast to ArraysEx for the formulation
including extensionality.
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Axioms (3.1) and (3.2) can be combined in the read-over-write axiom,
that is also called “McCarty axiom” after [MP67] where it first appeared:

Va : Array Vi : Index Vj : Index Ve : Element
i = j — select(store(a, i,e),j) = e)A (3.4)
i # j — select(store(a,i,e), ) = select(a,i)).

We will use two axioms (3.1) and (3.2) instead, their CNF is shorter than
(3.4). See [SBDLO1] for a survey of array theories and decision procedures
on them.

3.3 Combining Integer and Array theory

The Int_ArraysEx and Int_Arrays theories do not use distinct sorts for in-
dices and elements but instead integers for both, the array functions be-
come

select : Array x Int — Int (3.5)

store : Array x Int x Int — Array. (3.6)

where the integer sort has been substituted for both the index and element
sort in the axioms.

The Int_ArraysEx theory consisting of two separate theories may admit
to using procedures for the combination of theories like the Nelson-Oppen
or the Shostak methods (see [RRT05] for a survey). However, we will not
now explore this possibility in our axiomatization.

3.4 AUFLIA formula language

The sublogic AUFLIA finally defines a formula language that is an exten-
sion of the Int_ArraysEx signature with free sort, function and predicate
symbols. The formulas may use quantifiers arbitrarily, the only require-
ment is that the formula be closed. Thus there are no free variables and the
sort of each term can easily be inferred. A term is either a variable, in that
case the quantifier defines its sort. Otherwise it is a function or a constant
whose sort can be taken from its declaration.

Only linear integer arithmetic is allowed, thus multiplication must not
occur arbitrarily but merely as an abbreviation for n additions or subtrac-
tions:

n
n-t= t
v=1
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with positive coefficient 7 and

n
—n-t=— t
v=1

with negative coefficient —n.
With this definition it is not possible to have quadratic or higher terms,
justifying the naming linear arithmetic.

3.5 KEY and AUFLIA

Proof obligations from the KEY prover have the form

—(typeHierarchyFormula A typePredFormula A

antecedentSequent — succedentSequent),

note that the whole formula is negated.

There is no direct mapping of JAVA types to SMT-LIB sorts as the latter
does not support subsorts that would be required to model JAVA’s inher-
itance. Adding to that, JAVA provides more types than AUFLIA making
it necessary to add constraints to map the needed parts of JAVA’s object
model.

The typeHierarchyFormula represents JAVA’s object and type hierarchy
in the formula, it is a conjunction of implications of sort predicates, each
representing an inheritance. The typePredFormula contains constraints for
guarded variables in quantifiers. They are needed for sorts that are not
available in SMT-LIB and are formulated as a conjunction of sort predi-
cates.

The implication of antecedentSequent and succedentSequent that is
last in the conjunction is the actual proof obligation that comes from the
sequent calculus the KEY prover employs.

No advantage can be taken of the structure proof obligations are pre-
sented in. After the CNF has been built, typeHierarchyFormula and
typePredFormula being a conjunction of disjunctive formulas have become
a set of clauses independent of the implication of antecedentSequent and
succedentSequent that has become another set of clauses.

Should the intended interpretation of a function or predicate symbol be
richer than what AUFLIA supplies, it becomes uninterpreted and is only
defined with its sorts in typePredFormula. This may happen as soon as
a multiplication is not linear. Then, instead of the interpreted function
times(x, y), an uninterpreted function fuon linear muit(¥,y) will be used.



Chapter 4

Equational Reasoning

The equality predicate is at the very heart of most theories and virtually
none can do without it. Thus there has been a lot of sophistication in this
area and many mature calculi can directly reason with it. Unfortunately,
in the current version of DARWIN, equality is only handled in a naive ax-
iomatic way that does not scale well. [BT05] introduce the Model Evolution
calculus with equality, however, an implementation in DARWIN is not yet
available but due soon after this work. Thus to avoid duplication, no effort
was put into this aspect and instead we used a simple approximation of
a rewrite-based approach to get results without any changes to the calcu-
lus that would be obsoleted by the proper implementation. We expect the
result to improve significantly then.

4.1 Axiomatic Approach

The naive approach to handling equations would be to add axioms to the
set of clauses interpreting the equality predicate to have reflexivity, sym-
metry and transitivity of the equality predicate:

Vx x=x (4.1)
Vxvy (x=y) — (y=1x) (4.2)
VxVyVvz (x=y)A(y=2) — (x =2z2). (4.3)

We would then need another axiom for each function and each argu-
ment for the functional substituitivity inside the function’s arguments

VaVy (x=y)— (f(...,x,...)=f(...,y,...)) (4.4)

and an analogous set of equations for each predicate symbol.

21
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This is how equational reasoning was implemented in the current ver-
sion of DARWIN. However, this approach does not scale at all. The sub-
stituitivity clause (4.4) allows arbitrary assertions and the context can be
grown without bounds. This problem surfaces when for example a clause
like

f(a)=a (45)

is present. One can then assert

f'(a) =a

for any n and the calculus might not terminate the derivation.

This weakness in reasoning with the so-called congruence axioms (4.1)—
(4.4) does not only occur in Model Evolution or more generally in instance-
based methods, but also in most other first-order calculi. This led to the
development of better methods that do not admit to that problem.

4.2 Rewrite-Based Equational Reasoning

The idea of rewrite-based equational reasoning is to break the symmetry
and instead see equations as unidirectional rewrite rules on terms prevent-
ing the assertion of literals that are by some measurement greater than the
literals they are inferred from. Equation (4.5) would then be replaced by a
rewrite rule
fla) =a

that does only allow f(a) to be replaced by a4, but not the other direction,
avoiding the problem of producing terms of arbitrary depth.

Instead of dealing directly with a set of rewrite rules, calculi are defined
with a so-called reduction ordering on terms. Following [BG98], this is
a well-founded partial ordering >~ where s = t implies sc = to for all
substitutions ¢ and terms s and ¢. In a well-founded ordering every non-
empty ordered subset has a least element. A reduction ordering induces a
relation on a set of terms that is well-founded, if the reduction ordering is.
It is easy to see that a well-founded reduction ordering = is essential for
the termination of rewriting.

For each equation, rewriting is then allowed in the direction that agrees
with the reduction ordering. See [BG98] or [NRO1] for surveys of different
approaches to rewrite-based equational reasoning.

Looking at the resolution calculus where this approach to equational
reasoning is easy to demonstrate due to the simple rules of inference, the
basic equational rule is the paramodulation. In other calculi, especially in
the Model Evolution calculus of [BT05], it is quite similar:

CVvs=t DVul[s|=v
(CVDVult] =v)o

(4.6)
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where ¢ is the most general unifier of s and s’. In the paramodulation resol-
vent the occurrence of s’ in u is replaced by t. Without any side-conditions,
this rule admits to exactly the same problem of arbitrarily growing terms
as discussed above.

Therefore the ordered paramodulation imposes the constraint that to %
so and s’ is not a variable which is equal to applying a rewrite rule s = .
The superposition rule adds the constraints vo % uo and (s = t)o 7/ (u =
v)o to allow rewriting only on the greater side of the greater of the two
equations.

The soundness of ordered paramodulation and superposition follows
from the soundness of the paramodulation rule and if either of the rules
is implemented properly by respecting certain fairness conditions, the re-
sulting calculus will be complete. For details refer to [BG98], the Model
Evolution calculus with equality by [BT05] uses ordered paramodulation.

Finding the right reduction ordering is crucial and can give quite an ad-
vantage. It is even possible to choose reduction orderings that are compat-
ible with features like associativity and commutativity of function symbols
and allow to lift these properties to the equational reasoning supporting a
part of a theory already there, see [NRO1] for further reading.

4.3 Approximating Approach

The approach followed here to improve the naive equational reasoning is
operational without touching the calculus of Model Evolution. We only
change some literals in the clauses set and add certain axioms. This pre-
processing is sufficient to quite successfully deal with equations though
not complete in every case.

In a first step the binary equality predicate is replaced by a ternary pred-
icate that has the sort of its terms in its first argument. This can greatly
reduce the search space by blocking unification of equations on terms of
different sorts and thus restricting the Model Evolution calculus to reason
only on equations of the same sort that it would otherwise not be aware of.

Then, all reasoning with equations is transferred to a ternary rewrite
predicate rew that models the rewrite relation = between two terms and
keeps the sort of the terms in its first argument as the equality eqs does.
The problem clauses do keep the occurrences of the equality predicate eqgs,
but the axioms of the background theory will be formulated using rewrite
predicates instead of equality.

The axiom

Vit Vx Yy eqs(t, x,y) — rew(t, x,y) Vrew(t,y, x) 4.7)
allows to assert the rewrite rule

X =Y
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or
Yy=x

from an equation and the calculus will choose whatever it seems apt in
the situation while it may as well assert both rules. By the rationale of a
reduction ordering, the rewriting should be restricted to a certain direction,
especially in the presence of a not range-restricted clause like (4.5). In that
case adding a unit clause

—rew(Int,a, f(a)) (4.8)
blocks asserting the rewrite rule

a= f(a).

However, this has to be done manually by inspection of the prob-
lem, there is currently no algorithm for it. Systematically generating these
clauses would involve having a reduction ordering that is also needed for
ordered paramodulation or superposition reasoning available. As this will
be implemented in a more sophisticated way for the next version of DAR-
WIN, it was chosen not to focus on this aspect and rather to leave the task
to a user who does not need to add any restriction on the rewrite predicate.

The actual application of rewrite rules is governed by substituitivity
clauses

VtVx Vs P(...,x,...) Arew(t,x,s) — P(...,s,...) (4.9)

for each predicate P and each argument of it where ¢ is the sort of x and s.

To support this approach, positive and negative occurrences of equa-
tions become different predicates eqs and negqs, respectively. This blocks
reasoning with equality predicates of different sign and prevents assertions
of rewrite predicates from negative equations. Clauses may look like

{ eqs(Int,plus(nl,nl),n2) }

and
{ neqs(Array, store(a, n1,n0), store(a, n1,nl)) }.

The axiom
Vit Vx Yy —(eqs(t, x,y) Aneqs(t,x,y)) (4.10)

is needed to detect contradictions that would otherwise be evident due to
the different signs of the equality predicates. The clauses

Vit Vx eqs(t, x, x) (4.11)

Vi Vx —negs(t, x, x). (4.12)

make equality reflexive and unequality irreflexive. These unit clauses will
mostly be used to close derivation branches.
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4.3.1 Properties of Equality

From equations (4.7), (4.9), (4.10), (4.11) and (4.12), the three properties re-
flexivity, symmetry and transitivity of the eqs predicate can be inferred in
the following ways.

Reflexivity This is already an axiom in (4.11).

Symmetry The premiss
eqs(t, x,vy) (4.13)

holds, therefore after applying the axiom (4.7)
rew(t, x,y) (4.14)

or
rew(t,y, x) (4.15)

must be true. If one assumes that eqs is not symmetric, then
neqs(t,y, x) (4.16)

holds, hence using substituitivity (4.9) for neqs we get either

neqs(t,y,y) (4.17)
from (4.14) or

neqs(y, x, x), (4.18)
from (4.15) both contradicting irreflexivity of neqs (4.12). ([l

Transitivity We use a similar argument and start with the premiss of
eqs(t, x,y) 4.19)

and
eqs(t,y,z). (4.20)

From the second clause (4.20) the rewrite relations
rew(t,y,2) (4.21)

or
rew(t,z,y) (4.22)

can be asserted from (4.7). In the first case of (4.21) using substituitivity
(4.9) of eqs we get the goal
eqs(t, x,z). (4.23)
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In the second case (4.22), we can assert
rew(t,x,v) (4.24)

or
rew(t,y,x) (4.25)

from the first clause (4.19). In the latter case (4.25), substituitivity (4.9) of
eqs applied to the second clause (4.20) results in our goal

eqs(t, x,z) (4.26)

again. Returning to the first case (4.24), we assume the negation of the goal

neqs(t, x,z) (4.27)

and substituitivity (4.9) of negs yields
neqs(t,y,z) (4.28)

being contrary to (4.20). O

Functional Substituitivity = does not hold with this formulation. It has to
be axiomatized for each function f and each predicate P with clauses like

,een)

(4.29)
where t is the sort of x and s. This would clearly yield too many additional
clauses and functional substituitivity will be introduced by other means
than these explicit clauses.

As it will be discussed in detail and examples later, axioms for arith-
metic will be given so that assertions with rewrite rules can most often be
made separately from the predicate that contains an arithmetic term. A
final step will then eliminate the term inside the predicate by the substitu-
itivity axiom (4.9).

For the array theory the select and store functions will be turned into
flat functions and then relations thus assertions can be made using predi-
cate substituitivity (4.9). An approach to equality by flattening terms was
presented as early as [Bra75] and already proved sound there. We will dis-
cus this further in section 5.2.1.

VxVsP(...,f(...,x,...),...) Arew(t,x,s) = P(..., f(...,s,...)

4.3.2 Paramodulation and Superposition

Returning to the superposition and paramodulation rule (4.6) from sec-
tion 4.2, our operational rewriting can partly approximate it via the sub-
stituitivity in (4.29). Each equation s = t can be turned into a rewrite rule
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rew(p,s,t) or rew(p,t,s) with p being the sort of s and t. In contrast to
proper equational reasoning where both possible directions of rewriting
are considered and the reduction ordering selects one, the direction of the
rewrite rule has to be set by the user. Adding clauses restricting rewriting
like (4.8), the effect of a reduction ordering >~ can be approximated up to a
certain extent and the constraint to % so can be formulated within limits.
There is, however, no possibility to enforce other constraints like ordering
on the equation u = v on the right side or ordering onboths =tand u = v,
making the calculus at most an ordered paramodulation.

4.3.3 Model Evolution and Equality

The Model Evolution calculus with equality by [BT05] uses ordered
paramodulation and asserts new equations only from equations that are
in the context. If only well-sorted equations occur in the clause set, no ill-
sorted equation can enter the context and every inferred equation will be
well-sorted. Using a ternary equality predicate carrying its sort as in the
current approach is then not necessary anymore.

The performance of the equational reasoning will certainly increase
compared to the approximation presented here as ordered paramodulation
is not operationally defined but implemented in the calculus with a com-
plete reduction ordering that applies to each equation and does not require
the user to specify unwanted directions of rewriting.
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Chapter 5

Theory Reasoning

As well as the naive approach to handling equality by adding axioms to
the set of problem clauses was bound to fail, an as naive approach will not
work for theories either. In this case it is even worse due to the well-known
incompleteness and undecidability theorems about integer arithmetic.

The target background logic AUFLIA has only recently been introduced
as a division in the SMT-COMP competition. The two solvers, Yices! and
CV(C3? that took part in it were both employing a first-order version of the
ground propositional DPLL(7) procedure that is described below.

For the purposes here, again the Model Evolution calculus was not
modified but instead theory axioms were added in an operational way
to the set of problem clauses that were preprocessed to be able to reason
heuristically in certain cases while being incomplete in general.

5.1 Ground Propositional Clause Sets

The DPLL(T) approaches that will be presented work on ground proposi-
tional clause sets and reason with ground propositional rules as DPLL does.
There are approaches to first-order clause sets, but they deal with ground
instantiations and still use ground propositional inferences. The Model
Evolution calculus is a lifting of the ground propositional DPLL procedure
to first-order logic, working not with ground instances, but with first-order
inferences and models enabling it to make use of the term structure. It
would seem plausible that ground propositional DPLL(7") procedures for
satisfiability modulo theories could similarly be lifted to first-order and it
looks like a promising and natural way to incorporate reasoning modulo
theories to the Model Evolution calculus.

Two other ground propositional approaches were considered for possi-
bilities of lifting them to first-order. The first, implemented in MATHSAT,

Lsee [DAMO6]
Zsee [BNOTO06]
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is quite similar to DPLL(7") and features a very sophisticated incremental
and layered handling of theories. The second approach is based on using
interpolants to alternatively under- and over-approximate the problem to
iteratively find a statement about satisfiability.

All three approaches are quite successful in the ground case and though
they seemed sufficiently similar to Model Evolution, no promising start to
lift any of them to first-order logic was found that would lead to a feasible
implementation in the scope of this work.

5.1.1 DPLL(7) and DPLL(X)

DPLL(7) as it was first conceived by [Tin02] operates on quantifier-free
ground clauses of first-order logic with 7 being a theory, as usual a satisfi-
able set of closed formulas. There exist quite some variants of the original
algorithm and it has also been extended to work on quantified problems
and implemented in Yices and CVC3, for example.

Incorporating theories into a DPLL procedure can be done in two ex-
treme ways. The so-called eager approach tries to use information from
the theory as often as possible. This was done in [Tin02] by changing the
side-conditions of the DPLL calculus rules, recall section 1 for a short in-
troduction. Each condition involving the membership of a literal in the
context (I € A) was replaced by a corresponding condition about entail-
ment in the theory of that literal by the context (A F7 I). With the changed
calculus rules, the theory solver guides the derivation in each step. On the
downside, this eager approach precludes modularity as each theory gives
rise to a new calculus. Worse yet, many optimizations in state-of-the-art
DPLL solvers conflict with this approach and can thus not be used.

The lazy approach on the other hand first abstracts from the theory by
treating literals with an interpretation in the theory as purely propositional
symbols and searches for models of the abstracted clause set. Each model is
then refined by reinterpreting the abstract literals and checked for satisfia-
bility in the theory. If the model for the abstracted clause set is invalid in the
theory, a lemma is added to the clause set precluding that model and the
derivation is restarted to find a different model until either a model is satis-
fiable in the theory or no more models can be found. This approach is very
flexible as the DPLL and theory solver are coupled only loosely, both work-
ing independently of each other and being able to make use of advanced
approaches in their own domain. However, the DPLL solver cannot use
information available from the theory to guide its derivation and requires
a restart with clauses added after each model that is invalid in the theory.

There exist, of course, many flavors between the lazy and the eager
approach, they are caught by the description of Abstract DPLL Modulo
Theories in [NOTO06].
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The DPLL(7) approach as presented in [GHN'04] combines the ea-
ger and lazy approaches and their respective advantages. It consists of a
general DPLL engine DPLL(X) that is independent of a theory (X being a
placeholder for any theory) but interacts with a solver for a specific theory
7 via an interface.

All literals and clauses are purely propositional to the DPLL(X) part,
all theory inferences are executed by the theory solver. The DPLL(X) pro-
cedure abstracts from the theory just as the lazy approach does, but its
derivation is guided by the theory solver as in the eager approach. The the-
ory solver is running in parallel to the DPLL(X) procedure and, glossing
over details, DPLL(X) notifies the theory solver when it has set an abstract
literal to true in its context and notifies it again when an abstract literal is
removed from the context due to backtracking. The theory solver can be re-
quested to check the consistency of a context in the theory 7 and to provide
literals that are entailed by the theory.

With this approach, the DPLL(X) procedure can employ sophisticated
optimization techniques on the propositional structure of the problem, but
asking for information from the theory solver, it can also get some guidance
to exploit properties of the theory. Of course, it is at the discretion of the
DPLL(X) solver, when to cooperate with the theory solver and when to
reason propositionally. Thus there are some degrees of freedom given to
the implementation.

Yices as described by [DdMO06] is a Simplex-based solver that uses the
DPLL(X) framework. [GBT07] show an approach to handle quantified for-
mulas that is implemented in CVC3. A new calculus rule allows adding an
instance of a quantified formula to the clause set if the quantified formula
has been asserted in the context. Though completeness can be achieved
by doing the instantiation in a fair way, it is not efficient and instead done
by a strategy involving triggers that is successful in the Simplify prover
[DNSO05].

5.1.2 Lifting DPLL(7) Approaches

Considering a lifting of any of the presented DPLL(7") approaches to first-
order logic, we found challenges that were well beyond the scope of this
work and were thus not attempted.

The lazy approach would require the least amount of changes to the
Model Evolution calculus. In fact, the derivation procedure does not have
to be changed. It is first necessary to find an abstraction of the theory lit-
erals in the first-order clause set the Model Evolution calculus provides
models for. Any such first-order model then has to be represented with the
abstracted literals refined and passed to a solver capable of deciding valid-
ity of the model representation modulo the theory. In the case of invalidity,



32 CHAPTER 5. THEORY REASONING

clauses have to be added to preclude the model and the procedure has to
be restarted.

In the abstraction, care has to be taken for quantification. A literal that
contains a quantified variable cannot be abstracted to a propositional con-
stant but must instead become a first-order predicate that retains the quan-
tification. For instance, this can be done by replacing the theory predicate
<in

Vx minus(x,1) < x

by a new predicate P(x) where x is still quantified
Vx P(minus(x, 1), x).

The show-stopper for the lazy approach and other approaches requir-
ing an abstraction as well, is the first-order model produced by the Model
Evolution calculus and its representation. The lazy approach needs to have
the validity of a model in the theory checked, the eager approach requires
entailments in the theory from the context and the DPLL(X) procedure may
need both.

First-order contexts describe Herbrand interpretations, as usual a set
of ground atoms. The so-called atomic representation of models (ARM),
see [GP98], is a finite set of not necessarily ground atoms whose ground
instances are to be evaluated to true. Contexts in the Model Evolution cal-
culus are equivalent to representing models as disjunctions of implicit gen-
eralizations (DIG), see [FP05]. Similar to the ARM, a DIG is a finite set A
of atoms, but with each atom having a finite set B of atoms, its exceptions.
A ground atom is then to be evaluated to true if it is an instance of an atom
in A but not an instance of any of its exceptions B. Models represented as
a DIG are stronger than an ARM but there are still certain infinite interpre-
tations both are unable to represent.

To use a theory solver efficiently, the context has to be represented in a
way that is easily tractable without requiring powerful reasoning. A repre-
sentation of a context as a first-order formula will not suffice as the theory
solver would then need to support quantifiers which would in turn enable
it to solve the input formula itself thus obsoleting the Model Evolution cal-
culus in the approach.

For example, take a formula like

Vx (0 < x) A (x <n)— (select(a, x) = plus(e,e))
A (5.1)
Ix (0 < x) A (x <n)— (select(a, x) # times(2,¢e))

that is apparently unsatisfiable as the array a4 cannot have an index where
its value equals 2¢ when it has the value e + ¢ at each index. Abstracting
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the theory predicate < in the four literals where it occurs and skolemizing
the second line leads to

Vx Pi(x) A Pr(x) — select(a, x) = plus(e, e)
A (5.2)
P3 N\ Py — select(a, c) # times(2,e)

being
{ =Pi(x), —P»(x), select(a, x) = plus(e,e) } (5.3)

{ —=P;, =Py, —select(a,c) = times(2,¢) } (54)

in CNF that is satisfiable by a model that can be represented by the set of
formulas
Vx select(a, x) = plus(e, e) (5.5)

—select(a,c) = times(2, e) (5.6)

and is invalid in the theory of integers and arrays where
plus(e, e) = times(2,e)

holds.

This simple example already shows why the model representation by
first-order formulas is unsuitable. It needs to specify the truth value of
each atom and not only the positive literals in the context. Leaving out the
second formula (5.6) in the model representation would give a valid model
to the theory solver. Thus the model representation would actually also
have to include the formulas

Vx =Py (x) =Vx -0 < x (5.7)
Vx —P(x) =Vx -x <n (5.8)
-P3=-0<c¢ (5.9)
-Pp=-c<n (5.10)

explicitly setting the truth value of the implicitly negative atoms and thus
the truth value of each ground atom.

Though the set of formulas representing the model has a certain struc-
ture that might be exploited, it still needs a theory solver capable of han-
dling quantifiers. In the presented example it seems just as hard for the
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theory solver to check the validity of the model representation (5.5)-(5.10)
as the satisfiability of the original problem (5.1).

But the difficulties do not cease then. After the model has been shown
to be invalid by the theory solver, a set of formulas has to be generated
and added to the clause set to preclude this model. Then the procedure
would have to be restarted to find another model. Assuming that a suit-
able representation of formulas to preclude a certain model existed as well
as a representation of contexts tractable for a theory solver, termination of
this procedure is, of course, not guaranteed. There might, of course, be
infinitely many models and it is quite certain that one would not get a de-
cision procedure from this approach.

To avoid restarting after a model has been found to be invalid in the the-
ory, one could try to modify the proof search in DARWIN to enumerate all
models instead of terminating after a model has been found. The derivation
would then backtrack to a recent choice point and continue searching for
other models. But it is neither here guaranteed that the search would termi-
nate eventually, as the number of models might be infinite. Adding to that,
DARWIN employs quite sophisticated search techniques like backjumping
that make a tighter coupling with the theory solver as implemented in
DPLL(X) more complicated. This was already noted by [Tin02] saying that
“the optimization strategies used in DPLL-based SAT solvers do not imme-
diately lift to satisfiability modulo theories”.

The eager as well as the DPLL(X) approach require changes to the cal-
culus. For the eager approach in [Tin02], the DPLL assert rule (1.1)

AFD{l} )
becomes AF @ (1)

by replacing the side-condition about membership € of literals in the con-
text by entailment from theory ¥ of that literal by the context. The corre-
sponding assert rule in the Model Evolution calculus from [BT03] is

m if bk € Ak >1and!isnot contradictory with A.

(5.12)
and would have to be changed to restrict asserting literals to entailments
from the context A. This requires a representation of a context A that has to
be tractable for a theory solver and we are facing the same problems here
that already struck us in the discussion of representing a model for the
lazy approach. Furthermore, we have to deal with a side-condition more
complicated than in the ground DPLL procedure. We have a literal / being
an instance of a literal k in the context and a more complicated notion of
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contradiction with a context that can only be hinted at for the scope of this
work.

The less eager approach of DPLL(X) with its more loose coupling with
the theory solver will admit to a mixture of the problems from the lazy and
the eager approach.

Having said that, this direction does certainly not look like a dead end
and there might be an answer to these questions enabling a lifting of DPLL
techniques for theory reasoning to first-order logic. The main focus of re-
search on that field would have to be in finding model representations and
having a theory solver working on them.

51.3 MATHSAT

A procedure very similar to DPLL(7) is presented in [BBC105]. It is a de-
cision procedure for Linear Arithmetic Logic that is defined there as con-
sisting of “boolean combinations of propositional variables and linear con-
straints over numerical variables”. The logic is quantifier-free and satisfia-
bility is checked by a DPLL procedure. Theory predicates are abstracted in
a lazy way as described above.

The approach is layered in that it calls solvers of different generality to
check the consistency of a model in a theory. The theory of equality is more
general than the theory of real arithmetic that is in turn more general than
the theory of integer arithmetic. Thus a solver for equality is called first that
sees predicates from other theories as propositional. If the model is valid in
that theory, a solver for real arithmetic is called. An inconsistency on real
numbers holds on integers as well, but is easier to detect. If the model is
still valid with real arithmetic, a solver for integer arithmetic is called last
in the chain.

The procedure being similar to DPLL(7) leads to similar problems to
lift it to first-order logic. The layered approach to solving satisfiability mod-
ulo theories could, however, be quite easily transferable to our first-order
case and would certainly increase the performance there.

5.1.4 Approximation

A different and yet possibly usable approach is shown in [LMO05], it is ap-
plicable to quantifier-free Presburger arithmetic (QFP). This theory has the
advantage of a small-model property, i. e. if a formula is satisfiable, it has
a finite model in a domain determined by the formula itself with an upper
bound for the size of the model that can be calculated from the formula.
Taking advantage of that, a polynomial encoding of integer variables and
arithmetic in a QFP formula ® to a purely Boolean formula in a finite do-
main that does not contain theory terms is defined. A theory abstraction
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@, of P that replaces theory predicates by new predicates just as in the
previous sections is used as well.

The algorithm then alternatively under- and overapproximates the for-
mula ®. If the underapproximation is satisfiable, then ® is and analogously
if the overapproximation is unsatisfiable, then & also is. Starting with a
domain size smaller than the upper bound for the formula’s domain, i. e.
an underapproximation, ® is encoded to a Boolean formula ®, and then
checked for satisfiability by a SAT solver. If it is unsatisfiable, a Craig in-
terpolant between the theory abstraction ®;, and &, that is also free from
theory terms is computed containing only variables common to both. This
overapproximation is then checked for satisfiability. If it is, a conflict clause
generated from the model is added and another underapproximation for a
greater domain size is generated. The algorithm stops and returns unsat-
isfiable when either the overapproximation is unsatisfiable or the domain
size becomes greater than the upper bound for the size of the model deter-
mined from the formula. Satisfiability is returned when the underapproxi-
mation is found satisfiable.

Challenges in a lifting of this approach include the interpolation as
Craig’s interpolation theorem does not directly hold in first-order logic, see
e. g. [Bor05]. A suitable alternative formulation has to be found from the
existing ones in the literature. For the application of this work, the back-
ground theory is quite different from QFP and it does not enjoy the small
model property, neither can a finite model be assumed. Both under- and
overapproximation would have to be different and again a thorough in-
spection or implementation of this approach is well outside the scope of
this work.

5.2 Incomplete theory reasoning

As no approach could be conceived that would easily enable the Model
Evolution calculus to reason with theories, we resorted to incompleteness
and heuristics. The clause set is transformed and joined by particularly
formulated theory axioms that allow to prove certain problems. In general,
our approach will be incomplete.

Our approximation of rewrite-based equational reasoning does not ad-
mit to functional substituitivity. Therefore, the array functions select and
store are turned into relations to regain this property. We do not have func-
tional substituitivity for arithmetic functions neg, plus and times thus pre-
venting them from being substituted in functional terms. Instead, rewriting
rules have to be asserted separately, where the approximation of the reduc-
tion ordering can control the terms being generated. Refutation then has to
be done in a final step via predicate substituitivity.

We first describe the transformations on the clause set that turn it into
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a canonical form enabling reasoning with equations and theories. The for-
mulation of the theory is then discussed and some examples are presented
to demonstrate the various effects and advantages making our heuristic
approach successful in the considered cases.

5.2.1 Canonical preprocessing

[BFANTO7] describe transformations on clauses that reduce a clause set to
function-free clause logic and then use the Model Evolution calculus to find
finite models in that logic. The transformations were implemented in DAR-
WIN and the implementation in this work builds on them with some mod-
ifications.

Definitions and abstractions At certain points in the preprocessing, a
term has to be replaced by a constant or a variable depending on if the
term is ground or contains universal variables.

Ground terms are “defined” by a fresh constant whose meaning is intro-
duced by an added unit clause. The ground term t to be defined is replaced
by a fresh constant ¢; (not necessarily at each occurrence in the clause set)
and the clause

{eqs(s,t,ct) }

is added to define the constant ¢; as a synonym for t. The definition of ¢ by
¢t can, of course, be reused in any clause of the clause set if needed.

If the term to be replaced contains a universally quantified variable, it
is “abstracted” to a fresh universally quantified variable that is defined by
adding a new literal to the same clause. Again, the term f containing vari-
ables is replaced at not necessarily each occurrence now by a universally
quantified variable u; and the literal

neqs(s, t, us)

is added to the clause t has been abstracted in. Therefore abstractions are
local to each clause and can not be reused anywhere else in the clause set.
Both operations do not change satisfiability of a clause set ®.

Soundness of Definitions To show that defining a term does not
change the satisfiability of a clause set ®, we show that the modified clause
set @' has a model M’ if the original clause set ® has a model M. Let M
be the Herbrand model of ® where every ground term is interpreted with
itself. Introducing the fresh constant c; extends the signature of ® and adds
to it the clause { eqs(s,t,c¢) }. This makes ¢; and the ground term t syn-
onymous in M’. We can then undo the definitions of ¢ by c;, therefore the
clause set @’ has a model if the original clause set ® has a model.
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Completeness cannot be proven as our axioms for the eqs predicate only
approximate a congruence relation. As our argument shows, definitions
are only allowed for ground terms as it has to assume a ground Herbrand
model. For non-ground terms, an abstraction has to be used.

Soundness of Abstractions An abstraction of a clause ® to a new
clause @' does not modify the signature of the clause. We show that &’
is valid in every model that satisfies ®, not considering the whole clause
set as in the previous proof but only the one modified clause. Both clauses
are in skolemized negation normal form and in the second clause the oc-
currence of the term f in the quantifier free formula ¥ has been abstracted
to the universally quantified variable u.

The original clause

®=Vx; ... Vx, ¥t]
becomes abstracted to
@' = VuVx ... Vx, negs(s,u,t) vV ¥[u]
which can be seen as an implication
VuVxy ... Vx, eqs(s,u, t) — ¥lul.

Assuming again a Herbrand model M for ®, by definition it is also
a model for all ground instances of ¥ where the universally quanti-
fied variables u, x1, ..., x, have been instantiated by the ground terms
u’, ti, ..., ty.

M Eeqgs(s,u',t) = Plul[u—u', x1 — t1, ..., x4 — t]

With the premiss of eqs(s, 1/, t) we replace the term u’ that has been substi-
tuted for u by ¢
M |=‘I’[t][x1 —t, ..., Xy tn]

which is by definition valid if M is a model for ® which has been our as-
sumption. Thus we have shown that every model of a clause P is also
a model of the clause @’ where an occurrence of the term t has been ab-
stracted to a universal variable. Abstraction as presented here is sound,
but as well as definitions, it is not complete due to the incomplete imple-
mentation of equational reasoning.

Equalities The first step in the transformation that uses these definitions
and abstractions processes equalities. First, negative occurrences of either
the positive equality predicate eqs or the negative equality predicate neqs
are turned into positive occurrences of negs or eqs, respectively. If one of
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the terms in an equation contains an array function that is to become a flat
relation, the equation is oriented so that the function term occurs on the
left-hand side. If both terms are to be flattened, they are replaced by either
a definition or an abstraction.

If e. g. f is an array function, the clause

{ —eqs(t, f(a), f(x)) }

with x being a universal variable becomes

{ neqs(t, cga), tif(x)), neqs(t, f(x), ugx) }

with a new universal variable u(,) defined in the new second literal and a
new constant ¢y, that is defined in the additional clause

{eqs(t, f(a), cf(a)) }-

After this step all equality predicates eqs and neqs only occur positively
and in each equality there is at most one function term that is to be made
relational and it is always on the left-hand side.

Satisfiability is obviously preserved when changing negative occur-
rences of equalities into positive ones and, as equality is a symmetric re-
lation, certainly also when orienting them. Replacing terms by definitions
or abstractions has been shown to be valid before.

Flattening of functions In the next step all function terms for array func-
tions are flattened, i. e. each occurrence of these function symbols is re-
placed by a definition or an abstraction if the term is ground or contains
universal variables, respectively. An exception holds for positive or nega-
tive equalities eqs and negs. If the left-hand side is a function term with an
array function, after the equality transformations the right-hand side can
not be another function term that is to be flattened. The equation is then
kept as it has exactly the form of a definition or abstraction. All occurrences
of array functions inside this term will, of course, be defined or abstracted
recursively. Ultimately, there will be no occurrence of an array function as
argument of a function or predicate except in equations for definitions or
abstractions.
Thus, a clause

{eqs(t, f(x, f(a,b)),8(y)), neqs(t,g(f(a,b)),y) }

with the universal variables x and y where f is an array function becomes

{eqs(t, f(x,crap)) §(y)), neqs(t, g(csap)) ¥) }

and the definition clause

{eqs(t, f(a,b),crap }
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that is used in both literals.

Again, defining or abstracting terms is valid and no other transforma-
tion is done, therefore flattening of functions still preserves the satisfiability
of the original clause set.

Turning functions into relations Now all array functions only occur in
terms at the top level and only in positive or negative equations eqs and
neqs on the left-hand side. They can be made relational by replacing the
equalities by a predicate whose arity is greater than the arity of the function
by one. The last argument of the predicate is the right-hand side of the
equation, the sort of the equality is lost in that transformation. Negative
equalities become a negative literal, positive equalities a positive one.
The clauses

{eqs(t, f(x,crap)) 8(y)), neqs(t, g(crap)) ¥) }
{eqgs(t f(a,b),crap) }

now become

{r_f(x, crap),8(y)), neqs(t, g(crap)) y) }
{ I'_f(LZ, b, Cf(a,b) }

if f is an array function.
Following [BFANTO07], turning functions into relations preserves satis-
fiability if there is an axiom to enforce left-totality of the relation:

Vxp ... Va, 3y r_f(x1, ..., X0, y).
This is skolemized to the clause

{rf(x1,...,xn, ¢ ¢(x1,...,%0)) }. (5.13)

Totality of relations However, this formulation of the totality axiom ad-
mits to arbitrary instantiations of xj, ..., x, that may prevent the calculus
from terminating. For instance, when the select array function is made re-
lational, the axiom

{ r_select(a, i,select_val(a,i)) } (5.14)

with the universal variables a and i of sort Array and Int, respectively, ad-
mits to infinitely many asserts when arbitrary Int values can be generated
by an axiom. They then give rise to infinitely many new arrays from a finite
initial number where different values are stored at different indices.
Assuming that there is a finite number of “interesting” indices that are
relevant in the derivation and can be extracted from the initial problem, an
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index predicate is introduced and the totality axiom is changed to enforce
totality only at a relevant index:

{ r_select(a, i,select_val(a,i)), ~index(i) } (5.15)

Indices are considered to be relevant where arrays are read or written.
Thus for each ground term ¢ that occurs as the second argument in a select
or store function, a unit clause

{ index(t) }

is added, making select total only at those indices. The index predicate
is only added for ground terms, not for universally quantified terms as
then new index predicates could be asserted circumventing the restriction
of totality to a finite number of arguments.

A similar approach is used by [BMS05] to build a decision procedure for
a fragment of integer array theory. They restrict the formulas to array prop-
erties that are defined as implications of an expression about the indices of
an array (the index guard) and an expression about the value of an array.
The index guards may be formulated in Presburger arithmetic, but nested
array reads in the value expression are not allowed, making their logic frag-
ment much less expressive than the AUFLIA logic. However, they achieve
a decision procedure by instantiating universally quantified variables only
where they appear as an index of an array.

Unfortunately, they show that extending their logic fragment by allow-
ing nested reads in an array or more general arithmetic expressions in the
index guard make satisfiability undecidable. Therefore one can certainly
expect that the AUFLIA logic with the totality axiom for array reads re-
stricted to a finite number of interesting indices will be incomplete, but
nevertheless our assumption is justified as a sensible one and indeed, it did
hold in many examples that were tried.

Canonical transformations To finally get the canonical form of the clause
set, the relations > and > are eliminated by reducing them to their duals <
and < and negative occurrences of them are then replaced by positive oc-
currences of % and £, similar to the approach to handling negative equality
predicates in the last chapter.

Further, every constant c in a negated literal in a clause is abstracted to a
new universally quantified variable x. that is defined by adding the literal
neqgs(t, ¢, x¢) to the clause as described before. By means of an example this
has the effect of reducing equality to unification: the clauses

{ P(plus(1,1)) }
{=P(2) }
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are contradictory and this could be detected using equational reasoning.
The assertion rew (Int, plus(1,1),2) as well as the application of predicate
substituitivity would be needed.

However, if the second clause is transformed like

{-P(2)} ~ {eqs(Int,x,2) — —~P(x) }
~»  { P(x) — neqs(Int, x,2) }

that can directly be unified with the first clause, we need to refute
neqs(Int, plus(1,1),2).

The transformation is sound, it again does only use abstraction, which
is sound for any term including ground terms and, of course, constants c.
Replacing negated predicates and reducing > to < is obviously sound as
well.

Depth bound heuristic The presence of a distinguished goal formula in
the set of axioms and assumptions is exploited to give the iterative deepen-
ing search of DARWIN a hint. Instead of starting with a small depth bound
and increasing it, the search begins with a bound that equals the maximum
term depth in the problem formula following the rationale that the unsat-
isfiability is founded in the formula and not in the axioms or the assump-
tions and a refutation will most likely need terms of the formula’s maximal
depth. The depth bound is calculated before the preprocessing including
the flattening to allow assertions of totality up to that bound that may be
necessary to refute literals that have been flattened.

5.2.2 Theory fragments

The theory was formulated as a combination of fragments that are collected
in appendix A. The essential fragment A.1 contains the equality axioms as
in section 4.3, following in A.2 are axioms for the relations <, <, £ and ﬁ
Arithmetic is split into A.3, where only subtraction with the constant 1 is
axiomatized, and A.4 for the full arithmetic of plus and times. The array
theory is contained in A.5.

For each problem treated in the following examples a set of theory frag-
ments was chosen that was just as expressive as required to prove its un-
satisfiability. This can in a way be compared to the approach of MATHSAT,
described in section 5.1.3, where theories are layered and satisfiability is
checked proceeding from general to more specific theories.

There is currently no automation for this step, however, one could be
conceived in a way as described above. DARWIN is started with a limited
set of theory axioms that is grown by axioms for a more specific theory
when the formula has been found to be valid. If invalidity is proven, it
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will hold for more specific theories as well. Unfortunately, this procedure
is not guaranteed to terminate and with AUFLIA being a combination of
array and integer theory there might not exist a total ordering of theory
fragments. One could think of a situation where a formula is valid up to
a certain accumulation of theory fragments. For the next step there might
be two possible theory fragments where neither one is more general than
the other and the formula will be invalid if one fragment is added while
the proof will not terminate if the other fragment is added. The question
arises, if there are ways to always choose the first theory fragment or if it is
possible to cut the theory fragments in a way that avoids such situations.

The dilemma of choosing the right theory layer for the next step could
also be avoided by separating the theories and using a method to rea-
son with a combination of theories like the Nelson-Oppen or Shostak ap-
proaches, see [RRT05] for a recent survey on this topic.

5.2.3 Examples

The transformations of the clause set to a canonical form to deal with equal-
ity and theories were evaluated by looking into selected examples. They
were mostly taken from the SMT-LIB benchmarks at [RT07] and from
proof obligations generated by the KEY system.

A simple start: decprocl

A first, rather simple example was extracted from the KEY sequent

==>
\forall int x;
\forall int y;
( 1leq(0, x) & leq(x, y) & 1t(y, a.length)
-> leq(alx]l, alyl))
-> \forall int x;
(  1t(0, x) & 1t(x, a.length)
-> leq(alsub(x, 1)], alx]))

that is straightforwardly translated to a formula in the AUFLIA logic frag-
ment as described in section 3.5. There is no type hierarchy involved, thus
no type predicates have to be introduced, the formula is just the negated
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sequent from above:

(Vx :IntVy: Int (0 < x) A (x <y) A (y < length(a))

— (select(a, x) < select(a,y))) (5.16)

(Vx : Int (0 < x) A (x < length(a))
— (select(a, minus(x,1)) < select(a, x))).

The formula needs the definition of two uninterpreted functions: a con-
stant a of sort Array and a function

length : Array — Int.

(5.16) is quite simple and unsatisfiable by an apparent argument: the ele-
ments of array a are monotonically increasing with its index and this natu-
rally implies that the preceding element is always less than or equal to its
successor.

After the preprocessing described in a previous section, the clause set
in CNF is

{ r_select(a, minus(cy,1),c2) } (5.17)
{ r_select(a,c1,c3) } (5.18)
{0<c} (5.19)

{ ¢; < length(a) } (5.20)
{c2fcs} (5.21)

{0Lx, x Ly, y £ length(a), u; < uy,
neqs(Array,a, uz), neqs(Array,a, us), (5.22)
—r_select(us, x, 1), ~r_select(us, y,uz) }

{ index(minus(cy,1)) } (5.23)

{index(c1) } (5.24)

The transformations are straightforward, as an example we will only
elaborate on how we arrived at (5.22). It originates from the premiss of
(5.16) which is

{—x <0, =x <y, -y < length(a), select(a, x) < select(a,y))) } (5.25)
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in CNF. It does not contain an equality, but the select terms that must be
flattened. They occur in the last literal twice and both occurrences contain-
ing a universal variable are abstracted to new universal variables u; and
up, respectively. They are defined in newly added literals

neqs(Int, uq,select(a, x))

neqs(Int, uy, select(a, y))

and the original literal now is
u; < up.
The abstractions are then turned into relations reading
—r_select(a, x, uq)

—r_select(a,y, uz).

The negative occurrences of < and < become positive occurrences of £ and
# and the occurrences of the ground term a in the negative literals above
are abstracted to new universal variables 13 and 14 defined by

neqs(Array, uz, a)

neqs(Array, g, a)

so that we finally have (5.22)

{0Lx, x Ly, y £length(a), u1 < up,
neqs(Array,a, uz), neqs(Array,a, us),

—r_select(us, x,u1), ~r_select(uq,y, uz) }.

Observe that this can be regarded as an implication of the definitions in the
last two lines and the original clause (5.25) in the first line.

The index predicate is true for the ground terms minus(cy, 1) in (5.17)
and c; in (5.18) where the array a4 is read. The clauses (5.23) and (5.24) have
been added for that reason.

The depth bound was taken from the deepest subterm in the original
formula select(a, minus(x, 1)) which equals 3.

Looking at the clause set, it seems enough to have the theory fragments
for equality (A.1), relations (A.2), arithmetic with (x — 1) (A.3) and arrays
(A.5).

Unsatisfiability of the clause set can be shown in a very short derivation.
Each literal in (5.22) is either directly contradicted by a unit clause from the
problem or by a literal that can be asserted in only one step from the theory.
The solution is thus quite shallow in the search space of DARWIN and one
can expect that it will find it quite fast.
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Indeed, DARWIN proves the unsatisfiability of the problem in very short
time that is even competitive to CVC3 and Yices. Of course, this compari-
son is quite unfair, considering the amount of manual tuning that went into
DARWIN'’s proof by picking just the right theory fragments and leaving out
unnecessary ones. Adding to that, DARWIN is incomplete on the AUFLIA
logic, while CVC3 and Yices claim to be complete there.

Symmetric matrix: symm-array

The next example was taken from [Ran06] and slightly modified. It has
to be proven that a symmetric matrix remains symmetric if only elements
along the diagonal are changed.

Unfortunately, the array functions select and store cannot be extended
easily to model two-dimensional arrays in the AUFLIA sublogic. The ob-
vious approach to nest the select function is not possible as it always re-
turns an integer and not an array, making terms like select(select(a, i), f)
invalid. The index is defined to be an integer as well, ruling out the pos-
sibility to take a pair of integers instead. One could work around this by
defining a pairing function and its inverse projecting a pair of integers into
one and vice versa, but considering the weak implementation of equality,
it was instead opted to define new functions for reading and writing two-
dimensional arrays and to axiomatize their theory paralleling the theory of
one-dimensional arrays.

The functions were

read : Matrix x Int X Int — Int

write : Matrix x Int X Int X Int — Matrix

and all axioms in A.5 were changed to hold for both indices. The pre-
processing steps to flatten and turn into relational predicates for the one-
dimensional array functions were applied to these two-dimensional func-
tions as well.

The problem defines two matrices a4 and a1, four constants ey to e3 to
be written to the matrix and a constant 7 as the dimension of the problem
that was set to 3. The matrix a is assumed to be symmetric

)

VitIntVj:Int (0<i)AGE<n)AO<)AG<n
,j) =read(a,j,i)) (5.26)

— (read(a, i,

and a second assumption states that a5y, is changed by writing elements
along the diagonal

Afinal = Write(write(write(write(a,0,0,¢9),1,1,¢1),2,2,¢2),3,3,¢e3). (5.27)
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Finally, the formula to prove is that ag, is still symmetric

VieIntVji:Int (0<i)A{E<n)A0<j)A(j<n)
- (read(aﬁnalr l/]) = read(afinalrj/ 1)) (528)

This example is hard enough to evaluate the handling of sorts and as-
pects of formulating the theory with. All proofs were run on a Pentium 4
with 3.4GHz and 1GB of RAM, and using the transformations described so
far, it took about 70 seconds to prove unsatisfiability.

CVC3 and Yices were unable to produce a result and both gave up after
seconds. This is again quite an unfair comparison as the optimized han-
dling of arrays in their proof procedures could not be applied and they
were left with an axiomatic formulation of the two-dimensional array.

Returning to DARWIN, if the ternary equality and rewriting predicates
egs, negs and rew are replaced by binary predicates without sorts, no proof
is found even after hours. If the sorts are strengthened so that each clause
containing a universal variable of sort array is added a constraining sort
predicate like

{ eqs(Array, select(x,0),0), —~array(x) }

adding the implication that the variable x is an array, a proof is found,
but only after more than twice the time. This supports our approach of
using only sorted equality predicates and no further constraint predicates
as presented in section 2.2.

A second observation was made with positive and negative formula-
tions of relation predicates, in this case only <. A total ordering of the
numbers 0 to 3 was given by the clauses

{0<1} {1<2} {2<3}

and not much surprisingly a proof was found about ten percent faster if
these clauses were not present. The total ordering is only a further con-
straint that does not influence the unsatisfiability of the problem. However,
if the total ordering was formulated using the negative relation predicate

£ by
{-0£1} {-1£2} {-2£3),
it took three times as long as with positive predicate <.

This can justify using the positive versions of relation predicates in the
theory axioms and not applying the canonical transformations to them. In
that way, some duality is enforced between the positive relation predicates
in the theory and the negative relation predicates in the problem by requir-
ing an intermediate step to assert the negative of one of them to be able
to unify them while this is immediately possible inside the theory. The
derivation in the slower case consequently considers more than three times
the assert candidates than when the predicates are separated.
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Arrays and arithmetic: piVC_0d£790

To examine a combination of array and integer theory, a benchmark from
the SMT-LIB AUFLIA benchmark suite was chosen, namely piVC_0d£790.
It is considered to be easy and its core is the unsatisfiability

Vi Int (0 < x) A (x < n) — (select(a, x) = e)
- (5.29)
dx: Int (0 < x) A (x < n) A (select(a, x) # e)
that was already used as an example in section 5.1.2.
It can easily be proven by DARWIN with the theory fragments of equal-

ity (A.1), relations (A.2), arithmetic with (x — 1) (A.3) and arrays (A.5).
If (5.29) is modified to include a calculation task

Vx: Int (0 < x) A (x <n) — (select(a,x) =e+e)
o (5.30)
dx : Int (0 < x) A (x < n) A (select(a,x) #2-e)

whose result is specified by either one of

eqs(Int,plus(x, x), times(n2, x)) (5.31)
rew (Int, times(n2, x), plus(x, x)) (5.32)
rew (Int, plus(x, x), times(n2, x)), (5.33)

it can be just as easily solved. In that case, it does not make a difference if
rewriting or the equality predicate is used as the equality is range-restricted
and does not admit to repeated application.

Non-linear arithmetic: binomial

A proof obligation for the binomial formula
(a+b)?=a*+2-a-b+b
comes as a KEY sequent

==>
\forall int a;
\forall int b;
mul (add(a, b), add(a, b))
= add(add(mul(a, a), mul(mul(2, a), b)),
mul(b, b))
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where all mul terms except
mul(2, a)

are non-linear. The formula is thus not in the AUFLIA sublogic and the
non-linear mul terms would be translated to an uninterpreted function

f non_linear_mult 48 in
mul (mu1(2, a)/ b) ~ fnonﬁlinear,mult (times(z, a), b)

Not having axioms for that function, DARWIN would find the problem
to be satisfiable. However, if the non-linear multiplication is instead trans-
lated to the interpreted multiplication that is then made distributive over
addition

eqs(Int, times(x, plus(y, z)), plus(times(x, y), times(x, z))) (5.34)

and the multiplication by two is reduced to an addition as in (5.31), (5.32)
or (5.33) in the last example, the problem is quickly found unsatisfiable.

In that instance, non-linear multiplication can be handled. However, it
also becomes obvious that an inductive formulation of linear multiplication
will not succeed. It would be natural to define

rew(Int, times(x, y), plus(times(minus(x,1),y),y)) (5.35)

that would terminate with the already available axiom for the neutral ele-
ment of multiplication (A.49)

Vx rew(Int,times(nl, x), x).
With that, one could assert
rew (Int, times(n2,a), plus(times(minus(n2,1),a),a)),

but as there is no functional substituitivity for the arithmetic functions plus,
times and minus, the subterms of plus on the right-hand side of the rewrite
rule could not be further rewritten. The availability of equality in the Model
Evolution calculus will obsolete the rewriting predicate and thus make an
inductive formulation of linear multiplication possible.

Bubblesort invariant: arr2

As a last example to elaborate on, a quite classical example in the software
verification domain was chosen from the SMT-LIB benchmarks. It is the
invariant of the bubblesort algorithm stating that in an array that is sorted
except for two succeeding elements, exchanging these elements will make



50 CHAPTER 5. THEORY REASONING

the whole array sorted. The formulation in (5.36) includes a new sort Queue
and the three uninterpreted functions

key : Int — Int

elems : Queue — Array

size : Array — Int

that require functional substituitivity. Fortunately, they do not occur nested
with each other and not as subterms inside other functions except array
functions that become predicates after the preprocessing. Thus the func-
tions only occur as direct subterms in predicates and the axioms

neqs(Int, key(x),y) Arew(Int,x,s) — neqs(Int, key(s),y)

neqs(Int, x,key(y)) Arew(Int,y,s) — neqs(Int, x,key(s))

neqs(Array, elems(x),y) A rew(Queue, x,s) — neqs(Array, elems(s), y)

neqs(Array, x,elems(y)) A rew(Queue,y,s) — neqs(Array, x, elems(s))

neqs(Int,size(x),y) A rew(Array,x,s) — neqs(Int,size(s),y)

neqs(Int, x,size(y)) A rew(Array,y,s) — neqs(Int, x, size(s))

are sufficient to account for functional substituitivity of those three func-
tions.
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The formula
—Vi: Int Vpp : Queue
(
i>0
A
(Vj: IntVk: Int
(j > 0) A (j <size(pp)) A (k= 0) A (k< j)A (i # )
—

(key(select(elems(pp),j)) < key(select(elems(pp),k)))
)

A\

—(key(select(elems(pp),i)) < key(select(elems(pp),i—1)))
A
(i

~

> 0) (5.36)
VAN

(i < size(pp))
)

-
(Vj : Int Vk : Int Vee : Array
(> 0) A (j < size(pp)) A (k= 0) A (k< f) A G #1—1)
A
ee = store( store(elems(pp),i — 1, select(elems(pp),i)),
i,select(elems(pp),i —1))
.
(key(select(elems(ee),j)) < key(select(elems(ee), k)))
)

can then be proven by DARWIN in 4 seconds which is not competitive to
CVC3 and Yices that both take less than tenths of seconds.

AUFLIA Burns benchmarks

Finally, DARWIN was run on a series of SMT-LIB AUFLIA benchmarks
about the Burns” mutual exclusion protocol (see [Bur78]). The required
theory fragments were equality (A.1), relations (A.2) and arrays (A.5) and
exactly half of the 14 benchmarks could be proven, each after well less than
one second.

To evaluate our approach to theory reasoning without the dependence
on equational reasoning, we removed the approximation of the rewrite-
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based equational reasoning and reintroduced the standard binary equality
predicate, keeping the preprocessing for theory reasoning described in this
chapter. The proof obligations were then given to EKRHYPER that accepts
DARWIN’s input format. Its proof procedure as described by [BPF(07] is the
Hyper Tableaux calculus with superposition as equational reasoning.

As an encouraging result, all remaining benchmarks could be proven
in a matter of about 1.5 seconds each. Though the Hyper Tableaux calculus
is rather different from Model Evolution, our approach to theory reasoning
still worked there. In the case of the Burns” benchmarks our formulation
of theory fragments is complete and the preprocessing does not harm com-
pleteness. We can thus look forward to much better performance in the
Model Evolution calculus with equality in terms of speed as well as in the
number of solvable problems.



Chapter 6

Conclusion

Having set out to integrate the Model Evolution calculus of the theorem
prover DARWIN into the software verification system KEY, we found sev-
eral obstacles on the way. Not all of them could be passed in this work,
some still remain there. Nevertheless, we found a working approach to
some of them and pointers on how to tackle others, leaving open ends for
future research.

6.1 Results

A first rather technical achievement of this work is the implementation of
an interface to the SMT-LIB benchmark suite for DARWIN that enables it
to process input in that format. The relaxation of the many-sorted logic
to the unsorted logic of DARWIN was done by slightly deviating from the
translation semantics as defined in SMT-LIB, justified by a better fitness for
the Model Evolution calculus. Though building the CNF of the benchmark
is delegated to the E prover that is not aware of sorts, care is taken that the
sorts of Skolem symbols can be still deduced.

With the current unavailability of an implementation of the Model Evo-
lution calculus with equality, an approximation of rewrite-based equational
reasoning was conceived that did not need to modify the calculus by being
purely operational. The approximation takes advantage of the information
about sorts that has been saved in the translation from the original SMT-
LIB input.

A lifting of existing DPLL procedures for satisfiability modulo theo-
ries could not be found. As a first approach to have theory reasoning in
the first-order Model Evolution calculus, it was attempted to transform the
clause set and reason with the theory formalized as a set of axioms. We
could successfully prove a number of benchmarks from the target domain
of software verification.

53
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6.2 Further Work

Next steps following up on this work certainly should build on the Model
Evolution calculus with equality. A proper implementation of ordered
paramodulation will obsolete our approximation of rewrite-based equa-
tional reasoning and lead to a much better performance. As we showed
in the last chapter, this will enable DARWIN to prove more problems and to
be faster at it.

The theory of equality will not be needed any more and there is no use
in keeping the information about sorts that was still required for our ap-
proximation. Possibilities should be explored to apply a reduction order-
ing compatible with associativity and commutativity of functions defined
in the theory. Thus the theory formalization could become lighter by lifting
those properties to the calculus.

The incompleteness of the theory reasoning could be tackled in sev-
eral ways. Choosing an axiomatization that is complete and tractable for
the calculus is an obvious step which might not be feasible for a variety
of reasons. Further, the monolithic theory could be separated to layers
or independent theories. The latter approach would admit to employing
procedures like Nelson-Oppen or Shostak for the combination of theories.
Equality would play an important role there. The layering of theories, that
is not precluded by the approach of combining theories, would stack the-
ories of increasing strength and decreasing tractability to be successively
applied.

Instead of striving for completeness, some effort could be put into de-
tecting incompleteness on a particular problem. The procedure would then
try to exhaust its theory formulation and finally pass a suitably formulated
proof obligation on to another theory solver. Here, the advantages of the
Model Evolution calculus being of true first-order could be exploited to
break the problem down to one of a smaller size that could be admissible
to a solver less powerful on first-order logic, but with a stronger emphasis
on theories.

The most challenging effort is certainly a lifting of some of the presented
ground propositional DPLL(7") procedures to first-order logic. However, it
could be most rewarding as it would be as superior to DPLL(7") as Model
Evolution is to DPLL.

A bigger part in a lifting of DPLL(7) would be taken by the search
for a suitable representation of first-order contexts and models from the
Model Evolution calculus. The approach requires collaboration with a the-
ory solver working on an interpretation for the clause set that is only per-
ceived abstractly by the high-level Model Evolution calculus. It is an im-
portant open question if there are other model representations than DIGs
that would lead to an even more powerful instance-based method or if such
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a method would enable concise model representations tractable for a the-
ory reasoner.

If the Model Evolution calculus has been shown to be useful for prob-
lems in the software verification domain, we can return to the pursuit of
integration with the KEY system. A successful proof could return informa-
tion enabling the KEY system to verify the correctness of the proof without
having to rely on the correctness of the called procedure. On the other
hand could a failed proof provide a model that could in turn give hints for
debugging the program or its specification.

Not regarding an embedded proof procedure as a black box and presup-
posing its correctness, but instead requiring witnesses to certify delegated
proof obligations is a central issue for reliably using cooperating theorem
provers. Instance-based methods are well prepared for that requirement as
the calculus explicitly reasons with candidate models of the clause set. The
domain of software verification, besides being maybe the most important
area of practical application for automated theorem proving, is especially
concerned with heterogeneous theories modelling semantics of programs
and therefore it is quite natural to have different theorem provers coop-
erate on such problems. Considering that, we will certainly see advances
towards successful integration of instance-based methods in software veri-
fication.
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Appendix A

Unified theory

A1 Equality

Reflexivity of eqs
Vit Vx eqs(t, x,x)

Irreflexivity of negs
Vt Vx —negs(t, x, x)

Rewriting from equality: conjunctive variant
Vit Vx Yy eqs(t, x,y) — rew(t, x,vy)
Vi Vx Yy eqs(t, x,y) — rew(t,y, x)

Rewriting from equality: disjunctive variant

Vit Vx Yy eqs(t, x,y) — rew(t, x,y) Vrew(t,y, x)
Substituitivity for eqs
Vi Vx Yy Vs eqs(t, x,y) Arew(t, x,s) — eqs(t,s,y)
Vi Vx Yy Vs eqs(t, x,y) Arew(t,y,s) — eqs(t, x,s)
Substituitivity for neqs
Vt Vx Yy Vs neqs(t, x,y) Arew(t,x,s) — neqs(t,s,y)
Vt Vx Yy Vs neqs(t, x,y) Arew(t,y,s) — neqs(t, x,s)
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(A1)

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

(A7)

(A.8)

(A.9)



60 APPENDIX A. UNIFIED THEORY

A.2 Relations

Reflexivity of <
Vx (x < x)

Antisymmetry of <

VxVy (x <y)A(y < x)— eqs(Int, x,y)

Transitivity of <

VxVyVz (x <y)A(y<z)— (x<z)

Transitivity of <

VxVyVz (x <y)A(y <z) — (x < z)
Transitivity of < and <
VxVyVz (x <y)AN(y<z)— (x <2z)
VxVyVz (x <y)A(y<z)— (x<z)
< is stronger than <
Va vy (x <y) — (x<y)
VxVy (x <y) — (x <y)Veqs(Int,x,y)

Definition of £
VxVy (x £y)A(x <y) — L

Irreflexivity of ¢
Vx = (x £ x)

Definition of £
ViVy(x <y)AN(x£y) — L

Vx Yy (y £ x) — eqs(Int,x,y) V (x <y)

(A.10)

(A.11)

(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)
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< and £
VaVy (x £y) — (y <x)

VaVy (y < x) = (x £ y)

Irreflexivity of <
Vx = (x < x)

< and neqgs
Vx Vy (x < y) — neqs(Int, x,y)

Vx Yy negs(Int,x,y) — (x <y) V (y < x)
Substituitivity for <

Vx Vy Vs (x <y) Arew(Int,x,s) — (s <y)

Vx Vy Vs (x <y) Arew(Int,y,s) — (x <s)
Substituitivity for <

Vx Vy Vs (x <y) Arew(Int,x,s) — (s <y)

Vx Vy Vs (x <y) Arew(Int,y,s) — (x <s)
Substituitivity for £

Vx Yy Vs (x £ y) Arew(Int, x,s) — (s £ y)

Vx Yy Vs (x £ y) Arew(Int,y,s) — (x £ s)
Substituitivity for £

Vx Vy Vs (x £ y) Arew(Int, x,s) — (s £ y)

VxVy Vs (x £ y) Arew(Int,y,s) — (x £ )
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(A.22)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)

(A.30)

(A.31)

(A.32)

(A.33)

(A.34)
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A.3  Arithmetic (x — 1)

Nothing between zero and one

Vx(0<x)A(x<1)— L (A.35)

0<1
0<1 (A.36)
—eqs(Int,0,1) (A.37)

Monotonicity of minus

Vx Wy (x < y) A (minus(y,1) < x) — L (A.38)
Vx =(x < minus(x, 1)) (A.39)

Vx —(minus(x,1) # x) (A.40)

Vx = eqs(Int, minus(x, 1), x) (A41)

ifx—1=0thenx=1

Vx eqs(Int,0,minus(x, 1)) — eqs(Int, x,1) (A42)

A4 Arithmetic for plus and times
Commutativity of plus

Vx Vy eqs(Int, plus(y, x), plus(x,y)). (A.43)

Commutativity of times

Vx Vy eqs(Int, times(y, x), times(x,y)). (A.44)

Associativity of plus

Vx Yy Vz eqs(Int, plus(x, plus(y, z)), plus(plus(x, y), z)) (A.45)

Associativity of times

Vx Vy Vz eqs(Int,times(x, times(y, z)), times(times(x,y),z))  (A.46)



A.4. ARITHMETIC FOR PLUS AND TIMES

Distributivity
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Vx Vy Vz eqs(Int, times(x, plus(y, z)), plus(times(x, y), times(x, z)))

Zero is neutral element of plus

Vx rew(Int, plus(0, x), x)

One is neutral element of times

Vx rew(Int,times(1,x), x)
Integer multiplication
Vx rew(Int,times(1,x), x)
Vx rew(Int,times(2, x), plus(x, x))
Vx rew(Int,times(3, x), plus(x, plus(x, x)))
Vx rew(Int,times(4, x), plus(x, plus(x, plus(x, x))))

xX+x=2x
Vx eqs(Int,plus(x, x), times(2, x))

Cancellation

Vx Yy Vz neqs(Int, plus(x,y), plus(x,z)) — neqs(Int,y,z)

Vx Yy Vz neqs(Int, times(x,y), times(x, z)) — neqs(Int,y, z)

Vx Vy neqs(Int,neg(x),neg(y)) — neqs(Int,x,y)

Inverse of plus
Vx rew(Int, plus(neg(x), x),0)

Inverse of times

Vx rew(Int,times(neg(1), x), neg(x))

(A.47)

(A.48)

(A.49)

(A.50)

(A.51)

(A.52)

(A.53)

(A.54)

(A.55)

(A.56)

(A.57)

(A.58)

(A.59)
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Twice neg
Vx rew(Int, neg(neg(x)), x) (A.60)
plus and neg
Vx Vy rew(Int,neg(plus(x,y)), plus(neg(x),neg(y))) (A.61)
times and neg
Vx Vy rew(Int, neg(times(x,y)), times(neg(x),vy)) (A.62)

Substituitivity for plus

Vx Vy Vs plus(x,y) Arew(Int,x,s) — plus(s,y) (A.63)

Vx Vy Vs plus(x,y) Arew(Int,y,s) — plus(x,s) (A.64)

Substituitivity for times

Vx Vy Vs times(x, y) A rew(Int,x,s) — times(s,y) (A.65)
Vx Vy Vs times(x,y) A rew(Int,y,s) — times(x,s) (A.66)
A.5 Arrays

Array axioms

Va ViVe Vr r_store(a,i, e, r) — r_select(r,i,e) (A.67)

Va Vi Vj¥e VdVr r_store(a,i, e, r) Ar_select(a,j,d) —
r_select(r,j,d) V eqs(Int,i,j) (A.68)

Functionality of select

Va ViVe, Ve, r_select(a,i,e1) Ar_select(a,i,ep) — eqs(Int,ei, e2) (A.69)

Totality of select

Va Vi index(i) — r_select(a, i, select_val(a,i)) (A.70)
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Functionality of store

Va ViYe Yay Ya, r_store(a,i,e,a1) Ar_store(a, i, e, ay) — eqs(Array,ay, az)
(A.71)

Substituitivity for r_select

Va ViVe Vs r_select(a,i,e) Arew(Array,a,s) — r_select(s,i,e) (A.72)

Va ViVe Vs r_select(a,i,e) Arew(Int,i,s) — r_select(a,s,e) (A.73)

Va ViVe Vs r_select(a,i,e) Arew(Int,e,s) — r_select(a,i,s) (A.74)

Substituitivity for r_store

Va Vi Ve Vr Vs store(a,i,e, r) Nrew(Array,a,s) — store(s,i,e,r) (A.75)

Va ViVe Vr Vs store(a,i,e, r) Arew(Int,i,s) — store(a,s,e,r) (A.76)

Va ViVe Vr Vs store(a,i,e, r) Nrew(Int,e,s) — store(a,i,s,r) (A.77)

Va ViYe ¥r Vs store(a,i,e,r) ANrew(Array,r,s) — store(a,i,e,s) (A.78)
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