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Chapter 4

M athematical analysis of the magneto-

optic scanning microscope

In this chapter the mathematical process for modelling the magneto-optic (MO)
scanning microscopes will be described in detail. In the previous chapter diffraction
theory was applied to model the response of the Type 1 and confocal reflectance
scanning microscopes. A similar approach was applied to modelling the readout
process in magneto-optic storage systems by Milster and Curtis>¥, where the readout

channel is analogous to that of a scanning microscope sensitive to the Kerr effect.

Magneto-optic, MO, imaging, via the Faraday, polar or longitudina Kerr effects,
relies upon the detection of the rotation of the plane of polarisation of a linearly
polarised field upon reflection from, or transmission through, a magneto-optic sample.
Many detection schemes have been devised which are capable of detecting the very
small rotations, typicaly <1°, introduced by these effects 1!824%%%¢  Alternative
detection strategies are also employed to detect the small amount of elipticity that is
introduced upon interaction with a MO sample *”. However, in the current analysis
only detection schemes that are sensitive to the rotation of polarisation are presented.
r 72455565859 gnd

The two most common detection schemes being the single detecto

differential detector 255 configurations,

The optical layout of the MO detection schemes are similar to those of the reflectance
imaging systems presented in chapter 3. Hence, a smilar analysis can be applied to
develop a mathematical model of the imaging process in MO systems. The
propagation of the electric field through the optical system is formulated using scalar
diffraction theory. However, for the MO detection schemes the behaviour and

interaction of linearly polarised fields must also be considered. Hence, a Jones matrix
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analysis will be employed to describe the interaction of the polarised field with the

MO sample and the optics of the readout channel 760616263

The Type 1 configuration of the differential detector MO scanning microscope is
commonly employed as the readout head in optica storage systems "¢%*% gnd will
be analysed in detail in the current chapter. However, it is interesting, for
completeness, to develop an expression describing the imaging process in the

alternative single detector arrangement.

A magneto-optic confocal arrangement is also often employed by researchers to

11,12,13,14,48,49,

image magnetic thin films ™ % and so will also be analysed here in detail.

4.1 The single detector M O scanning micr oscope

The single detector MO system relies on the use of an anayser in conjunction with
single photo-detector to generate a signal which is proportional to the rotation of

polarisation of the linearly polarised field after interaction with an MO sample.

4.1.1 The Type 1 system

lllustrated in Fig. 4.1 is the optical layout of the simplest MO detection scheme, that

of the Type 1 single detector MO scanning microscope #4568

Optical configuration

The illumination is provided by a linearly polarised coherent source, such as a laser,
that is focused onto the surface of the sample by the objective lens. A polariser in the
illumination path is often used to enhance the incident polarisation state. After
interaction with the sample an orthogonal y component of polarisation is introduced
into the transmitted field by the magneto-optic effect, along with any phase variations
introduced by the sample. The transmitted field then propagates to the collector lens
by the diffraction process, where it is collimated and propagates to the analyser. The
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anayser is aligned so that its transmission axis is a an angle b° to the plane of
incident polarisation and acts to transmit the field component that is polarised along
its transmission axis. Hence, the field components are resolved along the axis of the
analyser and then propagate, without further modification, to a large area photo-
detector, here assumed to have uniform responsivity. Although Fig. 4.1 illustrates the
optical system operating in transmission, it is common to employ the MO detection
system in reflection 8%, in which case a beamsplitter is placed prior to the objective

lens to separate incident and reflected fields.

{xl N } {x 1 {xz’yz}
A p 1 o’y oS pz A
J:;::o e
Tllum Polariser Obj Sample g T :

Figure4.1: The optical layout of the single detector MO scanning microscope.
I mage calculation

Assuming a uniform incident field distribution,y |, (X;, Y, ), thet is linearly polarised in
X, then the field distribution, y , (x,,Y,) , a the surface of the sample (the focal point
of the objective lens) is as calculated previoudy in sec 2.5 and chapter 3, and is given
by

V(%0 Vo) = FT{ pu (%0, va )y (%00 ¥2)} = hu(%o0 vo) (4.2)
where p,(X;,Y,)is the objective aperture pupil function and h(x,,y,) is the

amplitude point spread function of the objective lens. The interaction of the incident

field digtribution, y , (x,,Y,) , and the MO properties of the sample can be represented
by the Jones matrix characteristic **™

y.@_ & 1 +tan(a)exp(- jf )0 &0
&, @708 R 4.2
&% rXX{-(i?ztan(a)exp(- if) 1 d “Eodl (4.2)
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wherey ,¢and y y¢are the orthogonal polarised field components after reflection from,
or transmission through, the MO sample, r, represents the complex amplitude
reflectance of the sample, tan(a) represents the tangent of Kerr rotation, and f
represents the phase difference between the x and y polarised field components. The
introduction of an orthogonal y component of polarisation can be viewed as the
rotation of the plane of polarisation after reflection from, or transmission through, the
MO sample and the phase difference contributes to dlipticity in the readout beam.
Hence, after interaction with the MO sample the reflected field distribution is
composed of orthogonal x and y polarised field components given by

Y W% Yo) =P (%, Yo ru (% - %Yo - i)
Y 8% Vo) =M (%o, Yo)ru (% - Xe Yo - Vo) tan(alx, - %, v, - v))  43)
soxp{- it (%, - X\ Yo - .}
where (X,,Y,) is the scan position on the sample and all other symbols have their
usua meaning. The orthogonal field components, y , (x,,Y,) ady ,(X,,Y,), inthe

plane of the collector lens are given by the two-dimensional Fourier transform of the

field components, y , &x,,Y,) and y ,®X,,Y,), immediately after interaction with

the MO sample, i.e.
_ 1 ]
yx(xz,yz)—ﬁmyx@(xo,yo)exm
.Y |

(2% + ¥s yo)gdxodyo
(4.4)

! (XZ Xo + y2 yo )gdxo dyo

s

1 X |
Y0¥ = @Y , 8%, Yo ) expy
|

-¥

where f is the focal length of the collector lens (which is assumed to be equal to the
focal length of the objective lens). Immediately after the collector lens the orthogonal
field components, y ,(X,,Y,) and y ,(X,,Y,), are modified by the aperture pupil
function of the collector lensto give,

Y 8%, ¥2) =Y (%00 V2 ) Do (%o, Vo) 45)
Yy 4% ¥2) =Y (%o, Y2 ) Pa (%51 ¥2)

where p,(X,,Y,)isthe collector aperture pupil function.

If the transmission axis of the anayser is adigned at an angle b° to the plane of

incident polarisation, X, then upon propagation through the analyser the orthogonal
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field components, y ®X,,y,) and y &X,,y,), will be resolved aong the
transmission axis of the analyser to give

y (I:(I(xz, yz) =y X(I(XZ, yz) cosb +y yﬂ(xz, yz)sinb : (4.6)
The field then propagates, without further modification, to the large area photo-
detector, which is assumed to be of uniform responsivity and equal to unity. The
signal from the photo-detector is as calculated previoudly, and is given by the integral,

over the area of the photo-detector, of the sguare magnitude of the incident field

distribution, i.e.

¥
(%, v.) = @ 0%, v,)| dx,dy, (4.7)
¥

which substituting for y ®x,,y,) from eg. (4.6) gives

¥
I(xs, ys) =® |y X(B(xz, yz)cosb +y y(B(xz, yz)sin b|2dx2dy2 : (4.8)
¥

Substituting for y , &(x,,y,) andy ,&x,,y,) from eq. (4.5) and rearranging gives

¥
(%0 ¥a) = @[ Po(%0 Yo )| [y o (%, v2) cosb +y ,(x,.y,)sinb)
) (4.9)

><(y X(xz, yz)cosb +y y(xz, yz)sin b)* dx,dy,
where * represents complex conjugation. Substituting for y , (X,,y,) andy ,(X,,Y,)

from eq. (4.4) gives

¥ 2
I(xs.ys) = c‘l‘)|pz(xz.yz)|

ae ¥ 0
Xé' a)( %Yo cosb +y yo)snb)expl—(xzxo+yzyo)i;dxomvo¢z
-¥ a
. 5 (4.10)
Xél cn(y (%, Yo cosb +y ¢*(xod%yo@snb)expl (szoﬁyzyo@g%mvo
-¥ 2}
dxydy,

where x, ¢ and y, ¢are dummy variables. Rearranging eq. (4.10) and substituting for

Y UX,.Y,) andy  &X,,Y,) fromeq. (4.3) gives
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¥
l(xsvys) :deb gZ(Xo - Xo¢v Yo - yo‘1>h1(XO,yO)h1*(qu:, yo«}
¥

(rx(xo - X Yo - ys) cosb +rx(Xo - Xss Yo - ys) tm(a(xo - X Yo - ys)) e<p(- jf (Xo - X Yo - ys))gnb)
(rx * (XOQ; Xs, Yo & ys) cosb +r, * (xoa; Xs, Yo ys)[tan(a(xoc; Xs, Yo 6 ys))*] e<p(jf (XOQ; Xs, Yo & ys))s'n b)
dXOdyOdXOwyOq:

(4.11)
where constant scaling factors have been ignored and g,(X,,Y,) is the amplitude
point spread function associated with the square magnitude of the collector aperture
pupil function, as given by eqg. (3.11).

To maximise the signal from the Type 1 single detector MO scanning microscope the
analyser must be aligned so that only the MO signal propagates to the photo-detector,
i.e. only the y component of the reflected field generated after interaction with the
MO sample. Hence, by setting b = 90° the signa from the photo-detector will be
senditive to only the MO properties of the sample, and the resultant signal from the

Type 1 single detector MO scanning microscope is given by

¥

AN 2\

I(Xs’ys) () ()] g2(xo - Xo¢5 Yo - yo@
>4’]1()(0' yo)rx(xo - X Yo ys)hl* (Xo¢5 yo©rx * (Xo¢ Xs» yo¢ ys)

L (412)
xan(a(x, - X, Yo - Ve))exp(- if (%o - X Yo - Vo))

>{tan(a(xo¢ Xs, Y, & ys)) *] exp(jf (xo¢ Xs, Y, & ys))dxodyodxO ¢dy ¢
Transfer function representation
A transfer function representation of the signal generated in the Type 1 single detector
MO scanning microscope can be obtained using a smilar analysis as developed for

generating the transfer function model for the ordinary reflectance scanning

microscope, described in sec. 3.2 and sec. 3.3.
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If the reflectance and MO properties of the sample are expressed in terms of their

associated spectra, G(n,,n,) and L (n,,n,) respectively, i.e.
¥
rx(x,y) = G(nx,ny)exp{ - 2pj (nxx+nyy)] dn,dn,
¥

¥
[rx(x,y)tan(a(x,y)) exp{ if (xy)}] = L(nx,ny)exp{- 2pj(nxx+nyy)] dn,dn,
-¥
(4.13)
where n, and n, are orthogonal spatia frequency components, then substituting into
eg. (4.11), gives

AN 2\ AN A\

I(Xs!ys) GID GID hl(xo'yo)hl*(xod:' yo©g2(xo - Xo¢' Yo - yo@

>exp{ 2pj (nyxO +nyxo)] exp{2pj (ny¢xo$|rny¢xoc)] dx,dy,dx, ¢dy, ¢ § . (4.14)
>(G( cosb +L (n n )sinb)(G* (nxtt,ny@cosb +L* (nxd:,nytl)sinb)
>exp{2pj n, - nx(I)xS +(ny - nytl)ys)}dnxdnydnxddnyd:

Comparing eg. (4.14) and eg. (3.31) it can be seen that the integral in the square
brackets of eq. (4.14) represents the Type 1 PCTF. Hence, the signal from the Type 1
single detector MO scanning microscope can be expressed in the characteristic form
of eq. (3.32), i.e.
(xs,ys) (‘!‘ﬁ‘) C(n n,;n d:,ny@M(nx,ny;nxd:,nyG)
(3.32)
>exp{2pj[ -n @x +(n,-n (I)ys]} dn, dn, dn,¢dn ¢

where the medium function, M(n,,n ;n,&n, @), is now a function of the reflectance

and the MO properties of the sample, and the rotation of the transmission axis of the
analyser. Comparing eg. (3.32) and eqg. (4.14) it can be seen that the medium function
for the single detector MO system can be expressed in the form

M(nx,ny;n ¢n @ = (G* (nxd:,ny(gcosb +L* (nxd:,nytl)sinb)

>{G( cosb+L(n n )sinb)

If the analyser is dligned so as to maximise the Kerr signal, i.e. b=90°, then eq. (4.15)

(4.15)

reduces to the form
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M(nx,ny;nxd:,ny@:L(nx,ny)L*(nxd:,ny@ (4.16)

and it can be seen that, as expected, the signal from the photo-detector is sensitive
only to the MO properties of the sample, i.e. detects only the magneto-optically

induced y component of polarisation.

If the analyser is aligned to the same direction as the incident polarisation, i.e. x, then
it can be seen that the medium function reduces to the same form as for the Type 1
reflectance scanning microscope, as given by eg. (3.33), and the system no longer

images magneto-optic contrast.

The response of the Type 1 single detector MO scanning microscope can now be
modelled in computer code using the 'direct calculation' approach for ssmple one-
dimensional and two-dimensional MO objects, which is described in sec. 5.2, and the
‘transfer function' approach for simple one-dimensional objects, which is described in
sec. 6.3.1.

4.1.2 The confocal system

It is the aim of this section to describe the signal generation process in the confocal

configuration of the single detector MO scanning microscope.

Optical configuration

x00 ) §2 X (%0} {30} X4}
—~ —
Ilum a e
Polariser Obj Sample Col Analyser Aux, Pinhole  Aux, Det,

Figure 4.2 : The optical layout of the confocal single detector MO scanning

mi cr oscope.
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Figure 4.2. illustrates the optical layout of the confocal single detector MO scanning
microscope which is similar to that of the Type 1 single detector MO scanning
microscope illustrated in Fig. 4.1, where the confoca arrangement is implemented by
the introduction of a pinhole aperture and auxiliary lens arrangement into the

detection arm.
I mage calculation

The field distribution in the plane of auxiliary lens 1 is equal to the field distribution
incident on the photo-detector in the Type 1 configuration, as given previously by eq.

(4.6), assuming the incident illumination is linearly polarised in x.

The field distribution,y ¢0(X,, y,), immediately after auxiliary lens 1 is given by

y @0, y,) =y ¢t{x,,v,)ps(x,. V)

417
= Dy(% . ¥2) P (% Y2 )Y 4 (%2 ¥2) cosb +y ,(x,.y, ) sinb) @47

where p,(X,,Y,) isthe aperture pupil function of auxiliary lens 1, p,(X,,Yy,) isthe
collector aperture pupil function, and y ,(X,,y,) andy ,(X,,Y,) are the orthogonal
field components immediately before transmission through the anayser. The field
distribution, y (X;, Y5), in the plane of the confoca pinhole is given by the two-
dimensional Fourier transform of the field distribution, y ¢4(x,,y,), immediately
after the auxiliary lens 1, i.e.
¥ . )
y (xs, y3) =ﬁc‘§) y ¢¢¢(x2, yz)expij—k(xsx2 + ngz)ngdeZ (4.18)

Al
where fa; is the focal length of auxiliary lens 1, and all other symbols have their usua
meaning. Immediately after the pinhole aperture the field distribution is modified by

the aperture function of the pinhole, p,(x,,Y;), togive

Y dx3.¥5) =y (X3, v3) Po(s. vs) - (4.19)
The field distribution, y (X,,Y,), in the plane of auxiliary lens 2 is given by the two-
dimensional Fourier transform of the field distribution, y ®(X,, y,), immediately after

the pinhole aperture, i.e.
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w

N\

Y (X y4) =

31

)exp l—k(x4xs+y4y3)§dxsdy3 (4.20)
|

fA2

-K

where fa, is the focal length of auxiliary lens 2 and all other symbols have their usua
meaning. The field distribution is then modified by the aperture pupil function of

auxiliary lens 2, p,(x,,Y,),togve

y G(x4, y4) =y (x4, y4) p4(x4, y4) : (4.21)
The field then propagates, without further modification, towards the large area photo-
detector, which is assumed to be of uniform responsivity and equa to unity. The
signa from the photo-detector is calculated as previoudy, and is given by the
integral, over the area of the photo-detector, of the square magnitude of the incident
field distribution, i.e.

(X, Ys) = |v o, )| o, (4.22)
which by substituting for y &(x,, y,) from eqg. (4.21) and rearranging gives
¥
(%6, Vo) = @ [ Pe (% Yo ) Y (0 va * (o1 v )iy, (4.23)
-¥

If it assumed that auxiliary lens 2 collects al the light emanating from the pinhole

aperture, then p,(X,,y,) can be seen to be assumed to be equal to unity and eq.

(4.23) can be written, using Rayleigh’ s theorem, as

pp(xs,y3)|2y (Xsr Ya )y * (Xa Y5 )dXs0ly; (4.24)

ICAET)

-¥
Substituting for y (X,, y,) from eqg. (4.18) and rearranging gives
s €% i jk i NV
I(xs,ys) O OL xs,ya)|2 expij_(xs( X, - X (1)+ y3( yztl))gdxsdysg
-¥ e-¥ I 'l u

X 00X, Y,y @0 (x, ¢y, ddx,dy,dx, iy, ¢

(4.25)

which smplifiesto give

|(XS, yS) C\!‘I\!‘) G( - X2¢, Y, - Y2©y ¢¢¢(X2’ YZ)V ¢¢¢‘(X2¢, YZ(gdxdedezq:dYZq:

(4.26)
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where constant scaling factors have been ignored and G(x,,y,) is the Fourier

transform of the square magnitude of the pinhole aperture pupil function as given by
€g. (3.62). Substituting for y ¢(Xx,,y,) from eq. (4.17) into eq. (4.26) yields

¥

1(x,, Vs) = c‘ﬁc‘i)G( - %6 Y, - V0P, (%o ¥2) P * (X, Y, 9

Ay (%, yz)cosb+y (%, ¥,)sinb)(y , * (%, 6 y,9cosb +y , *(x,6 y,9sinb)
xdx,dy,dx, ¢dy, ¢

(4.27)

where p.(X,,Y,) is the combined aperture pupil function of the collector and
auxiliary lenses as given by eq. (3.46). Substituting for y ,(x,,y,) ad y ,(X,,Y,)

from eq. (4.4) and rearranging gives

¥

NN\ \\

I(XS’yS) C\!‘I\!‘JGGIDG( X2¢5y2_ y2©pc(X2’y2)pc*(X2¢5y2©

K ik
@xpéjT(xzxowzyo)%expu fj (%, 0, Gyzwoﬂ)%dxzdyzdxzwy

c><f?c»

Ay ox,.Yo)cosb +y , qx,,y,)sinb) (4.28)
(y X¢(X0¢; yo©COSb ty y¢(xo¢s yo(l)Sinb)
>dXo dyo dXo myo ¢

which smplifiesto

I(XS’yS) C\!‘fl‘) g(X Yo: X Qyo@(y XQ(XO’yO)COSb ty yq(XO’yO)Smb) (4.29)

>(y (%, 6y, 9cosb +y | ¢(x, ¢ yoq)sinb)dxodyodeCDdyoct
where g(x,,Y,: X, ¢ Y, ¢ isasgiven by eq. (3.49). Substituting for y , «(x,,y,) and
y ,®X,,Y,) fromeq. (4.3) and rearranging yields
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¥

I(><sy)=cogo gz(xo,yo;xo@yo@hl(xo,yo)hl*(xo¢,yo©

(rx(xo - X5 Yo - ys)COSb + r><(Xo - X5 Yo - ys)tan(a(xo - X1 Yo - ys))ap(' jf (Xo - X5 Yo - ys))smb)
(rx * (Xo¢ X5 Yo® ys)cosb e (Xo¢ X5 Yo® ys) tan(a(xo‘P X5 Yo® ys))* PXp(jf (xo¢ X5 Yo ® ys))sinb)
dx,dy,dx, ady, ¢

(4.30)
It can be seen that the signal from the confocal single detector arrangement is similar
to that obtained in the Type 1 single detector MO scanning microscope as illustrated
in eg. (4.11). However, for the confocal configuration the signal depends upon the

function g(x,,Y,; X, ¢ Y, ¢ that is afunction of the Fourier transform of the square

magnitude of the pinhole aperture pupil function. A similar result was obtained when
comparing the expressions representing the signals generated in the Type 1 and the

confocal reflectance scanning microscopes, eg. (3.10) and eg. (3.64) respectively.
Transfer function representation

A transfer function representation of the signal from the confocal single detector MO
can be generated following that analysis presented for the Type 1 single detector MO
system, sec. 4.1.1.

Expressing the reflectance and MO properties of the sample in terms of their

associated spectra, G(n,,n,) and L (n,,n,) respectively, as given by eq. (4.13), and

substituting into eq. (4.30) gives

¥ Z ¥
l(xs,ys)=c‘1‘x‘!‘)§ DD (%0 Vo) * (%8 Y9G (%, Yoi %6 Y09
-¥ -¥

>exp{ - 2pj(n,%, +ny><o)} eXp{ 2pi (n, 0x, &0, 0, ‘I)} oy, i, Gty & § (4.31)

>(G(nx,ny) cosb +L (nx,ny) sin b)(G* (nX ¢, ny(I) cosb +L* (nx¢, ny(I) sin b)

>exp{ 2p; ((nX - nxtl)xS + (ny - ny@ys)] dn,dn dn, ¢dn, ¢

where al symbols have their usual meaning.
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Comparing eg. (4.31) with eg. (4.14) it can again be seen that the only difference is
the dependence on the pinhole pupil function explicit in the function

0,(%,,Y,: %, &Y, ® for the confocal case. The signal from the confocal single detector

MO scanning microscope can aso be expressed in the characteristic form of eq.
(3.32) with a medium function defined by eqg. (4.15) and a confocal PCTF as given by

eg. (3.73).

In sec. 6.3.2 the transfer function approach will be used to model the response of the
confocal single detector MO scanning microscope for smple one-dimensiona MO
objects.

4.2 The differential detector MO scanning microscope

It has already been mentioned that the optical configuration of the differential detector
MO scanning microscope is commonly used in the readout head of optical storage
systems. The differential detector MO system relies upon a differential detection
configuration to produce a signal which is proportional to the rotation of the plane of
polarisation, the polarity of the signal determining the direction of the rotation of
polarisation. An advantage of the differential detector configuration is that it helps to
reduce common mode signals and so offers improved signa to noise ratio over the
single detector MO system 18560,

4.2.1 The Type 1 system

Figure 4.3 illustrates the optical channel of the Type 1 differential detector MO
scanning microscope. The differential detector arrangement, consisting of a haf wave
plate and polarising beamsplitter placed after the collector aperture, ensures that equal
but opposite signals are generated at the two photo-detectors. The signals are fed
through a differential amplifier arrangement such that the difference signa is

generated.
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Optical configuration

{xlﬂvl} {x Y } {Xzayz} 1s1
> )2 oo Polarising Det
- - Beamsplitter :
Ium
Polariser Obj Sample Col /2 Plate
Det, Signal

Figure 4.3 : The optical layout of the Type 1 differential detector MO scanning

miCcroscope.

The propagation of the orthogona field distributions to the plane of the haf wave
plate are as described for the single detector MO configuration to the plane of the
analyser. The haf wave plate acts so as to balance the signals on the two photo-
detectors [®, thus removing common mode signals. The half wave plate rotates the
plane of polarisation of linearly polarised incident light by an amount which is twice
that angle subtended between the principle axis of the half wave plate and the angle of
the incident linearly polarised field. The modified field components then propagate
towards to the differential detection arm of the instrument. The polarising
beamsplitter acts such that the x component propagates through the polarising
beamsplitter towards photo-detector 1, and the y component is reflected at the
interface of the polarising beamsplitter towards photo-detector 2. The signal is then
generated by calculating the difference signal between the two signals from the photo-
detectors. In norma operation the haf wave plate and polarising beamsplitter
arrangement are aligned such that in the absence of the Kerr effect each photo-
detector will receive equal amounts of light and the difference signal will be zero.
However, in the presence of a Kerr rotation the photo-detectors will receive unequal
amounts of light and a difference signal will be generated at the output of the

differential amplifier. Although Fig. 4.3 illustrates the optical system operating in
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transmission it is common to operate the differential detector MO system in
reflectance [***, in which case a beamsplitter is placed prior to the objective lens to
separate incident and reflected fields.

I mage calculation

The orthogonal field components immediately after the plane of the collector lens are
as calculated for the single detector MO scanning microscope, given by eg. (4.5), for

an incident illumination, which is linearly polarised in x.

The effects of the half wave plate can be described using the Jones matrix %"

& 0 écos2g snqu &, @

5,48 snz cosmnl ¥ §,¢ (4
wherey  ¢andy , ¢ are the orthogonal field components immediately before the half
waveplate, y , ¢ and y , ¢¢are the modified orthogonal field components immediately

after propagation through the half wave plate and q is the angle between the fast axis
of the half wave plate and the plane of the incident polarisation. Hence, the field

components, y , ®(x,,y,) andy ,¢XX,,Y,), immediately after the half wave plate
are given by

y X(I:(I(xz,yz) =y XG(XZ,yZ)COSZQ +y yﬂ(xz, yz)sian (439

y y(I:(I(xz, y2) =-y X(I(xz,yz)sian +y y(l(xz, y2)0052q
where the symbols have their usual meaning. The orthogona field components then
propagate, without further modification, towards the polarising beamsplitter and
differential photo-detector arrangement. The x field component propagates through
the polarising beamsplitter and is incident on photo-detector 1, and the y fied
component is reflected at the beamsplitter interface and is incident on photo-detector
2. The signals from the two photo-detectors are calculated as previously and are given
by the integral, over the surface of the photo-detector, of the square magnitude of the
incident field distributions. Hence, the signals from the two photo-detectors are given

by
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¥
I Detl(xs’ ys) = c\i) |y x¢¢(X2’ y2)|2dX2dy2
- (4.34)

¥
N\ 2
I Detz(xs’ ys) = G) |y yqn(XZ’ y2)| dxzdyz
-¥
where it is assumed the photo-detectors are of equal responsivity, which is uniform

and equal to unity over the surface of the photo-detectors.

The differential signal is found by subtracting the signals from the two photo-
detectors and is given by

¥
|(XS, yS) =1 Detl(xs’ yS) - IDetZ(Xs’ yS) = C\!‘) Iy x(m(Xz’ 3/2)|2 - Iy y¢¢(X2’ YZ)|2dX2dYZ
¥

(4.35)
which substituting for y | ¢%(x,,y,) andy , ®&(x,,y,) from eq. (4.33) gives
¥
1(%¥.) = @D . dx.v,)cos2g +y , dx,, v, )sin2g|
-¥ (4.36)

. 2
- |' y xq(XZ’Y2)Sm2q +y yq(X2’Y2)C052q| dxzdyz
Substituting for y , ®(x,,y,) andy ,&x,,y,) from eq. (4.5) and rearranging gives

\¥‘ 28
I(Xs,ys) = CD|p2(X2’y2)| e
v e

y X(Xz,yz)COSZQ +y y(xz,yz)s;in2q|2
(4.37)

2 U
- |' y x(XZ’Y2)Sin2q ty y(X2’Y2)C052q| gszdyz

where the symbols have their usua meaning. Substituting for y  (X,,y,) and
y ,(X5,Y,) using eq. (4.4) and rearranging gives

~ -k .. u
pz(XZvY2)|2 eXpiJT(Xz(Xo - qu) + YZ(Yo - yOq))gdxdeZB

AN AN AN

é¥
(X, Ys) = GDaD &
8-y

6
. (v %, Yo) 00520 +y , ;. ¥o) sin2a))y (%, Yod cos2q +y , &(x,¢, Y9 sin2q)

ey enld

- (- v <%, Yo)sin2g +y 4 x,, Yo) c0520) (- ¥ & (x,6 Yo G sin2g +y , (%, v, 9 cos2)

dxody,

<

(4.38)
which by substituting fory , &x,,y,) andy ,®X,,Yy,) fromeq. (4.3) and g(X,,Y,)

from eg. (3.11) gives
87



Chapter 4 Mathematical analysis of the magneto-optic scanning microscope

I(stys):m g(xo - Xo¢v Yo - yo®hl(xovyo)h1*(xo¢v yo@

(rx(xo - Xy Yo - ys)0032q

™ c§> D

(%0 - %o, Yo - V) tan(a(Xo - Xa, Yo - vs))exp{- if (Xo - Xe Yo - ¥s)f sin2a)
{re * (%66 X5, Yo & y5) cos2g
+1% (%6 %6, Yo V) tan(al%o® x5, Vo v4)) | expl if (%6 X5, Yo 6 yo)} sin 2q)
- (- 1% - X6 Yo - ¥s)sin
1, (%0 - %o Yo - Vo) tan(a(x, - xs, Yo - v))exp{- if (X - Xs Yo - ¥} cos2a)

><' Iy * (Xo¢ Xs» yo¢ ys)smzq
]
+rX* X0¢X3'y0¢ yS tanaxo¢ XS'yO¢ yS * €X Jf X0¢Xsiy0¢ yS COSZq {
( Jen(a ) Jeceie( boos] oo
dx, dy ,dx, Gy, ¢
which represents the signal from the Type 1 differential detector MO system for an
arbitrary half wave plate fast axis angle g°.

The signal from the differentia detector MO system is maximised when the angle
subtended by the fast axis of the half wave plate and the angle of incident polarisation
iIs g =225°. The resultant signal from the Type 1 differential detector MO scanning

microscope in this case is then

I(stys) = Cbﬁb g(xo - Xo¢v Yo - yo©h1(xovyo)h1*(xo¢v yo@

é
Xg (rx(xo - X5 Yo - ys)rx * (Xo¢ Xs: Yo & ys)[tan(a(xo¢ Xs: Yo & ys)) *] exp{ if (Xo¢ Xs: Yo & ys)}
u
+ (rx * (Xo¢ Xs) yo¢ ys)rx(xo - Xs1 Yo - ys) tan(a(xo - X1 Yo - ys)) exp{- jf (Xo - X1 Yo - ys)}) g
dxo dy,,dx, Gy, ¢
(4.40)
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Transfer function representation

A transfer function representation of the signa generated in the Type 1 differential
detector MO scanning microscope can be generated using the same anaysis as was

presented for the single detector MO system.

Expressing the reflectance and MO properties of the sample in terms of their

associated spectra, G(n,,n,) and L(n,,n,) respectively as given by eq. (4.13), alows
€g. (4.39) to be expressed in the form

() =00 & Q0D ol 1,63~ vy e ed
-¥ -¥
>exp{ 2pj (nxxo +nyyo)} exp{ 2pj (n¢x X, &1, Oy, @} dx,dy,ax, ey, ¢ 3
a
>(g (G(nx,ny)COSZQ + L(nx,ny)sian)(G* (nxd:,ny@coqu +L* (nxd:,ny@sian)
é

- ( G(nx,ny)sian + L(nx,ny)COSZQ)(- G* (nx¢,ny¢)sin2q +L* (nxd:,nytl)coqu)

o] ey g

dn,dn,dn, ¢dn ¢
(4.41)
which by comparison with eq. (3.31) can be further simplified to give the
characteristic equation expressed in eg. (3.32), i.e.
I(xs,ys) (‘!‘ﬁ‘) C(n NN, &n (I)M(nx,ny;nxd:,ny©
(3.32)
>exp{2pj[ -n @x +(n,-n (I)ys]} dn, dn, dn,¢dn ¢

where C(n,,n ;n, ¢n, ¢) represents the Type 1 PCTF. However, in the differential

detector MO scanning microscope the medium function, M(n,,n,;n, ¢n ¢), is now

yl

given by

M(nx,ny;nxﬂ:,ny@ = (G(nx,ny)G* (nxq:,ny@ - L(nx,ny)L * (nx¢,ny©) cosdq
+( G(nx,ny)L * (nx,ny) + G* (nx¢,ny(I)L(nx,ny))sin4q

where the symbols have their usual meaning.

(4.42)
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If the half wave plate is aligned so as to maximise the Kerr signal from the differential

amplifier, i.e. g = 225°, then the medium function reduces to

M(nx,ny;nxd:,ny@:(G(nx,ny)L*(nx,ny)+G*(nx¢,ny©L(nx,ny)) . (4.43)

The response of the Type 1 differentia detector MO scanning microscope can now
be modelled in computer code using the 'direct calculation' approach for simple one-
dimensiona and two-dimensional MO objects, which is described in sec. 5.3, and the
‘transfer function' approach for simple one-dimensional objects, which is described in
sec. 6.4.1.

4.2.2 The confocal system

It has aready been mentioned that the confocal arrangement of the differential
detector MO scanning microscope is often used by researchers to study magnetic thin
films. Hence, it is useful to investigate the readout mechanism in such an imaging
system and to compare its imaging characteristics with those of the Type 1

configuration.

Optical configuration

%2202} x5} p. Polarising RN Det,
— Beamsplitter —
Tllum e |
Polariser Obj Sample Col A/2Plate Aux, Pinhole Auxz‘ ‘
Det,
Signal o—— +

Figure 4.4 : The optical layout of the confocal differential detector MO scanning

mi cr oscope.
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Figure 4.4 illustrates the optical channel of the confocal arrangement of the

differential detector MO scanning microscope.

The pinhole aperture and auxiliary lens arrangement is introduced between the half

wave plate and the polarising beamsplitter and differential detector arrangement.
I mage calculation

The orthogona field distributions immediately after propagation through the half
wave plate are as given in the Type 1 differential detector MO system, eg. (4.33).

The orthogona polarised field components, y  ®(x,,y,) and y  ¢0XX,,Y,),
immediately after propagating through auxiliary lens 1 are given by

Y 000X, Y,) = Po(%,, V2 ) 6, V)

= p3(%. ¥, )y (4%, ¥5) o520 +y , x,.y,) sin20)
y quB(Xz’YZ) = pS(XZ’yZ)y y¢¢(X2’y2)

= P3(%. 2)(- ¥ .. v,) sn2g +y , ¢{x,. y,) cos2q)

(4.44)

where p;(x,,Y,) is the aperture pupil function of auxiliary lens 1 and all other
symbols have their usual meaning. The orthogonal field components, y | (X;, y,;) and

Y y(Xs,Y3), in the plane of the confocal pinhole are given by the two-dimensional
Fourier transform of the field components, y  ®d(x,,y,) and y A ¢0K(X,,Y,),

immediately after auxiliary lens 1, i.e.

1 ¥‘ .k .s
y x(XS’ Y3) f_ ™Y« ¢¢¢(X2, Y2) if_(xsxz + Y3Y2)ng2dYZ
M . (4.45)
‘ ik ..
Y (% ys) = ficn y , 000(x,, y,)ex lf—(xsxz + Y3YZ)gdxdeZ
¥ I A

where fa; is the focal length of auxiliary lens 1. The orthogona field distributions are
modified by the aperture pupil function of the confocal pinhole, p,(X,, ), to give

Y 8% ¥5) = Py (% Vol (%0 Va)

| (4.46)
Y, 8Xa ¥s) = Py (Xar Vo )Y (Xs0 V)
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The orthogonal field distributions, vy ,(x,,y,) ad y  (X,,Y,).in the plane of
auxiliary lens 2 are given by the two-dimensional Fourier transform of the field

distributions, y , ®(X,,y;) and y ,®X;,Y,), immediately after the pinhole aperture,

i.e.
1 ¥‘ N .k .
y x(x4a y4) = | @y XQ(XS’ yS) epr:ifJ_(X4X3 + y4y3)gdx3dy3
A2 -y I Ta2 (4.47)
1 ¥‘ N .k .
y y(x4, Y4) = | f @y yq(xsa ys)eXpifj_(Xs)% + Y4Y3)ng3dY3
A2 -y I Ta2

where fa; is the focal length of auxiliary lens 2. These field distributions are modified
by the aperture pupil function of auxiliary lens2, p,(x,,y,), togive
y X¢(X4, Y3) = p4(X4, Y4)y x(x4’ Y4)
y yq(xm Y4) = p4(X4, Y4)y y(x4’ Y4)

The orthogonal field components then propagate, without further modification,

(4.48)

towards the polarising beamsplitter and differential photo-detector arrangement.
Assuming that the x field component propagates through the polarising beamsplitter
towards photo-detector 1, and that the y field component is reflected at the polarising
beamsplitter interface towards photo-detector 2, then the signal from the confocal
differentia detector MO system is given by

¥
I(Xs’ ys) = IDetl(Xs’ ys) - IDetZ(Xs’ ys) = c\i) Iy qum y4)|2 - Iy yqu y4)|2dx4dy4
-¥

(4.49)
where it is assumed that the photo-detectors are of equal, uniform responsivity (set to

unity). Substituting for y «x,,y,) and y &Xx,,y,) from eq. (4.48), and

rearranging gives

(%00 ¥) = @ [P (0 Vo) & (% va) - by (e va)| Sy, . (450)

Again, assuming that auxiliary lens 2 collects al the field emanating from the pinhole,
then p,(x,, y,)can be set to unity and eq. (4.50) smplifiesto

¥ Iy
(%0 ve) = @ [Po e v) &0 ya)) - 00 v) Sobedy, - (45D)
-¥
Substituting for y , (X, y;) andy ,(X,, y5) from eq. (4.45), and rearranging gives
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L et 1k ey
I(xs,ys) = (Dg) 803 | pp(X3-Y3) i eXpifJ_Al(Xs(Xz - qu) + y3(y2 - y2©)gdx3dy35 (4.52)

>{y x(m(XZ'YZ)Y XGIDEB‘(XZ(]:, YZ‘g' y qu(XZ'yZ)y ym(xzd:, YZ‘a) dx,dy,dx, dy, ¢

which smplifiesto
¥

|(X3%) = C\!\I;!\) G(Xz - Xy, - y2@

>{y 0, v,y 00 (3,6,y, - y , 00, v,y , 00 (x5, yztﬁ)olxzolyzolx2 y, ¢
(4.53)
where G(xz, yz) Is the Fourier transform of the square magnitude of the pinhole
aperture pupil function and is given by eqg. (3.62). Substituting for y , ®¢&(x,, y,) and
y , ¢0(x,, y,) from eq. (4.44) and rearranging gives

¥

|(X3%) = C\!\I;!\) G(Xz - %6y, - YZ‘apc(XZ'YZ)pc*(XZQYZ‘a

¢

xg (y x(xz. yz)0082q +y y(xz. yz)sin2q)(y x ™ (xzd% yz©0082q Yyt (xztlz yztﬁéan)

ey enld

- (' y x(szY2)Sm2q +y y(XZ'yZ)COSZQ)(' yX*(X2¢’y2©S-n2q +y y*(X2QY2®COSZQ)

<

axodly,dlx, ddy, ¢
(4.54)
Substituting for y | (X,,Y,) andy ,(x,,Y,) fromeq. (4.4) and rearranging gives

¥ 4 ¥
|(X3%) = C\!\I;!\) éﬁ@ G(Xz - %6y, - YZ‘apc(XZ'YZ)pc*(XZQYZ‘ﬁ
U

1 jk - jk G u
>€XF)%T(szo - YZyO)geXp%T(Xz%(F Y2 &, @gdxdedez Wz%‘

><§ (y xﬂ(xo.yo)cosm +y yﬂ(xo.yo)énm)(y x¢*(xo¢.yo<90032q +y y¢*(xo¢. yo(ﬁsin2q)

ey enld

- ( Y %Yo sin2q +y yﬂ(xo.yo)cosm)(y (% 6y, 4sin2q +y y¢*(xo¢.yo<90032q)

<

dx,dy,dx, ddy, ¢
(4.55)

which smplifiesto
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¥

I(xs.ys) = cng) g(xo.yo:xod%yo@

(coquy (A%, y,) +sin2y yﬁ(xo.yo))(y (%6 y,goos2q +y ¢ (x,6 yofﬁ)sinm

> D D

(4.56)

o

- (' y xq(xovyo)Sinzq Ty ya(xo'yo)COSZQ)(' yx¢r(xo¢'yo©3in2q Ty y¢'(X0¢,yO©COSZQ) :
X,y A, Gy, ¢

where g(X,, Y, X, ¢ Y, ¢ isgiven by eq. (3.49). Finaly, substituting for y , &x,,Y,)

<

andy ,®x,,Y,) fromeq. (4.3) and rearranging gives

é
I(stys):m g(xo,yo;xod; yo©h1(xovyo)h1*(xo¢! yo@% (rx(xo - X1 Yo - yS)COSQQ

(% - X Yo - Vs)tan(a(o - X, Yo - s))exp{- if (%o - s, Yo - Vo)) sinze)

1 * (%06 X5, Vo6 ¥s)cos2g

1% (X6 X, Yo© ys)[tan(a(xotk Xe) Vo & ys))*] exp| if (%66 X, Yo© V)] sin2q)

- (- relxo - X6, Yo - ¥s)sinzg

1 (% - X Vo - Vs)tan(a(x, - %o, Yo - Vo)) exp- if (X - %o, Yo - s)} cos2n)

- 1% (%8 X5, Yo & ys)sin 2y

1, (%68 X6, Yo s tan(alx,® X, Vo6 vs))*em{ if (%6 Xe, Yo Vo)) coszq) Eﬂxodyodxo ¢
(4.57)

which represents the signal from the confocal differential detector MO scanning

microscope for an arbitrary half wave plate angle g°.
Transfer function representation

A transfer function representation of the signal from the confocal differential detector
MO scanning microscope can be generated using the same procedure as was

presented for the previous MO scanning microscopes.

Expressing the reflectance and MO properties of the sample in terms of their
associated spectra, G(n,,n,) and L(n,,n,) respectively as given by eq. (4.13), alows
€g. (4.40) to be expressed in the form
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¥

NN\ \\

4 ¥
1(%,0v) = DD 6D (%, ¥o: %6 Yo IR (%0 vo) ¥ (%, v,
-y e -y

|- 20i(nx, +1,,)f exp{20i(n ., 0,4 o, (Ddy°q]

><g (G(nx,ny)COSZq +L (nx,ny)sinZQ)(G* (nxdi,nycl)cosm +L* (nxd:,ny@sian)
é

- ( G(nx,ny)sian + L(nx,ny)COSZQ)(- G* (nxd:,ny@sian +L* (nxd;ny@coqu)

o\

dn,dn dn, ¢dn ¢

(4.58)
where the symbols have their usual meaning. Comparing eg. (4.58) with eg. (4.41) it

can be seen that the signal from the confocal differential detector configuration can be
expressed in the characteristic form of eq. (3.32), where the medium function is as for
the Type 1 differential detector MO scanning microscope, eg. (4.42) and the PCTF is
now given by the confocal PCTF of eqg. (3.73).

In sec. 6.4.2 the transfer function approach will be used to model the response of the
confocal differentia detector MO scanning microscope for simple one-dimensional
MO objects.
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