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Chapter 3

Mathematical analysis of the ordinary

r eflectance scanning microscope

In this chapter the mathematical framework for modelling the reflectance scanning
microscope is described in detail. Many authors have presented mathematical analysis
describing imaging in optical systems, the forerunner of which was Hopkins who
described the imaging process in partially coherent optical systems %, Hopkins
work was further adapted and applied to the case of imaging in ordinary (simple
reflectance and transmission) scanning laser microscopes by Sheppard and Wilson and

their co-workers in the 1970s and 1980s [+>649],
3.1 The ordinary reflectance scanning microscope

The analysis begins with an introduction of the ssmple scanning microscope illustrated
in Fig. 3.1, a configuration that has been extensively studied by others [#56444546]
However, it is instructive to begin with a review of such a ssimple configuration since
this introduces many of the basic concepts used to treat the more complicated imaging

systems of interest in thisthesis.

Optical configuration

lllustrated in Fig. 3.1 is the optical layout of the simple ordinary reflectance scanning
microscope. The standard optical head of the reflectance scanning microscope
comprises an objective lens (Obj), collector lens (Col), and large area photo-detector
(Det). Although Fig. 3.1 illustrates the microscope operating in transmission, the same

analysis can be applied to a system operating in reflection, in which case the objective
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and collector lenses are one and the same, and a beamsplitter is placed prior to the

objective lens to separate the incident and reflected beams.

{xlayl} P {XO’yo} P {x2>y2}
—~ —~
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Figure 3.1 : The optical layout of the ordinary reflectance scanning microscope.

Scanning is performed in scanning microscopes using two main techniques. beam
scanning and sample scanning. In beam scanning systems the focused spot is scanned
across a stationary sample, whereas in sample scanning systems the sample is scanned
under a stationary focused spot. In the current analysis it is assumed that the sample
scanning technique is used to image the sample, thus eliminating the optical

complexities evident in beam scanning systems .

The objective lens, with associated aperture pupil function p,(x,,y,), focuses a
collimated plane wave onto the surface of the sample. The focused field interacts with
the sample and then propagates to the collector lens by the diffraction process. The
form of the resultant field after interaction with the sample depends upon the
reflection / transmission properties of the sample about the scan position. At the plane
of the collector lens the field is modified by the aperture pupil function of the collector

lens, p,(X,,Y,), is collimated and propagates, without further modification, to the

large area photo-detector where the signal is generated by the integral, over the area
of the photo-detector, of the square magnitude of the incident amplitude field
distribution.

45



Chapter 3 Mathematical analysis of the ordinary reflectance scanning microscope

I mage calculation

The am of the modelling process is to calculate the electric field distribution,
y «x%,,Y,), intheplane of the photo-detector for a known incident field distribution,

y (X;,Y;), on the objective aperture.

The field distribution, y (x,,Y,), in the plane of the sample (the focal point of the

objective lens) is given by the two-dimensional Fourier transform of the field,

y «x;,Y,;), immediately after the plane of the objective aperture, which following the
analysis described in sec. 2.4 gives

y (%o yo) =y Yol k1 y,) (3.1)
o Yol T Y& f fg e Yo '

where h (x,,Y,) is the amplitude point spread function of the objective lens, and al
other symbols have their usual meaning. An important note is that in the current
analysis it is assumed that the objective lens is in perfect focus and is free of
aberrations; detractions from such ideal conditions that result in signal degradation
which will be treated in detail in later chapters. The field immediately after interaction
with the sample, whether operating in reflection or transmission, is given by

Y %%, Yo) =Y (%o Yo )r (%o = o0 Yo - V)
=0 v %y ) o2
where r(x,,Y,) represents the complex amplitude reflectance, or transmittance, of
the sample about the scan position, (X, Y, ). After reflection from the surface of the
sample the field propagates towards the collector lens by the diffraction process. The
field, y (X,,Y,), in the plane of the collector lens is given by the two-dimensional
Fourier transform of the field, y &x,,y,), immediately after interaction with the
sample. Hence, the field at the collector lens*"* s given by

ijk U

¥
y (%,,Y,) = % @y 4x,, yo)expijT(xzxo + yzyo)%dxodyo
.Y |

1 ¥ Lk i (3.3
:|_fc\i) hl(XO’yo)r (Xo - X Yo - ys)exp,:,\JT(szo + yzyo)gdxodyo
-¥
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in which phase factors have been ignored, f is the focal length of the collector lens,
which is assumed to be equal to the focal length of the objective lens, and all other
symbols have their usual meaning. The effect of the collector lens is to collimate the
diverging reflected wave by introducing a phase factor into the optical field. However,
to simplify the current analysis the phase introduced by the lens has been ignored.
The fied, y &x,,y,), immediately after the collector lens is given by the
multiplication of the incident field distribution, y (X,,y,), and the collector aperture

pupil function, p,(X,,y,),i.e

Y 4%,.Y,) =Y (%.¥,) P, (%, v2) (3.4)
this field then propagates, without further modification, towards the large area photo-
detector. The signal from the photo-detector, as a function of scan position, is given
by the integral, over the area of the photo-detector, of the square magnitude of the
incident field distribution, i.e.

¥
| (xs,ys) =@ IV (I(xz ’ 3/2)|2 R(Xd Y )dxddyd | X4 =X Ya = Y2 (3.5
-¥

where R(X,,Y,)represents the responsivity of the photo-detector. Assuming the

responsivity of the photo-detector is uniform (and set to unity) then the signal from

the photo-detector, as a function of scan position, is given by

¥
(%0 ¥e) = @Y (%0 v) (% )| codly, (3.6)
-y
which by expanding gives
¥
1%, ¥5) =@ Y (%, Vo) * (%, Va)| P 0%, )| oy, - (37)
-y

Substituting for y (x,,Y,) from eg. (3.3) gives

¥
I(Xs’ys):c\i) pZ(XZ’y2)|2
¥
1 ijk U
X— ¥ X,V I(X - X,V - expi—(xx. + 7dx d
it ® ROG YN0 %% ¥.) p%f(“ yzyo)% A, 38
1 1- ] {
XWC\!\) h* (%6 y,0r * (x,¢ X, ¥, ¢ ys)expl’T(xzxoﬁyzyoa)gdxod:dyod:
-y |
d

xax,

2
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where x, ¢ and y ¢ are dummy variables introduced to satisfy the multiplication of y
andy *. Rearranging eg. (3.8) gives

¥

(X ¥s) = cm) hy (X5, Yo)r (%, - - VIR (X8 Y, 0 * (X, 6 X, Y, 6 V)
X ijk U
(Xz’ Y2)| %T (Xz(xo - Xo@ + Y2(yO - yO(g)gdxdeZ (3-9)
-¥
xdx dy dx, ¢dy, ¢

where constant scaling factors have been ignored. Equation (3.9) can be further

smplified to give

AN\ \\

(% y.) = GDGD (X, Yo)F (% = Xs Yo = ¥s)
>h (Xo Yo )r (X - Xs’yo ys) (310)
ng(xo - Xol’yo - yol) dXo dyo dXoldyoI

where g,(x,,Y,) is the point spread function associated with the square magnitude

[4,7,20]

of the collector aperture pupil function , given by

N ik i
% (%0 ¥o) = @ | P06 V)| expi (x,%, + yoyz)gdxzdyz (3.11)
¥

where f is the foca length of the collector lens and all other symbols have their usua

meaning.

Equation (3.10) is a convolution type process involving the objective amplitude point
spread function, hy, the object reflectance, r, and the point spread function associated

with the square modulus of the collector pupil function, g».

It is useful at this point to consider two extreme cases of collector aperture size that
govern the operation of the reflectance scanning microscope. These two cases are

referred to as coherent and incoherent imaging 7.
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3.1.1 The coherent optical channel

Consider the situation where the collector aperture is very small, such that it may be
described by a delta function “"?. |n this case, the amplitude point spread function,
02, becomes

9,(X,,Y,) =1 (3.12)
which by substituting into eg. (3.10) and rearranging gives

A ¥

e u
I (XS’ ys) = ém hl(xo’yo)r(xo - Xs’ yo - ys) dxodyog
€ -y

: u (3.13)
Xc\i) hl* (Xol’yol) r* (Xol_ Xss yol_ ys) dXoldyol
¥
Equation (3.13) can be expressed in the simplified form
. 2
(%, Ye) = [ (%e, V) AT (- X, o) (3.14)

where A represents convolution. The resulting signal from the reflectance scanning
microscope is now linear in field amplitude and is generally termed coherent imaging.
The negative signs in eg. (3.14) indicate that strictly eg. (3.13) is in the form of a
correlation integral. Equation (3.14) illustrates that the response of the coherent
scanning microscope is generated by caculating the sguare magnitude of the
convolution of the objective amplitude point spread function and the reflectance

characteristics of the sample.

Step response

Figure 3.2 illustrates the normalised step response of the coherent scanning
microscope for a clear, aberration free, circular objective aperture under uniform
illumination. The response has been generated using the transfer function model

described in chapter 6.
An important characteristic of coherent imaging is evident in Fig. 3.2. The response

of the coherent imaging system exhibits undesirable ringing and a lag in the response

to a straight edge. It has been the work of many researchers to apply apodization
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techniques to remove the undesired ringing from the coherent response whilst

maintaining the fastest rise time 7.

1
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Normalised distance from step - | /NA

Figure 3.2 : The normalised step response of the coherent scanning microscope, for

aclear, aberration free, circular objective under uniform illumination.
3.1.2 Theincoherent optical channel

Consider the situation where the collector aperture is infinitely large "?%, such that

the aperture pupil function, p,(X,,y,), is constant, and the associated amplitude
point spread function is effectively a delta function,

9, (X5, o) =d (X5, Y,) - (3.15)
Substituting into eq. (3.10) gives

¥

I(Xs’ys):c\i) hl(xo’yo)r (Xo - Xs1 Yo - ys)
¥

] (3.16)
><hl.k(xo’yo) r*(xo_ Xs1 Yo - ys) dxodyo
which can be expressed in the smplified form
2 ., 2
(X, Ys) =|h1(xs,ys) A|r(- Xs - ys) (3.17)

where A represents convolution. It can be seen from eqg. (3.17) that the signal from
the reflectance scanning microscope is now linear in the square modulus of the electric
field amplitude, the irradiance, and so is generadly termed incoherent imaging.
Equation (3.17) illustrates that the response of the incoherent scanning microscope is

50



Chapter 3 Mathematical analysis of the ordinary reflectance scanning microscope

generated by the convolution (strictly correlation) of the sguare magnitude of the
objective point spread function and the square magnitude of the reflectance properties

of the sample.

Step response

Figure 3.3 illustrates the normalised step response of the incoherent scanning
microscope for a clear, aberration free, circular objective aperture under uniform
illumination. The response has been generated using the transfer function model
described in chapter 6. It can be seen that the response is very different to that of the
coherent system. The response of the incoherent imaging system exhibits none of the
undesirable ringing characteristics of the coherent imaging system, and, unlike the
coherent system, the response to a straight edge is symmetrical about the centre of the
edge.

Normalised response

1 ' 0 ' 1
Normalised distance from step - | /NA
Figure 3.3 : The normalised step response of the incoherent scanning microscope,

for a clear, aberration free, circular objective under uniform illumination.

The ssimple incoherent imaging model, often referred to as the convolutional model,
is often used by researchers to calculate the theoretical readout signal in optical disc
systems, due to the fact that experimental observations agree very closely with

predictions of the incoherent model [18:48495051]
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Theincoherent transfer function

It is common to characterise the performance of electrical systems in terms of their
impulse response, step response or frequency response. In electrical systems the
variable of interest is temporal frequency, and it is with this that transfer function
representations of electrical circuits can be developed. In order to evaluate the
frequency response of the optical imaging system, a transfer function representation
has to be developed. In optical systems the variable of interest is spatial frequency,

and hence this can be used to characterise their transfer function behaviour.

The optical impulse can be represented by a point object, which can be visualised as a

deltafunction, i.e.

r(x, y) =d (x, y) (3.18)
which by substituting into eg. (3.17) gives

1 (Xs,Ys) = |h1(xs, ys)

which is the impulse response of the incoherent imaging system. If the objective is a

2

(3.19)

clear, aberration free, circular aperture under uniform illumination, then the impulse
response of the incoherent system is given by the well known Airy disc pattern of eq.
(2.23) whichisillustrated in Fig. (2.2) 4672048

The optical transfer function, OTF, is the spatia frequency representation of the
frequency response of the optical imaging system “**4. The incoherent OTF is given
by the two-dimensional Fourier transform of the incoherent impulse response.

Therefore, the incoherent OTF is given by

“exp{20j(x.n, +yon, )| .y, (3.20)

O(nx,ny) = C\;‘) |hl(X0,y0)
-¥

where n, and ny, are spatial frequency components in the x and y directions
respectively. However, the amplitude point spread function is simply the two-
dimensiona Fourier transform of the aperture pupil function of the objective lens.

Therefore, substituting for h, (x;,y,) from eg. (3.1) into eg. (3.20) gives
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L2 . .
L®eld _ex, y,0_ &, VY,0

oln,.n, | = x e I
(n.n,) W& ts QI t'Tfo: & f'1fo (3.21)

x exp{ 2p i(xonx + yony)] dx, dy,

where p, and B are Fourier transform pairs and * represents complex conjugation.

Using Fourier transform theorems eg. (3.21) can be represented as a function of the

objective aperture pupil function and its complex conjugate “***, j.e.
¥
o(n,.n,) =@ p(x+nt f.y+nl f)p*(xy) dxdy (3.22)
-y

or in short form,

o(n,.n,) = pi(n,t f.n,l £)A (- fonylf) (3.23)
where A represents two-dimensional convolution and all other symbols have the usual
meaning. It can seen that the incoherent optical transfer function is given by the two-
dimensiona convolution of the aperture pupil function and its reversed complex

conjugate. For a clear, aberration free, circular objective aperture under uniform

illumination, and a specific pair of spatia frequencies n, and n, the incoherent OTF

is equivalent to the area of overlap of two circles, one centred about the origin and the
other displaced by ny f in the x - direction, and nyl f in the y - direction, as illustrated
inFig. 3.4.

YA
vAf /#

/ N
Ao .
Pf(@& _/vjf\ Area of overlap.

Figure 3.4 : Generation of the incoherent optical transfer function by the calculation

pi(xtv ALyt v,Af)

of the area of overlap of the displaced circular objective pupil function and its

complex conjugate centred about the origin.
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In this example where the objective is devoid of any aberrations, the OTF is purely
real. However, in aberrated systems the OTF is in fact complex, having both
magnitude and phase. The magnitude of the OTF is referred to as the modulation
transfer function, MTF, and the phase of the OTF is referred to as the phase

transfer function, PTF 324352

Figure 3.5 illustrates the calculated incoherent OTF for a clear, aberration free,
circular objective aperture under uniform illumination, where the frequency axes are
given in normalised spatia frequency components

nli

™7 NA

(3.24)

wherel is thewavelength of illumination, and NA isthe numerical aperture of the

objective lens % .

The cut-off in the OTF (i.e. O(n,,n,)=0) occurs a the characteristic spatial
frequency

n, = Jnf+n’ = 2— (3.25)
which corresponds to a displacement of p; of one diameter in any direction, at which

point the circlesin Fig. 3.4 no longer overlap. The incoherent OTF illustrated in Fig.

3.5 has the well known form given by

Ofn, ) = 2Goos 280 1 @00
o fy pé €207 2\ €26 3 326

neg2; nzﬁ (n2+n2)

where d is the diameter of the circular objective aperture, and al other symbols have

their usual meaning.

Figure 3.6 illustrates the effects that the form of the incident illumination can have on
the spatial frequency characteristics of the incoherent imaging system. Plots are

illustrated along the n, axis of the incoherent OTF, for a clear, aberration free,

circular objective aperture, under both uniform illumination and Gaussian illumination

(w_, =al2 ,a- apertureradius).
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Normalised OTF
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Figure 3.5 : The incoherent optical transfer function, for a clear, aberration free,

circular objective aperture under uniformillumination.
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0.8}

0.6}

04+

0.2}

~

0.5

1

15 2

Normalised Spatial Frequency - ny,

Figure 3.6 : Plot along the ny axis of the incoherent OTF for uniform illumination

(solid line) and Gaussian illumination (w_,= a/2) (dashed line), for a clear,

aberration free, circular objective aperture.

It is clear that the response and the shape of the incoherent OTF depends significantly

on the form of the incident illumination and the shape of the objective aperture. In the

case of uniform illumination and a circular objective aperture (solid line) the transfer

function rolls off a an approximately linear rate (actualy as in eq. (3.26)) with
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increase in spatia frequency. However, in the case of Gaussian illumination (w_, =

a/2) and a circular aperture the shape of the OTF has changed dramatically, with a
boost of the low spatial frequency response and the attenuation of the high spatia

frequency response.
3.1.3 Coherenceratio

The coherence ratio *¥, g, is defined as the ratio of the numerical aperture of the
collector lens to the numerical aperture of the objective lens, i.e.
_NA

NA,

where the subscripts O and C refer to the objective and collector lenses respectively.

g (3.27)

For the coherent optical system where the collector aperture pupil function is

infinitesimally small, the coherence ratio is g =0, and for the incoherent imaging

system where the collector aperture pupil function is infinitely large, the coherence

ratioisg =¥ .

It can be shown that the spatial frequency cut-off of the OTF is a function of the
coherence ratio of the imaging system, and can be expressed as
NA
nC:(1+g)|— O£g£l

o (3.28)

n, == g1

Figure 3.7 illustrates the effect that the size of the collector aperture has on the spatial
frequency response and the resolving power of the ordinary reflectance system. It can
be seen that the coherent imaging system cuts off at half the spatial frequency of the
incoherent system and that it has a flat frequency response within the low spatia
frequency region. An interesting result is that for a coherence factor of g3 1 the

gpatial frequency cut-off of the imaging system remains constant.

A coherence factor of g =1 isthe case where the numerical apertures of the objective

and collector lenses are the same. The case where 0 < g< ¥ corresponds to the case
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of the more general partially coherent imaging system which will be treated in detail in
sec. 3.2

g1
0.8 }

1
|
|
|
|
06 | I
|

04t

Normalised OTF
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|
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|
|
0 0.5 1 15 2
Normalised spatial frequency - ny,
Figure 3.7 : Plot along the n, axis of the OTF for a coherence factor of g=0 (bold

dashed line) (coherent system) and a coherence factor of g=1 (solid line).
3.2 The Type 1 reflectance scanning micr oscope

It has been shown that when the reflectance scanning microscope employs an
infinitesimally small collector aperture or an infinitely large collector aperture, then
the characteristics of the imaging system are very different. However, it is of more
interest to consider the case when the collector aperture is neither infinite in extent
nor infinitesmally small in extent, in which case the imaging is neither incoherent or

coherent, but partially coherent.

The optical system illustrated in Fig. 3.1 is often referred to as the Type 1 ordinary,
reflectance scanning microscope, and it has been discussed in Chap. 1 that it has
imaging characteristics similar to that of the conventional microscope. Following the
previous anaysis, it can be seen that the expression representing the signal from the
Type 1 reflectance scanning microscope is given by eg. (3.10), where the collector

aperture pupil function, p,(X,,y,) isof finite areal size. It is aso useful to develop a

transfer function description for this more general, partially coherent, case.
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Transfer function representation

To derive a transfer function representation for the signal generated in the Type 1

reflectance scanning microscope, eg. (3.10), then the reflectance properties of the

sample must be expressed in terms of its spatia frequency spectrum, G(n,,n, ), i.e.
r(x, y) ZCDE G(nx, y)exp( 2pj[n X+n y] ) dn,dn, (3.29)
and its complex conjugate
e (x, y)=c'¥; G*(n,.n,)exp(2p j[n,x+n, y] ) dn,dn, (3.30)

where n, and ny, are spatial frequencies in the x and y directions respectively.
Substituting for r(x,y) and r*(x, y) into eg. (3.10) and rearranging gives

¥ , ¥
I(XS’yS):c\!‘x\i) c\!‘x\i) h (Xo’yo) h (X ¢ yo¢) gz(x Xo¢’yo - yo¢)

-¥

u
>exp{ 2p] (nxx0 - N X, ¢y, - ny¢y0¢1)] dx, dy, dx,¢dy,¢

Y (3.31)
>G(nx,ny)G* (nx¢,nyﬂ)exp{+2pj((nx - nxcr)xS +(ny - nyﬂ)ys)}
>dn, dn, dn, ¢dn ¢

where the symbols have their usua meaning. Replacing the term in the square
brackets of eq.(3.31) with the function C(n,,n,;n,¢n, ¢), the signal from the Type 1

reflectance system can be expressed in the form

I(xs,ys) (‘!‘fb C(nx,ny,nxd:n CI)M(nX,ny,nxd:n G)
(3.32)

>exp{2pj[(nX - nxtr)xS +(ny - nyﬂ)ys]} dn, dn, dn, ¢dn ¢

where the function C(n,,n;n,¢n ¢) is termed the partially coherent transfer

y
function, PCTF, which is a function of the properties of the optical system itself. It
describes the intensity of the components in the image with spatial frequencies equal

to (n,-n,¢)in the x direction, and (n, - n, ¢)in the y direction. The term
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M(n,,n,;n,¢n ¢ iscaled the medium function and describes the spatial frequency

y H

properties of the sample, in this case given by

M(nx,ny;nxd:,nya) :G(nx, y)G*(n ¢n (I) (3.33)
The Type1 PCTF

Comparing eg. (3.32) and eg. (3.31), it can be seen that the PCTF for the Type 1
system is given by

¥
C(nx,ny;nxd:,nycl):c‘!‘x‘!‘) hl(xo,yo) hl*(xod:,yoq) gz(xo- X, ¢ Y, - yotl)

-¥

>exp{ 2pj(nxx0 +nyy0)] exp{ 2pj(nx¢x0 Gnyd:yo(l)] (3.34)

xax, dy dx, ¢dy ¢

which by substituting for g,(x,,Y,)from eq. (3.11) and rearranging gives

¥

Cln,nyin, &0y d = AW (%o Vo) * (%06 Vod [Po(%0 v )

-¥

exp(- 2pj(nox, +n, v, )} exp2p j(n, ox, ¢, oy, d} (3.35)

mxpl#(xzxo - XX, Gy, Y, - yzyoﬂ)g
|

xalx,, dy, dx, ¢dy, ¢dx, dy,

Combining the terms in the exponentials and separating the variables, alows eq.
(3.35) to be recast in the form

¥
C(nx,ny;nxﬂany@ = | pz(xz’ y2)|2
-¥

Px i x u é y wf 1’9

X @D (%, ) expj - 2p19 X énx 0+ Yod, - ﬁ%dxodyoy

T -¥ T u e b

b & & xu 6 (il

X5 D h* (%, G;yoﬂ)expu e A %dx <Ddyo¢>7dxz dy,
T -+ 1 e u e b

(3.36)
Using the shift and convolution theorems **! now allows the Type 1 PCTF to be

expressed in terms of the objective and collector aperture pupil functions, i.e.
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C(nx,ny;nxd:,ny@:(‘;‘) pl(nxl f-x,nlf- yz)pl*(nxcu f-x,ndf- yz)
-¥

AP, (%, v,)| dxdy

(3.37)

where scaling terms have been ignored.

If it assumed that the objective and collector apertures are symmetrical about the x
and y axes, then the time reversal of p; and p.* in eq. (3.37) can be ignored, such that
the Type 1 PCTF may be written in the more usual form
¥
cln.nyin,en 9= p,(x+nl fy+nl t)p,*(x+nd f,y+n d f)
v (3.38)
2
>{p2(x, y)| dx dy

where the symbols have their usual meaning.

It can be seen from eg. (3.38) that the generation of the Type 1 PCTF is effectively a
correlation type process involving the objective aperture pupil function, its complex
conjugate and the square magnitude of the collector aperture pupil function 7”234, A
computational procedure for generating the Type 1 PCTF will be described in detail in

sec. 6.1.

The response of the Type 1 reflectance scanning microscope can now be calculated in
two ways, either directly via eq. (3.10) or using the transfer function representation of
eg. (3.32). These methods have been implemented in computer code and are termed
the “direct calculation’ approach and the ‘transfer function’ approach. In the ‘direct
calculation’ approach the electric field is calculated as it propagates through the
optical system as the sample is scanned beneath the focused spot. It may be used for
generating the response to ssimple one-dimensional and two-dimensional reflectance
type objects, and is described in detail in sec. 5.1. In the ‘transfer function’ approach
the response is generated using the transfer function representation of the signal and is
described in sec. 6.2 for generating the response to simple one-dimensional

reflectance type objects.

60



Chapter 3 Mathematical analysis of the ordinary reflectance scanning microscope

3.3 The Type 2, or confocal, reflectance scanning microscope

It has been described in chapter 1 that an dternative scanning microscope
arrangement can be configured by placing a pinhole arrangement into the detection
arm of the instrument. The Type 2, or confocal scanning microscope, as it is
commonly referred, has found widespread use in biological spheres, where its depth
discrimination properties are primarily useful *3. The introduction of a confocal
pinhole into the detection arm of the instrument leads to a modification of the imaging
characteristics of the scanning microscope. To understand the imaging process in the
confocal microscope, and to compare its imaging characteristics with those of the
Type 1 configuration, it is useful to develop a similar mathematical description of
imaging in such an optical configuration. The anaysis follows directly from that
presented for the Type 1 configuration, as described in sec. 3.1, and involves the

calculation of the electric field as it propagates through the optical system.

Optical configurations

The confocal reflectance scanning microscope can be implemented using the two

configurations which areillustrated in Figs. 3.8 and 3.9.

{xlﬂyl} P {xoﬂyo} D {x27y2} {xdf'yd}
~ ~
ke \::ﬁ::»
i Scan
IMlum Obj Sample Col Aux Pinhole Det

Figure 3.8 : The optical layout of the ordinary Type 2, or confocal, reflectance

scanning microscope, employing a pinhole photo-detector.
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Figure 3.8 illustrates the confocal reflectance scanning microscope where the pinhole
aperture is introduced by replacing the large area photo-detector of the Type 1 system
with an auxiliary lens and pinhole photo-detector arrangement. The auxiliary lens is
used to focus the propagating field that is reflected from the sample, onto the plane of
the pinhole photo-detector. The pinhole photo-detector can be visualised as either a
photo-detector of infinitessmally small extent, or a large area photo-detector with a

pinhole aperture placed immediately in front of it.

o) 7 XV 7, 10,0} s X35} Pa Xyt
~ ~
o 4 -
i Scan
Ilum Obj Sample Col Aux, Pinhole Aux, Det

Figure 3.9 : The optical layout of the ordinary Type 2, or confocal, reflectance

scanning microscope, employing a pinhole aperture and auxiliary lens arrangement.

Figure 3.9 illustrates an aternative confocal detection arrangement where a pinhole
aperture is placed in the combined foca point of two auxiliary lenses. The
propagating field that is reflected from the sample is brought to focus in the plane of
the pinhole aperture by the first auxiliary lens, the field then propagates through the
pinhole and diverges towards to second auxiliary lens. Here the field is collimated and
continues to propagate, without further modification, to the large area photo-

detector, which is assumed to be of uniform responsivity.

Due to the complexities involved in fabricating a pinhole photo-detector, the confocal
arrangement illustrated in Fig. 3.9 is the more redistic system to implement

practicaly.

It isinstructive to analyse both the confocal imaging systemsiillustrated in Fig. 3.8 and
Fig. 3.9 to determine if both systems exhibit identical imaging characteristics.
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I mage calculation

In order to analyse the signal generation process in the confocal reflectance scanning
microscope, the field distribution incident on the photo-detector has to be calculated
for a known incident field distribution on the objective aperture, as in the Type 1

configuration.

Consider first the confocal configuration of Fig. 3.8. The field, y &x,,Y,), in the
plane of the auxiliary lensis as calculated previoudy in the Type 1 system, as given by
eg. (3.4). Immediately after the auxiliary lens the field distribution, y ¢&(x,,y,), is

modified by the aperture pupil function of the auxiliary lens, p,(X,,y,), to give

y 0%, ¥,) =y (%, v:) P (% o) s (%) - (3.39)
The field distribution, y (x,,Y,), incident on the photo-detector is given by the two-
dimensional Fourier transform of the field distribution y ¢¢(x,,y, ), immediately after
the auxiliary lens, i.e.

1 ¥

1f, (y (XZ’VZ)pZ(Xz’yz)ps(xz,yz))

y (%)==
-¥
jk U

_(Xd X, + Yy YZ)gdxzdﬁ

. (3.40)
|
xexpi
7 fa

where fa is the foca length of the auxiliary lens, {x,, y,}is the plane of the photo-

detector and al other symbols have their usua meaning. The signal from the photo-
detector is again given by the integral, over the area of the photo-detector, of the

square magnitude of the incident distribution, i.e.

¥
(% ¥s) = @ I (%0 Vo) Rixas ve )il (3.4)
¥
or
¥
1%, ¥s) = A Y (X Yo )y * (Xa V) R(Xq Ve A0y, (3.42)
¥

where R(x,,Yy,) represents the responsivity of the photo-detector and * represents
complex conjugation. Substituting for y (X,,y,) from eq. (3.40) alows eqg. (3.42) to
be recast in the form
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I(Xs’ ys) C\!‘I\!‘) y (XZ y2)y * (X2¢’ yz@

x,(X0 ¥2) o * (%€ Y2010 V) s * (%6, ¥, 9

. . ) (3.43)
- | 1]
) R(xd,yd)exp%’Jf—(xd( - X (I)X +yd(y YZ‘I))ngddyd
_y A
xdx,dy,dx, ¢dy, ¢
which smplifiesto give
(., y,) = c‘n‘x‘n‘)y (% 2y * (%8 9P (% v2) P * (%6 v,9 (3.4

XG(XZ - %4y, - yzq) ddeyde2¢dy2¢
where G(x,,Y,) is the Fourier transform of the pinhole photo-detector responsivity,

i.e

M i jk
G(Xz’ y2) =@ R(Xd, yd) expi
-y

1 (dez + deZ)%ddeyd (3.45)

>

and p.(X,,Y,) is the combined aperture pupil function of the collector and auxiliary
lenses, i.e.

pc(X2’ YZ) = pz(X2’ YZ) p3(X2’ YZ) . (3.46)
Substituting for y (x,, y,) from eq. (3.3) alows eqg. (3.44) to be expressed in terms of

the reflectance properties of the sample, i.e.

¥

AN\ 2\

(%, vs) = cm)n(xo Vo) * (%6 Yodr (X, - X Yo - Yo)r* (%6 X., V& ve)

AN\ 2\

"G!ID pc(x yz)pc (X d:,yZG)G(xz- X6 Y, - yzq)

. (347)
. i} . i}
><exp;JT(x X, + yzyo)g p;Tj(x ®<0¢+y2¢yoc)§dx2dy2dxzdﬁy2¢
xax, dy, dx, ¢dy, ¢
This can be rewritten as
(% ve) = GDGD 0% Vo) * (%6 Vo8 (%, - %o Vo= Ya)r* (%,6 X, ¥,6 V) 348)

XG( X, Yoi X, Yo O, dy,dx, ocly, ¢
where g(x,,Y.; %, & Yy, ¢ isgiven by
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¥
0% Yoi %G Vo9 = XD P(Xo. ¥2) P * (%.6,9G(x, - %,¢y, - v,9
. v (3.49)
1 jk u jk
mxp%T(xzxo + yzyo)gexpl (X2¢Xo¢+yz¢yo©gdxzdyzdxz dy, ¢
where al symbols have their usua meaning and constant scaling factors have been

ignored.

It can be seen that the signal generation process for the confocal reflectance system is
again a convolution type operation. However, it is more complicated than the Type 1
imaging process in so much as it now incorporates properties of the auxiliary lens and

pinhole photo-detector.

Presenting now the analysis for the alternative confocal reflectance system illustrated

inFig 3.9. Thefield, y ¢¢(x,,Yy,), immediately after auxiliary lens 1 is given by

y 0%,.¥,) =y (%.v,)p.(% . ¥,) s (%, V) (3.50)
where p,(X,,Y,) represents the aperture pupil function of auxiliary lens 1, and
p,(X,,Y,) is the collector aperture pupil function. The field distribution, y (X,,Y,) ,
in the plane of the pinhole is given by the two-dimensional Fourier transform of the

field distribution, y ®X(x,, Y, ), immediately after auxiliary lens 1, i.e.

1,
y (%, ¥s) = T

/

(y (Xz’y2)p2(xz’y2)p3(xz’VZ))

«8

f
. ) (3.51)
1 jk u

xexpi —(x3x2 + ysyz)%dxzdy2
I "m

where fa; is the focal length of auxiliary lens 1, and al the other symbols have their

usua meaning. Immediately after the pinhole aperture the field is modified by the

pupil function of the pinhole, p,(x;,Y,), to give

Y 4%, ¥s) = Pyl Vsl (%5 ¥s) - (352)
The field, y (X,,Y,), in the plane of auxiliary lens 2 is given by the two-dimensiona

Fourier transform of the field,y &(x,, y,), immediately after the pinhole, i.e.

¥ " .
y (X4’ y4) = | flAz 0 YS) p: el (X4X3 Ty, YS)gdxdee, (3.53)

T Ta

w
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where fa; is the focal length of auxiliary lens 2, and al the other symbols have their
usua meaning. Immediately after auxiliary lens 2 the field is modified by the aperture

pupil function of auxiliary lens 2, p,(x,,y,) ,togive

y q()(4’3/4) = p4(x4’Y4)y (X4’Y4) . (3-54)
The field then propagates, without further modification, towards the photo-detector.
The signal from the photo-detector is calculated as previoudly, and is given by

¥
N\ 2
(%0 ¥) = @D Y A% )| cxdly, (3.55)
-¥
where it is assumed the responsivity is uniform (equal to unity) over the area of the
photo-detector. Substituting for y &(x,,y,) from eqg. (3.54) into eq. (3.55) gives
¥
N\ 2
(% ¥e) = @ Y (%o ey * (% vi) Pa(%0 v k., (3.56)
-¥

which by substituting for y (X,, y,) using eg. (3.53) and rearranging gives

¥
(%, ¥s) = DD Y {0 o)y (%6 y,9
-¥
¥ < . ..
><c‘1‘)|p4(x4,y4)|2expi J—k(><4(><3- X4+ V,(ys - ye,@)gdx4dy4 . (357)
-¥

A2

XX, dy,dx, ¢y, ¢

If it assumed that auxiliary lens 2 collects al the field that propagates through the
confocal pinhole, and that it does not obstruct the field in any way, then p,(x,,Y,)

can be assumed to be uniform (equal to unity) for all {x,, y,} and eq. (3.57) simplifies

to give

¥
1036, ve) = @ Y dx. s )y € (., v )dxdy, (3.58)
¥

which substituting for y ¢(x,, y,) from eqg. (3.52) gives

2
dx,dys; . (3.59)

1(x,y.) = CZ? y (%0 sy * (e v3)| pp 0 v2)

Substituting for y (x,, y;) from eq. (3.51) and rearranging gives
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¥
(%, y,) = GDED Y (%0 voly * (%, .9

po(XZ’ YZ) P,* (qu:’ YZ© p3(X2’ Y2) P * (qu:’ YZ©

b om Kl xdonl vl
xcix, dy,dx, ¢dy, ¢

which can be further Simplified to give
(%) = cm) Y (%0 vy * (669006, ¥,) P * (%6 .9 361

>(G( X X6, - yz@ dx,dy,dx, ddy, ¢
where G(X,,Y,) is the Fourier transform of the square magnitude of the pinhole
aperture pupil function, i.e.
? o) IK U
(XsaY3)| exp _(szz + Y3YZ)EdX3dY3 (3-62)

|
|
I 'a

¥
G(XZ’VZ):C\!‘) Pp
-¥

and p.(X,,Y,) is the combined aperture pupil function of the collector and auxiliary
lenses as given by eq. (3.46). Substituting for y (x,,y,) from eq. (3.3) allows eq.

(3.61) to be expressed in terms of the reflectance properties of the sample, i.e.

¥

AN A\

(%, vs) = cm)n(xo Vo) * (%6 Yodr (X, - X Yo - Yo)r* (%6 X., V& ve)

AN A\

><cm) Pe(%a. ¥2) P * (%6 ¥,9G(x, - X,6 Y, - ¥, 9

(3.63)
mxp;JTk(xzxo " yzyo)Zexm fjk(xzd»( ¢+y2¢y0¢1)¥) o, ly, cx, @y, ¢
xcix, dy,,cx, &y, ¢
which can be rewritten as
(%, ¥5) = cm) 0 (%0 Vo) * (66 Yo Or (%, - %0,V = Yo)r * (%6 %, Yo® ¥s) 364

XX, Vo3 X, G Y, G,y aix, adly, ¢
where g(Xx,,Y,; X, & Y,®is given by eqg. (3.49) with G(x,, y,) given by eq. (3.62), al
other symbols have their usual meaning and constant scaling factors have been

ignored.
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Comparing eg. (3.48) and eg. (3.64) it can be seen that the two confocal
configurations illustrated in Figs 3.8 and 3.9 have exactly the same imaging
characteristics, providing auxiliary lens 2 in Fig. 3.9 collects dl the field that
propagates through the pinhole.

It is instructive at this point to consider two extreme cases of pinhole size for the

configuration of Fig. 3.9. If the pinhole aperture is infinitely large, such that
Pp(Xs ¥3) =1 forall {x,, y;}, then

G(xz,yz) =d(x2,y2) (3.65)
and eq. (3.64) reduces to the same form as that for the Type 1 reflectance system, eq.
(3.10), as would be expected.

If the pinhole isinfinitesmally small, suchthat p,(x,, Ys) = d(X,, ¥5), then

G(%,,y,) =1 (3.66)
and
9% Yoi %, & Yo 4 = h,(x,, o 0 * (%, v, 9 (3.67)
which allows the signal to be expressed in the form
¥ 2
I (Xs 1 ys) = c\i) hl(xo 1 yo)hc(xo 1 yo)r(xo RS ys)dxodyo (368)

-¥
and the confocal imaging system exhibits coherent imaging properties, and is termed
the ideal confocal system. Note, the form of the collector lens point spread function

now effects the imaging process, unlike the Type 1 configuration.

Transfer function representation

As in the Type 1 reflectance scanning microscope analysis, it is possible to develop a
transfer function representation of the signal from the confocal reflectance scanning

microscope.

Recalling eg. (3.29) and eq. (3.30), the reflectance properties of the sample can be
expressed in terms of its spatial frequency spectrum, G(n,,n, ), i.e.
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= C;‘) G(nx, y)exp( 2pj[n X+n y] ) dn,dn, (3.29)
¥
and its complex conjugate
r* (x¢,yd = (‘:‘) G* (nxd:,n (I)exp(ij[nxd:xGny(tyG] ) dn, ¢dn ¢ (3.30)
-y

which substituting into eqg. (3.64) gives

¥ A ¥
AN A\ AN A\

|(x.,y.) = D & ¢ @D hy (%5, Y6) Py (X, €Y, ©) G5 (X0, ¥oi X, &Y, ©)
-¥
>exp{ 2pj KXo = N EX, EN Y, - N ¢y0£1)] dx, dy, dx ¢dy0¢u

>G(nx,ny)G* (nxd:,ny(l)exp{- 2pj((nX - nxcr)xS +(ny - nya)ys)}

xdn, dn, dn,¢dn ¢

Y (3.69)

where the symbols have their usual meaning. Replacing the term in square brackets of

€g. (3.69) with C(n,,n ;n, &n, ¢), the signa from the confocal reflectance system can

be expressed in the characteristic form given previoudy in eg. (3.32), i.e.

I(xs,ys) (‘!‘fb C(nx,ny,nxd:n CI)M(nX,ny,nxd:n G)
(3.32)

>exp{2pj[(nX - nxtr)xS +(ny - ny(ﬁys]} dn, dn, dn, ¢dn ¢

where for the case of the confocal system the term C(n,,n ;n, &N, @) represents the

confoca PCTF, and the medium function M(n,,n ;n, &n, ¢) remains unchanged.

The confocal PCTF

Comparing eg. (3.32) and eg. (3.69) it can be seen that the confocal PCTF is given by

(n n Ny ¢n @ c\!‘x\i) hl(xo’yo) hl (X ¢ y0¢) gz(xo’yo’xo¢ yo¢)

>exp{ 2pj nxx0 +ny, } exp{ 2pj nx¢xoq;)+ny¢y0©} dx, dy, dx, ¢dy ¢

(3.70)
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that by substituting for g,(x,, ¥,; X,¢, y,¢) using eg. (3.49) and rearranging gives
Clnnyin,an,g = cmncm) A%, Vo) B (5,6 Y, 9

ch(xza YZ) p.* (qu:S y2©G(X2 - %Gy, - YZ(Q

.
>expi JT(xzxo+y2yo)%eXpu f

Jk(x (>4 ¢Fy2¢y0(1)%dx ,dy,dx, ¢dy, ¢

>exp{ 2p (nxxo+nyyo} exp{2pj nx®<o<%+ny¢yo¢)}dxo dy, dx,¢dy,¢

(3.71)
Grouping the terms in the exponentials and rearranging gives
C(nx’ny;nx¢’ny C\!‘I\!‘) pc(XZ’yZ)pc (X2¢’ Y2Q)G(X2 - X2¢’ Y, - YZ©
X i X0 é y, i
><a) h (X, Y,) €xpj - 2p19x énx Tt Yedy - If%dx dy,
1 e u e
¥ i é X, @ é ol
xa) h *(x, ¢y, % exp; 2pjgx ¢@n¢ - _u Y, tan, ¢ gydx,¢dy, ¢
i It i Yo If u%
>dx2 dy,dx, ¢dy, ¢
(3.72)

which by using the shift and convolution theorems ***¥! alows the confocal PCTF to
be expressed in the form

( n,n,en, @ C\!‘I\!‘) pl(x+n [f,y+n If)pl (x¢+nx¢If,y¢kny¢lf) 373
ch(x, y) P, (x¢, y(I)G(x- X¢, y- y(l)dxdydxd:dyd:

where G(X,y) isgiven by eg. (3.62) and al other symbols have their usua meaning

and it is assumed the apertures are symmetrical about the x and y axes.

It can be seen that the expressions representing the signal from both the Type 1 and
confoca reflectance scanning microscopes are of identical form. However, the PCTFs
of the two imaging configurations are very different. Comparing eg. (3.38) and eq.
(3.73) it can be seen that the confocal PCTF is more complicated compared to the
Type 1 PCTF, in so much that the confoca PCTF is a function of the Fourier
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transform of the sgquare modulus of the pinhole aperture pupil function, and is a

convolution process involving four variables.

Agan consider two extreme cases of confocal pinhole aperture size. For the case

where the confoca pinhole is infinitesmally small, such that p,(X;,Y;) =d(X3,Ys),

then G(x- x¢y- y¢=1and eqg. (3.73) reduces to the form,

¥
C(nx,ny;nxd:,ny@ = ® pl(x+nxl f,y+n,l f)pc(x, y) dxdy |2 (3.74)
-¥

and the confocal PCTF is effectively given by the square magnitude of the incoherent
OTF™.

For the case where the confoca pinhole is infinitely large, such that p,(X,, y,) = 1for
al {x,,y5}, then in such acase G(x- x¢y- y® is a delta function and eq. (3.73)

reduces to the form,

C(nx,ny;nxd:,ny@ = C\!‘;;!‘) pl(X+nx| fy+n,l f)pl*(XHIX(u f.y+nd f) (3.75)

xp,(%, y) p. * (x, y)cxdy

which is the same form as for the Type 1 case, as would be expected.

Chapters 5 and 6 described computational procedures for evaluating the imaging
eguations developed throughout this current chapter.

71



