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Plan of lectures

Lecture 1

1: Background to CST
2: The axiom system CZF

Lecture 2

3: The number systems in CZF
4: The constructive notion of set

Lectures 3,4 ?
5: Inductive de nitions
6: Locales and/or
7: Coinductive de nitions
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1. Background to CST




Some brands of constructive mathematics

Bl

B2:
B3:
B4:

9

- Intuitionism  (Brouwer, Heyting, ..., Veldman)
"Russian’ constructivism  (Markov,...)

‘American’ constructivism  (Bishop, Bridges,...)
"European’ constructivism  (Martin-L6f, Sambin,...)

B1,B2 contradict classical mathematics; e.g.
B1: Allfunctions R! R are continuous,

B2: Allfunctions N! N are recursive (l.e. CT).

B3 is compatible with each of classical maths, B1,B2
and forms their common core.

B4 is a more philosophical foundational approach to B3.
All B1-B4 accept RDC and so DC and CC.
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Some liberal brands of mathematics using intuitionistic lgic

B5: Topos mathematics  (Lawvere, Johnstone,...)
B6: Liberal Intuitionism  (Mayberry,...)

# Bb5 does not use any choice principles.
#® BG6 accepts Restricted EM.

B7: A minimalist, non-ideological approach: The aim Is to do as
much mainstream constructive mathematics as
possible in a weak framework that is common to all
brands, and explore the variety of possible extensions.
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Some settings for constructive mathematics

type theoretical

category theoretical

set theoretical
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Some contrasts

classical logic versus intuitionistic logic
Impredicative versus predicative
some choice versus no choice
Intensional versus extensional

consistent with EM  versus inconsistent with EM
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Mathematical Taboos

A mathematical taboo is a statement that we may not want

to assume false, but we de nately do not want to be able to
prove.

For example Brouwer's weak counterexamples provide
taboos for most brands of constructive mathematics; e.g. if

DPow(A) = fb2 Pow(A) j (8x 2 A)[(x 2 b) _ (x 620)]g

then

(8b2 DPow(N)[(9n)[n2 1 : (9n)[n 2 1]

IS the Limited Excluded Middle (LEM) taboo.
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Warning!

There are two meanings of the word theory in mathematics
that can be confused.

mathematical topic:  e.g. (classical) set theory
formal system: e.g. ZF set theory

| will use constructive set theory (CST) as the name of a
mathematical topic and constructive ZF (CZF) as a speci c

rst order axiom system for CST.
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Introducing CST

# [t was initiated (using a formal system called CST) by
John Myhill in his 1975 JSL paper.

In 1976 | introduced CZF and gave an interpretation of
CZF+RDC in Martin-L6f's dependent type theory. In my
view the interpretation makes explicit a constructively
acceptable foundational understanding of a constructive
iterative notion of set.

By not assuming any choice principles, CZF allows
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mathematics in a purely extensional way exploiting the
standard set theoretical representation of mathematical
objects.
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2. The axiom system CZF
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The axiom systemsZF and |ZF

¥

e

These axiom systems are formulated in predicate logic
with equality and the binary predicate symbol 2.

ZF uses classical logic and |ZF uses Intuitionistic logic
for the logical operations ; ;! :?:8;09.

ZF = 1ZF + EM
ZF has a: -translationinto [ZF (H. Friedman).

Constructive Set Theory — p.12/8:



The non-logical axioms and schemes afF and |ZF

Extensionality

Pairing

Union

Separation

In nity

Powerset

Collection (classically equivalent to Replacement)
Set Induction (classically equivalent to Foundation)

Collection (8x 2 @)9y (X;y) ! 9 b(8x 2 a)(9y 2 b) (X;Vy)
Set Induction 8a[(8x 2 a) (x) ! (a)] ! 8 a (a)
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The axiom systemCZF

This Is the axiom system that is like IZF except that

¥

¥

9

°

the Separation scheme Is restricted,
the Collection scheme is strengthened,

and the Powerset axiom Is weakened to the Subset
Collection scheme.

CZF IZF and CZF + EM = ZF.

CZF has the same proof theoretic strength as
Kripke-Platek set theory (KP ) or the system ID 1 (l.e.
Peano Arithmetic with axioms for an inductive de nition
of Kleene's second number class O).
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The Restricted Separation Scheme

Restricted Quanti ers We write

(8x2a) (x) 8 x[x2a! (x)]
(9x 2 a) (X) 9 x[x2a”™ (x)]

A formula is restricted (bounded, ¢) if every quanti er in it
IS restricted.

The Scheme: 9Bx[x2b $ ((x2a”™ (x;:::))]
for each restricted formula (x;:::).

We write fx 2 aj (x;:::)g for the setb.
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The Collection Principles of CZF; 1

® We write (89 %‘) for
(8x2a)9y2hb " (8y2h(9x 2 a):
# Strong Collection
(8x2 @)%y (x;y) ! 9 B(89 F37) (Xy);
#» Subset Collection
9c8z[(8x 2 a)(9y 2 b) (X;V; z)

(9872 (89 §35) (x:yi2)l:
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The Collection Principles of CZF; 2

¥

¥

Strong Collection can be proved in IZF using Collection
and Separation.

For If bis the set given by Collection then we get the set
fy2bj9x 2 a (X;y)g
by Separation, which gives Strong Collection if used

Instead of b.

Replacement can be proved in CZF using Strong
Collection.

Forif 8x 2 a9ly (x;y) and bis a set such that
(89 %‘) (x;y) then

b=fy|j9x 2 a (X;y)g:
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Classes

® Classterms: fxj) (x;:::)9
- a2fxj (x;::)9 $  (x::2)
# |dentify each set a with the class fx j x 2 ag.
- [A=B] 8 x[x2A $ x2B]
Some Examples
SV = fX | X =Xg
TA =fx]9y 2 Ax 2 yg
A =1fx]8y2Ax2yg
PowA) = fx|x Ag
A B =fxj(9az2A)(9%Y 2 B)x=(a;bg

where (a;b = ff ag;f a; lgg:
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Classes -more examples

fx2A] (X::9)9 =fx]x2A™ (X;:::)0
friixiii )] x2Ag =fyJ9x 2 Ay =::.:X:.0

Class functions Forclasses F;A;:B letF : A! B If
F A B such that

(8x 2 A)(9ly 2 B)[(X;y) 2 F]:

Also, iIf a2 A then let F (a) be the unique b2 B such that
(a;b 2 F. By Replacement, if A Is a set then so Is

fF(X)]Xx2 Ag:
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The Fullness axiom

® ForclassesA;B:CletC:A> BIfC A B such
that
(8x 2 A)(9y)l(x;y) 2 C].
® For sets a;blet
mv(a;b=fr2 Powa bjr:a> by
The Axiom

(9c2 Pow(mv(a;b))(8r 2 mv(a;)(9s 2 c¢)[s ]
Theorem: Given the other axioms and schemes of CZF, the

Subset Collection scheme Is equivalent to the Fullness ax-

lom.
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Myhill's Exponentiation Axiom

® IfaisasetandBisaclasslet®B f f jf :a! Bg.
o IfF:a! BthenfF(x)jx2 agisaset,andsois F, as

F=1f(XF(x))]x2ag:
SoF 2 9B.

The axiom: aphis a set for all sets a: h

# This is an immediate conseguence of the Fullness
axiom and so a theorem of CZF.

#® Forifc mv(a;b is given by Fullness then
Pb=ff 2 cjf :a! bgis aset by Restricted Separation.
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“Truth Values'

® let0O=;,1=f0gand = Powl).

#® For each formula we may associate the class
< >=1fx21j g,wherexisnotfreein . Then

$ < >=1
and if Is arestricted formulathen< > Isasetin
It is natural to call < > the truth value of

°

# the Powerset axiom is equivalent to
“The class Is a set”,

# the full Separation scheme Is equivalent to
“Each subclassof lisasetandsoin ”

# With classical logic each subclass of 1 is either O or 1,
so that the powerset axiom and the full separation
scheme hold; i.e. we have ZF.
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Set Terms, 1

We can conservatively extend CZF to a theory CZF¢; by
adding set terms, t, given by the syntax equation:

ti=x);pfttgj[tyjt\ tjft)x2tg;

where free occurrences of x in t1 are bound in ft1 | x 2 toqg,
and adding the following axioms.

y2; $ 2

y 2 ft1;t20 $ [y=t1_y=tj]
y2 ([t $ (Xx2t)y2x
y2ti\ to $ [y2t170y2t)]

y2ftijx2tog $ (9x2t)y=1t
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Set Terms, 2

Theorem: For each restricted formula (x) and set term a
there is a set term t such that

CZFs t=1fx2aj (X)g:

Corollary: Given the other axioms and schemes of CZF,
the Restricted Separation Scheme is equivalent to the
conjunction of the axioms

Emptyset: the empty class ; Is a set,

Binary Intersection:  the Intersection class a\ bof sets a;bis a
set.
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The In nity Axiom

Call a class A inductive if ; 2 A and (8x 2 A)[x" 2 A],
where x* = x [f xg.

# Innity Axiom: There is an inductive set.

#® Strong In nity Axiom: There is a smallest inductive
set,! = \f xjx Is an inductive setg.

# Full In nity Scheme: There Is a smallest inductive set
that is a subset of each inductive class.

In CZF, by making essential use of the Set Induction
Scheme, each instance of the full in nity scheme can be

derived.
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3: The number systems In
CZF

N/ Z7 Q7R
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Peano structures,1

#® Call (N;0;S) a Peano structure If the Dedekind-Peano
axioms hold; i.e. Nisaset,02 N, S:N! N s injective
such that (8n 2 N)[S(n) 6 O] and, forallsets A N

[02 A]~ (8n 2 A)[S(N) 2 A] ! (8n 2 N)[n 2 Al:

It Is a full Peano structure if this holds for all classes A.

o InCZF (!; ;;s) Is a Peano structure, wheres:! I I is
givenby s(n)= n* forn2!.

Constructive Set Theory — p.27/8



Peano structures,?

#® Theorem: In CZF, any Peano structure (N;0;S) is full
and functions can be de ned on N by iteration and,
more generally by primitive recursion.

® lteration Scheme: ForclassesAandF :A! A, If
ag 2 A then thereisauniqgue H : N! A such that
H(0) = ag and (8n 2 N)[H(S(n)) = F(H(n))].

#® Corollary 1: In CZF, given a Peano structure (N;0; S)
all the primitive recursive functions on N exist. So
Heyting Arithmetic can be interpreted in CZF.

# Corollary 2: In CZF, any two Peano structures are
Isomorphic. So the axioms for a Peano structure form a
categorical axiom system.
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The number setsZ and Q in CST, 1

# Starting with the Peano structure (N;0; S), the
successive construction of rst the ordered ring (Z;:::)
of integers and then the ordered eld (Q;:::) of
rationals can be carried out in weak systems of CST
much as in classical set theory.

#® Both the constructions N 7! Z and Z 7! Q can be
obtained using a quotient (A B)=R, where A;B are
suitably chosen sets and R Is a set equivalence relation
onthesetA B.
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The number setsZ and Q in CST, 2

® A BisthesetX = [f[f (ajbja2 Agjb2 Bgand the
guotient X=R is the set f[x] ] x 2 X g where
IX]=fx%2 X j (x;x9 2 Rog.

# Only the Union and Pairing axioms and the

Replacement and Restricted Separation schemes are
needed to get these sets.
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The Cauchy continuum in CST, 1

® We assume the axiom CC of countable choice: For all
sets a, If r 2 mv(N;a) thenthereisf : N! asuch that
f r;ie. (8n2 N)[(n;f(n)) 2r].

® f :N! QisaCauchyseqguence If
8 20Q7%9On2 N)Y(8m n)jf(m) f(n)j<:
Using CC, n can be given as a function of .

#® Let C be the class of all Cauchy sequences. Using

Exponentiation and Restricted Separation this class is a
set.

® Forf;g2Cletf gif
(8 2Q°99n2 N)(8m n)jf(m) g(m)j< :
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The Cauchy continuum in CST, 2

¥

The quotient set C= Is the set R of Cauchy reals.
Addition and multiplication of Cauchy reals can be
de ned in the usual way so that R; forms a ring.

Each rational r can be identi ed with the Cauchy real

[r#1where r# (n) = r for all n 2 N. This gives a ring
embedding of the ring Q In the ring R.

We can de ne a relation < on R such that, for f;g 2 C,
[f]< [g] iff

(9 2Q7%)(9n 2 N)(8m  n)[f (m)+ <g (m)]:

This makes R into an Archimedean pseudo-ordered
rng.
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Archimedean pseudo-ordered rings

A relation < on a set R Is a pseudo-ordering if, for all
X;¥;Z2 R,

1. i [x<y ™ y<Xx],
2. [X<y]! [x<z _ z<y],

3. i [x<y _y<x]! [x=vyl.
A pseudo-ordered ring Is a ring R with a pseudo-ordering
compatible with the ring structure; i.e. for all x;y;z 2 R,

1 Ix<y]! [x+z<y+7Z],

2. [x<y N 0<z]! [xz<yz]

It is Archimedean if, for all a2 R there isn 2 N such that

2z —{

a<l+ +1:
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More on pseudo-orderings

® Let< be apseudo-ordering of asetR. Dene onR:
X Vv $ . [y<x]

# Then Is a partial ordering of R; I.e. it Is re exive,
transitive and antisymmetric.
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Cauchy Completeness

® Theorem (CZF+CC): (Rg;:::) Is the unique, up to
Isomorphism Archimedean pseudo-ordered eld that is
Cauchy complete.

#® A pseudo-ordered ring, R, iIs Cauchy complete If every
Cauchy sequence of elements of R converges to an
element of R.

# f :N! RisaCauchy sequence if
(8 > 0)(9n)(8m n)[f(n) <t (m)<t(n)+ [
and convergestoa2 R If

(8 > 0)9n)(8m n)[a <f (m<a+ |
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Dedekind Completeness

# An Archimedean pseudo-ordered eld, R, Is Dedekind
complete If every upper-located subset has a
supremum.

#® A subset X of R is upper-located if
(8 > 0)(Ix 2 X))(8y2 X)[y<x+ ]
and a2 R Is a supremum of X If
(8x2 X)[x a ™ (8 >0)9%2 X)[a<x + [

# Note: Ifais asupremum of X then itis the lub of X;
.e.

(8x2 X)[x a]l ™ (8b2R)(8x2X)[x H'! [a &
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The continuum without choice

#® Proposition (CZF): Let R be an Archimedean
pseudo-ordered eld. Then

1. If R is Dedekind complete then it is Cauchy
complete.

2. Assuming CC, if R is Cauchy complete then R Is
Dedekind complete.

® Theorem (CZF): There is a unique, up to isomorphism
Dedekind complete, Archimedean, pseudo-ordered
eld.

# Anupper-located X Qs a Dedekind cutif X = X<,
where X= = fy2 Qj (9x 2 X)[y < x]o.

#® Theorem (CZF): The class Ry of all Dedekind cuts
forms a set that can be made into a Dedekind complete,
Archimedean, pseudo-ordered eld.
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Binary Re nement Axiom

#® The axiom: For every set A there is a set D of subsets
of A such that if Go[ G1 = A then there are Ug;U; 2 D
suchthatUg[ Uy= AandU; G;fori=0;1

#® Theorem (CZF): Binary Re nement.
Proof: LetthesetC mv(A;fQO;1g) be given by
Fullness so that (8r 2 mv(A;f0;19))(9s2 C)[s r].

® letD="fsjj(s;i)2 C f 0;1gg, where
ss=fx2Aj](X1) 2 sQ:
® IfGo[ G1= Alet
r=(Go f 0g)[ (G1 f 1g) 2 mv(A;f0; 19):
Choose s2 C suchthats .
#® FinallyletU; = sj fori =0; 1.
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Proof that Ry I1s a set, 1

Let C be the class of subsets X of Q such that
® Xisopen;i.e.8x 2 X 9y2 X x<y,
# X iIs weakly upper-located; i.e. for all x;y 2 Q

X<y ) [x2X _ y6xX]:

Proposition: Rygy C. So, by Restricted Separation, it
suf ces to show that C Is a set.
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Proof that Ry IS a set, 2

9

e

To show that C is a set: Let

A=1(xy)2Q Qjx<yg:
Choose the set D of subsets of A by Binary Re nement.
ForeachV 2 D letLV = x| (x;y) 2 V for some yg.

Claim: IfL 2 CthenL = LV °for some V°2 D.
By Restricted Separation, P = fV°2 D jLV?2 Cgis a
set so that, by Replacement,
C=fLVY VY2 Pgis a set:
Proof of claim: LetL 2 C. If
V=FfXy)2Ajx2LgandW =f(x;y)2 Ajy62g

thenV[ W = A, as L Is weakly located, so that we may
choose V® Vv and W® W, both in D, such that
VO wO= A. We will show that L = LV°
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Proof that Ry Is a set, 3

® Trivially LV® LV L.
® ToshowthatL LV°letx2 L. Then, asL is open,

x<y forsomey?2 L
so that, as (x;y) 2 A, either
(x;y) 2 VOor (x;y) 2 W6

® But, if (x;y) 2 W%then (x;y) 2 W so thaty 62,
contradictingy 2 L.

® Sowe must have (x;y) 2 VO sothatx 2 LV
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4: The constructive notion of
set
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Some terms for set-like notions

s Set, class, type, sort
» collection, domain, manifold, universe

s category (in the philosophical, not
algebraic, sense)
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Some history, 1

# Boole: algebra of classes

°

Dedekind: algebra of ideals

#® Dedekind/Cantor: pointsets, sets of objects of our
thought,

® Cantor: countable and uncountable sets, trans nite
numbers

°

Frege: naive set theory
Cantor: Inconsistent sets

°

# Zermelo/Hilbert/Burali-Forti/Russell: paradoxes of set
theory

# Zermelo: axiomatic set theory

Constructive Set Theory — p.44/8



Some history,2

© o o o o o 0

Russe
Russe
Wey!:

I/Poincare: vicious circle principle, impredicativity
I: rami ed type theory, axiom of reducibility

oredicative mathematics

Ramsey: simple type theory
Mirimanoff: well-founded (wf) and non-wf sets

Fraenkel: Replacement Scheme

von Neumann: Axiom of Restriction/Foundation
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The cumulative hierarchy in ZF

S
V _ ZOnVS’

whereV = _ PowV ) for 2 On.
s Vo Vi V. V4
s Vo=, Vi=1g;Vii=PowmV )
s V = the set of sets formed by stage

s X2V )] x g2V If <
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The iterative, combinatorial notion of set

Zermelo, Scott, Schoen eld, Boolos, Parsons,...
Sets are extensional.

Sets are formed in stages out of elements formed at
earlier stages.

A set Is formed by collecting together its elements.

There are lots of stages:

1. There Is a stage.

2. For each stage there Is a later stage.
3. There Is a stage re ecting 1,2.
4.

If fsigi2, IS a family of stages indexed by a set | then
there Is a stage later than all the s;.
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Types and Classes

A mathematical object is always given as an object of
some type.

We write a : A for the judgement that a is an object of
type A.

A class on a type Is the extension of a propositional
function on the type.

If B Is a propositional function on the type A then its
extension is the class C = fx : A j B(X)g.

For a : A the proposition that a is in the class C is B(a).

If also C%= fx : AjBYx)gthen (C = CY is the
proposition

(8x : A)B(x) $ BYX):
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What Is a set ofelements of a type?

It iIs a collection into a whole of objects chosen from the
type.

e.g. given the type N of natural numbers we have sets
of natural numbers such as f0g;f0; 1g;f0; 3; 18g; fg

and sets f0;2;4;6;:::;92g, f2iji<ngforn:N,
and in nite sets such as 10;2;4;6;:::.g=f2 ji: Ng.

In general we can form sets of natural numbers
fajji 2 lgwitha :Nfori: I, wherel Is an index-sort.
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Sorts

| use the word sort for something like

- Bishop's constructive notion of set,

which | think is also something like

- Martin-Lo6f's type-theoretic notion of set or data-type
and something like

- the category theorists' notion of set

when they talk about a category of sets.

A sort is an object that is conceptually prior to its
elements.

| need a distinct word in order to avoid confusion with
the combinatorial notion of set, which is what axiomatic
set theory Is about.

A set Is formed out of Its elements.
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Sets, of elements of a type, 1

Given a type A, a set of elements of A Is given by:
1. asortl, the index-sort of the set,

2. afunctionf : 1! A, also thought of as a family of
elements of A, fajg;;, wherea; = f(i): Afori:|.

We may write the set as sup(l;f )orfajji:Ig.
The elements of the set are the g; fori : |.
The sets of elements of A form a type SuldA).
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Sets, of elements of a type, 2

An equality relation, = o, on a type A Is an assignment
of a proposition (b= ) to b;c: A so that the laws for an
equivalence relation hold; i.e.

Bx:A)X=ax], @By A)X=ay! y=aX],
B y;z:A)X=ay! (y=azZ! x=a2Z)]
Given an equality relation =5 on a type A we may

de ne the membership relation 2 5 and extensional
equality relation = gy as follows:

If :Sul(A)isfa ji:lgthen,fora:A,(a2a )IS
the proposition (9i : [a=4 a;].

Ifalso :Sub(A)isfh jj :Jgthen( =gyya) )IS
the proposition

B :1)(9 - INla=alQ]" (8 ) Na=aRb]
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The type of iterative sets

The type V of iterative sets Is the inductive type
obtained by iterating the set-of operation.

The iterative sets are generated using the following rule.

Any set-of objects in V Is an object in V

In Constructive Type Theory V Is the inductive type
having the introduction rule

| :Sort f :I! V
sup(l;f):V

So we have Sul(V) = V.
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Equality and membership onV

We can recursivelydene ( =y )for ; :V usingthe
rule

(81 :1)(9 - INlai=v b]" (8 :J)O9 :1)[a=vih]
=V

where =faji:lgand =fhjj:Jg.
Also
2v  =det (9 :J)( =v Db):
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Martin-LOf's Philosophy

Notes on Constructive Mathematics, 1970.

An intuitionistic theory of types:predicative part, in Logic
Colloguium '73, published 1975.

Intuitionistic Type Theory, 1980 lectures, notes by
Giovanni Sambin, published as a Bibliopolis book in
1984.

On the meanings of the logical constants and the
justi cations of the logical laws , 1983 lectures,
published in Nordic Journal of Philosophical Logic in
1996
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The type-theoretic interpretation of CST

Aczel, 1978,
choice principles:1982,
Inductive de nitions :1986

Aczel and Rathjen, Notes on CST, Mittag-Lef er report,
2000/2001

Gambino and Aczel, The generalised type-theoretic
Interpretation of CST, JSL, vol 71 (2006), pp. 67-103.
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5: Inductive De nitions
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Examples of inductive de nitions

I Is the smallest class | suchthat; 2 | and
(8x 2 1)x™ 2 1; where x* = x[f x0:
HF Is the smallest class | such that, foralln2 !,
(8f 2 ") ran(f) 2 I:
HC is the smallest class | such that, foralla2 ! *
(8f 22 )ran(f) 2 I:

For each class A, H(A) Is the smallest class | such
that, foralla2 A, (8f 22 )ran(f) 2 1.

| = H(2); HF = H(1); HC = H(! *)

Recall0=;,1=0" and2=1". Note that! and HF , but
not HC, can be proved to be sets in CZF
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What is an inductive de nition?

An inductive de nition Is a class of pairs. A pair (X;a) in an
iInductive de nition will usually be written X=a and called an

(inference) step of the inductive de nition, with conclusion a
and set X of premisses.

If 1S an inductive de nition, a class | I1Is -closed If
X | implies a2 | for each step X=a of

Theorem: There is a smallest -closed class;

l.e. aclass | suchthat (i) I iIs -closed and, for each class
B,()ifBis -closedthenl B. class.

The smallest -closed class is unique and is called the class

iInductively de ned by and is written | () .
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More Examples

The Set Induction Scheme expresses that V is the
smallest class | suchthata | ) a2l.

If Ris asubclassof A A suchthatR; = fx | (x;a) 2 Rg
IS a set for each a2 A then Wf (A;R) Is the smallest
subclass| of Asuchthat8a2 A[Ra 1) a2l].

Note that Wf (A;R) = 1() , where s the class of
steps Ry=afora?2 A.

If By IS a set for each a2 A then Wy 4By IS the smallest
class| suchthata2 A&f :Bg! | ) (af)21.

Note that W,>aBx = | () , where Is the class of steps
ran(f)=(a;f) fora2 Aandf : B! V.
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Proof of the theorem

Given a class of steps X=a, foreachclass Y let Y
be the class of a such that there is a step X=a of with
X Y.SoYis -closediff Y Y.

IS monotone; i.e. Y1 Y2 ) Y1 Y, and what Is
wanted is a least pre- xed point of

The idea for the proof is to iterate the operator into the
trans nite so that it ultimately closes up.

Call a class J of pairs an iteration class for |if, for all

sets a,g? = J%2 where J2= fxj(a;x) 2 Jgand
J2a: x2a‘JX'

Lemma: Every inductive de nition has an iteration
class.
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Proof of the lemma

A set G of ordered pairs is de ned to be good If
() G&  G?2forall sets a.

Let J be the union of all good sets.
We must show that J&2 = J?2,
If y 2 J2 then, for some good set G,

y2G* G g%
ThusJ2  J?%2 Forthe converse lety 2 J?%2 so that
X=a is a step of forsome X J?3. So

8y’2 X 9G [ G is good and y°2 G?21:

By Strong Collection there is a set Z of good sets such that

8y’2 X 9G 2 Z yY2 G?&;

S .

LetG = f(a;y)g[ Z.ThenGisgoodsothaty?2 G* J&.
Thus J%& ]2
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De nition of | ()

S .
We show that J* = ~ _,,, J2is the smallest -closed class.

To show that J* is -closed let X=y be a step of for

some set X J! . We must showthaty 2 J*'.
As 8yY2 X 9x y°2 JX, by Collection, there is a set a

such that 8y°2 X 9x 2 ay’2 JX:i.e. X J?a Hence
y2 J%2=732 J1 ThusJ! is -closed.

Let | be -closed, to showthatJ! | we show that
J2 | by set-inductionona. Sowe may assume the
induction hypothesis that J* | for all x 2 a. It follows that
J°@ | sothatJ2= J%2 | I, theinclusions holding
because is monotone and| is -closed. ThusJ! |

Sowedene I()= Jt.
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Local Inductive De nitions

An inductive de nition Isde nedto be localif Y Is a set

for each set Y.
Proposition: If is local then J2 and J42 are sets for all a.

This has an easy proof by Set Induction.
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Whenis the clasd () a set?

A class B Is a bound for If, wh@ever X=y Is a step of
then X = ran(f) forsomef 2 5 PX.

IS bounded if has a set bound and, for each set X,
the class of conclusions y of steps X=y in Is a set.

Note that if Is a set then it Is bounded.

CZF'™ = CZF + REA, where REA is the
Regular Extension Axiom

Theorem (CZF™): If is bounded thenitis local and I ()
Isaset. Examples: For each set A,

H(A) is a set,
WT (A;R) Is aset, If R Is a set,
W,->aBy IS a set, If By 1S a set for each x 2 A.
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Regular Extension Axiom (REA)

A set Aisreqgularif (A;2\ (A A) Is a transitive model
of the Strong Collection Scheme; i.e. it is an inhabited
setsuchthat A Pow(A)andifa2z AandR:a> A
then there is b2 A such that

8x2a9y2b(x;y)2Rand8y 2 b9 2 a(x;y) 2 R

The axiom REA: Every set is a subset of a regular set.

Classically, if Is a regular ordinal then V is a reqgular
set.
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Tree Proofs,1

We will give a characterisation of I () Interms of a
suitable notion of tree proof.

These will be well-founded trees, each given as a pair
(a;Z), where a s the conclusion of the proof and Z is
the set of proofs of the premisses of the nal inference
step X=a of the proof.

We will call these trees proto-proofs. We will associate
with each proto-proof p the set Stepqp) of the inference
steps that it uses.

Then a proto-proof p = (a;Z) will be a proof that
a2 l() provided that Stepqp)
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Tree Proofs,2

De nition: The class P of proto-proofs is inductively de ned
to be the smallest class such that, for all pairs p=(a;2), if
Z Pthenp2P;i.e. P=1() ,where Isthe class of
steps Z=pfor pairs p=(a;2).

De nition: Let concl: V2! V, Concl: Powm(V?)! V and
endstep: V. Powm(V?) ! V be given by

concl(p) = a
Concl(Z) = fconckg)jg2 Zg
endstedp) =(Concl(Z);a)
for all pairsp=(a;2).
Lemma: There is a unique class function
Steps: P! Powm(PowV) V) suchthat,forp=(a;Z) 2 P,

() Stepqp)= fendstedp)g[ fStepgg))jq2 Zg:
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Tree Proofs, 3

De nition: For each inductive de nition  we de ne the
class P() of -proofs as follows.

P()= fp2P)Stepdp) ¢
Theorem (CZF): For each inductive de nition
()= 15
where | %= fconclp)jp2 P() g

The theorem is a consequence of the following two claims.
Claim 1: conclp) 2 | (stepqp)) for all p 2 P.
claim 2: 1%is -closed.
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Set Compactness

Theorem (CZF ™). For each set S and each set

P Pow(S) there is a set B of subsets of P S such that,
for each class P S,

a2l() 0 a2l( o) forsome 2 B suchthat g
De nition: For each class X let
1 ;X)=1( [ (g X)):

Theorem (CZF™): If isasubsetof PowmS) S, whereS

IS a set, then there I1s a set B of subsets of S such that, for
each class X,

a2l( ;X)) ( a2l( ;Xpg) forsome Xp2 B
such that Xg X:
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6. Point-free Topology
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Classical point-free topology

In classical point-set topology a topology on a set X of
points is a subset of Pow(X) of the open sets.

The set must have X 2 and be closed under
arbitrary unions and binary intersections.

, when partially ordered by inclusion, forms a nice
complete lattice, sometimes called a frame or locale.

A complete lattigg Is a poset L {p which every subset Y
has bothasup Y andaninf Y.

In fact only sups are needed, as
Y= fa2Lj8x2Y a xg:

A frame/locale Is a copppletg jattice satisfying the
distributive law a” Y = fa”*xjx2 Yqg.
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A problem for CST!

According to the classical de nition there are no
Interesting complete lattices!

e.g. neither2=10;1gnor = Powl) is a complete
lattice.

2 complete implies =2 ,and complete implies Isa
set, which Is a taboo.

What to do?

We must allow topologies of open sets, and so also
complete lattices, to be classes.

. W .
New De nition: A -seml-lattlw IS a poclass L such
that every subsetY hasasup Y.
It is a frame/locale if it has a top > and binary meets

such that the frame distributive law holds.
Example: For each set A, Pow(A) Is a frame.
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Another problem for CST!

\Y/ W
Thedenition Y = fa2L|j8x2Y a xg:doesnot
work, as the sup is of a class that may not be a set.

What to do?

. W . . .
De nition: A subset G ofa -semi-lattice L Is a set of

generators for L If, for\fe/very a2L,Ga=1fx2S)x ag
ISasetsuchthata= Gy.

L Is set-generated If it has a set of generators.

Proposition: If L has a set S of generators then every
subset Y ha/g, an inf given by

Y= fa2lLj8x2Sa xg:

Example: A set basis for a topological space is a set of
generators for its locale of opens.
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Formal Topologies, 1

A formal topology (A; A) consists of a set A and an
operator A : Pow(A) ! Pow(A) such that for sets
U,V A,

Uu AU

U AV)A U AV,

S
AU\A V A (U#\V#),where U#= "~ Af xg.

The notion of a formal topology was rst introduced by
Giovanni Sambin as a constructive approach to
point-free topology In the setting of dependent type
theory. Instead of the operator A it is usual to use the
cover relation / wherea/U | a2AU.

Up to isomorphism there is a one-one correspondence
between formal topologies and set-generated locales:
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Formal Topologies, 2

Each formal topology (A; A) determines a
set-generated locale

Sat(A;A)=fu 2 PowA) JAU = Ug;
partially ordered by , with set fAf xgjx 2 Ag of

generators.

Every set-generated locale, with set G of generators, Is
Isomorphic to Sat(A; A), where (A; A) Is the formal
topology with A = G and AU = G%W, for U 2 Pow(A).
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Formal Points

Let (A; A) be a formal topology. A formal point is a set
A such that

Qaa?z ,
8a;b2 9c2 c 2Af ag\Af bg,
9a2 a 2AU ) 9 a2 a 2 U,forallsetsU A.

There may not be any formal points.

The class Pt(A; A) of formal points may not form a set.
If it Is a set then the set forms a topological space with
the set fBs ] a 2 Ag of basic open sets, where

Ba=f 2Pt(A;A)ja2 .
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A Galois adjunction

Classically there Is a Galois adjunction between the
category T opof topological spaces and the category
Loc of locales:

The maps of T opare the continuous functions, while the
maps L ! L%of Loc are the frame maps L°! L;i.e. the
functions L°! L that preserve the frame structure, top,

sups and binary meets.
To each topological space is associated its locale of

open sets and to each locale is associated its
topological space of points'.

There is a CZF version of the Galois adjunction in my
paper " Aspects of General Topology in Constructive
Set Theory", in the proceedings of the second
workshop of Formal Topology in a special issue of the

Annals of Pure and Applied Logic, 137 (2006) 3-29.
There are complications because certain classes that

are sets classically cannot be shown to be sets In CZF.
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/: Coinductive De nitions
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What Is a co-inductive de nition?

Let Dbe a class of steps. For each class Y let
Y= xopowy)falX=az g

Yis -closedifX Y ) a2y forall X=a?2
Yis -closedif Y Y. These notions coincide.
| () Isthe smallest -closed class.

Y Is -progressiveifa2 Y ) XJY forallX=a2
where X {Y If X \ 'Y has an element [Sambin].

fisdualto : X{Y | (9a2 X)(a2 Y) and
X Y (8a2 X)(@z2yY).

Y IS -progressive if Y Y.
J ()= largest -progressive class.

J ()= largest -progressive class.
J ( ;B)= largest -progressive subclass of B.
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The streams example

Let be the class of steps fxg=(n;x) for n 2 N.
Then Y =N Y.

In the universe of hypersets J () Is the set of streams,
butJ () Isthe largest class Y such that
(n;x)2Y) x2Y;le. the class V of all sets.

J( ;N V)isthe set of streams.

" -progressive' seems the right notion for ~ nal
coalgebras', but = -progressive' seems the right notion

for my applications.
| expect that the general theory applies to either notion.
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Review of inductive de nitions

Theorem [CZF]. There is a smallest -closedclass | () ,
called the class inductively de ned by . More generally, for each
class U there is a smallest class AU = | ( ;U) thatis -closed
and includes U.

Theorem [CZF+REA]: If isasetthenl| () isa set. More
generally AU is a set for each subset U of S.

Each inductively generated formal topology (S;A) Is
obtained using a suitable set PowmS) S.
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The problem of Coinduction in CZF

We would like to show that under suitable conditions on

there is a largest -progressive class J () that,
under further conditions is a set. This would be called
the class coinductively de ned by . More generally we
would like to be able to de ne a largest -progressive
subclass AU of U, for each subclass U of S.

The hope is that this might give us the method to
coinductively de ne a binary positivity predicate on a
formal topology.

But we need to add a new axiom to CZF.
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Relation Re ection Scheme (RRS)

Relation Re ection Scheme (RRS): For classes R; X, If
R: X > X then foreach ag 2 X there is a subset Y of
X suchthatag2 Yand R\ (Y Y):Y > Y.

This Is an easy consequence of the scheme:

Relative Dependent Choices (RDC): If X;R are classes
suchthatR : X > X then for each ag 2 X there s

f :N! X suchthatf(0)=aand (f(n);f(n+1)) 2R
for all n 2 N.

For, given f we canletY = ran(f). In fact:

Theorem (CZF): RDC is equivalent to RRS+DC,
where the dependent choices axiom, DC, is like RDC
except that X and R are required to be sets.

RRS is provable in ZF, so seems not to be a choice
principle - GOOD!.
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Coinductive de nitions of classes

Theorem [CZF+RRS]. Let be a class of steps such that
a= X | X=aisa -stepgis a set for every a. Then there is a
largest -progressive class J . Moreover, for each class U there is

a largest -progressive subclass J U of U.

Proof: Observe that the union of any class of
-progressive setsisa -progressive class.

In particular we obtain the -progressive class
J = fYjYisa -progressive setg
and for each class U the -progressive class
JU= fY2PowU)jYisa -progressive setg

Let B be a -progressive class. We show thatB J
The proofthatif B UthenB J U is similar.
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ProofthatB J |1

Claim: Let A= PowB). Then
(8Y 2 A)(9YY2 A)8a2 Y 8X 2 ,X|Y!

Proof of claim: GivenY 2 Alet Y= \ (V Y).

S
Then Y= _( a f ag)andsois a set.

For any step s = X=a let X5 be the set X.
As B Is -progressiveandY B,
8s2 Y9z[z2 Xs\ BI:
So, by Strong Collection, there is a set Y such that
8s2 Y9z2VYYz2Xs\ B]&8z2YWs2 Y[z2 X\ BI:

SoYP%2 Aand,ifa2YandX 2 ,thens= X=a2 Y
and hence XY completing the proof of the claim.
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ProofthatB J |, 2

To show that B Is a subclass of J letb2 B. It suf ces to

show that b2 U for some -progressive set U, as then
b2 U J

By the claim and RRS thereisasetZ A= PowB)
such thatfbg 2 Z and
(8Y 2 2)(9Y2 z)8a2 Y 8X 2 , X|Y©

LetU=[Z. Thenb2 U. Alsoifa2 U, with X=a a
-step, then a2 Y for some Y 2 Z so that X {Y for
some Y°2 Z and hence X JU.

Thus b2 U for some -progressive set U.
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Coinductive de nitions of sets

Theorem|CZF+*REA]: If Is a set then the largest
-progresive class J Is a set.

The axiom *REA states that every set is a subset of a
*-regular set where a regular set A Is *-regular if it is
union-closed; i.e. (8x 2 A) [ x2 A,and (A;2\ (A A)
IS a transitive model of the 2nd order version of the
scheme RRS.
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