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Abstract. We examine the convergence characteristics of a preconditioned
Krylov subspace solver applied to discrete systems arising from low-order mixed
finite element approximation of the classical biharmonic problem. We describe a
preconditioning operator which leads to preconditioned systems having an eigen-
value distribution consisting of a tightly clustered set together with a small number
of outliers. We present numerical results that show that the performance of our
methodology is competitive with other fast iteration methods proposed in this con-
text. The parallel implementation is done on an SGI Origin 2000 architecture, using
the HSL 2000 software library.
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1 Introduction

In this paper we are studying the performance of the new preconditioning method-
ology for discrete systems arising from the mixed approximation of the biharmonic
problem. The mixed form of the biharmonic problem on some convex polygo-
nal domain Q € IR? with a sufficiently smooth boundary 89, and load function
f € H=Y(2) can be represented as

-A¢p = w . _ 09 _
Aw = f} in Q, ¢—%—0 on 0f). (1)

The equation (1) is a model in fluid mechanics for a steady laminar flow, where
¢ and w represent the stream function and vorticity, respectively. It is also a
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model for plate bending (see [22]), in which case ¢ is the deflection and w is the
bending moment. An interesting feature of the solution ¢ of the problem (1) (or
of the corresponding eigenproblem, where f = Au) near sufficiently acute corners
of the domain {? is a sequence of so-called Moffat eddies [15]. Namely, the solution
exhibits a self-similar exponentially decaying oscillatory pattern (which corresponds,
in fluid mechanics terms, to a sequence of eddies, whose intensity decays following
the exponential pattern). This phenomenon was studied theoretically in [7], [8],
and [13], and computationally in [2] and [5].

In the standard mixed approximation of (1) we seek a solution pair (w,¢) €
H'(Q) x Hj () which satisfies

(w,v) — (Vu,V¢) = 0 Yv € HY(Q) @)
-(Vw, Vo) = =(f,9) Vo€ Hy(Q).

In (2), (-,-) denotes the standard inner product in L?(f2) (vector or scalar).
We can get a discrete linear system from (2) by taking finite dimensional subspaces
Xp C HY(Q) and My, = X,NH{ () (with h being a representative mesh parameter),
and enforcing (2) over the subspaces X, and Mj. This reduces to computing
(wh, dn) € Xp x My, which satisfies

(wh,vh) — (Vvh,Vqﬁh) = 0 Vvh € Xh (3)
—(Vwn, Vor) = —(f,on) Vo € My.

The stability issues and well-posedness of (2) and (3) are discussed in [1] and [4].
The discrete problem (3) can be expressed as a system of linear algebraic
equations by introducing operators M : X, — X and K : X}, = M}, defined by

(Mwp,vp) = (wh,vn) Vwn,vp € Xp, (4)
(Kwh,on) = (wn, KTon) = —(Vwn, Vor) Vw, € Xp, Vo, € M.

In (4) KT represents an adjoint operator of K. Substituting the definitions (4) into
(3), we get a matrix system

(0 () =) 0
K 0 on)  \fn)’
Note that in (5) f; represents the L?(Q) orthogonal projection of —f into Mp.

In order to design efficient multigrid preconditioners and solvers for the sys-
tem (5), several authors use the Schur complement operator S = KM 1KT (see, for
example [3], [10], [18]). It is known that S has a condition number that behaves like
O(h~*) as the mesh is refined, and previously mentioned algorithms therefore re-
quire careful tuning of parameters (including the number of pre and post smoothing
steps) in order to achieve performance which is independent of h.

To derive our preconditioning strategy, which involves “black-box” algorithms
for the solution of Dirichlet Poisson problems, we shall first express (5) in terms of
finite element matrices. We introduce the finite element basis

Xp, = span{¢; } ", My, = span{y; }7L,. (6)



In (6) we assume ny interior and np boundary degrees of freedom, respectively.
Furthermore, we define the vectors w € IR™ "5 ¢ ¢ IR™, and f € IR™ that
correspond to the finite-dimensional functions wy, ¢y, and fr. If we define a “mass”
matrix M;; = (¥i,95), 4,7 = 1,...,nr + np and the “constraint” matrix K;; =
—(V3, V), i =1,...,n1, j = 1,...,n1 + np, the finite element formulation of

(% 5)()-()

In order to explore the use of Poisson solvers as a tool for an efficient precondition-
ing of (7), we decompose wy, into the sum of interior and boundary contributions.
Assuming we enumerate the interior nodes first from 1 to n;, we obtain

ni+ng nI B
Z with; = Z vY; + Z AeWnrthks (8)
i=1 Jj=1 k=1
—_—
wh€Xn v EMy, An€Th

where T}, ~ L?(09). This decomposition leads to a matrix partitioning of (7). In
particular, K = (K; Kpg), where Ky denotes the finite element stiffness matrix of
dimension n; X n; which arises in discretization of a Dirichlet Laplacian problem
using Mp,.

The remainder of the paper is organised as follows. In Section 2 we present a
novel approach that is based on an exact indefinite constraint preconditioner. Inex-
act versions of this methodology have been suggested in the context of mixed finite
element formulations of magnetostatics problems (see, for example, [19]), but have
not been considered in the context of the biharmonic problem until now. Section 3
gives some “black-box” implementation details of the exact version of a precondi-
tioner using parallel routines for sparse matrix computations from the HSL 2000
library [11], and Krylov iterative solvers from NAG library [17]. We report our
numerical results in terms of iteration counts of the preconditioned BICGSTAB(2)
method and the execution time on the SGI Origin 2000 architecture. The compar-
ison of our methodology with some other solvers used for the biharmonic problem
is given in [20].

2 An indefinite constraint preconditioner

In this section we outline the main idea of an indefinite constraint preconditioner
that we developed in [20] in the context of the biharmonic problem. The general
idea of the constraint preconditioning approach is described in [12]. This strategy
has been used in the context of mixed approximations [19]. In our strategy we tailor
the preconditioner to the special structure of the coefficient matrix in (7).

Let us consider again a coefficient matrix in (7), together with the splitting (8)

t
A=<M K

c
= M. Mp K% (9)

Kr Kg O

M; M! K;
K o)



Table 1. Extremal eigenvalues of the eigenproblem (11) computed on a set
of uniformly refined triangular grids using piecewise linear approzimation.

mesh h n Mmin Hmax "9(73_1-/4)
12 x 12 | 0.083333 290 0.685100749 | 14.854800875 21.68
24 x 24 | 0.041667 1154 0.693016600 | 28.670967418 41.37
48 x 48 | 0.020833 4610 0.695583923 | 56.292502654 80.93

and the following version of the preconditioner

0 0 K .
P=| o0 Mz K E(ch. Ig) (10)
K Kg 0

The preconditioner P in (10) is symmetric and indefinite. The action of its inverse
can be achieved by a simple backsubstitution (note, however, that the block K has
to be previously factorized or approximated in a suitable manner). It can be proved
that the matrix P is non-singular (see [20]). Therefore, the eigenvalues {u;};i""?

of the preconditioned operator

M; M! K v 0 0 K v
M, Mp Kb |{a)=pnl o0 Ms KL [ (11)
K; Kp O ¢ K; Kg 0 @

are real and non-zero. The eigenvectors that correspond to the multiple eigenvalue
u =1 are analysed in [12]. In particular, if the preconditioner (10) is invertible, then
the preconditioned operator (11) has an eigenvalue p = 1 with multiplicity > 2n;.
The analysis that covers the case p # 1 is covered in [20]. We outline here only that
the preconditioned matrix operator (11) has a multiple eigenvalue at unity, together
with a small cluster of eigenvalues (< ng) that lie in the interval (1, Ch~!] (see also
Fig. 2.1 in [20]). This leads us to believe that a Krylov subspace method applied
to the preconditioned system should converge very rapidly. In particular, for a
given distribution of the eigenvalues in [12] it has been demonstrated that GMRES
method will converge in at most np+2 iterations (providing that exact arithmetic is
used). In our experiments we adopt BICGSTAB(2) [21], which showed robustness in
application. We also make one additional simplification in the preconditioner P: we
approximate the “mass” boundary block Mp by its diagonal Dy, . This changes
the lower bound of a spectrum {u;} from 1 to 1/0©? (see [20, Proposition 2.2]),
where © is independent of h and ® > 1. To illustrate the previous points, we
present in Table 1 the extremal eigenvalues of the preconditioned operator (11) for
the case of piecewise linear approximation, computed on a set of uniformly refined
triangular grids. In the next section we examine the performance characteristics
of the preconditioned BICGSTAB(2) method and consider one particular parallel
implementation of the preconditioner given by (10).



3 Implementation details and numerical results

We now assess the performance of the exact version of the preconditioner (10) when
applied in conjuction with the BICGSTAB(2) method to the solution of the discrete
system (7). At the end of this section we shall briefly outline some alternatives where
the action of the discrete operator K; within the preconditioner P is replaced by
some suitable approximation K7, thus yielding an inexact version of the constraint
preconditioner. We report our results in terms of the iteration counts of the precon-
ditioned Krylov subspace solver, and the execution time needed for computing the
Cholesky factorization of the block K; and the associated backsubstitution phase
(since these are the most time consuming steps in the BICGSTAB(2) algorithm). We
constrain ourselves to one particular implementation, using the HSL 2000 subrou-
tine library [11]. We perform all our experiments on an Origin 2000 architecture.

Firstly, we discuss some implementation-related details. As a representative
of Krylov subspace iterative solver that can be applied in the case when both the
coefficient matrix and the preconditioner are indefinite we take the BICGSTAB(2)
method. In our application BICGSTAB(2) proved to be a reliable choice: it has
never broken down or failed to converge. One goal in this work is to develop an
implementation of the iterative solver and preconditioner P using as much publicly
available code as possible. Following this goal, we use the BICGSTAB(2) algorithm
supplied as a part of the routine F11BEF from the NAG library Mark 19 (see [17]).
Since this routine is sequential, none of the operations that represent the core of
BICGSTAB(2) method can be parallelized, except computing of the preconditioner
matrix and its inverse. These operations are made accessable to the user by extract-
ing them from the library code. Having in mind that the asymptotic complexity of
these operations is significantly larger than those that belong to the remainder of the
BICGSTAB(2) algorithm (including the sparse matrix-vector multiply), we conclude
that we need to parallelize only this external part of the algorithm to achieve high
performance. To illustrate this, we shall briefly study the asymptotic behaviour of
the various parts in the BICGSTAB(2) algorithm. We have already mentioned in Sec-
tion 2 that the action of P~! can be achieved by backsubstitution. However, in the
exact version, the discrete Dirichlet Laplacian block K; must be exactly factorized.
This is the most time consuming part of the BICGSTAB(2) algorithm, and should be
done only once at the start. In our experience [6], this operation has an asymptotic
complexity O(n'), where f ~ 5/3 using the SuperLU package [9]. In addition,
one forward and backsubstitution operation using previously obtained factors takes
O(n®), where b ~ 5/4 ([6]). The remaining operations in the BICGSTAB(2) algo-
rithm are either BLAS 1, or sparse matrix-vector multiplications (where the matrix
A in (9) has O(1) elements per row), and therefore have complexity O(n).

There is a host of parallel library codes for performing the Cholesky factor-
ization of a SPD matrix (see [14]). We chose the HSL 2000 library subroutine
HSL_MP62 [11] to factorize the block K in parallel. This routine is designed for
factorization of an SPD matrix which originates from a finite element discretization.
The routine uses a multifrontal approach — parallel frontal factorization on subdo-
mains and the sequential factorization of an interface problem (the variables that
are shared between the subdomains). MPI [16] is used as a communicator. We per-



formed an extensive testing of the routine for various types of Lagrangian elements
(linear, quadratics, cubics) and different choices of h. However, in our experiments
we constrained ourselves to the unit square domain = [0,1]2, discretized by the
uniform mesh (congruent right-angled triangles). Nonetheless, the method is fully
applicable to any domain and any type of the triangulation.

The architectural and support specification of the system are as follows. The
results are obtained by running the code on a 16 processor SGI Origin 2000 using the
“cpuset” facility to give exclusive access to processors and their local memory. The
MIPSpro 7.3.1.1m Fortran 90 compiler is used in 64 bit mode with optimization
flags -03 -0PT:01imit=0. The latter flag is required to ensure all routines are
optimized irrespective of source size. The object files are linked with SGI’s message
passing toolkit mpt 1.4.0.0 for MPI 1.2, Mark 19 of the NAG numerical Fortran
library [17] and version 1.3.0.0 of SGI’s Scientific Software Library (for the machine
tuned BLAS).

Here we report a small representative of the performance results that we have
obtained. Table 2 contains two particular cases of equally partitioned domain 2 onto
4 and 9 subdomains, respectively. In Table 2 we use the following notation; mesh
denotes the number of grid cells in  and y direction, and n is the total dimension
of a discrete system (n = 2ny + ng). Ng is the number of equal subdomains to
which the domain 2 is subdivided, and Np is the number of processes (note that for
good load balance we consider only the cases Np | Ng). Ty is the factorization time,
and T} is the backsubstitution time (see [11]). The last component T}, determines
the time of one BICGSTAB(2) iteration T (and we have Tg = 2Ty + o(Tp)). We
also report the efficiency of the factorization phase E)’i when executed on more than
one processor (E? = (T})p/(T¢)1). All the times given represent wall clock times
in seconds. We do not report the time spent in the analysis phase, which is of the
same order as T} on a single processor.

From Table 2 we can conclude that the asymptotic behaviour of the HSL_MP62
routine in our experiments is similar to that of the SuperLU in the factorization
phase, and slightly worse in the backsubstitution phase. The code exibits a good
load balance and efficiency when executed on multiple processors. The code perfor-
mance and efficiency is improving as the large-scale problems are solved. Therefore,
in our opinion it is a valuable alternative which can be employed in this context.

We further report the convergence results of the preconditioned BICGSTAB(2)
algorithm with the preconditioner P that is implemented with the Poisson solver
HSL_MP62. The right hand side vector f in (7) is chosen randomly, although the
elements of f behave like O(h?), which gives a realistic situation of a randomly
distributed load. The stopping criterion for BICGSTAB(2) is given by

lIrilloo < € (Iblloo + [l Allollilloo), (12)

as provided by the routine F11BEF. In (12), r; represents the residual vector, b is the
right hand side vector, A the coefficient matrix, and z; the current approximation
of the solution. In our experiments we adopt 3 different levels of accuracy, governed
by the values of ¢: ¢ = 107%, 107°, and 1072, By comparing our results with
that obtained by a direct solver, we expect at least 3, 6, and 9 correct digits in the



Table 2. The execution time of the different phases of the parallel Poisson
solver HSL_MPG62 for various types of finite element approximation.

a) linear elements

mesh 72 X 72 144 x 144 288 x 288
n 10370 41474 165890
Ns [Ne | Ty [ T | EF || Ty | T» | EV Ty T, | E?
1 0.77 | 0.02 | 1.00 || 10.00 | 0.19 | 1.00 || 143.04 | 1.30 | 1.00
4 2 0.40 | 0.01 | 0.96 5.08 | 0.12 | 0.98 72.05 | 0.84 | 0.99
4 0.72 | 0.01 | 0.88 2.61 | 0.07 | 0.96 36.58 | 0.46 | 0.98
1 0.49 | 0.03 | 1.00 5.57 | 0.19 | 1.00 75.00 | 1.25 | 1.00
9 3 0.20 | 0.01 | 0.82 2.02 | 0.09 | 0.92 26.07 | 0.60 | 0.96
9 0.11 | 0.01 | 0.49 0.94 | 0.06 | 0.66 11.23 | 0.34 | 0.74
a) quadratic elements
mesh 36 x 36 72 x 72 144 x 144
n 10370 41474 165890
Ns |[Np | Ty | T» | EY Ty | Tn | E} Ty T, | EY
1 0.26 | 0.02 | 1.00 || 2.47 | 0.19 | 1.00 || 29.48 | 1.38 | 1.00
4 2 0.15 | 0.01 | 0.87 || 1.32 | 0.12 | 0.94 || 15.26 | 0.91 | 0.97
4 0.09 | 0.01 | 0.72 || 0.73 | 0.07 | 0.85 7.90 | 0.46 | 0.93
1 0.24 | 0.03 | 1.00 || 2.05 | 0.18 | 1.00 || 23.23 | 1.26 | 1.00
9 3 0.12 | 0.01 | 0.67 || 0.85 | 0.09 | 0.80 8.78 | 0.56 | 0.88
9 0.08 | 0.01 | 0.33 || 0.55 | 0.05 | 0.41 5.45 | 0.34 | 0.47
a) cubic elements
mesh 24 x 24 48 x 48 96 x 96
n 10370 41474 165890

Ns [Ne | T [ Tv | E? | T [T | B || Ty | Tv | BV

1 0.21 | 0.02 | 1.00 || 1.71 | 0.17 | 1.00 || 18.23 | 1.09 | 1.00
4 2 0.13 | 0.01 | 0.81 || 0.93 | 0.10 | 0.92 9.57 | 0.70 | 0.95
4 0.08 | 0.01 | 0.66 || 0.54 | 0.06 | 0.79 5.12 | 0.39 | 0.89
1 0.20 | 0.02 | 1.00 || 1.53 | 0.17 | 1.00 || 15.91 | 1.04 | 1.00
9 3 0.12 | 0.01 | 0.56 || 0.75 | 0.08 | 0.68 7.00 | 0.48 | 0.76
9 0.08 | 0.01 | 0.28 || 0.48 | 0.05 | 0.35 4.64 | 0.31 | 0.38

iterative solution, respectively. Note that for the majority of practical applications
the level of accuracy e = 107° is sufficient. From Table 3 we observe that the
number of iteration steps for ¢ = 1079 is independent both of h and the type of
elements. For the tighter tolerances e = 10~ and & = 1072 the iteration counts
grow slowly as h is reduced, but again are not significantly dependent upon the type
of approximation. The total execution time is, as expected, governed by O(nf).
The memory requirements are quite moderate (bearing in mind that we employ the



a) linear elements

Table 3. Iteration count of the preconditioned BICGSTAB(2) method with
the exact preconditioner P.

mesh T2 x 72 | 144 x 144 | 288 x 288
n 10370 41474 165890
e=10""° 5 5 5
e=10"" 13 16 21
e=10"12 26 31 39
a) quadratic elements
mesh 36 x36 | 72x72 | 144 x 144
n 10370 41474 165890
e=10""° 5 5 5
e=10"° 11 15 19
e=10"12 22 29 38
a) cubic elements
mesh 24 x24 | 48 x 48 96 x 96
n 10370 41474 165890
e=10"° 5 5 5
e=10" 11 16 20
e=10"12 21 30 38

direct method) and have never exceeded 200Mb (for the largest example that we
have considered n = 165890).

Finally, we briefly point to some ways of substituting the exact version of
the preconditioner P by an approximation P*. One of the most attractive ways
is to replace the action of the discrete operator K; by a multigrid approximation
K7, where, typically, a fixed number of V-cycles is performed. This strategy is
studied in more detail in [20]. For an efficient parallel implementation of this ap-
proach one would need multigrid or BPX solvers based on a domain decomposition
methodology.
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