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Abstract

Information theory provides tools and techniques to measure the
fundamental limits of predictability. Apart from this formal basis,
researchers have attempted to construct so-called ‘optimal’ predictors
in order to conduct limits studies for different aspects of program
predictability (such as branch outcomes and method return values).

This paper reports on two case studies for branch prediction lim-
its. The first study duplicates an earlier analysis of the branch pre-
dictability of the Quicksort algorithm by Mudge et al [15]. Whereas
they design an optimal predictor for the algorithm, we use informa-
tion theory and arrive at the same result with considerably less effort.
The second study is the information theoretic analysis of the Cham-

pionship Branch Prediction traces. Our analysis establishes the limits



of branch prediction for these dynamic execution traces. This allows
us to ascertain how close each championship candidate gets in relation
to the absolute limit.

The main insight of this paper is that predictability limits studies
do not need to devise optimal predictors, but simply apply information

theoretic measures, particularly the Fano inequality.

1 Introduction

Modern architecture is designed to execute program fragments in a specula-
tive manner. Processors precompute results that are potentially required at
some point in the future. However this is not entirely straightforward since
program control flow is often non-sequential. Certain instructions cause pro-
gram fragments to be repeated or skipped in the dynamic execution trace.
In general, these instructions are known as branch instructions. A branch in-
struction can have one of two possible outcomes, based on the result of some
computation. The taken outcome changes the program counter and causes
non-sequential control flow. The non-taken outcome simply causes control
flow to fall through to the subsequent instruction. Such conditional branch
outcomes must be predicted in order to support speculation via pre-execution
of the most likely instruction stream.

Many dynamic execution features can be predicted. These include branch

outcomes [18], memory load values [11], method return values [16] and general



purpose register values [10]. This paper focuses on branch prediction, which
is the simplest case since the answer is always a boolean value. Prediction of
values from larger ranges is a more difficult problem [17]. Programs are
predictable since their execution exhibits distinct phases which generally
involve some periodicity. This periodicity occurs at the finest granularity
due to high-level control flow structures like loops. Periodicity has also been
observed over millions of instructions [5]. This may be more difficult to
understand, but it is often caused by the modelling of real world data and
processes which contain intrinsic redundancy.

Existing limits studies [18, 15, 6] for instance, involve particular predic-
tors, which are employed to derive empirical limits of predictability. However,
it is crucial to note that the fundamental limits of predictability must be pre-
dictor independent (or at least, they should only depend on the performance
of the optimal predictor, and that differs for each program; indeed for each
element that is to be predicted within a program!)

The key question to address is: ‘What is an optimal predictor?” An
oracle predictor is assumed to be omniscient, thus it should always achieve
100% accuracy. Realistic predictors observe a number of events through
a finite window. Their scope is necessarily limited, unlike the potentially
infinite scope of events observable by the oracle predictor. Such realistic
predictors may be less accurate than the oracle, but there is still the concept
of optimality given a fixed event window. That is to say, given a fixed set

of input events to a predictor, what is the best possible prediction accuracy



that can be achieved? So whereas previous limits studies fixed both the
predictor inputs and the prediction algorithm, this limits study will only fix
the predictor inputs, and leave the algorithmic details unspecified.

Information theory can be used to derive fundamental limits of pre-
dictability, based on measures such as entropy. Information theory provides
mathematical techniques to characterize optimal prediction without the need
to construct particular predictor models. The main contribution of this pa-
per is the insight that the performance of optimal predictors can be bounded
using information theory, without the knowledge of how such optimal pre-
dictors are built.

The rest of paper is structured as follows: Section 2 lays the mathemat-
ical foundation by reviewing crucial concepts from information theory. It
explains the Fano inequality and shows how this relates entropy with pre-
dictor accuracy. Section 3 studies the Quicksort algorithm. It reports how
the results of a previous analysis of branch predictability may be duplicated
using information theory. Section 4 studies the Championship Branch Pre-
diction traces. It reveals how optimal predictors that use just local or global
branch history would perform in comparison to the original championship

candidates. Section 5 considers related work and Section 6 concludes.



2 Background

Information theory [4] provides a rich mathematical framework for analysis
of data sources. Originally developed by Shannon in the context of secure
communications and cryptography, over the past five decades it has been
applied in fields as diverse as medical image processing, machine learning,
and financial markets analysis. This paper explores how these ideas might

be related to branch prediction.

2.1 Entropy and Conditional Entropy

The fundamental measure in information theory is entropy, which explic-
itly quantifies the information content in a given source of data: the more
randomness or ‘unpredictability’ in the data source, the higher the entropy
value. As an example consider a device emitting symbols drawn according
to a random variable X, from the finite alphabet of possible symbols, X. If
we assume each successive symbol x is independent of the previous ones, the

unconditional entropy is defined as,

H(X) == p(z)log(p(x)) (1)

zeX

where p(z) is the probability of symbol x being produced. Note that all

logarithms are taken to base 2. In practical terms, p(x) can be calculated



with frequency counts, i.e.:

number of occurrences of symbol x

p(z) = (2)

total number of symbols seen

In this work, we consider the device as a branch instruction within a com-
puter program, emitting a value each time it is executed. We employ the
convention that value 0 corresponds to ‘branch not taken’ and value 1 corre-
sponds to ‘branch taken’. Each successive execution may result in a change
of the machine state, so we consider the random variable defining the branch
behavior to have changed also: the variable now is X, while on the next
execution it is Y, and we wish to compute the uncertainty in Y given that
we know X. In this case it is clear that successive branch outcomes are not
independent of one another, and what we have in fact could be considered
as a time series of values. An unconditional entropy measurement will not

take this into account, therefore we use conditional entropy,

HY|X) == p(x) ) plylz)log(p(y|z)). (3)

reX yey

The required probabilities can again be computed from frequency counts:

number of times y follows x

plyle) = (4)

number of occurrences of x

Conditional Entropy (CE) takes a minimum value of zero and a maximum

value of log(|Y]). In the case of branches, there are just two values, so



Y = {0, 1} and the maximum value is log(2) = 1. It measures the uncertainty
we have in the next branch outcome, given that we know the current outcome.
If values are produced uniformly at random over the set of possible symbols
Y, then equation 3 will converge in the limit of large sequences to log(|Y]).

We have so far only considered the case when we take one element of
history into account for predicting the next value, such that the random
variable X is defined over the ‘history’ set X = {0, 1}.

If we used the previous two elements of history, then the random variable
X would be defined over the history set X = {00,01,10, 11}, for a three
element history X = {000,001, ...,111}, and so on!. As one might expect, if
we add more history then there should be more information for our predictor
to use, and its accuracy should be higher. Accordingly, if we compute CE
with history X = {00,01, 10,11}, it will always be less than or equal to that
with history X = {0,1}. The exact amount of information added when we
include that extra element of history is quantified by the reduction in the
conditional entropy. An important question now is, ‘how much accuracy can
we gain using this extra information?’. It turns out that a further result from

information theory can answer this, which we will discuss in the next section.

1Since we are just trying to predict the next single value, Y is always defined over
{0,1}, even if the history set X varies.



2.2 Fano’s Inequality

One of the most important developments for information theory is Fano’s
inequality [7]. If the misprediction rate on any given data source is p (in the

range [0, 1]), then
H(Y|X) — h(p)
— log(lY] 1)

(5)

Or rearranged as it is more commonly shown in the Information Theory
literature,

h(p) + plog([Y] —1) > H(Y|X) (6)

where h(p) is the binary entropy function, shown in Figure 1, defined as

h(p) = —(plog(p) + (1 — p)log(1 — p)) (7)

Figure 2 shows the Fano inequality plotted for boolean random variables
(Y] = 2). Note that the vertical axis is plotted as ‘prediction accuracy’
which is computed as (1 — minumum misprediction rate). If a boolean data
source is completely random, its conditional entropy will be 1.0; since it is
random we would expect to have no better than 50/50 chance in predicting
it—accordingly Fano’s inequality is equal to 0.5 at this point. If the CE is
lower (less randomness), then we may be able to get higher than 50% ac-
curacy; if it is completely un-random, for example (1,1,...,1) then we have
H(Y|X) = 0.0, and the potential to achieve 100% accuracy. Suppose a hy-

pothetical data source has a conditional entropy of 0.75, and the particular
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Figure 1: The binary entropy function
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Figure 2: The Fano inequality for boolean data

(hypothetical) scheme that was used to predict the data values had an accu-
racy of 70%. Fano’s inequality shows that the limit of achievable accuracy
for H(Y|X) = 0.75 is approximately 78%. It is mathematically impossible
to create a predictor that, using the same history length, can achieve above
this level—the data source contains a degree of randomness that cannot be
resolved by any predictor.

The next section explores how this bound can be used in practice to

examine the limits of branch prediction.



function quicksort(list ¢)
var list less, pivotList, greater
if length(q) < 1
return ¢
select a pivot value pivot from q
for each z in ¢ except pivot
if x < pivot then add x to less /*by ¥/
if = > pivot then add = to greater — /* by */
add pivot to pivotList
return concatenate(quicksort(less), pivotList, quicksort(greater))

Figure 3: Simplified quicksort algorithm in pseudocode, adapted from
Wikipedia

3 Quicksort Study

This section considers exact analysis of branch predictability for the quicksort
algorithm. We use information theory to duplicate the results of an earlier
analysis by Mudge et al [15].

Figure 3 presents a simple quicksort algorithm. Note that for the sake
of simplicity of presentation, we do not give an in-place quicksort algorithm.
This simple version allocates new lists each time a new pivot is selected,
which is rather inefficient but does not affect the branching behaviour of the
algorithm. Each quicksort recursive function call selects a pivot element from
the input list, then divides the list into two sublists, one containing elements
that are less or equal to the pivot, and the other containing elements that
are greater than the pivot. Then the pivot element is positioned in between

these two sections, since it is in its final position for the correctly sorted
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list. Then we divide and conquer for the two sections on either side of the
correctly positioned pivot.

Most branches in the quicksort algorithm are easy to predict. Mudge
et al claim that they are effectively 100% predictable if enough execution
history is provided. There are only two branches that are difficult to predict
(bo and b;) since their outcomes are entirely data dependent. These branches
compare different elements to the pivot and control whether to move the
elements into either the first (less) or second (greater) sublists.

There are a number of assumptions underlying the analysis of Mudge et

al. We enumerate them explicitly here:
1. The n numbers to be sorted are distinct.
2. Each possible initial ordering is equally likely.
3. Each subarray of each iteration is in random order.

4. The overall branch prediction performance of the algorithm coincides
with the performance in one iteration of the algorithm on a sufficiently

large array.

The rest of the section examines two different methods for calculating the
predictability limit of the quicksort algorithm. Section 3.1 reviews Mudge’s
method. He constructs an optimal predictor and analyses its behaviour.
Section 3.2 applies information theoretic analysis to the quicksort algorithm

and derives the same optimal behaviour.
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3.1 Optimal Predictor Analysis

Mudge et al [15] design an optimal predictor for the two data dependent
branch outcomes in the quicksort algorithm. Their predictor ‘maintains a
running count of the proportion of elements examined so far that are greater
than the pivot, and compares this quantity to 0.5 to decide which way to
predict the next branch.” Basically, if the majority of elements seen so far
has been greater than the pivot, then they predict that the new element will
also be greater, and vice versa. In the event of a tie they make a random
guess.

Their predictor effectively estimates the rank (or final position in sorted
list) of the pivot online. They estimate whether the pivot is above or below
the median value in the list. They claim that it is possible to do this with
arbitrarily high accuracy from the first y/n elements for large enough n. The
predictions made while this estimate is being computed form a negligible
fraction 1/+/n of the total number of predictions. Thus the scheme’s perfor-
mance approaches the situation where we know the pivot rank ahead of time.
Since the list is completely randomized, then if the normalized pivot rank
p = pivot rank/n, it is the case that p will be uniformly distributed over [0, 1]
as n becomes large, and the branch prediction rate will be max(p, 1 — p), as
shown in Figure 4. The expected success rate is fé)'S(l—p) d]D—I—fol.5 pdp = 0.75.

So the optimal branch predictability of quicksort is 75%. Mudge et al
present some empirical studies to show that real-world predictors approach

this theoretical upper limit from below.
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Figure 4: Prediction rate for Mudge’s optimal predictor

3.2 Information Theoretic Analysis

In order to analyse the problem with information theory, it is necessary to
extract the entropy of the branches in question. To be precise, we need to
compute the entropy of the sequence of branch outcomes. For each branch,
there are two possible outcomes. Assume that 0 is ‘not taken’ and 1 is ‘taken’.
So each branch outcome trace will be a sequence of bits. It is possible to
compute the entropy of this bit stream in standard manner, using the entropy
equation 1 specialized for two outcomes.

In Mudge et al’s description of the problem, the normalized pivot rank
p (where 0 < p < 1) relates directly to the probability of the branch being
taken or not taken. For branch by (the first branch) po = p and p; = 1 — p.
For b; (the second branch) py =1 — p and p; = p.

Thus we can plot pivot rank against branch outcome trace entropy, as
shown in Figure 1. (Note that this figure is simply the binary entropy func-

tion, equation 7.) Since we are assuming the probabilities a priori, then the

13



entropy is entirely independent of the size of the outcome trace. Also note
that since the plot is symmetric about p = 0.5 then it is true for both by and
by.

We have already reviewed how conditional entropy can be related to pre-
diction accuracy using the Fano inequality. Since the elements in the array
are guaranteed to be entirely randomly distributed, then there is no rela-
tionship between successive array elements. So the conditional entropy value
should be the same as the unconditional entropy, for any order. That is,
H(Y|X) = H(Y) where X is the branch history and Y is the current out-
come.

Recall the Fano inequality from Figure 2. The equation can be written

as:

H(Y|X) = h(1 —m) (8)

where H(Y|X) is the conditional entropy of the branch outcome trace and
h is the binary entropy function, see equation 7 and Figure 1, and m is the

theoretical maximum prediction accuracy, where

m = (1 — minimum misprediction rate) 9)

Now, it is required to map from pivot rank directly to prediction accuracy.
This is easy to visualize using Figures 2 and 1, by eliminating H to derive
the curve in Figure 4.

Below we outline the equivalent algebraic argument. We can rearrange

14



the Fano inequality as

m =1 —min(h ' (H(Y|X))) (10)

The inverse binary entropy function is given as h~!(). The min function
is required since the inverse binary entropy function has two solutions. We
use min to select the larger value for maximum accuracy, to give the Fano
inequality as shown in Figure 2.

Now, recall that for our situation, H(Y|X) = H(Y) and the entropy is
given by h(p) where p is the pivot rank. Hence, substituting for H(Y|X) in
equation 10 gives

m =1 - min(h~ (h(p))) (11)

and since, for the binary entropy function, h(p) = h(1 — p), then

m =1—min(p,1 — p) (12)

which can be rearranged as

m = max(p, 1 — p) (13)

which gives us exactly the same predictability bound that Mudge derived. If
we assume that all pivot ranks are equiprobable, then the mean predictability

is given by the area under the curve, which is 0.75, as calculated by the
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integral in Section 3.1. So our information theoretic analysis derives the same

result as Mudge et al, without needing to construct an optimal predictor.

4 Championship Branch Prediction Study

This section describes an information theoretic study of the Championship
Branch Prediction test data set. We compute theoretical upper limits of
branch prediction, and compare these limits with the actual performance of
the championship candidate branch predictors.

The Championship Branch Prediction (CBP) competition was held in
2004 [1, 19]. The organizers (from Intel Research) distributed a set of exe-
cution trace files and a C++4 source code evaluation framework for branch
prediction. Competitors were invited to design and implement predictors
within the supplied framework. Then submitted predictors were tested using
a previously undistributed set of execution trace files, and ranked accord-
ing to performance. Branch prediction performance was measured in terms
of mispredicts per thousand instructions (MPKI). The winning predictor [9]
achieved a score of 2.574 MPKI on the undistributed traces.

The distributed trace files are still available from the CBP website [1].
There are 20 trace files, each records 30 million x86 instructions, includ-
ing both user and system activity. The traces are split into four different

categories, with five traces per category. The four categories are
1. DIST-INT: integer benchmarks from the SPEC CPU 2000 suite.
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2. DIST-FP: floating-point benchmarks from the SPEC CPU 2000 suite.
3. DIST-MM: multimedia code, origin unspecified.
4. DIST-SRV: server code, origin unspecified.

The CBP evaluation framework gives a MKPI score per trace file. The
overall score for a category, or indeed for the whole set of traces, is obtained
by taking the arithmetic mean of MPKI scores for each trace file in the set.

We have analysed these files using our information theoretic techniques,
in order to calculate the theoretical minimum misprediction score (MPKI).
Recall that in order to compute the absolute limit of predictability, our anal-
ysis requires that the inputs to the branch predictor are fixed ahead of time.
We conduct two studies, using different types of inputs. The first study re-
stricts inputs to local branch history. That is, for each branch, the history
of previous outcomes of that branch are used to predict the next outcome.
The second study restricts inputs to global branch history. That is, for each
branch, the history of previous outcomes of any branch are used to predict
the next outcome. For both studies, we investigate the effect of allowing
increasing amounts of history ‘bits’, where each bit represents a single out-
come. So an n-bit local/global history predictor can use the last n outcomes
of this/any branch to predict the next outcome, respectively.

Note that most existing branch prediction schemes lie somewhere in be-
tween these two extremes. Generally branch prediction schemes use a com-

bination of local and global context. So these two studies effectively look
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at extremal points, whereas real branch predictors operate in between these
two extremes.

The procedure to compute theoretical minimum MPKI scores is as fol-
lows. We instrument the CBP prediction framework code to dump out branch
outcomes as bits to a file. For the local study, we have one file per static
branch instruction, whereas for the global study we have a single file for all
branch instructions. These files are analysed to determine conditional en-
tropies of various orders. The nth order conditional entropy is needed to
compute the optimal prediction rate for n bits of history, whether local or
global.

The minimum mispredict rate can be calculated from the conditional
entropy by using Fano inequality. Since the Fano inequality equation is non-
invertible, then we have to do this calculation numerically, as a table-lookup
rather than algebraically. This gives us a misprediction rate per branch
instruction. Then we have to multiply this number by the proportion of
all instructions that are branches (reported by the CBP framework), then
multiply by 1000 to get a MKPI score.

In the case of global history, the above calculation is sufficient. However
for local history, it is necessary to do some normalization to get an average
mispredict rate over all branches. Each branch has its own MPKI score.
This score is then weighted according to its magnitude in relation to the
total number of branches in the trace file. This allows us to compute an

average misprediction rate over all branches.
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Figures 5 and 6 plot the results for the local and global branch history
studies respectively. The local study uses history lengths between 8 and 64.
The global study only uses history lengths between 8 and 32. It was pro-
hibitively expensive to compute conditional entropies for the global history
traces for more than 32nd order. Note that an average trace file contains 3.9
million branches.

It is interesting to see how MPKI decreases as history length increases.
It is also clear to see the order-of-magnitude difference in accuracy between
local and global histories. Figure 7 highlights this, as it plots the mean
MPKIT scores over all categories, for both local and global histories. Another
interesting point is the different performance of various trace categories. Loh
has already studied these variations in some detail [12]. Our analysis confirms

many of his findings.

1. The floating-point traces are most predictable on all predictors. Loh
states this is due to the small number of distinct branches (the branch

footprint) in typical floating-point programs.
2. The integer and multimedia traces have similar performance.

3. The server traces benefit greatly from increases in predictor hardware
budget. In our case, this corresponds to increase in global history
length. Loh states that server programs are not intrinsically difficult

to predict, the main challenge is the large branch footprint.

It is interesting to compare the CBP MPKI scores of existing branch
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predictors with the optimal scores computed above. The popular gshare
predictor [13] achieves a mean score of 5.301 MPKI on the distributed trace
set, which would be possible using an optimal local history predictor with 8
bits of history, or an optimal global history predictor with 16 bits of history.
The CBP champion predictor [9] achieves a mean score of 2.823 MPKI on
the distributed trace set, which corresponds with 8 bits of local history or 24
bits of global history for the optimal predictor.

However, note that both gshare and the CBP champion use other inputs
apart from local or global history. For instance, the gshare predictor uses
the address of the current branch as an input. This address is XORed with
the global history. It should be possible to compute the entropy of these
additional inputs and use the Fano inequality to determine how close to
optimal the gshare scheme achieves, for its particularly specialized window
of inputs.

Note that the CBP regulations constrain branch predictor candidates to
operate within a fixed 64 KB storage budget. This size limit obviously has an
impact on prediction accuracy, generally caused by the aliasing problem [14,
6]. Our information theoretic analysis is currently unable to model storage
constraints. Future research will be directed towards incorporating such real-

world limitations into the predictability bounds analysis.
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5 Related Work

Many authors have contributed limits studies for branch prediction. Smith
[18] presents an early overview of different schemes and their performance.
Twenty years later, Eden gives a more modern overview [6].

Some authors have applied optimal predictors from data compression to
the branch prediction problem [2, 8]. The standard example is ‘prediction
by partial matching’” (PPM). Chen et al comment that optimal predictors
establish limits to general branch prediction performance. However, they are
still required to make certain assumptions about the predictor structure and
inputs, so their claims of optimality are subject to this predictor structure

and input set. These optimal prediction studies are all based on existing,
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or new, branch predictor models. These models are simulated to measure
their branch prediction performance. So the limit depends on the predictor
model, inputs and subject programs. In contrast our technique derives a
limit independent of the model. It only depends on inputs to a black box
predictor. Again we rely on subject programs, but these are selected from a
broad, industry-standard scope [12].

One previous study has related measured the entropy of the CBP trace
files [12]. However Loh adopts a very pragmatic approach. He measures the
ratio between the bzip2 compressed trace of branch outcomes and the un-
compressed trace. The ratio gives the average compressibility of the branch
sequence, which allows him to estimate the minimum number of bits to rep-
resent each branch’s information. This is his entropy estimate. In contrast
to Loh’s ad-hoc measurements, our technique for calculating branch outcome
entropy uses proper information theoretic formalisms. Loh uses his entropy
results relatively, to compare between the four different categories of CBP
trace. He finds that DIST-MM has the highest entropy and DIST-FP has
the lowest. He states that greater entropy should imply greater prediction
difficulty. Our study confirms many of his findings.

More generally, there is a small amount of research that applies infor-
mation theory to derive limits for different dynamic behaviour of programs.
For instance, Clark et al [3] use information theoretic analysis to bound se-
cure information leakage in simple imperative programs. Also some of our

earlier work [17] focuses on entropy measurements for method return value
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predictability to support speculative thread-level parallelism.

6 Conclusions

This paper has developed an information theoretic analysis in order to derive
limits for branch prediction. This is an improvement on earlier branch predic-
tion limits studies, which simply constructed supposedly optimal predictors
and measured their performance. Whereas these earlier studies fixed both
the branch predictor algorithm and the subject program, our new analysis is
more generic—instead of fixing the predictor algorithm it fixes the inputs. It
measures the entropy of these inputs over the dynamic execution trace of the
subject program. The Fano inequality is used to relate entropy to optimal
predictability. So effectively, our study treats the optimal branch predictor
as a black box, with known inputs and output. This is less constrained than
previous studies. One limitation of this analysis is that it is unable to model
real-world constraints such as storage, timing and power. However in limits
studies, these secondary features are often assumed to be unimportant. Ef-
fectively they are engineering constraints rather than fundamental theoretical
limits.

Information theory has proved useful for branch prediction limits studies.
However these limits studies treat branch predictors as black boxes and give
no clues as to their makeup. The next question to address is: can information

theory also be useful for designing a new generation of branch predictors?
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