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Abstract

Spatial logicsare formal languagesvhosepredicate and function synbols are in-
terpreted as geometricrelations and properties. In order to usetheselogicsto
perform automated reasoningon spatial data, we must have formal procedures
which can decidethe satis abilit y of the formulae of theselogics. Howewer, rst
order spatial logicsare typically undecidableand thus have no sud formal proce-
dure. By restricting the syrntax of a spatial logic in certain ways, we can achieve
languageswhich are decidable.

This thesisprovidesa new and consolidatedsurvey of spatial logicsand their
complexity, and examinesthe e ect of syrtactic restriction on a particular family
of spatial logics called topological constraint languages. The thesis also con-
tributes two complexity results. The rst is a considerablysimpli ed proof of
the NP menbership of a spatial logic called RCC8. The secondcortribution is a
new complexity result for the RCC8 languagewith the addition of a topological
connectednesgredicate.
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Chapter 1
In tro duction

Spaceis a fundamertal aspect of our perception of reality. For a human, it is
trivial to perform inferencewith the spatial information that we receiwe through
our senses. Howewer, automating this processof inference, so that it may be
performedby a computeris far from trivial. In orderthat we may automate sut
inferences,we must have formal languageswith which we can descrike spatial
structures. Furthermore, given information expressedin sud a language, we
must have formal procedureswhich cantell us which conclusionscan be inferred
from the information.

Traditionally, the mathematical view of spaceis of a collection of points. Spa-
tial relationsand propertiesare saidto hold betweeneither the points themseles,
or setsof the points - subsetsof the space.We may imposea metric on this set
of points, and refer to ead point by a numerical coordinate. Traditional, or
guantitative spatial represetation involvesstoring the coordinatesof a set of ob-
jects, and performing inferencethen involvesdrawing inferencesabout the spatial
relationshipsfrom this raw numerical data.

Howewer, there are problems assaiated with this quartitativ e approad to
space. Firstly, we have a di cult issueof whether points physically exist. We
cannot physically produce a point as evidenceof their existence,and spaceis
certainly not perceived as a collection of points. We must at least concedethat
the notion of spaceas points is mathematically corveniert, but newerthelessan
abstraction from what is perceived. We alsohave more practical problemsregard-
ing the quartitativ e approad. Performing inferenceon data consistingof lists of
numerical coordinates can be very di cult.  Although numerical coordinates are
an ideal notation for determining things sud aswhich of two object is closestto
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CHAPTER 1. INTRODUCTION 11

a third object, or what the distance betweentwo objects is, they are quite far
removed from the actual structure of a space,and are quite unsuitable for some
kinds of questions. Determining whether oneobject cortains another, or whether
the surfacesof two objects intersect can require many numerical calculations,
and if this processof inferenceis automated, answering thesequestionscould be
computationally expensie.

The alternative to quartitativ e spatial represemation is qualitative spatial rep-
resefation. Instead of points we take subsets,or regions of a spaceasthe prim-
itiv e ertities. Thus we represeh spatial information by recordingthe qualitative
spatial relations which hold betweentheseregions. We are concernedsolely with
the qualitativ e relations and propertiesthat belongto the eld of mereotoplogy.
Mereotopology is the name given to the study of relations and structures from
two areasof mathematics, Mereology and Topology. Mereologyis the study of
part-whole relationships. Topology is the study of geometricpropertieswhich are
presened under cortinuous change.

A spatial logic is a formal languagewhoseformulae are interpreted over a
classof geometricstructure. We will usethe term spatial logic to meana quali-
tativ e spatial logic, that is, variablesare interpreted over elemens correspnding
to the regionsof a space,and predicate and function symbols are interpreted
as mereotoplogical relations and properties. Becauseit is already usedin the
literature of spatial logics, we usethe term topological inferene to descrike the
processof logical inferencewhen restricted to spatial logics.

Oneof the problemscertral to performing inferencewith formulae of a spatial
logic, is that of deciding the satis ability of a formula. We say that a formula
is satis able, if in the classover which the languageis interpreted, there exists
a structure in which the formula is true. For a given spatial logic, we call the
problem of decidingthe satis abilit y of a formula the satis ability problemof that
spatial logic. If there is a formal procedurefor decidingthe satis abilit y problem
of a spatial logic, then we say that the logic is decidable otherwise we call the
logic undecidable

In order to guarartee that we can perform topologicalinferencewith a spatial
logic, the languagemust be decidable. Furthermore, the formal proceduresfor
deciding the satis abilit y of the formulae of these spatial logics must be of low
complexity that is, they must executein a reasonabletime. One way to adchieve
spatial logics of lower complexity is to place limitations on the syrntax of our
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languagewhich reducethe range of formulae we are able to express. The main
challengein producing practical spatial logicsisto strike a balancebetweenhaving
a languagewhich can expressall the things we need,while still having a decision
procedurewhich is not too computationally complex. This thesis examinesthe
e ect of certain restrictions and expansiongto the syrntax of spatial logicson the
complexity of thoselogics. We examinein detail a family of spatial logics called
topologicalconstraint languagesand pay closeattention to the methods by which
their satis abilit y problemsare soled.

If our aim is to be ableto perform automated spatial reasoningwhich behaves
at all like human reasoning,then we may wish to have the ability restrict our
de nition of regionsto subsetsof Euclideanspacesasopposedto abstract many-
dimensionalspaceswhich may bear no relation to the physical world. For this
reason,this thesislooks at the generalproblem of topologicalinference,but with
a special emphasison topological inferenceover the two dimensional Euclidean
plane.

This thesis aims to provide a new and consolidatedsurvey of spatial logics
focusingon the classof logics called topological constraint languages.In partic-
ular, we examinethe e ect that syntactic restriction has on the complexity of
theselogics. We also cortribute new complexity results for two of thesetopo-
logical constraint languages.The rst result is a simplied complexity proof of
the NP menbership of the spatial logic RCC8. This proof is completelydi erent
from the existing ones,and allows a considerablysimpler proof to be made. The
RCC8 result is shovn by proving that a restricted fragmert of RCC8is decidable
in NLOGSPACE. We can alsogive simpler proofs of a number of sideresults, in
particular involving the applicability of using methods from relation algebrasto
solwe the satis abilit y problem of RCC8. The secondcortribution is a completely
new complexity result for the RCC8 languagewith the addition of a connected-
nessoperator. By using results from a solution to the string graph problem (see
Chapter 3) we show that this languageis in NP.

The structure of this thesisis as follows. Firstly, Chapter 2 cortains basic
mathematical preliminaries, and alsosenesthe purposeof xing the mathemati-
cal notation usedthroughout the rest of the thesis. In Chapter 3 we introducethe
graph theoretic notion of the string graph problem and we provide an outline of
the proof of its solution. We introducethe topic of spatial logic in Chapter 4, and
formally de ne the languagesand modelswhich we investigate over the following
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chapters. Chapter 5 introducesa range of spatial logics, shaving in detail how
they are related to oneanother in terms of syntactic restrictions, and examining
e ect theserestrictions have on the complexity of the logics. Finally, Chapter 6
investigatesthe e ect of restricting the interpretation of a number of topological
constraint languagedo regionsof the Euclidean plane.

In terms of the cortribution of this thesis, Chapters 2 and 3 simply provide
badkground material, while Chapters 4 and 5 provide the consolidated survey
of spatial logics, and Chapter 6 provides both the simplied RCC8 complexity
result, and the RCC8 with connectednessomplexity result.



Chapter 2
Preliminaries

This chapter introducessomeof the basicconceptsthat will be usedthroughout
the rest of the thesis. This will involve the topics of Modal Logic, Topology,
Boolean Algebra, and Computational Complexity. This chapter can be skipped
ertirely, if the readeris already familiar with thesetopics. It also provides a
description of the notational convertions usedthroughout the thesis,and for this
purpose,the chapter may be useful asa reference.

2.1 Mo dal Logic

A very comprehensie exploration of modal logics can be found in [BARVO1].
Synactically, we canview modal logicsasa propositional logic with an additional
operator.

Modal logics were rst proposedas a formal way of represeting systems
involving ideasof necessity and possibility. Howewer, depending on the interpre-
tation of the modal operator, the logicsmay be given other sematnics. They can,
for example,represen relations of knowledge and belief.

There is a simple, yet powerful, semanics for modal logics, called relational
semantics Kripk e proved that a certain classof relational structuresis complete
with respect to modal logic [Kri59], thus thesesemartics are often called Kripke
semairtics.

In propositional logic, the value of a variable is either true or false. The value
dependson the de nition of the valuation function of an interpretation. Modal
logic allows usto descrile a structure wherethe value of a variable dependson the
circumstancesn which the variable is encourtered. We call this kind of structure

14



CHAPTER 2. PRELIMINARIES 15

a Kripke frame

De nition 2.1.1. A Kripke frameis a pair hW; i whereW is a non-empt set,
and is a binary relation, W W. Elemerts of W are known as worlds
or nodes The relation  is known asthe accessibility or reachability relation. If
w  wCthen we say that world wPis accessiblédrom w.

De nition  2.1.2. Givena Kripke frame hW; i a valuation function is a map
‘P11 P(W)

which assignsto ead propositional variable p 2 P those worlds in which p is
true. We sg that a propositional variable p holdsin a world w if w2 (p).

De nition 2.1.3. A Kripke madelisatriple WW; ; i wherehW; i isaKripke
frame and is a valuation function on that frame.

The value of a variable depends,therefore, on both the valuation function of
the Kripk e model, and on whichewer world of that model we chooseto interpret
the variable in.

As mertioned before,modal logic is syntactically very similar to propositional
logic, but with the addition of a unary operator. We call this operator the madal
operator and write it as3. We will usethe synbol 2 asshorthandfor : 3: .

A modal formulais a nite sequencef synbols, built with the following rules:
any propositional variable p; is a formula, if * and are formulae, then so are
L N C )¢t ), 2 and3.

The synbols”, ,:,and! have the samemeaningsasthey do in proposi-
tional logic. The symbols 2 and 3 traditionally stand for, respectively, \neces-
sity" and\p ossibility". Howewer, we will now formally de ne their interpretations
within a Kripk e model.

De nition 2.1.4. LetM = hW; ; i1 beaKripkemodel. Givenaworldw 2 W,
we de ne the satisfaction relation, , asfollows:

M Fwp i w2 (p)
MEw:' i M 6,
MEw" _ i MFEw" or MFy

ME.3' i thereexistsw®2 W sud that w wlandM 0
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We say that ' is satis able in M if and only if there existsaw 2 W sud that
M Ew ' . If nosud world in the model exists,then ' is said to be unsatis able
in M. If every world satises' , then' is saidto be validin M.

Furthermore, given a modal formula, ' , we say that ' is satis able if there
existsa model M sud that ' is satis able in M. If there is no sud model, then
IS unsatis able.
The standard modal logicis known asK , after Kripk e, and is characterisedby
the set of all Kripk e frames. In theseframes,the  relation obeysthe following
axiom, where';  are modal formulae.

K:2¢ ! )l (2! 2)

We can restrict the classof Kripk e frameswhich characterisea modal logic
with the following axioms.

T:2' 1
4:2' 1 22
5:3' | 23

The T axiom ensuresthat the relation is re exive. The 4 axiom ensures
that the relation is transitive. The 5 axiom ensuresthat the relation is
Euclidean. There are of coursemany other axiomswhich canrestrict the classof
Kripk e frames, howewer theseare the only oneswe are interestedin.

We refer to a modal logic by the axioms which characterise the logic, for
exampleK T4 is axiomatisedby the axiomsK , T & 4. We are only interestedin
the logicsK T4 and K T5, or asthey are usually called, S4 and S5.

2.1.1 Univ ersal S4

We can increasethe expressienessof S4 by adding two additional modal op-
erators, written 9 and 8. The interpretation of these operators is given belov
(extending De nition 2.1.4).

MFw8 i foreveryw®2 W, M Fyo',
MFWw9 i thereexistsaw®2 W sudthat M F o' .
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We call this extensionof S4, universal S4, or S4. Strictly speaking,S4y is a
bimodal logic - a hybrid of S4 and S5. An S4 frame consistsof two readability
relations, onefor the S4 model operator, and the other for the S5 modal operator.
The S5 modal operator normally splits the worlds of a frame into equivalence
classeshowever we usea single classto encompassll the worlds of the frame.
Therefore we will simply view S4, as S4 with the addition of rst-or der-like
quarti ers.

2.2 Topology

The reader is assumedto have some familiarity with topology, as the follow-
ing de nitions are mainly for the purposeof xing notational standards. If a
slower introduction to topology is needed,both [New64]and [Kah75] provide a
good introduction, whereasa more advancedtreatment can be found in [Kel60].
Topology is a branch of mathematicsthat involvesthe study of geometricrela-
tions that are presened through continuoustransformation, sud asstretching or
warping.

Topological Space

De nition 2.2.1. GivenasetX, we cande ne atopological space on this setas
a pair hiX; Ui, whereU P(X) sud that the following hold.

1.?2UandX 2 U.
2. Ifug;uy;iii;uy, 2 Uthenug\ us\ \ u, 2 U.

S
3. If for any U° U, then uz2u.

u2uo

This set of open setsU is called the topology on X ..
Let hX; Ui be a topological space.

Denition 2.2.2. Letp2 X,v X, andu 2 U. A neighlourhood of p is a set
v which cortains an open setu cortaining p.

De nition 2.2.3. A basisfor X isasetB U sud that every opensetin U is
a union of elemens of B.
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De nition 2.2.4. Wesa that X is Ty if and only if, for all p;p°2 X, there exist
u;u®2 U sud that p2 u, p°2 u® p62° and p°62u.

De nition  2.2.5. We sa that X is T, or Hausdor if and only if, for any
p;p°2 X (wherep 6 pY thereis a neighbourhood v of p and a neighbourhood v°
of p® such that v\ v°= 2.

De nition 2.2|_.6. We say that X is an Alexandio spaceif and only if for any
u® U, then u2 U.

u2uo

De nition 2.2.7. A cover of asetv X is a collection of subsetsof X whose
union cortains v. A cover is openif eat of its elemerts is open.

De nition 2.2.8. We say that v X is compact if for every open cover of v
thereis a nite subcover of v.

De nition 2.2.9. Letv X. We de ne the following set.
U=fviuju2Ug

This set, U,, ful lls all three conditions on a topological space.ThereforeU, is a
topology on v. We call hv; U,i a relative or subspce topology for the subsetv of
the spaceX .

Interior, Closure, Boundary and Complemen t

If hX; Ui is atopologicalspaceandv X, then:

De nition  2.2.10. The complementof v is X nv which we write as v.

De nition 2.2.11. The interior of v isthe largestopensetcortained in v, which
we write asv .

De nition 2.2.12. The closure of v is the smallestclosedsubsetof X , or menber
of the set of complemens of U, cortaining v, which we write asv . From this
de nition, we canseethat v is expressiblein terms of the interior of v.

v= (W)
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De nition  2.2.13. The boundary of v, written v@ is de ned as follows.
ve=v \ (v)

De nition  2.2.14. The set v is regular open if and only if v = ((v) ) and
is regular closel if and only if v = ((v) ) . We denote the set of regular open
subsetsof X by RO(X), and the set of regular closedsubsetsof X by RC(X).

De nition 2.2.15. Wesay that X is semi-regular if it hasa basisof regularopen
sets. We say that X is weakly regular if it is semi-regularand, for any non-empty
opensetu 2 U there exists a non-empty open set u® suc that (u9 V.

De nition 2.2.16. We call the largest open subsetof X which is disjoint from
v the pseudoomplementof v, which we write asv .

It isclearthat v = X nv andv = (v ) . Hence,v is regular if and only
ifv=yv

Observation 2.2.17. Let hX; Ui be atopologicalspace.Note that the following
properties hold, for every v;v® X.

(i) X =X
@i v v
(i) (v) =v

(iv) v \ v0 = (v V9

Note the similarity between(i), (ii), (iii), (iv) andthe modal logic axiomsK, T,
and 4.

De nition  2.2.18. We de ne an interior operator, i : P(X) ! P(X), asa
function which mapsa subsetof X to its interior. If the conditionsin Obsenation
2.2.17are satis ed by the mapping i, then we say that i de nes a topology on
X . Therefore a topological spacecan also be de ned by a pair (X;i) wherei is
an interior operator.

Connectedness

De nition  2.2.19. Given a topological spacehX ; Ui, we sa that the spaceis
disconnected, if there exist u; u°2 U sud that:
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1.u6 ? andu®6 ?

2. u[ u%= X

3.u\ u’="?
If a spaceis not disconnectedthen it is connected. A subsetv X is saidto be
connectedif it is connectedunder the subspaceopology (of v in X).

Comp onents

De nition  2.2.20. Given a topological spacehX ;Ui and a subsetv X, a
component of v is a maximal connectedsubsetof v. Every set has at least one
componert; the empty setis the only componert of itself; all componerts of a
nonemply setare nonemply. A setis connectedif and only if it hasexactly one
componert.

2.2.1 Geometric Topology

Let hX; Ui be a topological space.

De nition  2.2.21. We sg that X is locally Euclidean if thereisan 2 N
sud that ewery point in X hasa neighbourhood which is homeomorphicto the
Euclidean spaceR".

De nition  2.2.22. We s& that X is a manifold if X is a locally Euclidean
Hausdor space.

De nition 2.2.23. Wesay that X isasurface if it is atwo-dimensionalmanifold.

De nition  2.2.24. A surfaceS is orientableif and only if there is no cortinuous
functionf : D [0;1]! S from the product of a disc and the unit interval [0; 1]
to the surfacesud that f (j; i) = f (k;i) only if j = k for all i 2 [0; 1], and there
is are ection function r sud that f (d;0) = f(r(d);1) foralld2 D.

De nition  2.2.25. A triangulation of a surfaceis the partitioning of the surface
into a setof trianglessud that ead triangle sideis ertirely sharedby two adjacen
triangles.

De nition  2.2.26. A curve s a cortinuousfunction f : [0;1]! X.
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A planecurve is a curve whosecodomain is the Euclideanplane. We say that
acurveissimpleif f(i)=f(j)) i1 =]j. Wecall acurvealoopif f(0) = f(1).
A simpleloop is called a Jordan curve

De nition  2.2.27. The interior of acurvef isthe setff(i)j0<i < 1g.
Now, we state two well known results.

Theorem 2.2.28 (Jordan curve theorem). Let f be a Jordan curve in the Eu-
clidean plane. Then R? nf hastwo components, an insidg, and an outside, both
of which havef as their boundary.

Theorem 2.2.29 (Jordan-Sden ies theorem). Let f be a Jordan curve in the
Euclidean plane. The closure of one of the componentsof R2nf is homemorphic
to the open unit disc.

2.3 Graph Theory

De nition 2.3.1. A graphis a pair G = (V;E) of setssud that E V2.

We call the elemens of V vertices and the elemeits of E edges For any edge
e 2 E wheree = (v;Vv9, we call the verticesv and v°the endmints of e, and say
that e is incident on both v and v°

De nition  2.3.2. An emledding of a graph is a pair of functions (f;g) with
f:V! R?2andg:E ! C, whereCis the setof simpleplane curves, sud that
the following hold. For ead e 2 E wheree = (v;Vv9, g(e) is a simple curve with
endpoints f (v) and f (v9, and for all v%°2 V the interior of the curve g(e) does
not cortain the point f (v°.

De nition  2.3.3. We sa that a graph (V; E) is planar if it hasan embedding
(f;g) sud that for eath e;e’ 2 E, the interiors of the curvesg(e) and g(€% do
not intersect.

2.4 Boolean Algebras

This subsectionpreseits basic de nitions of Boolean algebra concepts, mainly
for the purposeof xing notational standards. Koppelberg [Kop89 provides a
comprehensie referencefor Booleanalgebras.
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De nition 2.4.1. A Boolean algeba is a structure bA; +; ; ;0; 1i, consistingof
a set of elemetns, A, two binary operations,+ and , a unary operation, , and
two constarts, 0 and 1, sud that the following holds (where a;b;c 2 A):

a+ a=1 a a=0
a+(btco=(atb+c a(bc=(ahbc

a+ b=Db+a a b=Dba
at+(a b=a a (a+b=a
a (b+c)=(a b+ (a ¢ at+(bc=(a+b (a+o0

Theseaxiomsde ne a natural partial order over the set A, wherewe sa that
a bifandonlyif a+ b= h

De nition  2.4.2. An atom in a Boolean algebrais a nonzeroelemen a sudt
that there is no elemen b sut that 0 < b< a. A Booleanalgebrais atomic if
ewvery nonzeroelemen of the algebrais above an atom.

Let A be a Booleanalgebra.

De nition 2.4.3. ForB A and b2 B, we sa that bis a lower bound of B
if b Pfor every 2 B. We say that bis a greatest lower bound of B if bis a
lower bound of B and i b holds for ea lower bound & of B. Likewise,we
say that bis an upper bound of B if ® bfor every P2 B. And we sa that b
is a least upper bound of B if bis an upper boundof B andb 1 holds for eat
upper bound i of B.

De nition  2.4.4. We sa that A is completeif, for eadqh B A, B hasboth a
least upper bound and a greatestlower bound.

De nition 2.4.5. WecallB A asub-algelba of A, if the restriction of A to
B satis es the axiomsof 2.4.1. We sa that B is a densesub-algebraof A if, for
ewvery a2 A with 0< a, thereexistsb2 B with 0< b a

The following is a well known theorem, a proof of which can be found in
[Joh82].

Theorem 2.4.6. Let X be atopological space. The setof regular open setsin X,
written RO(X), forms a Boolean algeba with top and bottom de ned by 1 = X
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and 0= ?, and Boolean operations de ned by u+ u®= ((u[ u9% ), u u®= u\ u°
and u= (X u),wheeu;u’2 RO(X).

Similarly, the set of regular closel setsin X, written RC(X), alsoforms a
Boolean algeba, the di er ence being that the Boolean operations are de ned by
u+ ul=uf[ u® uul=((u\uy)) and u=(X u) .

2.5 Computational Complexit y

Computersare particularly suited for solving complicatedproblemswhich canbe
broken down into simple, repetitiv e actions. An algorithm is simply a description
of how to break down a complicated problem into many smaller ones. If an
algorithm always producesa correctresult for a given problem, then the algorithm
is said to solvethe problem. Complexity theory studiesthe factors a ecting the
performanceof computersexecutingalgorithms which solve problems. In orderto
investigatethis further, we will introduce a formal model of computation known
asa Turing machine

2.5.1 Turing Machines

Informally, a Turing madine is a tape beginning with a leftmost “start' cell
which in nitely extendsto the right, with a read/write headthat hasa state and
which can move left and right along the tape, and a program in the form of a
table which, given the current state of the head and the current symbol under
the head, directs the head to write a synmbol to the tape, move one step left
or right, then setsthe headto a new state. The following de nitions are taken
from Papadimitriou [Pap94, which should be consultedfor more information on
computational complexity.

De nition  2.5.1. A deterministic Turing madiineisaquadrupleM = (K; ; ;k),
whereK is a nite setof states, isa nite alphabet, is a transition function
mapping the set K to (K [ fhalt; yes;nog) fleft; right; waitg, and
k 2 K istheinitial state. Wealwaysassumehat K\ = ?,andthat cornains
symbols represeting blank and rst .

An input to a Turing madineis a nite string of symbolsfrom not cortain-
ing the blank symbol, with the start synbol as the leftmost of the string. The
input represets the contents of the tape beforethe execution begins. Initially ,
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the head of the madine is positioned on the leftmost symbol of the string (the
start symbol).

A con guration of a Turing macine is a quadruple (I; S;T; n) consisting of
the current state of the madine | 2 K, a string of synbols represeting the
contents of the tapeto the left of (and including) the head,S, a string of symbols
represeting the cortents of the tape to the right of the head, T, and a step
count n 2 N. If a string T?is the input to a Turing macine, then the initial
con guration of that madine is (k; start; T 0).

Let (I; Ss;tT;n) be a con guration of a Turing madine wheres;t 2 and
S and T arestringsover , and (I;s) = (12s% D). If D is left, let S°= S and
let TO= s%T. If D isright, let S°= Ss% and let T°= T. If D is wait, let
S%= SsPandlet T?= tT. Then we sa that a Turing machine with con guration
(I; Ss;tT; n) yields the con guration (1% S% T%n+ 1) in onestep. This is extended
to \yields in n steps"in the obvious way.

We interpret this \yields" relation as the execution of the program on a
given input. The madine starts in con guration (k;start; S;0) for somestring
over , S, and ead successi® con guration is yielded accordingto , until the
Turing machine enters one of the states halt, yes, or no, when we sa that the
madine has halted, and executionterminates. If the Turing machine erters the
state yes, then we say that the madine hasacceptal its input, and if the madine
ernters the state no, then we say it hasrejected its input. If a Turing madine
nishes in either yes or no, then we say that the output of the madine is yes or
no respectively, if the madine nishes in the state halt, then the output of the
madine is the the madine's string at the time of termination.

We take a problem to be a classof questions,and referto speci ¢ questions
of asinstances of the problem . If the instancesof are problemswhich are
answeredwith ayesor no, then we say that is a decision problem

We canencale instancesof a problem asstrings. If is a decisionproblem,
then we say that a Turing madine solvesthese if it acceptsthe encaled
yes instances,and rejects the encaded no instances. Otherwise, we sa that a
Turing madine solves if its output is always a suitably encaled string of the
correct ansver to the instanceof in question. Given a problem , if thereis a
Turing madiine which solves , then we say that is decidable otherwiseit is
undecidable.

If M is a quadruple satisfying De nition 2.5.1in ewery way except that
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is arelation, (K ) (K[ fhalt; yes;nog) fleft; right; waitg), in-
steadof beingafunction from K to (K[f halt;yes;nog) f left; right; waitg,
then we say that M is a non-deterministic Turing madine. Since in a non-
deterministic Turing madineis arelation, eat con guration of anon-deterministic
Turing madine could yield multiple con gurations. Based on the particular
choice of con guration at ead execution step, a Turing macine could pro-
duce di erent answers to the sameinstance of a problem. We sa that a non-
deterministic Turing madine solvwes an instance of a problem if there is at least
onerun of executionwhich terminates successfully(it doesnot matter if other
runs terminate unsuccessfully).The machine fails to solve an instanceonly when
ewvery run of executionterminates unsuccessfully

2.5.2 Complexit y

We can seethat intuitiv ely someproblemsare "harder' than others. But, we must
have a formal way of shaving this, and we must specify formally what “harder'
means. By formalising the model of computation in the form of a Turing madine,
we are able to clearly seethat someproblems are more expensiw, in terms of
time, and space,to solve. We measuretime as the number of stepsa Turing
madine requiresto arrive at a correct solution, and we measurespacein terms
of the number of symbols on a tape neededto arrive at a correct solution. We
expressthe time or spacerequired by a Turing machine M to solve a problem
as a function of the size of the input to M, and in complexity theory, we are
interestedin which generalclassof functions this function belongs,for example,
logarithmic, polynomial, and so on. We use the so called 'Big O' notation to
denotewhich classtheseinput functions belongto.

Denition 25.2. Letf : N! Nandg:N! N be functions. We sa that
f (n) = O(g(n)) if there are positive integersc and ny sud that for all n > ny,

f(n) c:g(n).

Letf : N! N be a function, then given any instance of a problem  which
is encaded asinput of sizen to a Turing machine M, if M terminatesin O(f (n))
steps,then we say that M implemerts an algorithm of time complexity O(f (n))
which solves . Likewise,let g: N! N be a function, then given any instance
of a problem which is encaled asinput of sizen to a Turing maciine M, if M
terminates having usedO(g(n)) cellsof the tape, then we say that M implemerts
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an algorithm of spacecomplexity O(g(n)) which solves . Note that the input
and output strings are not courted when consideringthe spacecomplexity, we
only considerthe spaceusedduring the algorithm.

In order to study the dicult y of a problem , we must consideronly the
instance of  which is the worst casein terms of di cult y. By examining the
time and spacetaken for M to read a solution, as functions of the size of the
input to M, we achieve an upper bound on the computational complexity of .

We can split complexity classesnto two kinds, those of time complexity, and
those of spacecomplexity. Time complexity classesare those classesvhoseprob-
lemshave a known upper bound in terms of time complexity, with no restriction
on spacecomplexity. Likewise,spacecomplexity classesare those classesvhose
problemshave a known upper bound on their spacecomplexity, with no restric-
tion on time complexity.

The time complexity classeshat we encourter during this thesisare asfollows.

PTIME isthe setof problemswhich are solvable by a deterministic Turing
madine in time which is boundedby a polynomial function of the size of
the input. The classPTIME is normally abbreviatedto P.

NPTIME is the set of problemswhich are sohable by a nondeterministic
Turing madine in time which is boundedby a polynomial function of the
sizeof the input. The classNPTIME is normally abbreviatedto NP .

EXPTIME s the set of problemswhich are sohable by a deterministic
Turing madine in time which is boundedby a exponertial function of the
sizeof the input. The classEXPTIME is normally abbreviatedto EXP .

NEXPTIME s the setof problemswhich are solvable by a nondetermin-
istic Turing machine in time which is boundedby a exponenial function of
the sizeof the input. The classNEXPTIME is normally abbreviated to
NEXP .
As theseclassesepresen upper boundson complexity, they form the following
hierarahy.
P NP EXP NEXP

It is not known whether any of these individual relations are strict subsetor
equality, although it is known that P 6 EXP. We are also interestedin the
following spacecomplexity classes.
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LOGSP ACE is the set of problemswhich are sohable by a deterministic
Turing madine in spacewhich is boundedby a logarithmic function of the
sizeof the input. The classLOGSP ACE is normally abbreviatedto L.
NLOGSP ACE isthe setof problemswhich are sohable by a nondetermin-
istic Turing madhine in spacewhich is boundedby a logarithmic function
of the sizeof the input. The classNLOGSP A CE is normally abbreviated
to NL .

PSPACE is the setof problemswhich are sohable by a deterministic Tur-
ing madine in spacewhich is boundedby a polynomial function of the size
of the input.

Thesespaceclassest into the hierardhy of time classesn the following way.

L NL P NP PSPACE EXP NEXP

Now we de ne the conceptof a reduction from one decisionproblem to an-
other. Roughly speaking, a reduction is the transformation of one problem into
another problem.

De nition 2.5.3. We sg that a decisionproblem is reducibleto the problem
Oif for every instance of , thereis an e cient algorithm which encales as
92 Osudthat and °havethe sameansver.

What we meanby e cient variesslightly dependingon the complexity class
that belongsto. If isanNL or P problem,the reduction must bein L. For
all other complexity classesve consider,the reduction must in P.

Given a complexity classC, we sa that a problem is C-hard if ewery
problemin C is reducibleto . A problem is C-completeif 2 C and s
C-hard. For ewery classC, the C-complete problems are the hardest group of
problems for that class. Many problemsin C° may also have algorithms in C,
howewer all of the problemswhich are C-completedo not have algorithms in C,
unlessC = C°

The satis ability problem for rst order logic is undecidable, howewer the
satis abilit y problem for the modal logic S4isin PSP ACE, and the satis abilit y
problem for propositional logic is in NP. Both of thesesatis abilit y problems
are complete for their respective complexity classes,and in fact, propositional
logic satis abilit y is one of the most famousexamplesof N P-completenesssee
[Coo71]].
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For the remainder of this thesis, we investigatethe topological inference prob-
lem. That is, the problem of determining the satis abilit y of logics which are
interpreted over topological structures.



Chapter 3
String Graphs

This chapter introduces badkground information regarding a graph theoretic
problem called the string graph problem The string graph problem was re-
cently solved independertly by Sdaefer & Stefankovic [SS04] and by Padch &
Toth [PT02]. In this chapter we give an outline of the proof of the decidability
of string graphsgiven by Staefer& Stefanlkovic.

3.1 String Graph Problem

First we de ne some conceptsneededin order to introduce the string graph
problem. The following de nitions, theoremsand correspnding proofs are all
taken from [SS04],exceptwhere otherwise stated.

(fve; i vag f(visv) j G and Cj intersect,for all i <) ng)

The size of a collection of curvesis the number of intersection points. A graph
isomorphicto the intersectiongraph of a collection of curvesin the planeis called
a string graph Note that C; and C; may intersect more than once,though this
doesnot a ect the intersection graph.

The string graph problem is asfollows: given a graph G, is G a string graph?
Alternativ ely, we can rephrasethe problem. Can we draw a set of curvesin the
plane, sud that only the curveswe specify intersect?

Before we investigatethis further, we needto de ne somemore concepts.

29
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De nition 3.1.2. Let G = (V;E) be a graph, and let H ° (where § is
the set of unorderedpairs of E), we call this pair (G;H) an abstract topological

graph, or AT-graph.

De nition  3.1.3. We call a drawing D in the plane of G a weak realization of
(G; H) if only pairs of edgeswhich arein H intersectin D. We call (G; H) weakly
realizableif it has a weak realization. Note that in a weak realization the pairs
of edgesin H do not have to intersect.

De nition 3.1.4. We say that a drawing D of G is a realization of (G;H), and
s&y that (G; H) is realizableif exactly the edgesin H intersectin D.

Let c(G) be the sizeof a smallest(i.e. smallestnumber of intersections)set
of curves whoseintersection graph is isomorphicto G, then we de ne cs(m) =
maxf cs(G) ] G hasm edgesg. Let ¢,(G;H) be the smallestnumber of intersec-
tions in a weak realization of (G;H), let ¢,(G) = maxfc,(G;H)j (G;H) hasa
weak realization g, and let c,(m) = maxfc,(G)j G hasm edgesg. Similarly,
we cande ne ¢ (G;H), ¢ (G) and ¢, (m) for realizations. It is simpleto seethat
cw(m) ¢ (m).

We will now examinean overview of a proof that a solution to the string graph
problem belongsto the NEXP time complexity class. The method we will follow
is the onegivenin Scaefer& Stefanlovic [SS04].

As shown in [Kra91], the string graph problem can be reducedto AT-graph
weak realizability, asfollows.

Theorem 3.1.5. GivenagraphG = (V;E), letG°= (V[ E;f(u;e)ju2 e2 Eq)
andlet H = f((u;e);(v;f))jfu;vg2 Eg. Then G is a string graphif and only
if (G%H) is weakly realizable.

As a result, we have the following bound cs(m)  4c,(2m) + 2m, see[Kra91]
for more details.

Our overall aim hereis to prove that if an AT-graph has a weak realization,
then it hasa weak realization of a certain (maximum) size. It will follow, there-
fore, that if a graph G is weakly realizable as its AT-graph (Theorem 3.1.5)
within the maximum bound, then G is a string graph.

First we needto provethe niteness of string graphs;we cantake the following
result from [KGK86].
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Lemma 3.1.6. A string graph can be realized by a family of polygonalarcs with
a nite numker of intersections.

As a result ¢5(G) is a nite number, if G is a string graph. Given a system
of curves, (C)i»;, and an alphabet of sizejlj, we can assignead curve in the
systema letter from the alphabet, and we can, therefore,encale the intersections
of eat curve as a word of this alphabet. If we encale eat curve as a word of
an alphabet, the following lemmashows that ead of thesewords hasa property
which we can useto determinea bound on the sizeof the words.

Lemma 3.1.7 ([SS04]) Every word of lengthat least 2" over an alphalet of size
n contains a non-trivial subwod in which every character occurs an evennumker
of times.

Proof. Let = f1;:::;ng bean alphabet of length n, and let w 2 be a word
of that alphabet, jwj 2". Toeweryi 2 f0;:::;2"g assigna vector v; in Z}
whosej th coordinate is the parity of the number of occurrencesof the symbol |
in the pre x of w of length i (v is the all-zero vector). Sincethere are 2" + 1
indices, but only 2" vectorsin Z5, thereare0 i< 2" sud that v; = v;.
Sinceead successi® v; will have onedigit dierent tov; 1, > i+ 1andso,the
non-trivial subword of w starting in positioni + 1 and endingin position j ful Is
the conditions of the lemma. O

The following theoremstatesthat the number of intersectionsalonga curve of
a weak realization of a graph is boundedby an exponertial value of the number
of edgesof the graph.

Theorem 3.1.8 ([SS04]) Let G be a graph with m edges,H '; such that
(G;H) is weakly realizable, and let D be a weak realization of (G;H) with the
minimal numker of intersections. Then for any edgee 2 G there are fewer than
2™ intersections on the curverealizingein D.

Proof. We will prove this by cortradiction by assumingthat we have a minimal
(in terms of the number of intersections)weak realization of (G; R) with an edge
e that hasmorethan 2" 1 intersections.

Lemma3.1.7shaws us that we can choosea segmen of e, in which e is inter-
sectedonly an even number of times by other curvesin the system. We then draw
a ‘window' around this segmen of the curve, cortaining no other intersectionsof
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Figure 3.1: Drawing a window around the intersections.

D (seeFigure 3.1). This is possiblebecauseD is nite by Lemma3.1.6. Let 2ns
(ns 2 N) be the number of intersectionsof any curve f with the curve e inside
the window. For ead edgef assignnumbersl;?2;:::;4n; to the intersectionwith
the window, in the order they appearalongf (choosean arbitrary orientation of
f), again seeFigure 3.1.

Figure 3.2: Performing circular inversionon sectionsof the curves.

We can assumethat the window is a circle (by application of the Jordan-
Sdoen ies theorem, [MTO1]), and that e is a straight line passingthrough the
certre, andfor ead curvef , the window intersectionpoints 2i 1and2i (alongf)

we remove ewverything inside the window, exceptthe line e, see rst diagram of
Figure 3.2. For ead edgef , thereis a curve (segmen of f ) betweenintersections
4i 2and4i 1lying outsidethe window (i 2 f1;:::;n;g). Usecircular inversion
along the window to bring all of these segmets inside the window, seesecond
diagram of Figure 3.2. Now mirror the curvesinside the window alonge, see rst
diagram of Figure 3.3.

There will now be connections,for every edgef , betweenintersections4i 3

of Figure 3.3, we demonstratehow to constructa newversionof the curvef . Take,
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Figure 3.3: Mirror along e, then shift e to minimise intersections.

for example,curve a: we start at intersection 1 (which is connectedto the start
point of the curve), cortinue inside the window to intersection 4, move outside
the window from intersection4 to intersection5, bad inside the window through
to intersection 8, and outside the window along to the endpoint of the curve.
This new version of f still connectsits two endpoints, hencethe needfor f to
intersect e an even number of times.

Every intersection between curves which happens inside the window corre-
spondsto an intersection outside the window, hencethis drawing is still a weak
realization of G with respectto R. As we only require a weak realization, it does
not matter if someintersectionsbetween curveshave beenlost.

It is possiblethat a curve brought insidethe window by circular mirroring may
intersecte, thusincreasingthe intersectionsalonge. We have certainly decreased
the number of intersectionswith the boundary of the window by half; we can
split the boundary of the window into two arcs, accordingto where e intersects
the boundary, and one of thesearcs has half (or less)of the intersectionsthat e
did originally. We can, therefore, re-route e through the path of the arc with the
least intersections,seeseconddiagram of Figure 3.3.

We have reducedthe number of intersectionsof any curve f alonga segmen
of e from 2n; to lessthan or equalto n¢, thus cortradicting the assumptionthat
D was of minimal size. O

We now have the following corollary:

Corollary 3.1.9 ([SS04]) String graph recognition is in NEXP.

Proof. Theorem3.1.8shavsthat ¢,(m) m2™, andsincecs(m)  4c,(2m)+ 2m,
then we canstatethat cs(m)  8m:22™+ 2m. ThereforegivenagraphG = (V;E),
if G is a string graph then there is a collection of curvesof sizeN = O(2™) whose
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intersection graph is isomorphicto G. The drawing of this collection of curves
can be consideredas a planar graph with at most N vertices.

By a result of Sthnyder [Sd90], there is a drawing of this graphonanN N
grid. We can construct all possibleplanar graphsof up to N vertices, with the
curves of the collection being represetted by disjoint setsof edges,and intersec-
tions betweencurvesbeing represeted by the vertices of the graph. Eac curve
is represeted by a set of edgeswhich form a cortinuous non-intersecting path
in thesegraphs. Two curvesintersectif their edgesetshave elemens which are
adjacent to a commonvertex. By this de nition of curve intersection, given a
planar graph G° of up to N vertices, we can partition the edgesof this graph
into jVj disjoint edgesetsand compute an intersection graph for eat of these
partitionings. If any of theseintersection graphsare isomorphicto G, then G is
a string graph. O

Howeer, Corollary 3.1.9is not the result we are aiming for. We can reduce
the complexity bound to NP, as we shall see. First, we must introduce some
results about word equations

3.1.1 Word Equations

Let bean alphabet of symbols,and a disjoint alphabet of variables.

De nition  3.1.10. A word equation u = v is a pair of words sud that (u;v) 2
cr)y 10)

De nition  3.1.11. Let u = v be a word equation. A solutionto u = v is a
morphismh:( [ ) ! , sud that h(a) = aforalla2 andh(u) = h(v).

De nition  3.1.12. An LZ-encaling of a solution h to a word equation is the
sequencef LZ-encalings of h(x) for all x 2 .

Theorem 3.1.13. ([GKPR96]) Let u = v be a word equation. Given an LZ-
enading of a morphism h, we can check whetherh is a solution of the equation
in time polynomial in jLZ (h)j.

Theorem 3.1.14. ([PR98]) Let u = v be a word equation with lengthsspeci e d
by function f. Assumeu = v has a solution resgpecting f. Then, there is a
solution h respecting the lengthssuchthat jLZ (h)j is polynomial in the size of a
binary enading of f and the size of the equation. Moreover, the lexicographially
least solution can be found in P time.
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Figure 3.4: Example of a triangulation numbering.

Finally, we take the following result which followsfrom Gasienieat al. [GKPR96].

Lemma 3.1.15. Givenan LZ-encoding LZ(w) of awordw andalettera2 , we
can computethe numter of occurrenesof a in w in time polynomial in jLZ (w)j.

3.1.2 Main String Graph Result

Let M be a compactorientable (seeDe nition 2.2.24)surfacewith a boundary:.

De nition  3.1.16. A properly emtedded arc (in M) is an arc whoseendpoints
are on the boundary of M, and whoseinternal points are in the interior of M .

Let T be a planar graph which forms a triangulation (seeDe nition 2.2.25)of
M, with E1 beingthe edgesetof T.

De nition  3.1.17. We s& that an arc is normal with respectto T if all inter-
sectionswith T are transversal,and if the arc ernters a triangle via one edge,and
leavesthe triangle via a di erent edge.

We make the following claim.

Lemma 3.1.18. Let be a properly emledded arc in M. There is alwaysan
isotopically equivalentarc which is normal with respgct to T.
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Figure 3.5: Triangle variables.

Given a properly embeddedarc which is normal with respectto T, we can
label ead edgeof the triangulation with the number of intersectionsof gamma
with that edge,seeFigure 3.4. We sa that a numbering ™ : Er ! N is valid
if there is a properly enbeddedarc, which is normal with respect to T, which
intersectseat edgee 2 T, "(e) times. And we say that realizes . Note that
all arcswhich realizea given numbering are isotopically equivalert.

Let * be avalid numbering. The sum of the labelsof edgesrom E+\ M @is 2.
For eadh triangle t 2 T the labelsa;b;c of edgesof t satisfya+ b ¢, a+c b,
b+ ¢ aanda+ b+ cis ewn. These conditions are necessaryfor validity,
but not su cient. We call a labeling satisfying theseconditions semi-valid Any
semi-\alid labeling de nes a properly-enmbeddedarc and a (possibly empty) set
of closedcurves.

For eat oriented edge(u;v) 2 T there is a variable x,., encaling the order
in which the curvesintersecton (u;v). Lett 2 T be a triangle with vertices
u;v;w. We add six variables Yy ; Yev; Yew: Yut: Yvit; Ywit @S shavn in Figure 3.5.
We assaiate the following set of equationswith the triangulation T.

Xuv = YuitYiv Xviu = YvitYeu
Xviw = YvitYew Xwiv = Yw:itYiv

Xuw = YutYew Xwiu = YwitYtu
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Lemma 3.1.19 ([SSS03]) Given a numkbering *, we can test whether" is valid
in polynomial time.

Proof. First we verify if = is semi-walid, andreject " if it isnot. Let = fa;bg, we
take the set of equationsassaiated with T over , and for eat edgee = (u;Vv) 2
E+ we specify that jx,.j = “(€). For eat edgee= (u;v) 2 Et\ M @we specify
Xuy = b®,

We claim that if * is valid, then the set of equationsass@iated with T hasa
unique solution. Take the properly embeddedarc which realizes’, number the
intersectionsof with T in the order in which they occur on . Ead intersec-
tion correspndsto a position in somevariable. By induction on the number of
intersectionsit follows that ead position in every variable is forcedto be b.

On the other hand, let us assumethat " is not valid. Becauset is semi-\alid,
there is a solution to the set of word equations. Howewer, a lexicographically
smallestsolution will now cortain the letter a, which correspndsto one of the
members of the set of closedcurvesde ned by a semi-\alid labeling.

Becauseof Theorem3.1.14we cancomputethe lexicographicallyleastsolution
in polynomial time, and we can chek by Lemma 3.1.15that it doesnot contain
any occurrencesof a. So, by solving the set of equationsassaiated with T, we
can ched if " is valid. O

Lemma 3.1.20 ([SSS03]) Let ;; , be properly emkedded arcs which realize
the numkerings "1; .. If ; and , do not intersect, then we can verify that
i( 1; 2) = 0 in polynomial time. Moreover, if the veric ation concludesthat
i( 1; 2)=0then ; and , areisotopiclly disjoint.

We now introduce a topological variant of the graph weak realizability prob-
lem. Say we have a weakly realizablegraph (G;H). Then, let M be the surface
obtained by drilling a hole, for eat vertex of the graph G, in the Euclideanplane.
Now, a set S of properly enbeddedarcson M is called a weak realization with
holes,if, for eat edgebetweena pair of verticesin the graph, we have a properly
embeddedarc connectingthe two holesrepreseting thosevertices,and, for eat
pair of edgesnot in H, the arcsrepreseting thoseedgesare isotopically disjoint.

Lemma 3.1.21 ([SSS03). Let (G; R) bean AT-graph. The graph(G; R) is weakly
realizableif and only if it hasa weak realization with holes.
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Lemma 3.1.22 ([SSS03]) Let G be a graphwith m edgesand n vertices. Assume
that (G; H) hasa weak realization with holes. Let M be the surface obtained from
the plane by drilling jVj holes. Let T be a minimal triangulation of M. Then,
there is a weak realization with holesof (G;H) in M suchthat there are at most
2120+ m intersections on each edgeof T.

Theorem 3.1.23 ([SSS03]) The weak realizability problemis in NP.

Proof. Let (G;R) be an AT-graph with n = jVgj and m = jEgj. We shav
that decidingwhether (G; R) hasa weak realization with holesliesin NP. Since
Lemma 3.1.21shaws the equivalenceof weak realizability and weak realizability
with holes,this provesthe result.

Suppose(G; R) hasa weak realization with holes. Let T be a minimal trian-
gulation of M, Lemma 3.1.22implies that there is a weak realization with holes
in which ewery edgeof T is intersectedat most 212"*™ times. Soewery edgee of
G can be represeted by an arc  with a numbering™ : E; ! fO0;:::;2*mg,
By Lemma, we canassumethat two arcs ;, , represeting two edgegqe;f) 62R
are disjoint. To verify weak realizability with holesof (G;R), it is sucient to
guessfor ead edgee of G a numbering ¢ : Ey ! f0;:::;2'2"" Mg of T (note
that the numbering has size polynomial in G). Then we ched that all guessed
numberingsare valid and verify that for every (e;f) 62R the curvesrepreseting
e and f are isotopically disjoint. Both of thesetasks can be performedin poly-
nomial time, by Lemma 3.1.19and Lemma 3.1.20. The veri cation succeedsf
and only if (G;R) has a weak realization with holes, so this implies that weak
realizability with holescan be veri ed in NP. O

3.2 Conclusion

This chapter has given an outline of the solution for the string graph problem,
and for the AT-graph weak realizability problem. All of the resultsin this chap-
ter have comefrom Sdaefer& Stefankovic [SS04],and Staefer, Sedgwi&, and
Stefanlovic [SSS03. Theseresults are usedlater on in this thesis,in Chapter 6.



Chapter 4
Spatial Logics and Reasoning

In order to study instancesof the topological inference problem, we must rst

examinethe spatial logics with which we specify the instancesof the problem.
This chapter introducesthe conceptof a spatial logic and de nes the structures
which we interpret these logics over. We take a model theoretic approad to
examiningthe computational propertiesof the topologicalinferenceproblem, that
is, we investigate the relationship betweenthe spatial logics and the topological
structures we interpret them over. This chapter, providesthe rst part of a new
and consolidatedsurvey of spatial logics,which is one of the major cortributions

of this thesis.

4.1 Spatial Logic

A spatial logic is a formal languagewhoseformulae are interpreted over a class
of geometric structures. The variables of our languageare interpreted as the
primitiv es of our geometric structures and the predicate and function symbols
are interpreted as various geometric relations and properties. We are inter-
ested in qualitative spatial logics, which are concernedwith mereotoplogical
properties and relations, asopposedto quantitative spatial logics, which are con-
cernedwith quarti able spatial propertiesandrelations, sud assizeand distance.
Mereotopologyis a conmbination of two elds of mathematics. Mereology, which is
the study of part-whole relationships,and Topology, which wasbrie y introduced
in Section 2.2. Furthermore, as mertioned in Chapter 1, we restrict oursehes
primarily to qualitativ e spatial logicswhich are interpreted over structures which
inhabit the Euclidean plane.

39
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It isdicult to identify a beginningof the dewelopmer of qualitative spatial
logics. Traditionally, the primitiv e units of a spaceare taken to be its points.
But, the very notion of a "point' is somethingwhich doesnot t in very well
with our perception of space. If eat physical object occupiesa set of points,
then a questionarises. Is this set topologically open, or closed?So, in order to
avoid thesedi cult philosophicalissues perhapswe should considerother kinds
of ertities asour primitiv e units.

One of the rst systemsof geometryto consideralternative primitiv esto the
point wasWhitehead's "point-free geometry'. In [Whi19] and [Whi20], Whitehead
presened a systemof spatiotemporal ordering and measuremenwhere ‘regions'
are the primitiv e entity. While Whitehead's systemappearsto have some aws,
certain parts of it were usedby de Laguna ([dL22a], [dL22b]) to descrilke some
standard geometricalconceptsin [dL22d. De Laguna doesnot attempt to con-
struct a complete system of geometry but simply to showv \the possibility of
a geometry" basedon the conceptshe de nes. Inspired by de Laguna's work,
Whitehead proposeda modi ed system[Whi29], basedon a topological relation
which he called "extensive connection'. Although Whitehead doesn't specify a
speci ¢ domain for interpretation, the “extensie connection' relation seemsto
behare similarly to the relation which holds betweentwo subsetsof a topolog-
ical spacewhoseclosuresintersect. Somewhatcourter-intuitiv ely, Whitehead's
relation doesnot allow for a regionto be connectedto itself.

Perhapsthe rst fully realised spatiallogic' waspresened by Tarskiin [Tar56]
(this is actually a summary of an addressTarski gave to a mathematical confer-
encein 1927). The primitiv esover which the variablesof this logic rangeare sets
of regions,or solids as he called them, thus making this languagea second-order
logic. According to the way Tarski's regionsare de ned, theseregionsare simply
regular closedsubsetsof R3. The languagehas two predicates,one interpreted
as the property of being a “sphere’,and the other interpreted as the “part-of'
relation. A complete axiomatization of the theory is provided, and it is shovn
that all models of the theory are isomorphic to the standard interpretation of
the languageover R3. This is done by shaving that the points in R® can be
represeted by setsof converging solids (or spheres).

While Tarski's results would seemto provide a soundfoundation for the fur-
ther dewvelopmernt of spatial logics, they were largely ignored for a long time, in
favour of Whitehead's work. Clarke [Cla81] proposeda "calculusof individuals'
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basedon Whitehead's "extensie connection'relation. Clarke calls this relation,
simply, “connection’, and makes the modi cation of permitting a region to be
connectedto itself. Although Clarke suggestghat the languageis takento range
over ‘spatio-temporal' regions,the systemis preseted as an "uninterpreted cal-
culus' and sothe purposeof the axiomatization is a little unclear,asthere canbe
no proof of correctnesswith regardsto an interpretation. Clarke's axiomsappear
to suggestthat there is somedistinction betweenopen and closedregions,as he
de nes both the “connection'relation and an “overlap' relation, the latter seems
to be the relation which holds betweenregionswhen their interiors intersect.

As we are interestedin the topologicalinferenceproblem, we are interestedin
spatial logicsmainly in relation to the structures we interpret them over.

4.1.1 Mo dels

Although Clarke's calculuswas presened without any speci ¢ interpretation in

mind, it is a natural questionto wonderwhat kind of structuresare modelsfor the

axiomatization that was provided. Biacino & Gerla [BG9]] investigatedthis and

found that Clarke's axiomscharacterisethe completeatomlessBooleanalgebras,
thusin a sensehe classof non-empty regular open subsetsof a topological space
are models for the axiomatization. Unfortunately, as de ned over this domain,
the connectionand overlap relations are equivalert. This leavesClarke's calculus
beingableto expressmereologicarelations, but not topologicalones,this renders
it unsuitable as a spatial logic.

Inspired by Allen's temporal calculus[All83], the RegionConnectionCalculus,
or RCC [RCC92y was an attempt to correct Clarke's calculus (especially the
issuesraisedby Biacino & Gerla) and to createa spatio-temporal logic, basedon
a connectionrelation. As with Clarke's calculus,an axiomatization was provided
but with no proof of correctnesswith respect to any particular interpretation.
The RCC hasreceiwed considerableattention and we shall examineparts of it in
more detail in Chapters5 and 6.

The rest of this chapter looks at an approad to spatial logic which is much
more in the tradition of Tarski. Instead of choosing a language,creating a set
of axioms which seem to correspnd with intuition, and then nding out if our
systemis modelled by any kind of spacein existence we beginby rst examining
the kind of geometricstructures that we wish to interpret our spatial logicsover.
We now introducethe conceptof a mereotopology.
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4.1.2 Mereotop ologies

Oneof the rst questionswe must answer is: How do we de ne the regionswhich
our languagerangesover? Sincewe are restricting our attention to topological
inferencein the real plane, we assume&rom now on that our regionsare subsetsof
the real plane. And aswe are mainly concernedwith topologicalinferencein spa-
tial structuresthat may occur in the physical world, as mertioned in Chapter 1,
we may wish to restrict what kind of subsetsthat we considerto be regions.

We call our choice of what de nes the regionsof a space,the mereotopology
of the space. The de nitions and correspnding examplesin the rest of this
subsectionare taken from [PHO7].

De nition  4.1.1. Given a topological spaceX , we de ne a mereotopology over
X to be a Booleansub-algebraM of RO(X) sud that, if u is an open subsetof
X andp 2 u, thereexistsm 2 M sudh that p2 m u. Wereferto the elemetts
of M asregions

The real plane cortains many subsetsthat could not possibly be occupiedby
a physical object, for example,and we may wish our domain of regionsto not
include sudh subsets.

Considerthat although open and closedsets are well-de ned mathematical
concepts,they aredi cult to understandintuitiv ely, and many di cult questions
ariseasa result of this distinction. For example,take a physical object (in three
dimensionalEuclideanspace)- is the subsetof the spacethat this object occupies
open, or closed?In other words - do objects cortain their boundary points? We
may wish to bypassquestionsof this nature by consideringeither open, or closed,
subsetsto be regions.

Additionally, as a result of Theorem 2.4.6it is commonto restrict attention
to only regular open subsets.This guararteesus an algebrawhich is closedunder
intersection, union and complemen of regions. Therefore, for our rst example
of a mereotoplogy, we choosethe set of all regular open subsetsof R2.

Example 4.1.2. The setRO(R?) is a mereotoplogy over R?.

Proof. Givenp 2 o R? sud that o is open, let u;v be disjoint open subsets
of R2 sud that p2 uand Rno v. Sincevisopen,u \ v= ?, whence
u o andsop 2 (u)® o But (u)®2 RO(R?. HenceRO(R? is a
mereotoplogy:. O
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The mereotomlogy RO(R?) avoids any dicult y regarding the distinction
betweenopen and closedsets,howewer it still cortains every regular open subset
of R?. Many of thesesubsetsform regionswhich no physical object could possibly
inhabit. For example,subsetswith in nitely corvoluted boundaries.If our aim is
to represem regionswhich are represemativ e of objects, or regionswhich exist in
the physical world, then we may want to further restrict our de nition of regions.

Given any straight line in the plane, we can cut the plane into two halves.
Thesehalvesareregularopen, ead beingthe pseud@omplemenm (De nition 2.2.16)
of the other, and are called half-planes

De nition  4.1.3. A hasic polygonin R? is the intersectionof nitely many half-
planesin R2. A polygon in R? is the sum, in RO(R?) of a nite set of basic
polygons. We denotethe set of polygonsin R? by ROP (R?).

Example 4.1.4. The setROP(R?) is a mereotoplogy over R?.

Proof. We needonly shav that ROP (R?) is closedunder the Booleanoperations.
This is obvious given the distribution laws for RO(R?). O

We now presen another mereotomlogy which will be usedlater to show that
changingthe de nition of the regionsdoesnot necessarilya ect the spatial logic.

If aline is de ned by an equationsud asax + by+ c= 0, wherea, band c
are rational numbers, we call it a rational line; if a half-plane is boundedby a
rational line, we call it a rational half-plane A pair of rational lines canintersect
only at points with rational coordinates.

De nition  4.1.5. A rational basic polygonis the intersectionof nitely many ra-
tional half-planes. A rational polygonis the sum, in the BooleanalgebraRO(R?),
of a nite set of rational basic polygons. We denotethe set of rational polygons
in R2 by ROQ(R?).

Example 4.1.6. The setROQ(R?) is a mereotomlogy over R2.

Proof. Similar to Example 4.1.4. O
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4.1.3 First Order Spatial Logic

Now, we have introduced structures which we have called mereotopologies which
are essehally sets of elemens which we refer to as regions We now look at
the construction of logics whosevariablesrange over the elemens (regions) of a
mereotomlogy.

First, we must choosewhat spatial operationsand relations we wish to be able
to express.By choosingwhich spatial primitiv eswe include, we selecta signature,
, for our logic. Given a signature , we denotethe rst-order languageover

by L( ).

So, we choosea signature, , of our language,and we de ne the predicates,
functions and constarts in  over the chosenmereotomlogy M. The resulting
construction, which we write M (' ), is known as a structure. A structure along
with an interpretation function, allows usto determinethe truth value of a given
formula.

Let M ( ) beastructure, andlet be avaluation function, mapping variables
to regionsof the mereotomlogy. If ' istrue in M( ) under , then we sa that
M( ) satises' under . If thereexistsan sudthat M( ) ', thenwesay
that ' is satisablein M( ), andwrite M( ) ' . If there existsa M ( ) sudh
that ' is satis able in M ( ), then we say that ' is satis able.

De nition 4.1.7. WecallaL( ) formulawith nofreevariablesa sentene. Given
anL( ) serence,’ , if M( ) ' for someassignmeh , then M ( ) ' for
any assignmen , and we write M ( )

De nition  4.1.8. Givena structure M ( ), the setof all L formulas' sud that
M( ) ' isknown asthe L-theory of M ( ), written Th(M( )).

By choosingthe signature of our language,and by de ning what the regions
of our mereotomlogy M are, we de ne the structure M (), which is our model of
space,or spatial ontology. Quoted from [PHO1a]: ... a spatial ontology is a model
of what we think space is like at the level of regions: it tells us what regions exist
and what properties thoseregions have.

The theory of a spatial ontology is simply all the true statemens about the
ontology. A theory Th(M( )) is clearly characterisedby the spatial ontology
M () that is, the choicesrelating to the de nition of regionsand the composition
of the signature directly a ect the cortents of this theory. Given the theory of
an ontology M ( ), a number of questionsare raised. What other ontologies
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characterisethis theory? And how are theseontologiesrelatedto M ( )? Are we
able to further restrict the de nition of the regionswhich make up M, while still
characterisingTh(M ( ))? The rst of thesequestionsis oneof many investigated
in [PHOl1a],and it is shown that the spatial ontologiesROP (c; ) and ROQ(c; )
have the sametheory.

An axiom systemof a spatial ontology is a set of axiomsand rules of inference
whose consequencesgre exactly the theory of the spatial ontology. Having a
complete axiom system for a spatial ontology allows us to determine, for any
given formula, whether that formula is true or satis able in the spatial ontology.
Given a spatial ontology, an important question is whether its theory can be
axiomatisel, and if so, what are its axioms?

Choice of Signature

The operations +, and  are so commonly included in spatial logics, that
they will be presen in the signaturesimplicitly. Thus we write L(C) instead
of L(+;; ;C). We take the symbols 0, 1, +, , and to have their usual
(Boolean algebra) interpretations. We take the binary predicate C to denotea
standard cortact relation, that is, C holds betweentwo regionsif their topological
closuresintersect. The interpretation of thesesynbols is givenin Table 4.1.

Symbol | De nition

0 |(OV=->

1 | @M =X

+ +M0cy) = ((x[y))
Mxy)=x\y
M(x) = X nx

C CM=f(x;y)2M?:x \y 6 ?2g

Table 4.1: De nitions of simple constarts and functions in a mereotomlogy, M,
over topologicalspaceX (x;y2 M P(X))

We now look at the structures involving just a C corntact relation.

4.1.4 Contact Relations

Since Whitehead's extensive connectionrelation, there have beena number of
investigations of spatial logics using contact relations. The standard topological
interpretation of a cortact relation is that it holds between two subsetsof a
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topological space,if their closureshave a non empty intersection. We now give a
more generalde nition of a cortact relation.

De nition  4.1.9. We sa& that a binary relation C is a contact relation if it
satis es the following.

C1: 8x(C(x; x)).
C2: 8x8y(C(x;y) I C(y;X)).
C3: 8x8y(8z(C(z;x) $ C(z;y)) ! x=Y).
These axioms correspnd to the axioms given by Clarke for his “calculusof
individuals' [Cla81].
Now we introducethe structures that result when thesecortact relations are

taken to range over elemens of Boolean algebras. The following de nition is
taken from [BDO7].

De nition 4.1.10. Let A beaBooleanalgebra,andlet C be abinary relation on
A. The pair PA; Ci is a Boolean contact algeba if C hasthe following properties
(for all x;y;z 2 A).

BCAO: C(x;y)! x;y6 0.
BCAl: x6 0! C(x;Xx).
BCA2: C is symmetric.
BCA3: C(x;y) andy z! C(x;2).
BCA4: C(x;y+ x) ! C(x;y) or C(X; 2).
We are alsointerestedin casesf C that have the following properties.
(Ext): (C(x;2)! C(y;z)! x .
(Con): x6X0;1g! C(x; x).
Note that C is a cortact relation by De nition 4.1.9.

In [DWO5], the following obsenations are made about BCAs in relation to
regular closed subsetsof a topological space, but they are also true for any
mereotomlogy.
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Observation 4.1.11. If hX; Ui is atopologicalspace,and M is a mereotoplogy
over X, with Cy being a standard topological cortact relation over M then the
following hold.

1. M(Cy) F BCAO-4.
2. M(Cy) E (Ext) if and only if X is weakly regular (seeDe nition 2.2.15).

3. M(Cy) E (Con) if and only if X is connected(seeDe nition 2.2.19).

That is, the BCAO-4 axioms seemto capture the behaviour of a topological
contact relation. Howewer, there is a much stronger result regarding corntact
relations and theseaxioms.

BCA Representation Theorem

Similar to Stone'stheorem, Duntsch & Winter give a represetation theorem for
BCAs in [DWOS5].

Theorem 4.1.12. Each BCA hA; Ci is isomorphic to a densesubstructue of
someregular closeal algeba hRC(X); Cyi, where hX ;Ui is a weakly regular T,
space, and C is the restriction of Cy to A.

As a result of the obsenations (similar to 4.1.11) in [DWO05], we have the
following theorem.

Theorem 4.1.13. If hX; Ui is a weakly regular T, space, and A is a densesub-
algeba of RC(X), with C being the restriction of the standad contact relation
on RC(X), then MA; Ci is a BCA.

And therefore, we have the following result.

Theorem 4.1.14. The axioms of BCAs are complete with respect to the class
of densesubstructues of regular closel algebas of weakly regular T; spaces with
standad contact.

4.1.5 BCA Undecidabilit vy

The satis abilit y problem of rst order logic is undecidable. Similarly, rst-order
spatial logics are generally undecidable. The rst order theory of the RCC (see
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Section4.1.1) was rst obsenedto be undecidableby Gotts, Gooday, and Cohn
[GGC9q and it was shovn by Dornheim [Dor98] that the rst-order theory of
polygonsin the real plane is undecidable.

We now presen a proof of the undecidability of the rst-order theory of BCAs
by reducingthe tiling problemto BCA languagesatis abilit y. Dornheim's proof
usedthe Post correspndenceproblemto shav that rst order mereotomlogy over
the regular closedpolygonswasundecidable.First, we make somede nitions that
we useas shorthand, to improve the readability of the proof.

1 EC(XY) et COXVNY (%)

2. O(X;yY) getf Xy 6 ?

3. Co(X;y) gef CAX)N X yN:9z(cdz)Mx<z Y)

4. cdX) def (9 X1 Xo(X1 8 ? M X268 ?2 M Xy+ Xo= XN C(Xg;X2))

We take formulae 1,2, and 3 to represen external cortact, overlapping, and
"maximal componert of' relations respectively and we take formula 4 to represen
the property of having a connectedclosure.

Additionally, we make the following abbreviations.

J(X Y, X5K)  ger Co(x; X) ™ Co(y; X )N
9j (Co(j; K)* EC(x;]) ™ O(; ¥))

D(X;z;X) gef Co(x; X))~ Co(z; X )N
Iyy(Colyw; X) N I (X ;s X5 V)N I (Y Z; X H)YN
9yh(Co(yn; X) ™ I(X; Yn; X; H) N I(yh; 2, X3 V))

The J relation statesthat x is connectedto y by a (joiner) maximal componert
of K. The D relation ensuresdiagonal consistencybetweenthe tiles, that is, for
any two tiles x and z, if z is above the tile to the right of x, then z is alsoto the
right of the tile above x.

ables,and lower caseletters for bound variables.

1. X 6 ? M 9x(Co(x; X))
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0:3

0:9

Figure 4.1: Layout of the tiles.

Vv
2.X =Y+ + Yy A : C(YiY)

w

.8x Co(x; X) ! :Co(x;H)™ : Co(x; V)
4. : C(V;H)

5. 8x Co(x; X)! 9y(I(x;y; X; V)" 8z(I(x;zZ; X;V) ! z=y))

(o2}

L 8X Co(x; X) D 9y(J(xy; X;H)YN 8z (X, X5H) Y z=y))

\‘

. 8x Co(x; X) ! 9y(D(x;y; X))

w
19 Xg X J(X1 X X V) M ( (X1 Yi*x2 Y)))
11§ N
(i )2v

o

wW
9. 19 X1, X2 IJ(X1; X3 X5 H) M ( X1 Yi*xz2 YY)
14 N
(i;j )2H
The strategy is that we construct all the tiles sud that ead tile has two
“joining' tiles which connectit to the tile above, and to the right, respectively.

SeeFigure 4.1.
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Proof. Let S bethe regionconsistingof the union of all squareregionsof RC(R?),
of side-length0:9 whosebottom left corneris at a co-ordinate(i; j) of R?, for all
(i; j) 2 N2. We call the maximal componerts of S squaes

Let M be the region consisting of the union of all squareregions of side-
length 0:3 whosebottom left corneris at co-ordinate (i + 0:3;j + 0:9) of R?, for
all (i;j) 2 N2. We call the maximal componerts of M vertical joiners.

Let N bethe regionconsistingof the union of all squareregionsof side-length
0:3 whosebottom left corneris at a co-ordinate (i + 0:9;j + 0:3) of R?, for all
(i;j) 2 N2. We call the maximal componerts of N horizontal joiners.

We construct a function :N2?! S by setting (i;j) to be the squareregion
(maximal componert of S) whosebottom left co-ordinateis at (i;j). Let

X
Pe= f ()] 2NandT(i}j) = &g

Now we show that the formulae of are satis ed.

1. By the fact that S is not empty.

2. By the de nition of Py (and the fact that T is well-de ned and total)

3. By the de nition of S, M and N, no squarecan alsobe a joiner.

4. By the denition of M and N, a joiner cannot be both horizorntal and
vertical.

5. By the de nition of S, M and N, ead squareis vertically joined to a
distinct unique square.

6. By the de nition of S, M and N, ead squareis horizontally joined to a
distinct unique square.

7. By the de nition of S, M, N and , for eat square(i;j), the squarein
vertical cortact (i; ] + 1) is in horizontal cortact with (i + 1;j + 1), while
the squarein horizortal cortact (i + 1;j) isbelow (i + 1;j + 1).
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8. By the de nition of Py and the fact that T respectsV.

9. By the de nition of Py and the fact that T respectsH.

O

Proof. First, we de ne a mapping :N?! S sud that:

h(i;j); (i+Lj)i2H
h (i;5); (i;)+21)i2V:

Formula 1 ensureghat S is non-empty and hasat leastone maximal componert,
sowe may choosea maximal componert s S andset (0;0) = s.
We de ne the following sets.

I, =f(a;b) : A J[a;b;S;M] wherea; b are maximal componerts of Sg
Ihn=f(a;b) : A J[a;b;S;N] wherea;b are maximal componerts of Sg

lqg=f(a;b) : A DJ[a;b;S] wherea; b are maximal componerts of Sg

1. If (0;j) is dened but (0;j + 1) isn't, then set (0;j + 1) = a° where
( Gj);a)21,.
To show that ais unique we must shav that for eat a there is a unique
bsud that A J[a;b;S;M]. By formula 5, there exists exactly onesquare
which is vertically joined to a.

2. 1f (i;0) is dened but (i + 1;0) isn't, then set (i + 1;0) = a° where
( (i;0)8) 2 Iy.
To show that a°is unique we must show that for ead a there is a unique
bsud that A J[a;b;S;N]. By formula 6, there exists exactly one square
which is horizontally joined to a.
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3.If (i;j)isdened but (i+ 1;j + 1)isn't, thenset (i+ 1;j + 1) = a°
where( (i;j);a) 2 Ig4

To show that a°is unique we must show that for eah a there is a unique
b sud that A DJa;b;S]. By forumla 7, there is at least one sudh b. By
formulae 5 and 6, there is at most onesud b.

Now we dene T : N2! C by setting T(i;j) = c where (i;j) is a maximal
componert of Py, for all i;j 2 N. Now we show that:

1. T iswell de ned. Assumethe opposite,then (i; j ) is amaximal componert
of P and (i; j) is a maximal componert of P, soPx:P, 6 ?. Howeer, by
formula 2, : C(P; P)).

2. T respectsV and H. Assumethe opposite. SupposeT doesnot respect V.
There existi;j 2 N sud that hT(i;j); T(i;j + 1)i 62V, it is straighforward
to shav that A J[ (i;)); (i;j + 1);S;M]. Howewer, this cortradicts
formula 8. The proof that T respectsH is similar.

We have the following theorem.

Proof. By Lemmas4.1.15and 4.1.16. O

4.2 Conclusion

Many questionsregarding spatial logics remain unansvered. Howeer, this the-
sis focuseson questionsrelating to the computational properties of a theory of
space. For instance, is there an algorithm which can determine whether any
given sertenceis a menmber of that theory? If so,how complexis its satis abilit y
problem?

Given a formula in a spatial logic and a speci ¢ domain over which the vari-
ablesof that logic may range, is there an assignmen of variablesto elemeits of
the domain sud that the formula is satis ed? This is the topological inference
problem
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In this chapter, we introduced many of the conceptsthat we make extensiwe
use of throughout the rest of the thesis. But the overall aim of the chapter has
beento introducethe topologicalinferenceproblem sothat we may now examine
the computational properties of this problem.

We have seenthat the rst order languagewith a cortact relation is undecid-
able, howewer there are many lessexpressie languageswhich are decidable. The
following chaptersare concernedwith investigating the computational properties
of theselanguages.



Chapter 5
Satis abilit vy

This chapter forms the secondpart of the new survey of spatial logics provided

by this thesis. In this chapter, we look at di erent approadesto solving the

topologicalinferenceproblem. We start with with a simple spatial logic called T,

giving a proof of its equivalenceto the modal logic S4. The rest of the chapter

examinessome languageswhich are related to T. We look at T CC which is a

supersetof T, and over this chapter and the next, we look at a seriesof languages
which are progressiely strongerrestrictions of T, including RCC8.

5.1 Mo dal Logic and Topology

In Obsenation 2.2.17,we noted the similarity betweenproperties of a topological
spaceand the S4 modal logic axioms. In fact, there is a much deeper connection
betweenthe S4 modal logic and topologicalspaces.McKinsey & Tarski ((McK41]
and [MT44]) show that whenthe modal 3 operator is taken to meantopological
closure,S4 is completewith respect to the interpretation over topologicalspaces.

The most commoninterpretation of modal logicsis the relational sematrtics,
using Kripk e structures, asdiscussedn Section2.1. The logic S4 is known to be
completewith respectto the Kripk e frameswhosereadability relation isre exive
and transitive. Thereis a strong connectionbetweenS4 Kripk e framesand atype
of topological spaceknown asan Alexandio space(seeDe nition 2.2.6). First,
we introduce the following de nition.

Denition 5.1.1. Let F= hW; i bean S4Kripkeframe(so isre exiveand

54
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transitive). GivenW° W, we de ne the following set.
kW9 =fw2Wjsw’:w w’=) w2 wlg

We can seethat | is an interior operator accordingto De nition 2.2.18,and so
de nes a topology on W. We call hW; IFi the topological space de ned by F.

It is straightforward to show that the topological spacede ned by an S4
Kripk e frameis an Alexandro space.In fact, given a topological spaceX , if we
de ne arelation x x°for all x;x°2 X if andonly if x 2 fx% , then it is easyto
shaw that is re exive and transitive if and only if X is an Alexandro space.

This implies that there is a 1-1 corresppndencebetween S4 Kripk e frames,
and Alexandro spaces.And sinceewery nite topologicalspaceis an Alexandro
space,there is a 1-1 correspndencebetween nite S4 Kripk e framesand nite
topological spaces. Essetially, what this meansis that the theory of the S4
languageover nite topological spaceds equivalert to the more standard theory
of S4 over nite Kripk e frames.

5.1.1 Simple Topological Constrain ts

We will now introduce a simple topological language,which was rst introduced
by Nutt ([Nut99]). We shall call this topological constrairt languageT .

De nition 5.1.2. We de ne the terms of T asfollows.

1. Every variable is a term.

2. If sisaterm, soare s,s ,ands.

3. If sandt areterms,soares\ t ands| t.

The domain of the T languageis the set P(X) wherehX; Ui is a topological
space. As usual, we denote the domain of this languageby the synmbol U. We

extend the interpretation functions of this languageover the connectives , [
and\ and the interior and closureoperatorsasfollows (wheres andt areterms).

( s)=Xn((9)
(s)=((s) and (s)=( (s)
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(s\)= (9\ (Mand (s[ )= ([ (1)

Thus the interpretation of a term s is the elemen of U described by s. We
de ne the constrairts of T asfollows.

De nition 5.1.3. If sandt areterms, then s = t is a constraint and soiss 6 t.

Let the languageT bethe setof all T formulae.
Denition 5.1.4. Let’; 2 T. Wedene aT formula asfollows.
1. Every T constrairt is a formula.
2. : " isaformula.
3." M isaformula.
4.'  isaformula.

The operators”™, _ and : are interpreted as the logical operators conjunction,
disjunction, and negationrespectively. We may referto a conjunction of formulae
asasetof T constraints.

Now we will de ne what it meansfor a T formula to be satis able.

De nition 5.1.5. Wede ne atopological model to be a pair (U; ) which consists
of a set U of subsetsof a topological spaceand a function mapping variables
to the elemerts of U.

De nition 5.1.6. Letsandt beT termsandlet’; 2 T. Givenatopological
model A = (U; ) we sa the following.

If " iss=t,then Asatises' i (s)= (t).
If " iss6 t,then Asatises' i (s)6 ().
If AsatisesaT formula, ', thenwewrite A ' . Wecanextend overBoolean

conmbinations of T formulae in the following way.

A i A2

A A i A ' andA
A _ i A " orA
A i A2' orA
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GivenaT formula, ' , we say that ' is satis able if there is a topological model,
A, sud that A

Using the connectiondiscussedn earlier on in the chapter, Nutt showved the
T satis ability problem to be equivalent to the S4 satis abilit y problem, and
therefore,that the T satis abilit y problemis PSPACE-complete.

Now, we give a proof of the equivalenceof the S4 satis abilit y problem with
the T satis abilit y problem (over arbitrary subsetsof a topological space).

5.1.2 Translating Topological Constrain ts

First, we de ne the translation of the languageT into S4,. Givenaterm s, we
denotethe translation into S4y of s by (s) . We translate variablesof T into a
correspnding proposition letter, (X;) = pi, wherex; is a variable of T, and p; is
a proposition letter. We then structurally extend our translation over the terms
of T asfollows (wheres andt areterms, and the synbols: , » and 2 represen
S4, symbols):

1. ( s) =:(9),
2.(s[t) =(5) M (1),
3.(s) =2(s) .

It is trivial to extend this translation to cover formulae of T (wheres is a term,
and 8 and 9 are the S4, universalmodal operators):

1.(s=>) =8(s,
2.(s6>) =:8(s),
3.(s=7?) =:9 (9,
4. (s6 ?) =9(s) .

This kind of translation was rst proposedby Bennett [Ben96] speci cally
for formulae of a more restricted fragmert of T called RCC8, which we shall see
later onin this chapter. We will now show the correctnessof this translation with
respect to the formulae of T, which is more generalthan RCC8.

First we must show that if we have a T formula' and a topological model
A, then we can construct an S4y Kripke model M 5 sud that A = ' if and only
if MaFE"
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Lemma 5.1.7. Givena nite topological madelA = h(X; U);

where

and

v V0if andonlyif v2 fvyg (for v;v°2 X),

(p) = (i),

for all variablesx;. Then M » is an S4Kripke model.

Proof. M, is an S4-Kripke model if and only if the relation

transitive. Sincev 2 fvg ,

v0 2 fvOQ for somev®2 X. By (i), VO fvo , fviy

fvl

fvoy . By (i), v 2 fvy

transitive.

fvog , ie. v 2 fvO§

Lemma 5.1.8. If sisa T term, thenfor everyw 2 X,

MaFEws if andonly if w2 s,

I, letMa = hX;

58

is re exive and

is re exive. Suppose (i) v 2 fvig and (ii)

(fv°y ) and
, therefore is
]

Proof. By Structural induction ons (wheret; andt, are terms):

1.

If sis avariable, x;
w2x?, w2 (X)), w2 (p), MaFwp, MaFuws

Cfsisty\ ts
w2 (t1\ t)?

If sis t1

w2 ;A andw 2 t,A
MaFw(t) andMa Fuw (t2)
MaFw(t) ™ (t2)
MaFw(ta\ to)

MaAFwS

w2sh, w2 ( t)*, w2t,A, Ma8y (1) (IH),

If sist;
MAFWS

owlsud that w  wland M p o (1)
w wlandw®2 t,A

w2 w® andw®2 t,A

w2 () =t

(IH)

IVIAJ.:WS
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Corversely supposew 2 t, = (t;4) . SinceAis nite, (t;*) = fw:%:: 1w
hence(t:?) = w? | [ w® . Without lossof generality, w 2 w,° .
HencewRw;° and (IH) M 4 Ew,0 (t1) . HenceM s Ew 3 (t1) , i.e. Ma Ew

s

O

Lemma 5.1.9. If ' is aformula of T and A is a nite topological model, then
MafF "' ifandonlyif AF"'.

Proof. Will shaw for the casethat ' iss= >, wheres is a term.

s=X, 8u2Xu2s*, 8u2Xu2(s) (byLemma5.1.8), 8(s). O

Lemma 5.1.10. Givena T formula' , asde ned in De nition 5.1.3,then' is
satis able in a topological madelif and only if it is satis able in a nite topological
model

Proof. The smal model property in Section4.2 of [PHO1b] shaows this for T CC
(seeSection5.2) formulae of which T formulae are a restricted case. O
Theorem 5.1.11. Let A be a topological madel, let ' bea T formula. We can
construct an S4y Kripke model M o suchthat A ="' if andonlyif M F°

Proof. Lemma5.1.9provesthis theoremif A is nite. Lemmab5.1.10shaws that

if ' Is satis able, it is satis able in a nite topological model. O

Now we must shaw that if we have a T formula' and a S4y Kripke model
M then we can construct a topologicalmodel Ay, sud that M F ' if and only
if Aw F ' .

Lemma 5.1.12. Let M = hW, ; i be an S4-Kripke maodel, and let Iy be
the topology de ned by M, asin Lemma5.1.1. Let Ay = hW;ly); i bethe
topological model suchthat the valuation function is de ned as

(xi) = () for all proposition letters p;.
Then, for everyw 2 W,

w2 s™ if andonlyif M Fy s ;
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wheesisaT term.

Proof. Proof is similar in structure to that givenin Lemmab5.1.8, exceptfor the
fourth part.

4. 1f s is2(ty) :
MiEw2() , 8wWl:w wl=) M Fyo(ty)
,ow wl =) w2t A (IH)
, W2 Iy (tA) (def. interior op, Lemmab5.1.1)

, w2 (lMtl)AM

O

Theorem 5.1.13. LetM be an S4 Kripke model, let' be amodal formula. We
can construct a topological madel Ay, suchthat M ' if andonly if Ay F ' .
Proof. Proof is similar to Lemma5.1.9. O

Corollary 5.1.14. A T formula’' is satis able if and only if its correspnding
S4, translation, ' , is satis able.

Proof. Direct result of Theorems5.1.11and 5.1.13. O

Corollary 5.1.14 provesthe correctnessof the translation from the T to the
S4y modal logic. The following theorem can be found in Halpern & Moses
[HMO92].

8N N8 N9 N N9 (5.1)
is satis able if and only if for eachj m the formula
' l/\ Nt m N j (5_2)

is satis able.

Obsene that all the S4y formulae resulting from the T translations are of
the form given in formula (5.1), sud that the formula given in (5.2) will be an
S4 formula. The satis abilit y of S4 formulae is known to be PSPACE-complete
[HM92], sothe following corollary is immediate.

Corollary 5.1.16. The satis ability problemof T formulaeis PSPACE-complete.
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5.2 Topological Comp onent Counting

Now we look at the satis abilit y problem for a spatial logic called T CC. This
languageis a supersetof T, with the addition of a predicatewhich is interpreted
asa kind of topological connectednesgroperty.

As with the T language,the domain U of T CC will be the subsetsof a topo-
logical spaceX , and we let be a function mapping variablesto elemens of U.
We denotethe interpretation of a term s in the topological spaceby (s). The
interpretation of a variable x is the elemein of U which is mappedto x by . The
interpretation is extendedover the connectives , [ and\ and the interior and
closureoperators exactly aswith T.

De nition 5.2.1. Wede ne a T CCconstrairt asfollows (wheres andt are T CC
terms).

1. s=t is a constrairt.
2. s6 t is aconstrairt.
3. c®X(s) is a constrairt (if k is a binary numeral and k > 0).

4. cX(s) is a constrairt (if k is a binary numeral and k > 1).

Although the parameterk is a binary numeral, in order to simplify the notation,
we will treat k asthe integer value which the binary numeral represets.

Note that any type 1 or 2 constrairt can be corverted to the form s = > or
s6 > (usings=1t, ( s[t)\ (s[ t)=>).

Wede ne the formulae of T CCin exactly the sameway asT (De nition 5.1.4)
with the addition of permitting type 3 and type 4 constrairts.
Now we de ne what it meansfor a T CC formula to be satis able.

De nition  5.2.2. Let the languageT CC be the set of all T CC formulae, let s
andt be TCCterms,andlet’; 2 T CC. Given a topological model A, we say
that:

if ' iss=1t,then Asatises' 1 (s)= (b),
if' iss6t,then Awsatises' i (s)6 (1),
if ' isc®"(s), then A satises' i (s)hasat mostn componerts,
if " isc"(s),then Asatises' i (s)hasatleastn componerts.

'Rough abbreviation of \top ological constraint languagewith componert courting"
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If A satises a TCC formula, ', then we write A ' . We can extend over
Booleanconbinations of T CC formulae in the following way:

A i A2',

A ' n i A ' andA ,

A ' i A ' orA ,

A ' i A2'" orA

Givena T CCformula, ' , we say that ' is satis able if there existsa topological
model, A, sud that A ' .

T CC examples
Here are someexamplesof what we can expressin T CC.

Example 5.2.3. Let s;t be terms.
s\'té ?

Let A = (U; ) be a model of this formula. Then (s) and (t) intersect, or
overlap.

Example 5.2.4. Let s;t be terms.
s\t=?"s \t 67

Let A = (U; ) beamodel of this formula. Then (s) and (t) touch, i.e. their
closuresoverlap, but (s) and (t) do not overlap.

Example 5.2.5. Let s beaterm.
ci(s) ! Ei(s)

Any topologicalmodel is a model of this formula, asthe closureof any connected
setis connected.

Example 5.2.6. Letr;s;t beterms.
Sl r"r=s[tr"s\t =2 r6?2 "t6?

This formula is unsatis able, as there is no topological model under which a
connectedset may be split into two non-emply disjoint sets.
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We will now give an outline of the proof of membership in the NEXP time
complexity classfor the satis abilit y problem of the T CClanguage.The full proof
can be found in [PHO1b]. First, we give a brief outline of a proof of the small
model property (which is presened fully in [PHO1b]).

Let hX; Ui be a topological space,and let B be a nite set of subsetsof X,
suhthat B2 B) B 2 B. Dene abinary relation on X by settinga b
if, foralB2B,a2B, b2B.

De nition 5.2.7. Let G= X= anddene afunctionf : X! G as
f(a=fb2 X jb ag

Notethat ifa2 X andB 2 B,thena2 B if andonly if f (a) 2 f (B). Also, note
that jGj < 2B,

Let usde ne a binary relation! on G as
v! Vif andonlyif, forallB2B,v2f(B)) v°2f(B )

De nition  5.2.8. The re exive, transitive, directed graph, hG;!i can be re-
gardedas a topological spacewith a closureoperator © forany H G, de ned
as follows:

H ¢=fv2Gjv! vfor somev2 H g.

For the duration of this section,we will use to denotethe closureoperator
in the topological spaceX, and we will use © to denotethe closure operator
in the topological spaceG. If we are de ning a topological spacewith a closure
operator, then from now on, instead of writing hX; Ui, we will abbreviateit to
merely X .

The following lemmasestablishproperties of the function f : X I G. Proofs
for the following can be found in [PHO1b].

Lemma 5.2.9. The functionf : X ! G is continuous.

Given a T CC formula, the sizeof ' , i.e. the number of symbols occurring in
, iIs written asj' j.

Let' beasetof T CCconstrairts, which cortains no constrairts of type 4. Let
A=hX; isuhthat A ',6 andgivenaT CCterm, s, let s* bethe interpretation
of term s in A.

Let
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B = f s*jsisaterm occurringin' g
B = B°[fB jB2B g

De ned in this way, B isa nite setofsubsetsofX,sudhthatB2B) B 2 B.
And dening f : X ! G asabove, let f (A) be the structure hf (X); f i

Lemma 5.2.10. For eachterm sin ',

f(s") = &W:

Theorem 5.2.11. If A ', andf is de ned as alove,thenf (A)

Proof. The following proof is presemed unchanged from what is presented in
[PHO1b]. We will presen the proof for types1, 2 and 3 separately Let s and t
be T CC terms.

Typel: AEs=t) sf=t") f(s?)=1(")) F® =t"® py Lemma5.2.10
) f(A) s=t.

Type2: AEs6t) s*6th) f(sh) 6 f(t") by De nition 5.2.7(sinceboth
shandt” arein B)) s 6 t'™ py Lemma5.2.10) f(A) s86 t.

Type 3: A E c%(s) ) s* hasat most k componerts ) f (s*) has at most
k componerts, by Lemma 5.2.9) s'™ has at most k componerts, by
Lemma5.2.10) f(A) cBk(s).

0
Corollary 5.2.12. If ' is a satis able setof constraints of types1,2 and 3, then
is satis ed in a structure of size boundel by 23" I,

Proof. By Theoremb5.2.10,and the fact that jBj hasat most 2}’ j elemens meart
that f (A) is of maximum size23' I, O



CHAPTER 5. SATISFIABILITY 65

Building Mo dels

Corollary 5.2.12tells us that if a set of T CC constrairts, of types1, 2 or 3, is
satis able, then it is satis able in a nite model; it alsotells us the maximum
possiblesizeof this model. Givenamodel, A, which satis esa T CCconstrairt set,
the function f will generatea nite model from A which satis es the constrairt
set.

Let * be a set of T CC constrairts which cortains no constrairts of type 4.
Let A be a topological model suc that A

Let us alsode ne another set:

T° = f sjsisaterm occurringin' g
T = T°[fs js2T%

in this case,s is a new term resulting from applying the closure operator
to the term s. TheTset P(T) is the set of subsetsof T. Where S is a set of
terms,fs;;:::;8,0, S represets the intersectionof eah elemen of the set, i.e.
s\ \ s,.

Now we can give a slightly di erent de nition for the equivalencerelation; let
us de ne an equivalencerelation, ,onU asa bif foralls2 T,a2s*, b2
TA. Now, if G= U= , then for ead equivalenceclass,e 2 G, we can sa that
e is de ned by a set of terms, S, whereS is the set of all and only thoses 2 T
suc that for every point p2 e, p2 s*.

Thus,we cande ne afunctiong:G! P(T)

g(e) = fsj8p2e; p2 sty

which mapseadt equivalenceclass,e, to the set of terms which de ne e.

BecauseP(T) contains the sets of all possiblecombinations of elemeits of
T, we might say that it also cortains the de nitions for all possibleequivalence
classes.

Howewer, becauseP(T) cortains all possibleconbinations of elemeits of T,
it also cortains combinations which cannot possibly de ne an equivalenceclass.
For example,if T = fx\ y;x;y;(x\ y) ;x ;y g, then the equivalenceclass
represeted by the setfxg is invalid, asit is not possible,given a point p, that
p2 x*andp 2 (x )*. Likewise,the equivalenceclassrepreseted by the set
fx\ y;x;(x\ y) ;x gisinvalid, asit is not possible,given a point, that p,
p2 (x\ y)* andp 2 yA
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Given an elemen, S, of P(T), we de ne
S"™ =G[f sjs2 (" nS)g:

For ewvery elemen in S, S™ cortains the elemen or the negation of the
elemenn.
Given that S is a set of terms, saying that S is topologically consisten is
equivalent to saying that \
S67?

is satis able. Sincethe above is a type 2 constrairt, the problem of determining
the consistencyof S is aninstanceof S4-SAT (which isin the PSPACE complexity
class).

De nition  5.2.13. We sg that a setof terms, S, de nes an equivalene classif
and only if S™ is topologically consisten.

We will now de ne a set which consistsof all the combinations of T which
de ne avalid equivalenceclass.

De nition 5.2.14. Givena setof terms, T, the set of all possiblevalid equiva-
lenceclassess de ned as:

T
S*9=fSjS2P(T)and( S™* & ?) is S4-satis able g.

Now, we can state that g(G)  S°4.

Let ' be a set of TCC constrairts of types 1,2 and 3, and let S*% be the

correspnding set of all possibleequivalenceclassedor the setof termsin ' . For
every model, A = hX; i,if A ' then

g(f (X)) S™.

We can de ne a topological model from ead subsetof S*¢ asfollows.
For eadh Q 2 P(S®%):

We de ne a binary relation, ! , on Q asfollows:
S! SYifandonlyif, foralls2T,s2S) s 25°

We de ne a closureoperator, <, on Q asfollows, whereV  Q:
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V =1 3% S! S°forsomeS2Vg
We de ne a valuation function 9 :V! P(Q), givena variablep:

°p)=fS2Qjp2Sy.

De nition  5.2.15. Thus, we de ne a set of topological models generatedfrom
S* as

T=1fhQ; QjQ2P(S™ag.

Givenaset,' , of T CC constraints of types1,2and 3, if ' is satis able, then
there existsa A 2 T sud that A

The satis abilit y of T CC formulae cortaining types1, 2 and 3 constrairts is
de ned in de nition 5.2.2.
Type 4 Constrain t Removal
So far, we are still not able to decidethe satis abilit y of a set of constrains
containing type 4 constrairts, that is, a constrairt of the form:

¢ ¥(s):

The following lemmais presenied as an examplein [PHO1b]; howewer, it cannot
be accomplishedin polynomial time; a more complicated method, which can be
accomplishedin polynomial time, is alsodescrited in the paper.

Lemma 5.2.16. The formula cX(s) is equisatis able with the formula ' given
by:

S Vv Vv
S= zi M zi67? N S\Zi \Zj =7
1616k 1616 k 16i<j 6k
Proof. This is provedin [PHO1b]. O

So, we can determine satis abilit y of T CC formulae in NEXP time. First, we
have shown that if a set of constrairts is topologically satis able, then they are
satis able in a nite model. Then we have shovn how to build a setof "candidate’
models for the set of constrairts. Thesemodels are of exponertial size(2%'1) to
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the setof constrains, and can be testedfor satis abilit y (in exponertial time). If
amodelis found which satis es the constrairt set, then the whole T CC constrairt
setis, obviously, satis able.

When we comparethe T CC languagewith the T language,we can seethat
syntactically, the T CC languageis the samelanguagewith the addition of the
componert courting constrairts. But, we alsoseethat the addition of this added
expressienesstomeswith alargeincreasein complexity - from PSPACE to NEX-
PTIME. Indeed, if we take the T CC language, but remove the ability for the
connectednesgredicateto specify a number of componerts (we may call this the
T C language), then the satis abilit y problem of this languageis in EXPTIME
(see[KPHWZO08] for details and proof).

It is also interesting to comparethe di erent methods for solving the re-
spective satis ability problemsfor TCC and T. The satis ability problem of
the T languagein Subsection5.1.2 was simply shovn to be equivalert to the
S4-satis abilit y problem. In a sense this translation to modal logic cuts many
topologicallinks, and certainly makesit harderto expandthe languagewith more
topological constrairts. On the other hand, the T CC-satis abilit y problem was
solved in a way which remains groundedin topology - thus, adding topological
constraints (in this case,for componert courting) was much more straightfor-
ward.

It shouldalsobe noted that the resultsfor both theselanguagesare for when
they are interpreted over arbitrary subsetsof a topological space. We currertly
have no resultsregardingthe complexity of theselogicswhenrestricted to subsets
of the Euclideanplane.

Now we shall examinelanguageswvhich arerestrictions of T, starting with one
which is a fragmert of the undecidable rst ordertheory of BCAs (seeChapter 4).

5.3 Boolean Contact Algebras

Let us now de ne another restricted spatial logic, which we will call BC. The lan-
guageBC hasonly onebinary predicate,C, a cortact relation (seeSection4.1.4),
which may hold betweenBooleanconbinations of variables.

De nition 5.3.1. We de ne the terms of BC asfollows.

1. Every variable is a term.
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2. If sisaterm, sois s.
3. If sandt areterms,soares\ t ands]| t.

The domain U of this languageare the regular open (or regular closed)subsets
of atopologicalspaceX , andwelet beafunction mappingvariablesto elemeis
of the U, aswith T. The interpretation is extendedover the connectives , |
and\ asit is with T. We de ne the constrairts of BC asfollows.

De nition 5.3.2. If s andt areterms, then s = t is a constrairt, sois s 6 t,
and sois C(s;t).

We interpret the C predicateasa standard topologicalcorntact relation. Since
the cortact relation can be expressedoy the T constraint s \'t 6 ?, we can
easilyseethat BCis a restriction of T. Note that sincethe variablesof BC range
over regular closedor open sets, every BC term s would be represeted by the
T term s  (for regular closed)or s  (for regular open). This is extendedover
Booleanconnectivesin the obvious way.

Moreover, the theory of the B C languageover regular open (or regular closed)
subsetsof atopologicalspaces equivalert to the existertial theory of BCAs. That
is, the theory of the languageof BCAs whereewery variable is implicitly takento
be existertially quarti ed.

Now, we introduce three more spatial logics, one of whom, called BRCCS, is
equivalent to BC and which has somecomplexity results which allow usto easily
achieve complexity results for BC.

5.3.1 Region Connection Calculus

With the aim of dewloping a spatial counterpart to Allen's interval algebra,
Randell et al. dewloped Clarke's "calculusof individuals basedon connection’
[Cla81],into the Region Connection Calculus In uenced by Hayes'snasve physics
[Hay79], the RCC aimedto provide a framework for spatial reasoningusing re-
gions instead of points as the primitiv e ertity. The intention of taking regions
as primitiv e is to create a systemwhich correspnds much closerto the human
perception of spaceand in particular, to jettison the “tricky' notion of points in
a space.

The languageof the RCC is simply rst order logic with a single binary
“cortact' predicate C. A set of axiomswas also provided for the RCC language
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P: f(u;v) 2 RC(R?)j8w2 RC(R?; C(w;u) =) C(w;Vv)g
PP: f(u;v) 2 RC(R?)jP(u;v) and: P(v;u)g
O: f(u;v) 2 RC(R?)j9w 2 RC(R?) s.t. P(w;u) and P(w;V)g

Table 5.1: Three relations de nable in terms of corntact.

which correspnds to the BCAO-4 axioms, together with the (Ext) and (Con)
axioms (seeDe nition 4.1.10). As a result, Theorem4.1.14meansthat we have
the following completenesgheorem for RCC.

Theorem 5.3.3. The axiomsfor RCC are completewith respct to the classof
densesubstructues of regular closel algebas of weakly regular T, spaceswith the
standard contact relation.

Howe\er, for our purposes,we are only interestedin the RCC language. Al-
though the intention with RCC wasto avoid point settopology, we can view the
contact predicate as being interpreted over the relation which includesall pairs
of regionswhoseclosureshave a non-empty intersection.

The languageof the RCC is known to be undecidableover a number of do-
mains, including RO(R?) and ROP(R?) ([Dor98]). As mertioned previously,
RCC was dewloped in order to provide a spatial courterpart to Allen's interval
algebraand, with this in mind, a particular fragmen of RCC called RCC8 was
proposed.

RCCS8

Let us now formally de ne a “cortact' relation over the set of regular closed
subsetsof R2.
C=1f(u;v) 2 RC(R)ju\ v6 ?2g

Using this cortact relation we can de ne more speci c relations, and we can
seein Table 5.1 how we can de ne relations represeting the mereotoplogical
relations part-of (P), proper part-of (PP), and overlaps (O). Theserelations,
together with the C relation, allow the de nition of a further eight more speci c
relations asde ned in Table 5.2 (the namesstand for disconnected external con-
tact, partial overlap, equality, tangertial proper part, and non-tangerial proper
part, respectively). Theseeigh relations have direct parallelsin the eight rela-
tions Egenhoferde nes in [Ege91];DC is disjoint’, EQ is ‘equal’, NTPP is
‘inside’, TPP is ‘cowred, EC is 'meet and PO is ‘overlap. The language
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f(u;v) 2 RC(R?)j: C(u;v)g

f(u;v) 2 RC(R?)j C(u;v) and : O(u;Vv)g

f(u;v) 2 RC(R?)j O(u;v) and : P(u;Vv) and: P(v;u)g
f(u;v) 2 RC(R?)j P(u;v) and P(v;u)g

f(u;v) 2 RC(R?)jPP(u;v) and 9w 2 RC(R?) s.t. (EC(w;u) and EC(w;V))g
f(u;v) 2 RC(R?)j TPP(v;u)g

. f(u;v) 2 RC(R)jNTPP(v;u)g
Table 5.2: The eight RCCS8 relations.

whose formulae consist of conjunctions of disjunctions of predicateswhich are
interpreted asthe relationsin Table 5.2, over existertially quarti ed variables,is
called RCCS8.

It is trivial to seethat the RCC8 relations can all be expressedn terms of T
formulae, asfollows.

D C(Xi;Xj) = X\ x)="7

EC(Xi;Xj) = X\ x)8?27(x\ x)=7

PO(Xi; %) = X\ %x)6?2"0(x\:x)67"
(xi\ x)67?

EQ(xi; X)) = (% x)=>

TPP(xi;X;) = (xiVx)=> "\ (x) )67
(:x\ xj)67?

NTPP(xi;x;)) = (x\x)=>"(Cx\x)67?

We will return to the RCC8 languagein Chapter 6, but for now we introduce
an expansionof RCC8.

5.3.2 BRCCS8

Wolter and Zakharyastev [WZ00] extend the RCC8 language,interpreted over
RC(R?), to allow predicatesto hold between Boolean combinations of regions.
They call this languageBRCCB8. We can state, for instance,that the intersection
of x and y overlapswith z, \PO(x\ y; z)", or that the complemem of x is a non-
tangertial proper part of y, \NTPP( Xx;y)". Note that this allows the whole
space>, and the empty region ? to feature in BRCCS8 formulae. Here is an
exampleof what we can expressin BRCCS.

f(u;v) 2 RC(R?)jPP(u;v) and:9 w 2 RC(R?) s.t. (EC(w;u) and EC(w;V))g
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Example 5.3.4. Let x;y;z be variables.

TPP(Y)"EQ( x; y[ 20~ DC( y;2)"
"EQ(x;?)" 1 EQ(Y;?)” : EQ(z;?)
tEQ(;>)N 1 EQ(Y;>) N EQ(z;>)

In any model of this formula, the region z is mapped to will be a hole of the
regiony is mapped to.

We can easily expressBC constrairts in terms of BRCC8 constrairts, since
C(s;t) :DC(s;t),s=t EQ(s;t),ands6t :EQ(s;t). And wecaneasily
expresBRCC8 constrairts in terms of BC constrairts, asfollows (for regularopen
subsetsof a topological space).

DC(s;t) - C(s;t)

PO(s;t) s\'té6?"s\ t6?" s\tg?
EC(s;t) C(s;t)rs\t=7

TPP(s;t) s tAC(s; t)Ms6t

NTPP(s;t) s th:C(s; t)Ms6t

EQ(s;t) s=t

For regular closedsubsetsof a topologicalspace the translation is idertical except
for the following cases.

PO(s;t) s\té6?7rs\ t6?" s\t6?":EC(s;t)
EC(s;t) C(s;p)» s[ t=>

This languageis lessexpressie than T, and as a result, we can acieve an
NP-completenesgesult. We are also interested in the e ect that interpreting
spatial logics over the Euclidean plane has on the complexity of those spatial
logics. In the caseof BRCC8, the complexity risesfrom NP-complete,aswe shall
see.Considerthe following example(from [WZ0Q]).

Example 5.3.5. Considerthe following BRCC8 formula.

"= EQ(X1[ X2;X3) M NTPP(X1;X3) ® NTPP(Xg; X3)N
CEQ(X3;>) M EQ(X1;?) N EQ(X2;?) N EQ(X3;?)
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The formula ' can be satis ed in the discretetopological spaceconsistingof
three points fpy; po; psg, with the identity function as interior operator. If we
map the variablesx; and x, to f p;g and f p,g, respectively, and map the variable
X3 to f py; p2g, then we cansee,by the de nition of the EQ and NTPP relations,
that this assignmen satis es this formula. Now, supposethat ' hasa model
in atopologicalspacehX; Ui. Theregion (x31)[ (X2) isincludedin the interior
of (x3). On the other hand, it coincideswith (x3). Hence (x3) is both closed
and open. It follows that X is the union of two disjoint non-empty open sets,

(x3) and X n (x3), sohX; Ui is not connected.So," is not satis able in R" for
anyn 1.

So, now we will presen an outline of the NP-completenesdor BRCC8 over
subsetsof a topological space(and PSPACE for subsetsof the Euclideanplane).
We must presene the fact that variables range over the domain of the regular
closedsubsetsof R2. So,wherex; is a variable, and s and t areterms (or Boolean
conbinations of variables), we extend the translation asfollows.

1. (x) =p,

2.(s) =32:s,
3.(s[t) =32 (s _t),
4.(s\'t) =32 (s ~t).

Now, we will shav how the BRCCS relations can be expressedn S4. For
eat BRCC8relation P(s;t), we assaiate a translated formula (P (s;t)) , de ned
asfollows (wheres and t are terms).

(DC(s;t)) = 9(s"™t)

(EC(s;t)) = 9(s Mt)Nr:9(2s M 2t)

(PO(s;t) = 9(2s "2t )"M9(2s Mt )M9(:s M 2t)
(EQ(s;t)) = 8(s $t)

(TPP(s;t)) = 8:sMt)MN9(s M3:t)M9(:s Mt)

(NTPP(s;t))

8:s "2t )M 9(:s Mt)

These obviously follow the translation which was proved correct in Corol-
lary 5.1.14. Given a BRCC8 formula, ' , we denote the result of replacing ead
occurrenceof an BRCC8relation P(s;t) with its translation (P(s;t)) by' . We
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translate a conjunction of BRCC8 formulae' asfollows.

N

Y=o (pi, 32p)

xj2var(')

A demonstration of NP-completenesdor satis abilit y of BRCCS8 in arbitrary
topological spacess given in [WZ00], howewer this doesnot hold for connected
topological spaces,and therefore neither for R? (see Example 5.3.5). We will
now give an outline of the proof that the satis abilit y problem of BRCC8 in the
Euclidean plane (as a consequencdor R" wheren 1) is still decidable. The
complexity grows from NP-completeup to PSPACE.

De nition 5.3.6. A partial order hv;Si is of depth 1 if and only if V canbe
represeted asthe disjoint union of two sets,V; and Vy, in sud a way that S is
the re exive closureof a subsetof V; Vy. The points in V; are said to be of
depthi.

The width of a partial orderis the maximum number of successorany elemen
may have (via the ordering).

De nition 5.3.7. A partial order of depth 1 andwidth 2 is called a quasi-
saw and a Kripk e model basedon a quasisav is called a quasisawmadel.

Denition 5.3.8. A frame F = hW; i is connected if, for any two points
X;y 2 W wehavex( | By, wherex( [ 1! y is the transitiv e closure
of the relation [ 1

The following lemmasand theoremsare taken from Wolter & Zakharyasdev
[WZ00Q]. Only outlines of the full proofs are presertied here;the readeris referred
to the sourcein the ewert that more information is required.

Lemma 5.3.9. Every S4y-formula satis able in a connected topological space is
satis able in a nite connected frame.

Proof. Givenan S4,-formula’ and atopologicalmodel A = (X;U; ), we build
a frame, which is shovn to be connectedif A is connected,and which satises" .
First we partition the topologicalspacewith an equivalencerelation on X.
We take v  w if and only if for every subformula of ', we havev 2 A if
andonly if w2 A, Let W = f[v]: v 2 ug where[v] = fw:w vg. Let
= f([v];[w]) : for every subformula2 of',w2 (2 )* wheneerv2 (2 )*
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It shouldbe clearthat F = hW; | is an S4 Kripk e frame; i.e. IS re exive
and transitive. Furthermore, F is connectedif A is connected,and it can be
shawn that the formula ' is satis able in F. O

Lemma 5.3.10. If aBRCC8formula' is satis able in a nite connected frame,
then the translatel formula ' ¥ is satis able in a nite quasisawmadel.

Proof. We can construct a partial order F of depth 1 which satises' , under
somevaluation , sud that F is connected,and ewery point of depth 1 has at
leasttwo proper successors.

Let X bethe setof all pairsf x; yg of distinct points of F of depth 0, for which
thereisaz2 W with z xandz y. Foread fx;yg2 X we make a new point
Uxy and de ne a new frame F°= HW% 9 whereW®= fw 2 W : depth of w
is 0g and  °is the re exive closureof f (Uyy;X) : fX;yg 2 Ug and we de ne a
valuation function © for ead proposition letter p, x 2 {p) if and only if there
existsay 2 WPof depth O such that x yandy2 (p).

It canbe shavn that ' Y is satis able in F under the valuation ° O

Theorem 5.3.11. A BRCCS8 formula ' is satis able in R if and only if it is
satis able in a nite quasisawof size 2°/(), wheee c is some constant value
and I(" ) is the numker of occurrenees of predicate symiolsin ' .

Proof. GivenaconnectedopologicalspacelikeR, which satis es' , Lemmab.3.9
shaws us that there is a nite connectedframe which satises' , Lemma5.3.10
then shavs us that there is a nite sav model which satises ' .

For the other direction, Lemma 5.3.10tells us that ' ¥ is satis ed in a saw
model N, this can be transformed into a model M = hZ; ;vi which satis es
'Y sudh that = f(x;y) : x = y or there existsn 2 Z with x = 2n and
y2f2n 1;2n+ 1gg Wecandene °%inRas: {p)= f(@2n;2n+2):2n+ 12

(Pp)g[ f2n:2n 2 (p)g for all proposition letters p.
It canbe shavn that ' Y is satis ed in the topologicalmodel (R; 9. O

Becauseof Theorem5.3.11,we have the following theorem:

Theorem 5.3.12. The satis ability problemfor BRCC8 formulaein R is decid-
ablein PSPACE.
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Becauseof Savitch's theorem, it is sucient to preser a nondeterministic
polynomial spacealgorithm. We presen an outline of an algorithm which consists
of two parts. The rst part ‘'guessesa quasisav model M which satis es a
formula ' , and which consistsof a maximum of 9I(" ) points, generatesa new set
of sertences:

L=Ff9 2sub(’' )jME:9'g[ fp$ 32 pjXi2var()g;

(where suly(' ) is the set of subfornulae of ' , and var(' ) is the set of variables
letters which occurin ' ) and generatesa set of all pairs of points of depth 0
in M that are not connectedby the quasisav.

The secondpart of the algorithm cheds if pairsfrom canbe connectedby a
quasisav modelwith  2¢'C) points which validatesL , thus meaningthe original
formula ' is satis able.

Theorem 5.3.13. Satis ability of BRCCS8 formulae (interpr etad over subsetsof
R) is PSPACE-complete.

Proof. See[Wz0Q] for the proof. O

Thesetheoremshave only shovn decidability of the satis abilit y problem of
BRCCS8 formulae in R, howewer decidability in R" for (n 1) coincideswith
decidability in R. This may not seemintuitiv ely correct, howeer it is due to
the fact that the property of internal connectednes®f regionsis not presened
over the translation to modal logic. As a consequencewe also have the results
that the BC satis ability problem over regular closed subsetsof a topological
spaceis NP-complete, and over regular closedsubsetsof the Euclidean plane it
is PSPACE-complete.

5.4 Conclusion

This chapter haspreserted a family of related spatial logics. The languageT CCis
the most expressie, with the (briey mertioned) TCand T being simple restric-
tions of that language. Theserestrictions in expressienesscausea reduction in
the complexity of the satis abilit y problemsfor the respective languages.While
the satis abilit y problem of T CCis in NEXP-time, the satis abilit y problemsof
TCandT arein EXP-time, and PSPACE, respectively.
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We have alsolooked at a restricted versionof the languageof BCAs, which we
called BC, which is a subsetof T, and whosesatis abilit y problemis decidablein
NP-time. The special caseof the BC satis abilit y problem, where the language
is interpreted over subsetsof the Euclideanplaneis slightly more complex,being
PSPACE.

The following chapter beginsby introducing a type of languagewhich is a
restriction of the BC language.We are interestedin the e ect of thesesynactic
restrictions on the computational complexity of theselanguagesandin particular,
what happenswhen we interpret them over the Euclidean plane.



Chapter 6
Topological Constrain t Languages

This chapter provides two of the main cortributions of this thesis, in the form
of two separatecomplexity results. The rst is a new and simpli ed proof of
the NP membership of RCC8, given in Section6.4, with Theorem 6.4.11. The
secondcortribution is a new complexity result for the RCC8 languagewith a
connectednesgredicate, which is given in Section6.4.3,with Corollary 6.4.19.

In this chapter, we cortinue our investigation into the e ect of restricting the
syntax of alanguageon the computational complexity of the language.This chap-
ter introducesa particular approad to solving the topologicalinferenceproblem
called constraint satisfaction. In particular, we are interested in the languages
usedin these constrairnt satisfaction problems. Some of these languageshave
beenshovn to be decidable,and decidablein low complexity classes.We will
investigate someof theselanguageswhich are restrictions of the T, BC language
group. First, we introducethe conceptof a relation algebra.

6.1 Relation Algebras

Given a set U, a binary relation R on U is a subsetof U U (relations may
be empty). If two elemerts u;v 2 U arein arelation R, we write R(u;Vv), asa
shorthand for hu; vi 2 R.

Now, we will introducetwo operatorson relations, composition and converse

De nition  6.1.1. The composition R R°of two binary relations is de ned as:

R R%= fhu;wij 9v[R(u;Vv) and R{v; w)]g

78
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De nition 6.1.2. The converseR of a binary relation is de ned as:
R = fhv;uij R(u;v)g

Additionally, we de ne the following property of a set of relations:

De nition 6.1.3. A setof relations R is said to be jointly-exhaustive pairwise-
disjoint if and only if R forms a partition of U  U.

Systemsof relations were rst studied by de Morgan [dM64]. Howe\er, it was
Tarski [Tar41]who rst de ned the conceptof a relation algeba.

De nition  6.1.4. A Relation algeba is a structure hA; +; ; :0;1; ; ;19 where
hA; +; ; ;0; 1 isaBooleanalgebra,andthe following conditionshold (for u; v; w 2
A):

Lu (v ws=(Uuv w
2. (U+V) W= (U w)+ (v w)
3.u 1°=u.

4.u =u.

5. (U+V) = U+ V.

6. (U V) =u V.

.U (U v) oW

Let A be a relation algebra. If A is nite then it is, in the Booleanalgebra
sense,atomic, and the structure of the relation algebra can be determined by
specifying the behaviour of the composition and corverseoperations. The speci-
cation of the composition operation is usually givenin the form of a composition
table which is simply a two-dimensionalarray. The rows and columnsof this ar-
ray are labelled by the atoms of the relation algebra, with the cells of the array
containing setsof the atoms.

Givena cell lR; RY in the composition table, if the value of the cell is a set of
atomsTq;:::; T (for somek 2 N), then R R%= T, + :::+ T, and the following
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hold:

8u;v:w2 A (R(u;v) » RYv;w) =) Ti(u;w) _ i Te(u;w))
8u;w2 A (Ti(u;w) =) 9v2 A (R(u;v) » R{v;w))) (wherei k)

Now, we introduce constrairnt satisfaction problems and the constrairt lan-
guagesusedto expresstheseproblems.

6.2 Constrain t Satisfaction Problems

The constraint satisfaction problem is a type of automated reasoningproblem
which originally arosein the eld of Arti cal Intelligenceand was rst identi ed

asa classof problem by Montanari [Mon74]. In generalterms, a constrairnt satis-
faction problemis simply the problem of nding a solution to a setof constrairts.
We usethe term “constrairt’ herein a very generalsense.Theseconstrairnts can
be of any type, but will obviously be restricted to those which are relevant to
whatewer the particular domain of our problem is.

De nition 6.2.1. A constraint languageis a formal languageconsistingof a set
of variablesxy; X,;::: together with a set of predicatesPy; Po;:::. If X1;:::;X,
call a conjunction of atoms a constraint languageformula. We call a constrairnt

languagebinary, if the predicatesare all binary predicates.

De nition  6.2.2. A constraint satisfaction problem (CSP) consistsof a con-
straint languageC, a domain U, and a nite set of relations R de ned over U.
The predicatesof the constraint languageare interpreted, by R, over U sud that
the following conditions hold.

1. The relationsin R must be non empty and pairwise disjoint.
2. The union of the relations in R is the universalrelation of the domain.

3. The interpretations of the predicatesof the constraint languageare unions
of the elemens of R.

We call a CSP binary if the constrairt languageis binary.
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Sincethe relations of a CSP must be pairwise disjoint, without lossof gener-
ality, for binary CSPs,we may assumethat there is at most onepredicatede ned
over any pair of variables, x;; x;, in a constrairt languageformula, and we refer
to this predicateasP;; .

An instance of a CSP consistsof a formula in the constrairt language(to

P is interpreted as one of the elemelts of R.

De nition  6.2.3. A solution to an instanceof a CSPis a function, :V! U,
mapping the variables of the formula to elemens of the domain sud that, if
Pi(X1;:::;Xn) Is an atom of the formula, then Pi( (x1);:::; (Xn)) holds. If an
instanceof a CSP has a solution then we say that the instanceis satis able.

Let ' bean instanceof a CSP, then without lossof generality we can assume
that ' takesthe form,

"= Pij (Xi ; Xj )
i;j n
where' involvesn variables. Now we give the de nition of animportant property
of an instance of a constraint satisfaction problem.

De nition  6.2.4. An instanceof a binary CSP is path consistentif and only if,
for all i; j; k. n wherePj (Xi; Xj), Pi(Xi;Xk), and Py (X;;x;) are atoms of the
instance, and for all u;u®2 U where P; (u; u® holds, there exists u®2 U suc
that Py (u; u9 and Py; (u% u®y hold.

Let us considera well known example of a constrairnt language,the inter-
val algebra, introduced by Allen [AllI83]. The languageof the interval algebra

(equals, ends during, begns, overlaps meets before, and their inverses)and
the Booleanconnectives”; ; =) ;: . The well formedformulae of this language
are thosewhich consistof Booleancombinations of the thirteen predicates,those
predicateshaving a pair of variablesasargumeris. This languageis usually inter-
preted over non-empty connectedclosedsubsetsof R, with the thirteen relations
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ends: f([grl[sit)js<qg<r=tqgr;s;t2Rg
during : f([gr];[s;tD)jg< s<t<r;qr;s;t2 Rg
bedns : f([grf[s;ithjg=s<r<tqgr;s;t2Rg
overlaps: f([g;r];[s;t])jg< s<r<t;qr;s;t2Rg
meets: f([gr][s;thjg<r=s<tqgr;s;t2Rg
before: f([gr];[s;t])jg<r<s<t;qgr;s;t2Rg

Table 6.1: Interval algebrarelations.

being interpreted asgivenin Table 6.1.

The interval algebragivesus a languagein which we candescrile structures of
temporal intervals. The usefulnesof theseconstrairt languagess largely deter-
mined by the existenceof a decisionprocedurefor determining the satis abilit y
of the instancesof these CSPs. For the interval algebra, which is certainly de-
cidable, a decisionprocedure was provided in [All83]. This made use of some
properties of relation algebras,which we shall now look at.

6.2.1 Relation Algebras and CSPs

We can rephraseDe nition 6.2.4in terms of relation algebras.

De nition  6.2.5. An instanceof a binary constraint satisfactionproblemis path
consistentif andonly if Py P P forall i;j; k  n.

Given a binary CSP with its set of relations R, if there existsa nite binary
relation algebrawhoseatoms are the elemens of R, then the satis abilit y of an
instance of this binary CSP implies the path consistencyof that instance (see
[Mon74]), but not necessarilythe other way around. Howewer, for somebinary
CSPs,path consistencydoesimply satis abilit y, for examplethe interval algebra
over connectedclosedsubsetsof the reals (or intervals) is one of theselanguages.

Obviously, for these decidableconstraint languages,it is important to have
an e cient way to determine path consistency Most existing algorithms for
determining path consistencyare basedon the simple operation of calculating
P \ (Pj Pj«), foralli;j;k n. SeeFigure 6.1. This relation intersection
operation is called the triangle operation in Ladkin & Maddux [LM94]. This
operation is said to stabilizeif Py \ (P; Pjx) = Pik. A constrairt satisfaction
problem is obviously path consisten if every triangle operation stabilizes (that
is, P \ (Pj Pjx) = Py, foralli;j; k n). Given an instance of a CSP, the
algorithm given by van Beek [vB92] simply performs the triangle operation on
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Figure 6.1: The triangle operation.

ewvery tuple of variablesin the formula, until ead tuple stabilizes. The van Beek
algorithm computesthe path consistencyof an instanceof a CSP in time O(n3).

Howewer, any algorithm performing the triangle operation is only guararteed
to terminate if the setof baserelationsis jointly-exhaustivepairwise-disjoint, and
is the set of atomsof a nite relation algebra. Then, P;  Pjy is a union of base
relationsand Py \ (P; Pj«) is either a union of baserelations or empty.

Otherwise, the triangle operation Py \ (P; P;x) may leadto a relation which
is not a union of baserelations and the triangle operation is then not guararteed
to terminate.

The interval algebrais jointly-exhaustive pairwise-disjoirt and its relations
are the atoms of a nite relation algebra, which meansthat there is a decision
procedurefor the path consistency(and thereforesatis abilit y) of interval algebra
formulae. In fact, this satis abilit y problem is NP-complete[AlI83].

6.2.2 Algebraic Closure

We now introduce a variant of the relational composition operator called weak
composition, see[DWMO01] and [Dun04.

De nition 6.2.6. Let R be a setof relationson a setU andlet R;R°2 R. We
de ne weak relational composition , asfollows.

[
R wR’= fT2Rj(R RY\ T6 ?g

As with composition, weak composition is usually speci ed in the form of
a table. A weak composition table is a two dimensionalarray whoserows and
columnsarelabelled by the atomic relations, with the cellsof the array cortaining
setsof the atoms. Givena cell RR; RS in a weak composition table, if the value of
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and the following holds.
8u;v;w 2 A(R(u;w) A RqAw;v) =)  Tu(u:v) i T(u:v))

We can produce an algorithm for determining the algebraic closure of an
instance of a CSP by modifying the van Beekalgorithm to perform the triangle
operation with weak composition.

6.3 Topological Constrain t Languages

We now introduce a particular classof constraint satisfaction problem, that of
the topological constrairt satisfaction problem. We say that a CSP is a topo-
logical CSP if the relations over which the constraint languageis interpreted are
topological (or mereotomlogical) relations. We call the languagesusedin these
topological CSPs,topological constraint languages

The constraint languagesused in topological CSPs are restricted forms of
spatial logic. Determining the satis abilit y of the formulae of a spatial logic is
typically a very computationally complex, and sometimesimpossible,task. In
Chapter 4 we saw that the rst order languagewith only a cortact relation was
undecidable. In order to make this task more practical, we need someway to
reducethe computational complexity of theselanguages.Oneway to acieve this
is to accepta reduction in the expressienessof the languageswe use.

This reduction in expressienesscan be achieved by limiting the languagesn
someway. For instanceby removing syntactic features,imposing conditions on
the language,or by restricting the domain of the language.All of thesemethods
can be e ective in achieving a lower complexity for the satis abilit y problem of
a language. Howewer we focus on the removal of syntactic features from the
languageand the fragmerts of the languagethis produces. We have already seen
in Chapter 4, that the highly restricted language(equivalert to S4) wasdecidable
in PSPACE.

Becauseof their inherertly restricted syntax, topologicalconstrairt languages
make ideal candidatesfor practical applications of spatial logics. As a result they
have received considerableattention. We now look at two similar topologicalcon-
straint languagesvhosesatis abilit y problemshave beenpresenied astopological
constrairnt problems.
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disjoint : f(u;v) 2 D(R??ju\ v=?g
equal : f(u;v) 2 D(R?»?ju=vg
inside : f(u;v) 2 D(R®»?ju v andu® v@= 2g
cover: f(u;v)2 D(R??ju v andu® v@s6 ?¢g
meet: f(u;v) 2 D(R®?ju \ v =? andu\ v6 ?g
overlap: f(u;v) 2 D(R®»?ju\v =? andu \ ( v) 6?2 and( u) \ v 8 ?g

Table 6.2: Egenhofertopological relations.

6.3.1 Egenhofer's Topological Relations

Egenhofer'slanguagewas motivated speci cally by a needfor qualitativ e spatial
logicsfor geographicainformation systems.The languageconsistsof a setof vari-
ables,eight binary predicates(disj oint, equal, inside, contains, cower, covered,
meet, and overlap) and the Booleanconjunction () operator. The satis abilit y
problem of this languageis presettied in [Ege9] asa topological constrairt prob-
lem whosedomain is the set of regions of the real plane homeomorphicto the
closedunit disc (which we call CD (R?)). The predicatesare interpreted over the
relations givenin Table 6.2. The well formedformulae of this languageare simply
conjunctions of the binary constrains whoseargumerts are pairs of variables.
Signi cantly, these eight relations are the atoms of a nite relation algebra
([LYO03]) which meansthat a path consistencyalgorithm usingthe triangle opera-
tion will terminate. Egenhofer[Ege91]presens a composition table with the aim
of providing a meansof deciding the satis abilit y of formulae of this language.
However, at this point we read a problem rst raisedin [GPP95]. Given an
instance of Egenhofer'stopological CSP with a formula ' , the satis abilit y of
the instanceis not equivalert to the satis ability of ' interpreted over CD (R?).
Take the following formula (to save on space,all pairs of variables not speci-

AB:AC:AD:AE:BC;:::.

meet(A; AB) * meet(A; AC) * meet(A; AD) » meet(A; AE )N
meet(B; AB) * meet(B;BC) " meet(B;BD) " meet(B;BE)"
meet(C; AC) » meetf(C;BC) * meet(A; CD) * meet(A; CE)"
meet(D; AD ) meet(D;BD) ™ meet(D;CD) ™ meet(D;DE)"
meet(E; AE) * meet(E;BE) ® meet(E; CE) ™ meetE;DE)
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Figure 6.2: The K ° graph.
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Figure 6.3: The eight mereotopological relations of RCC8.

This formula is path consistem, but not satis able. A quick ched of the composi-
tion table givenin [Ege91]shavsthat no tuple of theserelations violatesthe path
consistencyof the formula. Howewer, it is impossibleto choose fteen internally
connectedregionsin the plane sud that this formula is satis ed, for the same
reasonthat the K° graph (Figure 6.2) cannot be drawn in the plane sud that

no edgesintersect eat other. The variablesA; B;C;D;E can be thought of as
represeting the verticesof a K ® graph, with the variablesAB ; AC;AD;AE ;:::

represeting the edges.

It is clearfor Egenhofer'slanguagethat we have a CSP that cannot be solved
with path consistencymethods. The problem is that path consistencyensures
satis abilit y only for every subsetof three relations of the formula of the CSP.
Becauseof planarity constrairts in the real plane, path consistencyis not su -
ciert.
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Figure 6.4: Model of Formula 6.1.

6.3.2 Region Connection Calculus

The RCC8 language (from Section 5.3.1) ful lls all our conditions of being a
topological constraint language.If we interpret the RCC8 languageover regular
closedsubsetof a topological space,interpreting the binary predicatesas shovn
in Figure 6.3 (over the relations givenin Table5.2), then we have the RCC8 CSP.
Note that theserelations are jointly-exhaustive pairwise-disjoirt. In [RCC924,
Randell et al. obsened that these eight relations are presen in the relation
algebrageneratedby the corntact relation in any RCC model. Furthermore, Renz
[Ren98] shaved that, for RCC8 formulae, satis abilit y over regular closed (or
open) subsetsof arbitrary topological spacescoincideswith satis ability in the
Euclideanplane (in fact, in R" for n > 1).

Unfortunately, when interpreted over the regular closedsubsetsof a topolog-
ical space,there is no nite relation algebrawith the eight RCC8 relations as
its atoms ([LYO03]). As a result, performing the triangle operation on a tuple
involving the RCCS8 relations is not guararteed to terminate, as the relational
composition operator can lead to a relation which is not a union of the RCC8
baserelations. Furthermore, for the RCC8 CSP, we can easily shav that path
consistencyis strongerthan satis abilit y, by giving an exampleof a formula which
is satis able (in RC(R?)) but not path consisten. Take the following example
(from [LWO06]).

Example 6.3.1.
PO(x;2) " EC(x;y) " NTPP(y;2) (6.1)

This instance of the RCC8 CSP is clearly satis able (seeFigure 6.4). Howeer,
we can chooseelemens of the domain of this CSP, which clearly shav that the
formula is not path consisten. Let u;v;w 2 RC(R?) be pairwise disjoint, let a
be the union of u and v, and c be the union of u and w. Obviously PO(a;c)
holds. We can clearly seefrom Figure 6.5 that there can exist no b 2 RC(R?)
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(D0

Figure 6.5: Elemerts of RC(R?) that are not path consisten.

sud that both EC(a;b) and NTPP(b;c) hold.

If we restrict the domainto the regionshomeomorphicto the closed(or open)
unit discs(CD(R?)), then the RCCS8 relations are the atoms of a nite relation
algebra,[LY03]. Howewer, over this domain, we have the sameproblem aswe've
seenwith Egenhofer'slanguage. Becauseof planarity constrairts in the real
plane, path consistencyof an instance of the RCC8 CSP (over CD(R?)) is not
equivalert to the satis abilit y of the formula of that instance. It is possiblethat
there are also other domainsthat result in the RCCS relations being atoms of a
nite relation algebra,but very few results are known.

Instead of path consistency we can considerthe wealker notion of algebraic
closure. We can compute the algebraicclosureof an instance of the RCC8 CSP
by using weak composition tables of the RCCS8 relations. These tables have
appearedmarny timesin the literature (seefor example[RN99]), but have usually
beenmistakenly presented as proper (full) composition tables.

Given two binary relations over the domain of an instanceof the RCC8 CSP,
then for any u; v; w sudh that R(u;v) and Rq{v;w), R ,,Ris the setof all possible
relations which may hold betweenu and w. Soit is clearthat satis abilit y of an
instanceof the RCC8 CSP implies algebraicclosure. But for algebraicclosureto
provide a usefulmeansof determining satis abilit y for RCC8, we must alsoshow
that algebraicclosureimplies satis abilit y.

In Section7 of Renz & Nebel [RN99], there is a result shoving that “path-
consistency'is equivalernt to satis abilit y for RCC8. Howe\er, the table of rela-
tions (given in [RN99], amongstother places)is not a composition table, but a
weak composition table, and what the result actually shows is that the property
of being algebraic closedis equivalert to satis abilit y for a fragment of RCCS8.
We will now give a very brief summary of this proof, [RN99] should be consulted
for the full proof.

First atranslation is givento transformthe RCC8 CSPinto the S4-satis ability
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problem which is in turn translated into a propositional logic satis abilit y prob-
lem, seeBennett [Ben94. For ewery instanceof the RCC8 CSP we have a corre-
sponding propositional logic formula, which is satis able if and only if the instance
of the RCC8 CSP is satis able. We call the fragmert of RCC8 whoseformulae
translate into Horn formulae (conjunctions of clauseswith at most one positive
literal), Hg. We call the CSP involving only formulae which belongto Hg, the
Hg CSP.

The proof then shows that, for every instanceof the Hg CSP, decidingif the
instanceis algebraicclosedis equivalent to decidingif the instanceis satis able.
We can corvert an RCC8 formula into at most 3" (where m is the number of
constrairts in the formula) Hg formulae, and if any of those Hg are satis able
(or path consisten), then the RCC8 formula is satis able. Simpler proofs of this
result have beengiven by Bennett [Ben97, and [Ben9§, but as a result of the
theoremsin Section 6.4, we are able to presen a considerablysimpler proof of
this result, in Theorem6.4.13.

6.4 Complexit y of RCC8

Instead of using relation algebraictechniques, we will proceedto show that the
complexity of RCC8 canbe establishedsimply, usinga model theoretic approad,
simply by building a model whosesizehasa clear upper bound.

So,we presen a decisionprocedurefor the satis abilit y problem of arestricted
fragmert of RCC8, which we call E. This leadsto a simple proof of the NP
completenes®f the RCC8 CSP.

6.4.1 Explicit RCCS8

First, we de ne an E formula to be a conjunction of expressionsof the form
R(x;y), whereR is one of

fPO;DC,EC;EQ;NTPP;NTPP l;TPP;TPP l;>g

and x and y are variables, and at most one relation is speci ed between any
(unordered) pair of variables.

If we let ' be an E formula and V be the set of variablesin ', then an
interpretation of ' , in a topological spaceX, consistsof an assignmenh V!
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P(X), mapping the variablesof ' to elemets of P(X).
Now we will de ne preciselyhow the eight topologicalrelations areinterpreted
in the language.

De nition 6.4.1. Let ' be an E formula. We sa that an interpretation  of
" is a model of * if and only if, for eat conjunct R(x;y) of ' , the following
conditions hold.

1.IfRisPOthen (x) \ (y) 87?2, (X) \( (y) 6 ?,and( (x)) \
(y) 6 7.

2. If RisDCthen (x) \ (y) =72.
3. If RiSECthen (x)@ (y)®6? and (x) \ (y) =?2.
4. If RisEQ then (X)= (y).
5.if RisNTPP, (x) (y) and (x)@\ (y)@= 2,
6. If RisNTPP !then (y) (x) and (x)@\ (y)@= 2.
7. f RisTPP then (x) (y) and (x)@ (y)@6 2.
8. If RisTPP lthen (y) (x) and (x)@\ (y)@s8 2.
9. If Ris>, R is satis ed by any pair of variables.
If there existsa model of ' , then we say that ' is satis able.
We can always convert an E formula into a simpli ed form, asfollows.

Lemma 6.4.2. Let' be an E formula with variablesxy;:::;x,. We can convert
" in polynomial time into an E formula of the form

N
Rij (Xi;%;) (6.2)
1ij n
(where R; 2 fPO;DC;EC;NTPP; TPP;>g) with exactly the samemadels as
' . We saythat a formula of the form (6.2) is simple

Proof. First, we considerthe casewhere' is satis able. Any conjuncts in
which areNTPP (x;; x;) cansimply bereplacedby the conjunct NTPP (x;; X;)
(similarly for TPP 1). If ' is satis able, then the numbering of the variables
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can always be changedsud that j < i. If no relation is specied in ' between
variablesx; andx;, then we simply add the conjunct > (x;; x;). For any conjuncts
EQ(xi;X;) in ', we simply replace every occurrenceof x; in ' with x;. The
relations DC, EC, and PO are symmetric, so can easily be changedsud that
I <, for Rj (Xi;Xj).

In the casethat ' is unsatis able, the above changeswill presene the unsat-
is abilit y of * . O

De nition  6.4.3. Suppose' is a simple E formula and x, y are variablesof ' .
A chainin' from x to y is a sequencef conjuncts (of ' )

wherex; = X, Xm+1 = Y, and R; is either TPP or NTPP. The chain is strict if
someR; isNTPP.

As a shorthand, we write x !y if there is a chain from x to y or if x = vy,
and we write x ) vy if thereis a strict chain from x to y.
The following properties hold in every model of an E formula.

Lemma 6.4.4. If ' is an E formula with a madel , then for all i; | n, if
il j then (X)) (x;) -

Lemma 6.4.5. If ' is an E formula with a madel , then for all i; | n, if
i) jthen (x)® (x)®=72.

Now we de ne the decisionprocedurefor the satis abilit y of E formulae.

De nition 6.4.6. We de ne a function Sat which takesa E formula with vari-

1. thereexistsi;j nsuchthati! jandR; 2 fPO;DC;ECg, or
2. thereexistsi;j nsudthati) jandR; 2 fTPPg, or
3. thereexistsi; k;I nsudthati! k,i! |,andRy 2 fDC;ECg, or

4. there existsi; j; k;I nsudthat (i! kandj! lor(i! landj! k)
andR; 2 fPOgandRy 2 fDC;ECg, or
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5. thereexistsi; j; k;I  nsudthat (i! kandj! Dor(i! landj! k)
andR; 2 fECgand Ry 2 fDCg, or

6. thereexistsi; j; k;1 nsudthat (i) kandj! Dor(i! kandj) 1I)or
(i) landj! k)or(i! landj) k)andR; 2 fECgandRy 2 fECg.

Otherwise, the function returns tr ue.
Now we must prove the correctnessof the Sat function in De nition 6.4.6.

Lemma 6.4.7. Let' beasimpleE formula. If ' is satis able, then Sat (* ) will
return true.

Proof. Assume' is satis able. Let beamodelof' . Lets; = (x;), foralli.

We seefrom Sat that there are exactly six situations where false may be
returned. We shaw that if any of thesesituations had occurred,then ' could not
have beensatis able.

1. In this caseSat will return falseif, forany i  n, there existsaj sud that
i! jandR; 2 fPO;DC;ECg. Sincei! j, by Lemma6.4.4,s; 5.
However, if R; isPO, s\ ( sj) 6 ?,andif Rj isDCorEC, s;\'s; = 2.

2. In this caseSat will return falseif, for any i  n, there existsaj sud
that i) j andRy 2 fTPPg. Sincei) j, by Lemma6.4.5s®\ s®= ?
however, sinceR;; is TPP, s@\ sj@ﬁ ?.

3. In this caseSat will return false if, for any k;l n sud that Ry, 2
fDC;ECqg, there exists a i n sud that i ! Kk;l. SinceRy is either
DCorEC, s, \ s = ?, but since,by Lemmas6.4.4& 6.4.5,s;, s, and

S S§,?76s s\ s.

4. In this caseSat will return false if, for any k;I n sud that Ry 2
fDC;,ECyg, thereexistsi;j nsudhthat R; 2 fPOg,i! kandj! |or
i! landj ! k. SinceRy iseitherDC or EC, s, \ s, = ?. Without loss
of generalit, we cantakes;, s, ands; s, andtherefores;\'s; s\ s.
Howeer, sinceR; isPO, s\ s, 6 ?,s05,\ 5, 6 ?.

5. In this caseSat will return falseif, for any k;I  n sud that Ry, 2 fDCg,
there existsi;j nsudthat R; 2 fECg,i! kandj! lori! |and
j ! k. Without lossof generalit, we cantakes; s, ands; s;. Since
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Rj isEC, s®\ s®6 ?. And sinceR,; isDC, s, \ s, = ?, which implies
s; \' s, = ?, and therefores®\ s®= ?.

6. In this caseSat will return false if, there existsk;l n sud that Ry 2
fECg and there existsi;j nsudithat R; 2 fECg, sudthati) kand
j!'" lori! kandj) lori) landj! kori! landj) k. As

Ry isEC, thens, \ s = ?, and sinceR; is EC, then s®\ s®6 ?. Since
EC is symmetric, without loss of generality, we can assumethat i ) Kk,
sos; s and s®\ s@= ?, and therefores® s, (s®\ s® s, and
s®\ s, 6 ? (becauses®\ s®6 ?). Sinces, is anopensets; \ s, 6 ?
therefores, \ s, 6 2.

O

Lemma 6.4.8. Let' be asimpleE formula. If Sat (' ) returns true, given' as
input, then' hasa modelin RO(R).

Proof. First, for i < | n,lets=10(( 1)n+ (j 1)), and we de ne the
following sets:
Aj = fx2 Rjs< x< s+ 10g:

Now, for ead conjunct R; (x;;%;) of ' , we de ne D; and D; the following
way.

Al: If Rj is PO then:

Djj =fx2Rjs+2< x<s+4g
Dji=fx2Rjs+3< x< s+ 5g

A2: If Rj isDC or > then:

Djj =fx2Rjs+2< x< s+ 4g
Dji=fx2Rjs+6<x<s+8g

A3: If R; is EC then:

Dj =fx2Rjs+2<x<s+4g
Dji=fx2Rjs+4< x<s+ 69
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A4d: If Rj isNTPP then:

Djj =fx2Rjs+2< x<s+4g
Dji=fx2Rjs+ 1< x< s+ 5g

A5: If R is TPP then:

Dj =fx2Rjs+2<x<s+4g
Dji=fx2Rjs+2< x< s+ 59

1 p,
C it
D 1 p,
EC o Rl |
NTPP 5
i
TPP I ' Oi
Dj
R | |
s A t

Figure 6.6: Setsproducedby A1-A5, within ead A; region.

Note that A; \ (Dx) = ? ifk6 iandk 6 j (for alli;j;k n). Let = -

n+1
Foreathhi n: [



CHAPTER 6. TOPOLOGICAL CONSTRAINT LANGUAGES 95

And foreatcj n:
Ci=fx2Rjx2Djandi! jor9y2D; wherejx yj<( i) andi) jg

Then, we de ne an interpretation (x;) = C; (for alli n). Weclaim that s
amodelof ' . We shaw that, foralli;j (1 i<j n)thesetsC; andC; stand
in the relation R;; . There are v e casedor R;; (we cansimply ignore >):

PO: We shov that G\ C; 6 ?, G\ ( C) 6 ? and( C) \ C 6 ?.
By the de nitions of D; and Dj, C; \ C; 6 ? holds. Sincei < j, then
Ci\ ( Cj) 6 ? holdsby the de nitions of D;, C; and C;. And sincei 9 |,
by case(1) of Sat, (Aj \ C) \ (Aj\ Cj) 6 ? andso( Ci) \ C; 6 ?.

DC: Wemust shovthat C; \ C; = ?. Notethat i 9 |, by case(l) of Sat . By
de nition of D; and Dj, D; \ D; = ?. ForC; \ C; 6 ? to hold, there
must exist k; | n wherek ! iandl ! | sud that either PO(xy;X)
or EC(Xk;X;) isaconjunct of ' . If PO(Xk;X;) werea conjunct of ' , then
case(4) of Sat would have returned false. Likewise,if EC(Xxy;X|) were a
conjunct of ' , then case(5) of Sat would have returned false.

EC: Wemust shav that C C®6 ? andC; \ C; = ?. Trivialy D@ D®6 ?,
andsincei 9 j, by case(1) of Sat , we canseeby the de nitions of D;, Dj,
Ci, and Cj, that C®\ C®6 ?. By de nition of D; and Dj, D; \ D; = ?.

So,for C; \ C; & ? to hold, there must exist k;I  n wherek ! i and
|1 j sud that PO(Xg; X)) is a conjunct of ' , or whereeither k ) i and
' jork! iandl) | sud that EC(Xk;X;) is a conjunct of ' . If

P O(xk; X;) werea conjunct of ' , then case(4) of Sat would have returned
false. If EC(xy;X;) werea conjunct of ' , then case(6) of Sat would have
returned false.

NTPP: We must shav that C; C; and C®\ C®= ?. Sincei) j (andi < j),
thenforallk nif k! i, thenk) |, and soby the de nition of C
and C;j, the closureof every maximally connectedcomponert of C; will be
cortained in the interior of a maximally connectedcomponert of C;, thus
C; C, andC® CP=7.

TPP: We must shav that C; C; and C®\ C®6 ?. Sincei! j (andi < j),
thenforallk nif k! i, thenk! |, and soby the de nition of C
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and C;, the interior of every maximally connectedcomponert of C; will be
cortained in the interior of a maximally connectedcomponern of C;, thus
C, C;. By thedenition of D; andDj, D®\ D®6 ? andD; D;. By
the de nition of C;, (A; \ Cj) = D;, andsincei < j, (Aj \ Cij) = Dj, so
(Aj \ D)@ (A; \ D;)@6 ?, andsince(A; \ C)® (A;j\ C)® A
then C@\ C@6 2.

ij

We now state the main result.

Theorem 6.4.9. Givenan E formula’ asinput, Sat (' ) will return true if and
only if * is satis able in RO(R?).

Proof. For the if direction, Lemma6.4.7shownsthat if ' is satis able, then Sat
will return true. For the only if direction, Lemma6.4.8shavsthat if Sat returns
true, then' is satis able. O

Theorem 6.4.10. The satis ability problemof E overRO(R?) isin NLOGSPACEX.

Proof. We show this by reducingthe Sat function to a graph readability prob-

E=f(vi;vj)iNTPP(x;;%;) or TPP(X;;X;) areconjunctsof' g

E°%= f(vi;Vv;)j TPP(x;;X;) is a conjunct of ' g

Also, we de ne two graphs G = (V;E) and G° = (V;E9, and we de ne two
operators such that i j if and only if v; is reachable from v; in G, andi < j
if and only if v; is readable from v; in G, but not in G° Now, ead of the six
casesf Sat (seeDe nition 6.4.6) can be dealt with simply. For the rst case,if
PO(Xi; Xj), DC(xi;X;), or EC(x;;X;) are conjunctsof ' , andif i  j, then the
function Sat would return false The other casescan be dealt with similarly.
To show that this reduction can be computedin spacelogn, we can build a
Turing machine which, for eah pair of variablesi and | calculatesif i | and
I < j hold. Essetially, sud a Turing madine would usefour courters, two to

1This obsenation is thanks to R. Kontchakov.
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recordi and j, another to traversethe parthood relations (TPP and NTPP) i
Is involved in, and anotherto recordwhethera TP P relation hasbeentraversed.
Sincewe considerat most two pairs of variablesat once,in clauses4, 5, and 6,
we needat most eight courters. O

Theorem 6.4.11. The satis ability problemof RCC8 over RO(R?) is in NP-
time.

Proof. By Corollary 6.4.10,the E satis abilit y problemis in NLOGSPACE. Ev-
ery RCC8 formula is equisatis able with a disjunction of at most 8" E formulae,
wheren is the number of variablesin the RCC8 formula. We can nondeterminis-
tically chooseone of these8"” E formulae, and verify if it is satis able - this can
be donein NP time. O

Lemma 6.4.12. Given an E formula ' asinput, if Sat (' ) returns false then
is not algebaically closel.

Proof. We seefrom Sat that there are exactly six situations where false may
be returned. We show that if any of thesesituations had occurred, then ' can-
not be algebraically closed. For any i; | n, if i ! j, then although neither
NTPP(x;;%;) nor TPP(x;;x;) may necessarilybe conjunctsof ' , sincei ! j,
for the purposesof this proof we canassumethat oneof themis, without a ecting
the satis ability of ' .

1. In this case,R; 2 fNTPP; TPPgand R; 2 fPO;DC; ECg, howewer this
is impossible,and therefore' cannot be algebraically closed.

2. In this case,R; 2 fNTPPgand R; 2 fTPPg, howeer this is impossible,
and therefore' cannot be algebraically closed.

3. In this case,Rix 2 fNTPP;TPPg, Ry 2 fNTPP;TPPg, and Ry 2
fDC;ECg. Wecanseethat R;; 6 (Rix wRw), sincef NTPP L, TPP 1g6
fDC; ECg, and therefore' cannot be algebraically closed.

4. In this caseeither (Rix 2 fNTPP; TPPg, R;; 2 fNTPP;TPPg, R; 2
fPOg, Ry 2 fDC;ECg)or (Ry 2fNTPP;TPPg,Rjx 2 fNTPP; TPPg,
Rij 2 fPOg, Ry 2 fDC; ECg). Without lossof generality, we can consider
the casewherethe former set of constrains hold. The proof for the other
set of constrairts is analogous. By looking at an RCC8 weak composition
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table, we can seethat (R;; w Rik)\ (Rji wRik) = ? sincefDC;ECg\
fPO;TPP;NTPPg= ?,andso' cannotbe algebraicallyclosed.

5. In this caseeither (Ri 2 fNTPP;TPPg, R;; 2 fNTPP;TPPg, R;j 2
fECQ, Ry 2 fDCg) or (Ry 2 fNTPP;TPPg, Rjx 2 fNTPP;TPPg,
Rj 2 fECg, Ry 2 fDCg). Without loss of generality, we can con-
sider the casewhere the former set of constraints hold. The proof for
the other set of constraints is analogous. By looking at an RCC8 weak
composition table, we can seethat (R;; w Rik)\ (Rji w Ri) = ? since
fDCg\ fEC;PO;TPP;NTPPg= ?, and so' cannot be algebraically
closed.

6. In this caseeither (R 2 fNTPPg, R;; 2 fNTPP;TPPg, R; 2 fECg,
Ry 2 fECg) or (R 2 fNTPP;TPPg, R;; 2 fNTPPg, R; 2 fECg,
R 2 fECg) or (Ry 2 TNTPPg, Rjx 2 fNTPP;TPPg, R; 2 fECg,
R 2 fECg) or (Ry 2 TNTPP;TPPg, Rjx 2 fNTPPg, R; 2 fECg,
Rk 2 fECg). Without lossof generality, we canconsiderthe casewherethe
former set of constrains hold. The proofs for the other setsof constrains
are analogous.By looking at an RCC8 weak composition table, we can see
that (Rj1 wRi)\ (Rji wRk) = ? sincefDC;ECg\ fPO;TPP;NTPPg=
?,andso' cannotbe algebraically closed.

O

Theorem 6.4.13. For the RCC8 CSP (over ROP(R?)), algebaic closue is
equivalentto satis ability.

Proof. Satis abilit y implies algebraicclosure,and Lemma 6.4.12shaws that al-
gebraicclosureimplies satis abilit y. O

This result hasalreadybeenprovided by Renz[RN99], but the proof givenhere
is considerablysimpler. Bennett [BIC97], and Renz[RLO5] have asked questions
about the usefulnessof algebraic closure and weak composition regarding the
topological inferenceproblem. It is clear that algebraicclosurecannot be shovn
to be equivalent to satis abilit y for sometopological constraint languagewithout
a careful examination of the relationship betweenthe models of the language,
and the languageitself.
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6.4.2 AT-graph Realizabilit y

We now investigate a solution to the satis abilit y problem of the E languageby
reducing the satis abilit y problem to one of AT-graph weak realizability. First,
we will examinethe caseof E formulae interpreted over regionshomeomorphicto
the open unit discsof the real plane (we shall usethe symbol OD (R?) to denote
this set).

The following lemmasand theorem are taken from [SS04]. Lemma 6.4.15is
presened herein a considerablyexpandedform, with a few small errorscorrected.

Lemma 6.4.14. Let' be an E formula. If ' hasa model in OD(R?), then'
hasa madel in OD(R?) in which the numkber of contact points on the boundary
of each region is boundel by the squae of the numker of variablesin ' .

Proof. The bound is a squareof the number of variables,asthere is potertially a
cortact point for ead pair of variables. The full proof canbefound in [SS04]. O

Lemma 6.4.15. The satis ability problemof E over OD (R?) NP-reducesto the
AT-graph weak realizability problem. That is, for every E formula' we can in
NP compute AT-graphs(G;R) suchthat ' is satis able in OD(R?) if and only
if one of the (G; R) is weakly realizable.

Proof. We can assumethat ' is in simple form (seeLemma 6.4.2). Now we
descrile the structure of the AT-graphs. Firstly, the graph has vertices z,z;,z;;
and zz which are connectedto eat other by edgeswhich may not intersect any
other edges.For ead variable x; of ' , there is a vertex ¢; and a circle graph B;
with at leastthree vertices. For eat B; (i n) if e;; e are edgesof B, then e;
may not intersecte,. For eat vertex v in B; (i n), v is connectedto ¢, z;,
Z,, and zz with edgeswhich may not intersect B;. Furthermore, for eacri n,
no edgewith an endpoint ¢ may intersect an edgewith an endpoint z;, z,, or
Z3. We sgy that a vertex v is an in-x;-witness if it doesnot belongto B; and is
adjacen to ¢ using an edgewhich doesnot intersect B;. We sa that a vertex
Vv is an out-x;-witness if it doesnot belongto B; and is adjacern to z;, z,, and
Z3 using edgeswhich do not intersect B;. Now, the rest of the structure of the
(G;R) AT-graphs is determinedby ' . For ead conjunct of ' , R; (which is the
relation speci ed to hold betweenvariablesx; and x;) which can be one of the
following six cases.
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PO: Then, B; and B; may shareverticesand the edgesof B; may crossthe edges
of B;. Also, B; must cortain an in-x;-witnessand an out-X; -witness, and
B; must cortain an in-x;-witnessand an out-X;-witness.

DC: Then, B; and B; may not sharevertices,and the edgesof B; may not cross
the edgesof Bj. Also, B; must cortain an out-x;-witness, and B; must
conain an out-x;-witness.

EC: Then, B; and B; must shareat least one vertex, but the edgesof B; may
not crossthe edgesof B;. Subtracting the verticesof B; from B; splits B;
into a set of paths. Eadh of these paths must cortain an out-x; -witness.
Similarly, B; n B; splits B; into a set of paths, ead of these paths must
cortain an out-x;-witness.

NTPP: Then, B; and B; may not sharevertices,and the edgesof B; may not cross
the edgesof B;. Also, B; must cortain an in-x; -witness.

TPP: Then, B; and B; must shareat least one vertex, but the edgesof B; may
not crossthe edgesof B;. Also, B; nB; splits B; into a set of paths, eah
of thesepaths must cortain an in-x; -witness.

>: Then, B; and B; may shareverticesand the edgesof B; may crossthe edges
of Bj .

Now, we show that if sud a (G;R) is realizable, then ' is satis able in
OD(R?). First, we can assumethat the vertex z lies outside of the triangle z,,
Z,, Z3. As a result, all other verticesand edgesmust lie inside the triangle. For
all i n, g must lie inside the region enclosedby B;, with the vertices z;, z,,
and zz being outside. Now, we de ne a function which mapsead variable x; to
the regionenclosedby B;. For ead conjunct of ' we will shav that the relations
hold under

1. For PO, sinceB; cortains anin-x; -witnessand B; cortains anin-x;-witness,
then (x;) \ (x;) 6 ?, andsinceB; cortains an out-x; -witness, (X;) \
( (%)) 6 ?, and since B; cortains an out-x;-witness, ( (x;)) \
(x;) 6 7?.

2. For DC, sinceB; and B; may not sharevertices,and sincethe edgesof B;
and B; may not cross,the fact that B; cortains an out-x; -witnessand that
B; cortains an out-x;-witnessmeansthat (x;) \ (xj) = ?.
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3. For EC, recall that B; n B; splits B; into a set of paths, and eat path
cortains an out-X; -witness (likewisefor B; and its out-X;-witnesses),and
sincethe edgesof B; and B; may not cross,then (x;) \ (x;) = ?, and
sinceB; must shareat leastonevertex with B;, (xi)@\ (x;)®6 ?.

4. For NTPP, sinceB; and B; may not sharevertices,and sincethe edgesof
Bi and B; may not cross,the fact that B; cortains an in-x; -withessmeans
that (x;) (x;) and (%)@ (x;)®= 2.

5. For TPP, recall that B; nB; splits B; into a set of paths, and ead path

cortains an in-X; -witness, and sincethe edgesof B; and B; may not cross,

(Xi) (x;) , and since B; must share at least one vertex with Bj,
(x)®\  (x;)®6 2.

6. For >, sinceB; and B; may sharevertices, and sincethe edgesof B; and
B; may cross,there are no conditions to be violated.

So, given a weakly realizable AT-graph (G; R) which satis es the previouscondi-
tions, we can build a model of ' in OD (R?).

Now we show that if ' hasa model in OD (R?), then there exists a weakly
realizable AT-graph (G; R) satisfying the previous conditions whosesizeis poly-
nomially bound by the number of variablesin ' . By Lemma 6.4.14," hasa
model in which the number of cortact points is at most n2. We choosea region
Z which cortains (x;) (for alli  n). On Z© we choosethree points z;, z,, and
z3, and we choosea point z from the exterior of Z, and we connectz to z,, z,,
and zz with edgeswhich are outside Z. We choosea point ¢ in eath (Xx;) (for
alli n), and we selectat least three points (for B;) on eatr (x;)@including
any cortact points, (note that we can draw edgesbetween pairs of verticesin
B; completely cortained within  (x;)®. We connectg to eat point in B; with
edgescortained within  (x;), and we connectead point in B; to the points z;,
z,, and zz with edgesin Z n (x;). For ead conjunct of ' we will shav that we
can choosein/out witnessessud that the conditions on (G; R) hold.

1. For PO, we choosea point in  (x;)@\ (x;) asan in-x;-witnesson B;, a
pointin (x;)@ ( (X;)) asanout-x;-witnesson B;, and we choosea point
in (%)@ (x;) asanin-x;-witnesson B, apoint in (x;)@\ (  (x))
as an out-x;-witnesson B;.
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2. For DC, we choosea point in  (x;)@\ ( (x;)) asan out-x;-witnesson

B; and a point in  (x;)®\ ( (x;)) asan out-x;-witnesson B;. Since

(xi) \' (x;) = ?,then B; and B; may not shareany vertices, neither
may the edgesof B; and B; intersect.

3. ForEC, (xi)®n (x;)@splits (x;)@into a number of connectedsubsets,
in ead of these subsetswe choosea point as an out-x; -witness, likewise
for (x;)@and out-x;-witnesses. Since (x;) and (x;) have at least one
cortact point, B; and B; will shareat leastonevertex. By Lemma6.4.14,

(xi) and (x;) have exactly onecortact point, sothat the edgesof B; and
B; will not intersect.

4. For NTPP, we choosea point in  (x;)®\ (x;) asan in-x;-witnesson
Bi. Since (x;)@ (x;)@= ?, then B; and B; may not shareany vertices,
neither may their edgesintersect.

5. ForTPP, (xi)@n (x;)@splits (x;)@into a number of connectedsubsets,
in ea of thesesubsetswe choosea point as an in-x; -witness. Since (x;)
and (x;) have at leastonecortact point, B; and B; will shareat leastone
vertex. By Lemma6.4.14, (x;) and (X;) have exactly onecortact point,
sothat the edgesof B; and B; will not intersect.

6. For >, noin/out witnessesarerequired,verticesare permitted to be shared,
and edgesare permitted to cross.

So,we canseethat givenamodelof' in OD (R?), we canbuild a suitable weakly
realizable AT-graph (G; R). O

Theorem 6.4.16. The satis ability of an E formula over OD (R?) can be decided
in NP.

Proof. Lemma6.4.15allows usin NP to translate the satis abilit y of E formulas
to the weakrealizability of someAT-graph (G; R). So,sincethe weakrealizability
ofan AT-graph (G; R) canbedecidedin NP (by Theorem3.1.23),the satis abilit y
of E formulas over OD (R?) can also be decidedin NP. O
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6.4.3 Adding Connectedness to E

Earlier on in this chapter, we sav the T Clanguage,which is the result of adding
a connectednespredicate to the T language,as well as a number of restricted
fragmernts of the T language. Although we know that adding the connectedness
predicateto T increaseghe complexity from PSPACE to EXP [KPHWZ08], we
have no results regarding the e ect of adding this predicateto any fragmerts of
T.

We de ne the languageE. to be the result of taking the languageE de ned in
Chapter 5, and adding a single unary predicate c, interpreted as connectedness.
Given an E. formula ' , we denote by ' ¢ the formula which cortains only the
E-constrairts from ' .

Note that the proof of Lemma6.4.14from [SS04]can alsobe simply modi ed
to work for E; interpreted over ROP(R?). We now reducethe E; satis abilit y
problem over ROP (R?) to the E satis abilit y problem over OD (R?). Note that
by Theorem6.4.9,there always existsa smal model of any satis able E formula
which has a size (the number of components) of 2n. That is, ead variable is
mapped to a region consistingof at most 2n? componerts.

So, givenan E; formula ' , we descrike a transformation of ' to an E formula

, sud that ' is satis able in ROP (R?) if andonly if ' is satis able in OD (R?).
Westart with * ="', and we will systematicallyreplacethe conjunctsasfollows.
Foreahi n sud that ¢(x;) is not a conjunct of' , we createm (m = 2n?) new
variablesx;,;:::;X;,. Now, for ead | n sud that Rj (xi;%;) or Rji(X;;X;) is
a conjunct of ' , we replacethe conjunct asfollows.

1. If Ry (or R;;) is DC, without loss of generalit, we replacethe conjunct
D C(xi;X;) with the following conjunction.

N N
DC(Xi,; X)) " D C(Xi,; Xi,0)

k m I<I® m

2. If Rj (or R;;) is PO, without loss of generalit, we replacethe conjunct
P O(xi; x;) with the following conjunction (for somek  m).

AN AN
PO(Xi,; %) " > (Xigor X)) " D C(Xi,; Xio)
kO m;k % k <10 m

3. If Rj (or R;;) is EC, without loss of generality, we replacethe conjunct
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EC(xi; x;) with the following conjunction (for somek m).

N N
EC(Xi;x;)" DC(Xi o Xj) * D C(Xi,; Xi,o)
kO m;k% k 1<% m

4. (i): If Rj isNTPP, we replacethe conjunct NTPP(x;; x;) with the fol-
lowing conjunction.

N N
NTPP(Xi, ;%) " DC(xil;xilo)

k m I<I® m

(i): If Rj; isNTPP, we replacethe conjunct NTPP(x;;x;) with the fol-
lowing conjunction (for somek  m).

N N
NTPP(x;;x )" > (X5 Xi o) D C(Xi,; Xi,o)
kO m;k % k I1<10 m

5. (): If Ry isTPP, wereplacethe conjunct TPP(x;; x;) with the following
conjunction (for somek m).

N N
TPP(X;;x;)" NTPP (X Xj) " D C(Xi,; Xi,0)
kO m;k % k I<I0 m

(i): If R;i is TPP, we replacethe conjunct TPP(x;; x;) with the following
conjunction (for somek m).

N N
TPP(xj;xi )" > (Xj 5 Xi o) D C(Xi,; Xi,o)
kO m;k% k I<I0 m

6. If Rj (or R;i) is >, without loss of generality, we replace the conjunct
> (Xi; Xj) with the following conjunction.

A A
>(Xik;xj)/\ DC(Xi|;Xi|o)

k m I<10 m

Lemma 6.4.17. We can transform an E; formula' in polynomial time, to an E
formula' suchthat' is satis able in ROP(R?) if and only if ' is satis able
in OD(R?).

Proof. Firstly, if we have a model of ' in ROP(R?), we can build a model in
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OD(R?) of ' . It is straightforward to seethat for ead variable x; wherec(x;) is
a conjunct of ' , we cantake an open disc subsetof (x;) sud that all relations
in ' involving x; are presened, and assign (X;) respectively to this subset.
Similarly, for ead variable x; where c¢(x;) is not a conjunct of ' , we can take
a set of open disc subsetsof (x;), correspnding to ead Xx;, variable (where

k  2n?), sud that ewery relation in
(xj,) respectively to thesesubsets.

involving x;, is presered, and assign

Secondly if we have a model of ' , , in OD(R?), we can easily produce
a model of ' in ROP(R?). Foreahi n wherec(x;) is a conjunct of ' , we
set (xj) = _ (x;), and for eatchv i  n wherec(x;) is not a conjunct of ' , we
set (xi) =  , (xi). It isstraightforward to seethat is a modelof' in
ROP (R?). O

Theorem 6.4.18. The satis ability problemof the E. languageover ROP (R?)
IS in NP time.

Proof. By Theorem 6.4.16, the satis ability problem of the E language over
OD(R?) is decidablein NP time. By Lemma 6.4.17, we can reducethe satis-
abilit y problem of the E; languageover ROP (R?) to the satis abilit y problem
of the E languageover OD (R?). O

We can now extend this result to the languagewhich results from adding a
unary connectednesgredicateto RCC8.

Corollary 6.4.19. The satis ability problemof RCC8 with connectednessover
ROP(R?) is in NP time.

Proof. By the samereasoningasTheorem6.4.11,eady RCC8 with connectedness
formula is equisatis able with at most 8" E, formulae. We can nondeterministi-
cally chooseone of these,and verify its satis ability in NP time. O

6.5 Conclusion

This chapter has provided two new results on the complexity of the RCC8 lan-
guageand two related languagesE, and E..

First, this chapter introduced relation algebras,which were rst introduced
by Tarski [Tar41]. Then, we introduceda classof problemsinvolving systemsof
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relations called constraint satisfaction problems Constraint satisfactionproblems
arewell known in the eld of computerscienceandin particular in arti cial intel-
ligence(seefor example[Mac77]),and there have beene orts to apply techniques
for solving constrairt satisfaction problemsto the topological inferenceproblem.
If we restrict our spatial logicsdown to languageswhich ful Il the requiremerts of
constrairt languagesthen the topological inferenceproblem for theselanguages
becomesa constrairt satisfaction problem.

There has beenconsiderableattention paid to applying one particular tech-
nique from constraint satisfaction, called path consistency to the topological in-
ferenceproblem, see[RN99]. Howeer, path consistencyrequired a very speci c
property of the system of relations, which many of these spatial logics did not
have. As a result of this, applying constrairt satisfactiontechniquesto the topo-
logical inferenceproblem is di cult at best. The classof topological constrairt
languagess still a usefulclassof restricted spatial logics,however, and onewhich
contains a number of languagesof low complexity. One of the most famous of
thesetopological constraint languagess called RCC8, and the secondhalf of this
chapter gave a number of complexity results regardingthis language.

First, we provide a complexity result shaving a restricted fragmert of RCCS,
called E, to be in NLOGSPACE, which gives a simple proof of NP-time mem-
bershipfor RCC8. This result allowed us to give a simple proof that the relation
algebraicproperty of algebraicclosurecan be usedto determinethe satis abilit y
of RCC8, and although this result hasappearedin [RN99], the result we presen
is considerablysimpler. Then, we gave a simpli ed and correctedversion of the
proof that the complexity of E over internally connectedsubsetsof the Euclidean
plane is NP-complete- the original proof, with minor errors, appearedin [SS04].
Finally, we expandedthe previous proof to cover a new languageE. which in-
cludesa predicate which is interpreted as being the property of a region being
internally connected.



Chapter 7
Conclusion

This thesis has investigated the computational complexity of the satis abilit y
problems of a classof spatial logics called topological constraint languages. In
order to perform automated reasoningon spatial data, we need spatial logics
whose satis abilit y problems are in low complexity classes. Howewer, spatial
logics are extremely computationally complex. First order spatial logicsare typ-
ically undecidable. The expressienessof a spatial logic is very closelylinked to
its complexity. One way to adieve spatial logics with practically computable
satis abilit y problemsis to restrict the expressienessof our logics. Topological
constraint languagesare the result of a particular kind of syrntactical restriction.

This thesisprovidesan introduction and survey of spatial logicsand in partic-
ular, topologicalconstraint languageswith attention to the relationship between
the constrain languagesand the models of theselanguages.In Chapter 4 we in-
troducedan algebraicstructure which incorporatesa topological relation, called
a Boolean contact algebra. The starting point in this thesis for spatial logics
is the rst order languageof these Boolean cortact algebras. We gave a proof
of the undecidability of this language,and then introduced a seriesof increas-
ingly stronger restrictions of the language,in the form of a group of topological
constrairt languages.

In Chapter 5, we gave a surwey of the approadiesto solving the satis abilit y
problem of various spatial logics. The strong connection between modal logic
and topology has beenknown sinceMcKinsey & Tarski [MT44], and we started
with the spatial logic T which is equivalert to the modal logic S4. We gave a
simple proof of the equivalenceof T and S4, and then examineda supersetof T
which addsthe ability to placerestrictions on the number of componerts a region

107
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may have, called T CC, and gave a brief outline of its menbership in the NEXP
time complexity class. Then, we looked at a languageswhich are progressiely
strongerrestrictions of T. We shaved that the BRCCS8 languageis equivalert to
the existertial theory of Boolean connectionalgebras,and gave an outline of the
proof of the membership of BRCC8in NP (for arbitrary topological spaces)and
in PSPACE (for the Euclidean plane).

In Chapter 6, we introducedtopological constrairt languagesn terms of rela-
tion algebras.We highlighted the problemsassa&iated with usingtechniquesfrom
relation algebrasto determinethe satis abilit y problemsof topologicalconstraint
languages.In particular, we explainedthat a property of relation algebrascalled
“path consistency'is not necessarilyequivalert to the satis abilit y problem for
topological constraint languages.The main result of this thesis concernsRCCS,
and a fragmert of RCC8 which we call E. The formulae of RCC8 are expressible
in terms of an exponertial number of E formulae, and we showved that the E
satis abilit y problem is in NLOGSPACE. We also provided a very simple deci-
sion procedurefor the satis abilit y problem of E formulae. The NLOGSPACE
complexity result also allows us to provide an easyproof of the equivalenceof a
technigue similar to “path consistency'of E formulae to the E satis abilit y prob-
lem. We then gave a thorough and expandedproof of the NP completenessof
the E satis abilit y problem over the domain of regionshomeomorphicto the open
unit discsby using the string graph result given in Chapter 3. Furthermore, we
expandedon this graph theoretic result to solve the problem of a language based
on E, which allows constrairts to be made on the connectednessf regions.

7.1 Further Work

A fairly simple result can be obtained by extending Theorem 6.4.18. Instead of
simply adding a connectednesgredicateto the languageE, we could fairly easily
add a predicate similar to that of the T CC language,which allows componert
courting. Adding sud a predicate would almost certainly causethe complexity
of E. to increase,but it may possibly still remain within NP.

Additionally, in terms of syntactic features, we have focusedsolely on lan-
guageswith either a cortact, or a connectednesgredicate, using other geometric
relations would result in a whole family of di erent logics,seefor examplespatial
logicswith convexity [DGC99,.
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Many questionsremain completely open, and we will only consider those
which are directly related to the content of the thesis. This thesis has had a
special emphasison topological inferencein the Euclidean plane, but many of
the complexity results regarding the satis abilit y problems of spatial logics are
concernedonly with arbitrary topological spaces.

In Chapter 6, we saw results regarding E over the domain of regionshome-
omorphic to the open unit disc OD(R?), aswell as an extensionof E to allow
restrictions to be placedon the connectednessf regions,called E.. Although the
resultsfor E easilytranslate to resultsfor RCC8, any sud resultsfor BRCC8/BC
are far from trivial. And similarly, results regarding adding a connectedness
predicateto E translate to allow the addition of the predicateto RCC8, but what
e ect the addition of a connectednesgredicate to BRCC8 would have on the
complexity of BRCC8 is unknown.

Another interesting areato investigate would be the expressienessof these
spatial logics (see[PS00],[Dav06]). Adding and removing syntactic features of
a languagecan be a rather impreciseway of modifying theselanguages. A full
analysisof the e ect of particular syrtactic restrictions on the expressienessof
these languagescould provide additional insights into the languages,and allow
us to identify more languagesn low complexity classes.
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