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Abstract

Spatial logicsare formal languageswhosepredicateand function symbols are in-

terpreted as geometric relations and properties. In order to use these logics to

perform automated reasoningon spatial data, we must have formal procedures

which can decidethe satis�abilit y of the formulae of theselogics. However, �rst

order spatial logicsare typically undecidableand thus have no such formal proce-

dure. By restricting the syntax of a spatial logic in certain ways, we can achieve

languageswhich are decidable.

This thesisprovidesa new and consolidatedsurvey of spatial logicsand their

complexity, and examinesthe e�ect of syntactic restriction on a particular family

of spatial logics called topological constraint languages. The thesis also con-

tributes two complexity results. The �rst is a considerablysimpli�ed proof of

the NP membership of a spatial logic calledRCC8. The secondcontribution is a

new complexity result for the RCC8 languagewith the addition of a topological

connectednesspredicate.
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Chapter 1

In tro duction

Spaceis a fundamental aspect of our perception of reality. For a human, it is

trivial to perform inferencewith the spatial information that we receive through

our senses. However, automating this processof inference,so that it may be

performedby a computer is far from trivial. In order that we may automatesuch

inferences,we must have formal languageswith which we can describe spatial

structures. Furthermore, given information expressedin such a language,we

must have formal procedureswhich can tell us which conclusionscan be inferred

from the information.

Traditionally, the mathematical view of spaceis of a collectionof points. Spa-

tial relationsand propertiesaresaidto hold betweeneither the points themselves,

or setsof the points - subsetsof the space.We may imposea metric on this set

of points, and refer to each point by a numerical coordinate. Traditional, or

quantitative spatial representation involvesstoring the coordinatesof a set of ob-

jects, and performing inferencethen involvesdrawing inferencesabout the spatial

relationshipsfrom this raw numerical data.

However, there are problems associated with this quantitativ e approach to

space. Firstly, we have a di�cult issueof whether points physically exist. We

cannot physically produce a point as evidenceof their existence,and spaceis

certainly not perceived as a collection of points. We must at least concedethat

the notion of spaceas points is mathematically convenient, but neverthelessan

abstraction from what is perceived. Wealsohavemorepractical problemsregard-

ing the quantitativ e approach. Performing inferenceon data consistingof lists of

numerical coordinates can be very di�cult. Although numerical coordinates are

an ideal notation for determining things such aswhich of two object is closestto

10



CHAPTER 1. INTR ODUCTION 11

a third object, or what the distance between two objects is, they are quite far

removed from the actual structure of a space,and are quite unsuitable for some

kinds of questions.Determining whetheroneobject contains another, or whether

the surfacesof two objects intersect can require many numerical calculations,

and if this processof inferenceis automated, answering thesequestionscould be

computationally expensive.

The alternative to quantitativ espatial representation is qualitative spatial rep-

resentation. Instead of points we take subsets,or regions, of a spaceasthe prim-

itiv e entities. Thus we represent spatial information by recordingthe qualitativ e

spatial relations which hold betweentheseregions.We are concernedsolelywith

the qualitativ e relations and properties that belongto the �eld of mereotopology.

Mereotopology is the name given to the study of relations and structures from

two areasof mathematics, Mereologyand Topology. Mereology is the study of

part-whole relationships. Topology is the study of geometricpropertieswhich are

preserved under continuous change.

A spatial logic is a formal languagewhoseformulae are interpreted over a

classof geometricstructure. We will usethe term spatial logic to meana quali-

tativ e spatial logic, that is, variablesare interpreted over elements corresponding

to the regions of a space,and predicate and function symbols are interpreted

as mereotopological relations and properties. Becauseit is already used in the

literature of spatial logics, we usethe term topological inference to describe the

processof logical inferencewhen restricted to spatial logics.

Oneof the problemscentral to performing inferencewith formulaeof a spatial

logic, is that of deciding the satis�ability of a formula. We say that a formula

is satis�able, if in the classover which the languageis interpreted, there exists

a structure in which the formula is true. For a given spatial logic, we call the

problemof decidingthe satis�abilit y of a formula the satis�ability problemof that

spatial logic. If there is a formal procedurefor decidingthe satis�abilit y problem

of a spatial logic, then we say that the logic is decidable, otherwisewe call the

logic undecidable.

In order to guarantee that we can perform topological inferencewith a spatial

logic, the languagemust be decidable. Furthermore, the formal proceduresfor

deciding the satis�abilit y of the formulae of thesespatial logics must be of low

complexity that is, they must executein a reasonabletime. One way to achieve

spatial logics of lower complexity is to place limitations on the syntax of our
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languagewhich reducethe range of formulae we are able to express. The main

challengein producingpractical spatial logicsis to strikea balancebetweenhaving

a languagewhich can expressall the things we need,while still having a decision

procedurewhich is not too computationally complex. This thesis examinesthe

e�ect of certain restrictions and expansionsto the syntax of spatial logicson the

complexity of those logics. We examinein detail a family of spatial logicscalled

topologicalconstraint languages,and pay closeattention to the methodsby which

their satis�abilit y problemsare solved.

If our aim is to be able to perform automatedspatial reasoningwhich behaves

at all like human reasoning,then we may wish to have the abilit y restrict our

de�nition of regionsto subsetsof Euclideanspaces,asopposedto abstract many-

dimensionalspaces,which may bear no relation to the physical world. For this

reason,this thesislooksat the generalproblem of topological inference,but with

a special emphasison topological inferenceover the two dimensionalEuclidean

plane.

This thesis aims to provide a new and consolidatedsurvey of spatial logics

focusingon the classof logicscalled topological constraint languages.In partic-

ular, we examine the e�ect that syntactic restriction has on the complexity of

these logics. We also contribute new complexity results for two of these topo-

logical constraint languages.The �rst result is a simpli�ed complexity proof of

the NP membership of the spatial logic RCC8. This proof is completelydi�erent

from the existing ones,and allows a considerablysimpler proof to be made. The

RCC8 result is shown by proving that a restricted fragment of RCC8 is decidable

in NLOGSPACE. We can alsogive simpler proofs of a number of sideresults, in

particular involving the applicability of using methods from relation algebrasto

solve the satis�abilit y problem of RCC8. The secondcontribution is a completely

new complexity result for the RCC8 languagewith the addition of a connected-

nessoperator. By using results from a solution to the string graph problem (see

Chapter 3) we show that this languageis in NP.

The structure of this thesis is as follows. Firstly, Chapter 2 contains basic

mathematical preliminaries,and alsoservesthe purposeof �xing the mathemati-

cal notation usedthroughout the rest of the thesis. In Chapter 3 we introducethe

graph theoretic notion of the string graph problem, and we provide an outline of

the proof of its solution. We introducethe topic of spatial logic in Chapter 4, and

formally de�ne the languagesand modelswhich we investigateover the following
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chapters. Chapter 5 introducesa range of spatial logics, showing in detail how

they are related to oneanother in terms of syntactic restrictions, and examining

e�ect theserestrictions have on the complexity of the logics. Finally, Chapter 6

investigatesthe e�ect of restricting the interpretation of a number of topological

constraint languagesto regionsof the Euclideanplane.

In terms of the contribution of this thesis, Chapters 2 and 3 simply provide

background material, while Chapters 4 and 5 provide the consolidatedsurvey

of spatial logics, and Chapter 6 provides both the simpli�ed RCC8 complexity

result, and the RCC8 with connectednesscomplexity result.



Chapter 2

Preliminaries

This chapter introducessomeof the basicconceptsthat will be usedthroughout

the rest of the thesis. This will involve the topics of Modal Logic, Topology,

BooleanAlgebra, and Computational Complexity. This chapter can be skipped

entirely, if the reader is already familiar with these topics. It also provides a

descriptionof the notational conventions usedthroughout the thesis,and for this

purpose,the chapter may be useful asa reference.

2.1 Mo dal Logic

A very comprehensive exploration of modal logics can be found in [BdRV01].

Syntactically, we canview modal logicsasa propositional logic with an additional

operator.

Modal logics were �rst proposed as a formal way of representing systems

involving ideasof necessity and possibility. However, depending on the interpre-

tation of the modal operator, the logicsmay be given other semantics. They can,

for example,represent relations of knowledgeand belief.

There is a simple, yet powerful, semantics for modal logics, called relational

semantics. Kripk e proved that a certain classof relational structures is complete

with respect to modal logic [Kri59], thus thesesemantics are often called Kripke

semantics.

In propositional logic, the value of a variable is either true or false. The value

dependson the de�nition of the valuation function of an interpretation. Modal

logic allowsusto describea structure wherethe valueof a variabledependson the

circumstancesin which the variable is encountered. We call this kind of structure

14



CHAPTER 2. PRELIMINARIES 15

a Kripke frame.

De�nition 2.1.1. A Kripke frame is a pair hW; � i whereW is a non-empty set,

and � is a binary relation, � � W � W. Elements of W are known as worlds

or nodes. The relation � is known asthe accessibility or reachability relation. If

w� w0 then we say that world w0 is accessiblefrom w.

De�nition 2.1.2. Given a Kripk e frame hW; � i a valuation function is a map

� : P ! P(W)

which assignsto each propositional variable p 2 P those worlds in which p is

true. We say that a propositional variable p holds in a world w if w 2 � (p).

De�nition 2.1.3. A Kripke model is a triple hW; � ; � i wherehW; � i is a Kripk e

frame and � is a valuation function on that frame.

The value of a variable depends,therefore,on both the valuation function of

the Kripk e model, and on whichever world of that model we chooseto interpret

the variable in.

As mentioned before,modal logic is syntactically very similar to propositional

logic, but with the addition of a unary operator. We call this operator the modal

operator and write it as 3 . We will usethe symbol 2 as shorthand for : 3 : .

A modal formula is a �nite sequenceof symbols, built with the following rules:

any propositional variable pi is a formula, if ' and  are formulae, then so are

: ' , (' ^  ), (' _  ), (' !  ), 2 ' , and 3 ' .

The symbols ^ , _, : , and ! have the samemeaningsas they do in proposi-

tional logic. The symbols 2 and 3 traditionally stand for, respectively, \neces-

sity" and \p ossibility". However, wewill now formally de�ne their interpretations

within a Kripk e model.

De�nition 2.1.4. Let M = hW; � ; � i bea Kripk emodel. Givena world w 2 W,

we de�ne the satisfaction relation, � , as follows:

M j= w p i� w 2 � (p)

M j= w : ' i� M 6j= w '

M j= w ' _  i� M j= w ' or M j= w  

M j= w 3 ' i� there exists w0 2 W such that w� w0 and M j= w0 '
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We say that ' is satis�able in M if and only if there exists a w 2 W such that

M j= w ' . If no such world in the model exists, then ' is said to be unsatis�able

in M . If every world satis�es ' , then ' is said to be valid in M .

Furthermore, given a modal formula, ' , we say that ' is satis�able if there

existsa model M such that ' is satis�able in M . If there is no such model, then

' is unsatis�able.

The standardmodal logic is known asK , after Kripk e, and is characterisedby

the set of all Kripk e frames. In theseframes,the � relation obeysthe following

axiom, where ';  are modal formulae.

K : 2 (' !  ) ! (2 ' ! 2  )

We can restrict the classof Kripk e frameswhich characterisea modal logic

with the following axioms.

T: 2 ' ! '

4: 2 ' ! 22 '

5: 3 ' ! 23 '

The T axiom ensuresthat the � relation is re
exive. The 4 axiom ensures

that the � relation is transitive. The 5 axiom ensuresthat the � relation is

Euclidean. There are of coursemany other axiomswhich can restrict the classof

Kripk e frames,however theseare the only oneswe are interestedin.

We refer to a modal logic by the axioms which characterise the logic, for

exampleK T4 is axiomatisedby the axiomsK , T & 4. We are only interestedin

the logicsK T4 and K T5, or as they are usually called, S4 and S5.

2.1.1 Univ ersal S4

We can increasethe expressivenessof S4 by adding two additional modal op-

erators, written 9 and 8. The interpretation of these operators is given below

(extending De�nition 2.1.4).

M j= w 8' i� for every w0 2 W, M j= w0 ' ,

M j= w 9' i� there exists a w0 2 W such that M j= w0 ' .
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We call this extensionof S4, universal S4, or S4U . Strictly speaking,S4U is a

bimodal logic - a hybrid of S4 and S5. An S4U frame consistsof two reachabilit y

relations,onefor the S4 model operator, and the other for the S5 modal operator.

The S5 modal operator normally splits the worlds of a frame into equivalence

classes,however we usea single classto encompassall the worlds of the frame.

Therefore we will simply view S4U as S4 with the addition of �rst-or der-like

quanti�ers.

2.2 Topology

The reader is assumedto have somefamiliarit y with topology, as the follow-

ing de�nitions are mainly for the purposeof �xing notational standards. If a

slower introduction to topology is needed,both [New64]and [Kah75] provide a

good introduction, whereasa more advancedtreatment can be found in [Kel60].

Topology is a branch of mathematics that involves the study of geometricrela-

tions that are preserved through continuoustransformation, such asstretching or

warping.

Topological Space

De�nition 2.2.1. Given a set X , we can de�ne a topological space on this set as

a pair hX ; Ui , whereU � P(X ) such that the following hold.

1. ? 2 U and X 2 U.

2. If u1; u2; : : : ; un 2 U then u1 \ u2 \ � � � \ un 2 U.

3. If for any U0 � U, then
S

u2U 0
u 2 U.

This set of open setsU is called the topology on X .

Let hX ; Ui be a topological space.

De�nition 2.2.2. Let p 2 X , v � X , and u 2 U. A neighbourhood of p is a set

v which contains an open set u containing p.

De�nition 2.2.3. A basis for X is a set B � U such that every open set in U is

a union of elements of B .
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De�nition 2.2.4. We say that X is T1 if and only if, for all p;p0 2 X , there exist

u; u0 2 U such that p 2 u, p0 2 u0, p 62u0, and p0 62u.

De�nition 2.2.5. We say that X is T2 or Hausdor� if and only if, for any

p;p0 2 X (where p 6= p0) there is a neighbourhood v of p and a neighbourhood v0

of p0 such that v \ v0 = ? .

De�nition 2.2.6. We say that X is an Alexandro� spaceif and only if for any

U0 � U, then
T

u2U 0
u 2 U.

De�nition 2.2.7. A cover of a set v � X is a collection of subsetsof X whose

union contains v. A cover is open if each of its elements is open.

De�nition 2.2.8. We say that v � X is compact if for every open cover of v

there is a �nite subcover of v.

De�nition 2.2.9. Let v � X . We de�ne the following set.

Uv = f v \ u j u 2 U g

This set, Uv, ful�lls all three conditions on a topological space.ThereforeUv is a

topology on v. We call hv; Uv i a relative or subspace topology for the subsetv of

the spaceX .

In terior, Closure, Boundary and Complemen t

If hX ; Ui is a topological spaceand v � X , then:

De�nition 2.2.10. The complementof v is X n v which we write as � v.

De�nition 2.2.11. The interior of v is the largestopensetcontained in v, which

we write as v� .

De�nition 2.2.12. The closure of v is the smallestclosedsubsetof X , or member

of the set of complements of U, containing v, which we write as v� . From this

de�nition, we can seethat v� is expressiblein terms of the interior of v.

v� = � (( � v) � )
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De�nition 2.2.13. The boundary of v, written v@, is de�ned as follows.

v@= v� \ � (v� )

De�nition 2.2.14. The set v is regular open if and only if v = ((v) � )� and

is regular closed if and only if v = ((v) � )� . We denote the set of regular open

subsetsof X by RO(X ), and the set of regular closedsubsetsof X by RC(X ).

De�nition 2.2.15. Wesay that X is semi-regular if it hasa basisof regularopen

sets. We say that X is weakly regular if it is semi-regularand, for any non-empty

open set u 2 U there exists a non-empty open set u0 such that (u0)� � v.

De�nition 2.2.16. We call the largest open subsetof X which is disjoint from

v the pseudocomplementof v, which we write asv� .

It is clear that v� = X n v� and v�� = (v� )� . Hence,v is regular if and only

if v = v�� .

Observ ation 2.2.17. Let hX ; Ui be a topologicalspace.Note that the following

properties hold, for every v; v0 � X .

(i) X � = X

(ii) v� � v

(iii) (v� )� = v�

(iv) v� \ v0� = (v \ v0)�

Note the similarity between(i), (ii), (iii), (iv) and the modal logic axiomsK , T,

and 4.

De�nition 2.2.18. We de�ne an interior operator, i : P(X ) ! P(X ), as a

function which mapsa subsetof X to its interior. If the conditionsin Observation

2.2.17are satis�ed by the mapping i , then we say that i de�nes a topology on

X . Thereforea topological spacecan also be de�ned by a pair (X ; i ) where i is

an interior operator.

Connectedness

De�nition 2.2.19. Given a topological spacehX ; Ui , we say that the spaceis

disconnected, if there exist u; u0 2 U such that:
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1. u 6= ? and u0 6= ?

2. u [ u0 = X

3. u \ u0 = ?

If a spaceis not disconnected,then it is connected. A subsetv � X is said to be

connectedif it is connectedunder the subspacetopology (of v in X ).

Comp onents

De�nition 2.2.20. Given a topological spacehX ; Ui and a subset v � X , a

component of v is a maximal connectedsubsetof v. Every set has at least one

component; the empty set is the only component of itself; all components of a

nonempty set are nonempty. A set is connectedif and only if it has exactly one

component.

2.2.1 Geometric Topology

Let hX ; Ui be a topological space.

De�nition 2.2.21. We say that X is locally Euclidean if there is a n 2 N

such that every point in X has a neighbourhood which is homeomorphicto the

EuclideanspaceRn .

De�nition 2.2.22. We say that X is a manifold if X is a locally Euclidean

Hausdor� space.

De�nition 2.2.23. Wesay that X is a surface if it is a two-dimensionalmanifold.

De�nition 2.2.24. A surfaceS is orientable if and only if there is no continuous

function f : D � [0; 1] ! S from the product of a disc and the unit interval [0; 1]

to the surfacesuch that f (j; i ) = f (k; i ) only if j = k for all i 2 [0; 1], and there

is a re
ection function r such that f (d;0) = f (r (d); 1) for all d 2 D.

De�nition 2.2.25. A triangulation of a surfaceis the partitioning of the surface

into a setof trianglessuch that each triangle sideis entirely sharedby two adjacent

triangles.

De�nition 2.2.26. A curve is a continuous function f : [0; 1] ! X .
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A planecurve is a curve whosecodomain is the Euclideanplane. We say that

a curve is simple if f (i ) = f (j ) ) i = j . We call a curve a loop if f (0) = f (1).

A simple loop is called a Jordan curve.

De�nition 2.2.27. The interior of a curve f is the set f f (i ) j 0 < i < 1g.

Now, we state two well known results.

Theorem 2.2.28 (Jordan curve theorem). Let f be a Jordan curve in the Eu-

clidean plane. Then R2 n f has two components,an inside, and an outside, both

of which havef as their boundary.

Theorem 2.2.29 (Jordan-Sch•on
ies theorem). Let f be a Jordan curve in the

Euclidean plane. The closure of oneof the componentsof R2 nf is homeomorphic

to the open unit disc.

2.3 Graph Theory

De�nition 2.3.1. A graph is a pair G = (V; E) of setssuch that E � V 2.

We call the elements of V vertices, and the elements of E edges. For any edge

e 2 E wheree = (v; v0), we call the verticesv and v0 the endpoints of e, and say

that e is incident on both v and v0.

De�nition 2.3.2. An embedding of a graph is a pair of functions (f ; g) with

f : V ! R2 and g : E ! C, whereC is the set of simple plane curves,such that

the following hold. For each e 2 E wheree = (v; v0), g(e) is a simple curve with

endpoints f (v) and f (v0), and for all v002 V the interior of the curve g(e) does

not contain the point f (v00).

De�nition 2.3.3. We say that a graph (V; E) is planar if it has an embedding

(f ; g) such that for each e;e0 2 E, the interiors of the curves g(e) and g(e0) do

not intersect.

2.4 Bo olean Algebras

This subsectionpresents basic de�nitions of Boolean algebra concepts,mainly

for the purposeof �xing notational standards. Koppelberg [Kop89] provides a

comprehensive referencefor Booleanalgebras.
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De�nition 2.4.1. A Boolean algebra is a structure hA; + ; �; � ; 0; 1i , consistingof

a set of elements, A, two binary operations, + and �, a unary operation, � , and

two constants, 0 and 1, such that the following holds (where a;b;c 2 A):

a + � a = 1 a � � a = 0

a + (b+ c) = (a + b) + c a � (b� c) = (a � b) � c

a + b= b+ a a � b= b� a

a + (a � b) = a a � (a + b) = a

a � (b+ c) = (a � b) + (a � c) a + (b� c) = (a + b) � (a + c)

Theseaxiomsde�ne a natural partial order � over the set A, wherewe say that

a � b if and only if a + b= b.

De�nition 2.4.2. An atom in a Boolean algebra is a nonzeroelement a such

that there is no element b such that 0 < b < a. A Boolean algebra is atomic if

every nonzeroelement of the algebrais above an atom.

Let A be a Booleanalgebra.

De�nition 2.4.3. For B � A and b 2 B, we say that b is a lower bound of B

if b � b0 for every b0 2 B. We say that b is a greatest lower bound of B if b is a

lower bound of B and b0 � b holds for each lower bound b0 of B . Likewise,we

say that b is an upper bound of B if b0 � b for every b0 2 B. And we say that b

is a least upper bound of B if b is an upper bound of B and b � b0 holds for each

upper bound b0 of B .

De�nition 2.4.4. We say that A is complete if, for each B � A, B has both a

least upper bound and a greatestlower bound.

De�nition 2.4.5. We call B � A a sub-algebra of A, if the restriction of � A to

B satis�es the axiomsof 2.4.1. We say that B is a densesub-algebraof A if, for

every a 2 A with 0 < a, there exists b2 B with 0 < b � a.

The following is a well known theorem, a proof of which can be found in

[Joh82].

Theorem 2.4.6. Let X be a topological space. The set of regular open setsin X ,

written RO(X ), forms a Boolean algebra with top and bottom de�ned by 1 = X
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and 0 = ? , and Boolean operations de�ned by u + u0 = ((u [ u0)� )� , u � u0 = u \ u0

and � u = (X � u) � , where u; u0 2 RO(X ).

Similarly, the set of regular closed sets in X , written RC(X ), also forms a

Boolean algebra, the di�er ence being that the Boolean operations are de�ned by

u + u0 = u [ u0, u:u0 = ((u \ u0)� )� and � u = (X � u) � .

2.5 Computational Complexit y

Computersare particularly suited for solvingcomplicatedproblemswhich canbe

broken down into simple, repetitiv e actions. An algorithm is simply a description

of how to break down a complicated problem into many smaller ones. If an

algorithm alwaysproducesa correct result for a givenproblem, then the algorithm

is said to solve the problem. Complexity theory studiesthe factors a�ecting the

performanceof computersexecutingalgorithms which solveproblems. In order to

investigatethis further, we will introducea formal model of computation known

as a Turing machine.

2.5.1 Turing Mac hines

Informally, a Turing machine is a tape beginning with a leftmost `start' cell

which in�nitely extendsto the right, with a read/write headthat hasa state and

which can move left and right along the tape, and a program in the form of a

table which, given the current state of the head and the current symbol under

the head, directs the head to write a symbol to the tape, move one step left

or right, then sets the head to a new state. The following de�nitions are taken

from Papadimitriou [Pap94], which should be consultedfor more information on

computational complexity.

De�nition 2.5.1. A deterministic Turing machine is a quadrupleM = (K ; � ; � ; k),

whereK is a �nite set of states, � is a �nite alphabet, � is a transition function

mapping the set K � � to (K [ f halt; yes;nog) � � � f lef t; r ight; wait g, and

k 2 K is the initial state. Wealways assumethat K \ � = ? , and that � contains

symbols representing blank and �rst .

An input to a Turing machine is a �nite string of symbols from � not contain-

ing the blank symbol, with the start symbol as the leftmost of the string. The

input represents the contents of the tape before the execution begins. Initially ,
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the head of the machine is positioned on the leftmost symbol of the string (the

start symbol).

A con�guration of a Turing machine is a quadruple (l ; S;T; n) consistingof

the current state of the machine l 2 K , a string of symbols representing the

contents of the tape to the left of (and including) the head,S, a string of symbols

representing the contents of the tape to the right of the head, T, and a step

count n 2 N. If a string T0 is the input to a Turing machine, then the initial

con�guration of that machine is (k; star t; T 0; 0).

Let (l ; Ss; tT ; n) be a con�guration of a Turing machine where s; t 2 � and

S and T are strings over �, and � (l ; s) = (l0; s0; D). If D is lef t, let S0 = S and

let T0 = s0tT . If D is r ight, let S0 = Ss0t and let T0 = T. If D is wait , let

S0 = Ss0 and let T0 = tT . Then we say that a Turing machine with con�guration

(l; Ss; tT ; n) yields the con�guration (l0; S0; T0; n+ 1) in onestep. This is extended

to \yields in n steps" in the obvious way.

We interpret this \yields" relation as the execution of the program � on a

given input. The machine starts in con�guration (k; star t; S;0) for somestring

over �, S, and each successive con�guration is yielded accordingto � , until the

Turing machine enters one of the states halt, yes, or no, when we say that the

machine has halted, and executionterminates. If the Turing machine enters the

state yes, then we say that the machine hasaccepted its input, and if the machine

enters the state no, then we say it has rejected its input. If a Turing machine

�nishes in either yes or no, then we say that the output of the machine is yes or

no respectively, if the machine �nishes in the state halt, then the output of the

machine is the the machine's string at the time of termination.

We take a problem� to be a classof questions,and refer to speci�c questions

of � as instances of the problem �. If the instancesof � are problemswhich are

answeredwith a yes or no, then we say that � is a decision problem.

We canencode instancesof a problem� asstrings. If � is a decisionproblem,

then we say that a Turing machine solves these � if it accepts the encoded

yes instances,and rejects the encoded no instances. Otherwise, we say that a

Turing machine solves� if its output is always a suitably encoded string of the

correct answer to the instanceof � in question. Given a problem �, if there is a

Turing machine which solves �, then we say that � is decidable, otherwiseit is

undecidable.

If M is a quadruple satisfying De�nition 2.5.1 in every way except that �
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is a relation, � � (K � �) � ((K [ f halt; yes;nog) � � � f lef t; r ight; wait g), in-

steadof beinga function from K � � to (K [f halt; yes;nog)� � �f lef t; r ight; wait g,

then we say that M is a non-deterministic Turing machine. Since � in a non-

deterministic Turing machine is a relation, each con�guration of a non-deterministic

Turing machine could yield multiple con�gurations. Based on the particular

choice of con�guration at each execution step, a Turing machine could pro-

duce di�erent answers to the sameinstance of a problem. We say that a non-

deterministic Turing machine solvesan instanceof a problem if there is at least

one run of execution which terminates successfully(it does not matter if other

runs terminate unsuccessfully).The machine fails to solve an instanceonly when

every run of executionterminates unsuccessfully.

2.5.2 Complexit y

Wecanseethat intuitiv ely someproblemsare`harder' than others. But, we must

have a formal way of showing this, and we must specify formally what `harder'

means.By formalising the model of computation in the form of a Turing machine,

we are able to clearly seethat someproblems are more expensive, in terms of

time, and space,to solve. We measuretime as the number of steps a Turing

machine requiresto arrive at a correct solution, and we measurespacein terms

of the number of symbols on a tape neededto arrive at a correct solution. We

expressthe time or spacerequired by a Turing machine M to solve a problem

as a function of the size of the input to M , and in complexity theory, we are

interestedin which generalclassof functions this function belongs,for example,

logarithmic, polynomial, and so on. We use the so called `Big O' notation to

denotewhich classtheseinput functions belongto.

De�nition 2.5.2. Let f : N ! N and g : N ! N be functions. We say that

f (n) = O(g(n)) if there are positive integersc and n0 such that for all n > n0,

f (n) � c:g(n).

Let f : N ! N be a function, then given any instanceof a problem � which

is encoded as input of sizen to a Turing machine M , if M terminates in O(f (n))

steps,then we say that M implements an algorithm of time complexity O(f (n))

which solves �. Likewise,let g : N ! N be a function, then given any instance

of a problem � which is encoded as input of sizen to a Turing machine M , if M

terminateshaving usedO(g(n)) cellsof the tape, then we say that M implements
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an algorithm of spacecomplexity O(g(n)) which solves �. Note that the input

and output strings are not counted when consideringthe spacecomplexity, we

only considerthe spaceusedduring the algorithm.

In order to study the di�cult y of a problem �, we must consideronly the

instance of � which is the worst casein terms of di�cult y. By examining the

time and spacetaken for M to reach a solution, as functions of the sizeof the

input to M , we achieve an upper bound on the computational complexity of �.

We can split complexity classesinto two kinds, thoseof time complexity, and

thoseof spacecomplexity. Time complexity classesare thoseclasseswhoseprob-

lemshave a known upper bound in terms of time complexity, with no restriction

on spacecomplexity. Likewise,spacecomplexity classesare those classeswhose

problemshave a known upper bound on their spacecomplexity, with no restric-

tion on time complexity.

The time complexity classesthat weencounter during this thesisareasfollows.

PTIME is the set of problemswhich aresolvableby a deterministic Turing

machine in time which is boundedby a polynomial function of the sizeof

the input. The classPTIME is normally abbreviated to P.

NPTIME is the set of problemswhich are solvable by a nondeterministic

Turing machine in time which is boundedby a polynomial function of the

sizeof the input. The classNPTIME is normally abbreviated to NP .

EXPTIME is the set of problems which are solvable by a deterministic

Turing machine in time which is boundedby a exponential function of the

sizeof the input. The classEXPTIME is normally abbreviated to EXP .

NEXPTIME is the set of problemswhich are solvable by a nondetermin-

istic Turing machine in time which is boundedby a exponential function of

the sizeof the input. The classNEXPTIME is normally abbreviated to

NEXP .

As theseclassesrepresent upper boundson complexity, they form the following

hierarchy.

P � N P � EX P � N EX P

It is not known whether any of these individual relations are strict subset or

equality, although it is known that P 6= EX P. We are also interested in the

following spacecomplexity classes.
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LOGSP A CE is the set of problemswhich are solvable by a deterministic

Turing machine in spacewhich is boundedby a logarithmic function of the

sizeof the input. The classLOGSP A CE is normally abbreviated to L.

NLOGSP A CE is the setof problemswhich aresolvableby a nondetermin-

istic Turing machine in spacewhich is boundedby a logarithmic function

of the sizeof the input. The classNLOGSP A CE is normally abbreviated

to NL .

PSPA CE is the set of problemswhich are solvable by a deterministic Tur-

ing machine in spacewhich is boundedby a polynomial function of the size

of the input.

Thesespaceclasses�t into the hierarchy of time classesin the following way.

L � N L � P � N P � PSPACE � EX P � N EX P

Now we de�ne the conceptof a reduction from one decisionproblem to an-

other. Roughly speaking, a reduction is the transformation of one problem into

another problem.

De�nition 2.5.3. We say that a decisionproblem � is reducibleto the problem

� 0 if for every instance� of �, there is an e�cient algorithm which encodes� as

� 0 2 � 0 such that � and � 0 have the sameanswer.

What we meanby e�cient variesslightly depending on the complexity class

that � belongsto. If � is an N L or P problem, the reduction must be in L. For

all other complexity classeswe consider,the reduction must in P.

Given a complexity class C, we say that a problem � is C-hard if every

problem in C is reducible to �. A problem � is C-completeif � 2 C and � is

C-hard. For every classC, the C-complete problems are the hardest group of

problems for that class. Many problems in C0 may also have algorithms in C,

however all of the problemswhich are C-completedo not have algorithms in C,

unlessC = C0.

The satis�ability problem for �rst order logic is undecidable, however the

satis�abilit y problemfor the modal logic S4 is in PSPACE, and the satis�abilit y

problem for propositional logic is in N P. Both of thesesatis�abilit y problems

are complete for their respective complexity classes,and in fact, propositional

logic satis�abilit y is one of the most famousexamplesof N P-completeness,see

[Coo71].
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For the remainderof this thesis,we investigatethe topological inference prob-

lem. That is, the problem of determining the satis�abilit y of logics which are

interpreted over topological structures.



Chapter 3

String Graphs

This chapter introduces background information regarding a graph theoretic

problem called the string graph problem. The string graph problem was re-

cently solved independently by Schaefer & �Stefankovi�c [S�S04] and by Pach &

T�oth [PT02]. In this chapter we give an outline of the proof of the decidability

of string graphsgiven by Schaefer& �Stefankovi�c.

3.1 String Graph Problem

First we de�ne some conceptsneededin order to introduce the string graph

problem. The following de�nitions, theoremsand corresponding proofs are all

taken from [S�S04],exceptwhereotherwisestated.

De�nition 3.1.1. Given a collection of curvesC1; : : : ; Cn in the plane, the cor-

responding intersection graph is as follows.

(f v1; : : : ; vng; f (vi ; vj ) j Ci and Cj intersect, for all i < j � ng)

The size of a collection of curves is the number of intersection points. A graph

isomorphicto the intersectiongraph of a collectionof curvesin the planeis called

a string graph. Note that Ci and Cj may intersect more than once,though this

doesnot a�ect the intersectiongraph.

The string graph problem is as follows: given a graph G, is G a string graph?

Alternativ ely, we can rephrasethe problem. Can we draw a set of curves in the

plane, such that only the curveswe specify intersect?

Beforewe investigatethis further, we needto de�ne somemore concepts.

29
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De�nition 3.1.2. Let G = (V; E) be a graph, and let H �
� E

2

�
(where

� E
2

�
is

the set of unorderedpairs of E), we call this pair (G; H ) an abstract topological

graph, or AT-graph.

De�nition 3.1.3. We call a drawing D in the plane of G a weak realization of

(G; H ) if only pairs of edgeswhich are in H intersect in D. We call (G; H ) weakly

realizable if it has a weak realization. Note that in a weak realization the pairs

of edgesin H do not have to intersect.

De�nition 3.1.4. We say that a drawing D of G is a realization of (G; H ), and

say that (G; H ) is realizable if exactly the edgesin H intersect in D.

Let cs(G) be the sizeof a smallest(i.e. smallestnumber of intersections)set

of curves whoseintersection graph is isomorphic to G, then we de�ne cs(m) =

maxf cs(G) j G has m edgesg. Let cw(G; H ) be the smallestnumber of intersec-

tions in a weak realization of (G; H ), let cw(G) = maxf cw(G; H ) j (G; H ) has a

weak realization g, and let cw(m) = maxf cw (G) j G has m edgesg. Similarly,

we can de�ne cr (G; H ), cr (G) and cr (m) for realizations. It is simple to seethat

cw(m) � cr (m).

Wewill now examinean overviewof a proof that a solution to the string graph

problem belongsto the NEXP time complexity class.The method we will follow

is the onegiven in Schaefer& �Stefankovi�c [S�S04].

As shown in [Kra91], the string graph problem can be reducedto AT-graph

weak realizability, as follows.

Theorem 3.1.5. Given a graphG = (V; E), let G0 = (V [ E; f (u; e) j u 2 e 2 Eg)

and let H = f ((u; e); (v; f )) j f u; vg 2 Eg. Then G is a string graph if and only

if (G0; H ) is weakly realizable.

As a result, we have the following bound cs(m) � 4cw(2m) + 2m, see[Kra91]

for more details.

Our overall aim here is to prove that if an AT-graph has a weak realization,

then it hasa weak realization of a certain (maximum) size. It will follow, there-

fore, that if a graph G is weakly realizable as its AT-graph (Theorem 3.1.5)

within the maximum bound, then G is a string graph.

First weneedto prove the �niteness of string graphs;wecantake the following

result from [KGK86].
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Lemma 3.1.6. A string graph can be realized by a family of polygonalarcs with

a �nite number of intersections.

As a result cs(G) is a �nite number, if G is a string graph. Given a system

of curves, (Ci ) i 2 I , and an alphabet of size jI j, we can assigneach curve in the

systema letter from the alphabet, and we can, therefore,encode the intersections

of each curve as a word of this alphabet. If we encode each curve as a word of

an alphabet, the following lemma shows that each of thesewords hasa property

which we can useto determinea bound on the sizeof the words.

Lemma 3.1.7 ([S�S04]). Every word of lengthat least 2n over an alphabet of size

n contains a non-trivial subword in which everycharacter occurs an evennumber

of times.

Proof. Let � = f 1; : : : ; ng be an alphabet of length n, and let w 2 � � be a word

of that alphabet, jwj � 2n . To every i 2 f 0; : : : ; 2ng assigna vector vi in Zn
2

whosej th coordinate is the parity of the number of occurrencesof the symbol j

in the pre�x of w of length i (v0 is the all-zero vector). Sincethere are 2n + 1

indices, but only 2n vectors in Zn
2 , there are 0 � i < j � 2n such that vi = vj .

Sinceeach successive vi will have onedigit di�erent to vi � 1, j > i + 1 and so, the

non-trivial subword of w starting in position i + 1 and ending in position j ful�ls

the conditions of the lemma.

The following theoremstatesthat the number of intersectionsalonga curve of

a weak realization of a graph is boundedby an exponential value of the number

of edgesof the graph.

Theorem 3.1.8 ([S�S04]). Let G be a graph with m edges,H �
� E

2

�
such that

(G; H ) is weakly realizable, and let D be a weak realization of (G; H ) with the

minimal number of intersections. Then for any edgee 2 G there are fewer than

2m intersections on the curve realizing e in D.

Proof. We will prove this by contradiction by assumingthat we have a minimal

(in terms of the number of intersections)weak realization of (G; R) with an edge

e that hasmore than 2m � 1 intersections.

Lemma 3.1.7shows us that we can choosea segment of e, in which e is inter-

sectedonly an even number of times by other curvesin the system. Wethen draw

a `window' around this segment of the curve, containing no other intersectionsof
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Figure 3.1: Drawing a window around the intersections.

D (seeFigure 3.1). This is possiblebecauseD is �nite by Lemma 3.1.6. Let 2nf

(nf 2 N) be the number of intersectionsof any curve f with the curve e inside

the window. For each edgef assignnumbers1; 2; : : : ; 4nf to the intersectionwith

the window, in the order they appear along f (choosean arbitrary orientation of

f ), again seeFigure 3.1.
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Figure 3.2: Performing circular inversionon sectionsof the curves.

We can assumethat the window is a circle (by application of the Jordan-

Schoen
ies theorem, [MT01]), and that e is a straight line passingthrough the

centre, and for each curve f , the window intersectionpoints 2i � 1 and 2i (alongf )

are mirror imagesof each other (with e asthe mirror), for i 2 f 1; : : : ; 2nf g. Now,

we remove everything inside the window, except the line e, see�rst diagram of

Figure 3.2. For each edgef , there is a curve (segment of f ) betweenintersections

4i � 2 and 4i � 1 lying outsidethe window (i 2 f 1; : : : ; nf g). Usecircular inversion

along the window to bring all of thesesegments inside the window, seesecond

diagram of Figure 3.2. Now mirror the curvesinside the window alonge, see�rst

diagram of Figure 3.3.

There will now be connections,for every edgef , betweenintersections4i � 3

and4i , i 2 f 1; : : : ; nf g, insidethe window. Now with referenceto the �rst diagram

of Figure 3.3,wedemonstratehow to constructa newversionof the curvef . Take,
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Figure 3.3: Mirror along e, then shift e to minimise intersections.

for example,curve a: we start at intersection 1 (which is connectedto the start

point of the curve), continue inside the window to intersection 4, move outside

the window from intersection4 to intersection5, back inside the window through

to intersection 8, and outside the window along to the endpoint of the curve.

This new version of f still connectsits two endpoints, hencethe needfor f to

intersect e an even number of times.

Every intersection between curves which happens inside the window corre-

sponds to an intersection outside the window, hencethis drawing is still a weak

realization of G with respect to R. As we only require a weak realization, it does

not matter if someintersectionsbetweencurveshave beenlost.

It is possiblethat a curvebrought insidethe window by circular mirroring may

intersecte, thus increasingthe intersectionsalonge. We have certainly decreased

the number of intersectionswith the boundary of the window by half; we can

split the boundary of the window into two arcs, accordingto wheree intersects

the boundary, and one of thesearcs has half (or less)of the intersectionsthat e

did originally. We can, therefore,re-route e through the path of the arc with the

least intersections,seeseconddiagram of Figure 3.3.

We have reducedthe number of intersectionsof any curve f along a segment

of e from 2nf to lessthan or equal to nf , thus contradicting the assumptionthat

D was of minimal size.

We now have the following corollary:

Corollary 3.1.9 ([S�S04]). String graph recognition is in NEXP.

Proof. Theorem3.1.8showsthat cw(m) � m2m , andsincecs(m) � 4cw(2m)+ 2m,

then wecanstate that cs(m) � 8m:22m + 2m. Thereforegivena graphG = (V; E),

if G is a string graph then there is a collectionof curvesof sizeN = O(2m ) whose
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intersection graph is isomorphic to G. The drawing of this collection of curves

can be consideredas a planar graph with at most N vertices.

By a result of Schnyder [Sch90], there is a drawing of this graph on an N � N

grid. We can construct all possibleplanar graphs of up to N vertices, with the

curvesof the collection being represented by disjoint setsof edges,and intersec-

tions betweencurvesbeing represented by the verticesof the graph. Each curve

is represented by a set of edgeswhich form a continuous non-intersecting path

in thesegraphs. Two curves intersect if their edgesetshave elements which are

adjacent to a common vertex. By this de�nition of curve intersection, given a

planar graph G0 of up to N vertices, we can partition the edgesof this graph

into jV j disjoint edgesets and compute an intersection graph for each of these

partitionings. If any of theseintersection graphsare isomorphic to G, then G is

a string graph.

However, Corollary 3.1.9 is not the result we are aiming for. We can reduce

the complexity bound to NP, as we shall see. First, we must introduce some

results about word equations.

3.1.1 Word Equations

Let � be an alphabet of symbols, and � a disjoint alphabet of variables.

De�nition 3.1.10. A word equation u = v is a pair of words such that (u; v) 2

(� [ �) � � (� [ �) � .

De�nition 3.1.11. Let u = v be a word equation. A solution to u = v is a

morphism h : (� [ �) � ! � � , such that h(a) = a for all a 2 � and h(u) = h(v).

De�nition 3.1.12. An LZ-encoding of a solution h to a word equation is the

sequenceof LZ-encodings of h(x) for all x 2 �.

Theorem 3.1.13. ([GKPR96]) Let u = v be a word equation. Given an LZ-

encoding of a morphism h, we can check whetherh is a solution of the equation

in time polynomial in jLZ (h)j.

Theorem 3.1.14. ([PR98]) Let u = v be a word equation with lengthsspeci�e d

by function f . Assume u = v has a solution respecting f . Then, there is a

solution h respecting the lengthssuchthat jLZ (h)j is polynomial in the sizeof a

binary encoding of f and the sizeof the equation. Moreover, the lexicographically

least solution can be found in P time.
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Figure 3.4: Example of a triangulation numbering.

Finally, wetakethe following result which followsfrom Gasieniecet al. [GKPR96].

Lemma 3.1.15. Given an LZ-encoding LZ(w) of a word w and a letter a 2 � , we

can computethe number of occurrencesof a in w in time polynomial in jLZ (w)j.

3.1.2 Main String Graph Result

Let M be a compactorientable (seeDe�nition 2.2.24)surfacewith a boundary.

De�nition 3.1.16. A properly embedded arc (in M ) is an arc whoseendpoints

are on the boundary of M , and whoseinternal points are in the interior of M .

Let T be a planar graph which forms a triangulation (seeDe�nition 2.2.25)of

M , with ET being the edgeset of T.

De�nition 3.1.17. We say that an arc is normal with respect to T if all inter-

sectionswith T are transversal,and if the arc enters a triangle via oneedge,and

leavesthe triangle via a di�erent edge.

We make the following claim.

Lemma 3.1.18. Let 
 be a properly embedded arc in M . There is always an

isotopically equivalentarc which is normal with respect to T.
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Figure 3.5: Triangle variables.

Given a properly embeddedarc 
 which is normal with respect to T, we can

label each edgeof the triangulation with the number of intersectionsof gamma

with that edge,seeFigure 3.4. We say that a numbering ` : ET ! N is valid

if there is a properly embeddedarc, which is normal with respect to T, which

intersectseach edgee 2 T, `(e) times. And we say that 
 realizes `. Note that

all arcswhich realizea given numbering are isotopically equivalent.

Let ` be a valid numbering. The sumof the labelsof edgesfrom ET \ M @is 2.

For each triangle t 2 T the labelsa;b;c of edgesof t satisfy a + b � c, a + c � b,

b + c � a and a + b + c is even. These conditions are necessaryfor validit y,

but not su�cien t. We call a labeling satisfying theseconditions semi-valid. Any

semi-valid labeling de�nes a properly-embeddedarc and a (possibly empty) set

of closedcurves.

For each oriented edge(u; v) 2 T there is a variable xu;v encoding the order

in which the curves intersect on (u; v). Let t 2 T be a triangle with vertices

u; v; w. We add six variables yt;u ; yt;v ; yt;w ; yu;t ; yv;t ; yw;t as shown in Figure 3.5.

We associate the following set of equationswith the triangulation T.

xu;v = yu;t yt;v xv;u = yv;t yt;u

xv;w = yv;t yt;w xw;v = yw;tyt;v

xu;w = yu;t yt;w xw;u = yw;tyt;u
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Lemma 3.1.19 ([SS�S03]). Given a numbering `, we can test whether` is valid

in polynomial time.

Proof. First we verify if ` is semi-valid, and reject ` if it is not. Let � = f a;bg, we

take the set of equationsassociated with T over � , and for each edgee = (u; v) 2

ET we specify that jxu;v j = `(e). For each edgee = (u; v) 2 ET \ M @ we specify

xu;v = b̀ (e) .

We claim that if ` is valid, then the set of equationsassociated with T hasa

unique solution. Take the properly embeddedarc 
 which realizes`, number the

intersectionsof 
 with T in the order in which they occur on 
 . Each intersec-

tion corresponds to a position in somevariable. By induction on the number of

intersectionsit follows that each position in every variable is forced to be b.

On the other hand, let us assumethat ` is not valid. Becauseit is semi-valid,

there is a solution to the set of word equations. However, a lexicographically

smallest solution will now contain the letter a, which corresponds to one of the

members of the set of closedcurvesde�ned by a semi-valid labeling.

Becauseof Theorem3.1.14wecancomputethe lexicographicallyleastsolution

in polynomial time, and we can check by Lemma 3.1.15that it doesnot contain

any occurrencesof a. So, by solving the set of equationsassociated with T, we

can check if ` is valid.

Lemma 3.1.20 ([SS�S03]). Let 
 1; 
 2 be properly embedded arcs which realize

the numberings `1; `2. If 
 1 and 
 2 do not intersect, then we can verify that

i (
 1; 
 2) = 0 in polynomial time. Moreover, if the veri�c ation concludesthat

i (
 1; 
 2) = 0 then 
 1 and 
 2 are isotopically disjoint.

We now introducea topological variant of the graph weak realizability prob-

lem. Say we have a weakly realizablegraph (G; H ). Then, let M be the surface

obtainedby drilling a hole, for each vertex of the graph G, in the Euclideanplane.

Now, a set S of properly embeddedarcs on M is called a weak realization with

holes,if, for each edgebetweena pair of verticesin the graph, we have a properly

embeddedarc connectingthe two holesrepresenting thosevertices,and, for each

pair of edgesnot in H , the arcsrepresenting thoseedgesare isotopically disjoint.

Lemma 3.1.21 ([SS�S03]). Let (G; R) be an AT-graph. The graph(G; R) is weakly

realizableif and only if it hasa weak realization with holes.
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Lemma 3.1.22 ([SS�S03]). Let G be a graphwith m edgesand n vertices. Assume

that (G; H ) hasa weak realization with holes. Let M be the surface obtained from

the plane by dril ling jV j holes. Let T be a minimal triangulation of M . Then,

there is a weak realization with holesof (G; H ) in M suchthat there are at most

212n+ m intersections on each edgeof T.

Theorem 3.1.23 ([SS�S03]). The weak realizability problemis in NP.

Proof. Let (G; R) be an AT-graph with n = jVGj and m = jEG j. We show

that deciding whether (G; R) has a weak realization with holeslies in NP. Since

Lemma 3.1.21shows the equivalenceof weak realizability and weak realizability

with holes,this provesthe result.

Suppose(G; R) hasa weak realization with holes. Let T be a minimal trian-

gulation of M , Lemma 3.1.22implies that there is a weak realization with holes

in which every edgeof T is intersectedat most 212n+ m times. Soevery edgee of

G can be represented by an arc 
 with a numbering ` 
 : ET ! f 0; : : : ; 212n+ mg.

By Lemma, we canassumethat two arcs
 1, 
 2 representing two edges(e;f ) 62R

are disjoint. To verify weak realizability with holesof (G; R), it is su�cien t to

guessfor each edgee of G a numbering `e : ET ! f 0; : : : ; 212n+ mg of T (note

that the numbering has sizepolynomial in G). Then we check that all guessed

numberingsare valid and verify that for every (e;f ) 62R the curvesrepresenting

e and f are isotopically disjoint. Both of thesetasks can be performed in poly-

nomial time, by Lemma 3.1.19and Lemma 3.1.20. The veri�cation succeedsif

and only if (G; R) has a weak realization with holes, so this implies that weak

realizability with holescan be veri�ed in NP.

3.2 Conclusion

This chapter has given an outline of the solution for the string graph problem,

and for the AT-graph weak realizability problem. All of the results in this chap-

ter have comefrom Schaefer& �Stefankovi�c [S�S04],and Schaefer,Sedgwick, and
�Stefankovi�c [SS�S03]. Theseresults are usedlater on in this thesis, in Chapter 6.



Chapter 4

Spatial Logics and Reasoning

In order to study instancesof the topological inferenceproblem, we must �rst

examine the spatial logics with which we specify the instancesof the problem.

This chapter introducesthe conceptof a spatial logic and de�nes the structures

which we interpret these logics over. We take a model theoretic approach to

examiningthe computational propertiesof the topologicalinferenceproblem, that

is, we investigate the relationship betweenthe spatial logics and the topological

structures we interpret them over. This chapter, provides the �rst part of a new

and consolidatedsurvey of spatial logics,which is oneof the major contributions

of this thesis.

4.1 Spatial Logic

A spatial logic is a formal languagewhoseformulae are interpreted over a class

of geometric structures. The variables of our languageare interpreted as the

primitiv es of our geometric structures and the predicate and function symbols

are interpreted as various geometric relations and properties. We are inter-

ested in qualitative spatial logics, which are concernedwith mereotopological

properties and relations, asopposedto quantitative spatial logics,which are con-

cernedwith quanti�able spatial propertiesandrelations,such assizeanddistance.

Mereotopology is a combination of two �elds of mathematics. Mereology, which is

the study of part-whole relationships,and Topology, which wasbrie
y introduced

in Section 2.2. Furthermore, as mentioned in Chapter 1, we restrict ourselves

primarily to qualitativ e spatial logicswhich are interpreted over structures which

inhabit the Euclideanplane.

39
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It is di�cult to identify a beginningof the development of qualitativ e spatial

logics. Traditionally, the primitiv e units of a spaceare taken to be its points.

But, the very notion of a `point' is something which does not �t in very well

with our perception of space. If each physical object occupiesa set of points,

then a question arises. Is this set topologically open, or closed?So, in order to

avoid thesedi�cult philosophical issues,perhapswe should considerother kinds

of entities as our primitiv e units.

One of the �rst systemsof geometryto consideralternative primitiv esto the

point wasWhitehead's`point-free geometry'. In [Whi19] and [Whi20], Whitehead

presented a systemof spatiotemporal ordering and measurement where`regions'

are the primitiv e entit y. While Whitehead's systemappearsto have some
a ws,

certain parts of it were usedby de Laguna ([dL22a], [dL22b]) to describe some

standard geometricalconceptsin [dL22c]. De Laguna doesnot attempt to con-

struct a complete system of geometry, but simply to show \the possibility of

a geometry" basedon the conceptshe de�nes. Inspired by de Laguna's work,

Whitehead proposeda modi�ed system[Whi29], basedon a topological relation

which he called `extensive connection'. Although Whitehead doesn't specify a

speci�c domain for interpretation, the `extensive connection' relation seemsto

behave similarly to the relation which holds between two subsetsof a topolog-

ical spacewhoseclosuresintersect. Somewhatcounter-intuitiv ely, Whitehead's

relation doesnot allow for a region to be connectedto itself.

Perhapsthe �rst fully realised`spatial logic' waspresented by Tarski in [Tar56]

(this is actually a summary of an addressTarski gave to a mathematical confer-

encein 1927). The primitiv esover which the variablesof this logic rangeare sets

of regions,or solids ashe called them, thus making this languagea second-order

logic. According to the way Tarski's regionsare de�ned, theseregionsare simply

regular closedsubsetsof R3. The languagehas two predicates,one interpreted

as the property of being a `sphere', and the other interpreted as the `part-of'

relation. A completeaxiomatization of the theory is provided, and it is shown

that all models of the theory are isomorphic to the standard interpretation of

the languageover R3. This is done by showing that the points in R3 can be

represented by setsof converging solids (or spheres).

While Tarski's results would seemto provide a soundfoundation for the fur-

ther development of spatial logics, they were largely ignored for a long time, in

favour of Whitehead's work. Clarke [Cla81] proposeda `calculusof individuals'
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basedon Whitehead's `extensive connection' relation. Clarke calls this relation,

simply, `connection', and makes the modi�cation of permitting a region to be

connectedto itself. Although Clarke suggeststhat the languageis taken to range

over `spatio-temporal' regions,the systemis presented as an `uninterpreted cal-

culus' and sothe purposeof the axiomatization is a little unclear,asthere canbe

no proof of correctnesswith regardsto an interpretation. Clarke'saxiomsappear

to suggestthat there is somedistinction betweenopen and closedregions,as he

de�nes both the `connection' relation and an `overlap' relation, the latter seems

to be the relation which holds betweenregionswhen their interiors intersect.

As we are interestedin the topological inferenceproblem, we are interestedin

spatial logicsmainly in relation to the structures we interpret them over.

4.1.1 Mo dels

Although Clarke's calculuswas presented without any speci�c interpretation in

mind, it is a natural questionto wonderwhat kind of structuresaremodelsfor the

axiomatization that wasprovided. Biacino & Gerla [BG91] investigatedthis and

found that Clarke's axiomscharacterisethe completeatomlessBooleanalgebras,

thus in a sensethe classof non-empty regular open subsetsof a topologicalspace

are models for the axiomatization. Unfortunately, as de�ned over this domain,

the connectionand overlap relations are equivalent. This leavesClarke's calculus

beingableto expressmereologicalrelations,but not topologicalones,this renders

it unsuitable as a spatial logic.

Inspiredby Allen's temporal calculus[All83], the RegionConnectionCalculus,

or RCC [RCC92b] was an attempt to correct Clarke's calculus (especially the

issuesraisedby Biacino & Gerla) and to createa spatio-temporal logic, basedon

a connectionrelation. As with Clarke's calculus,an axiomatization wasprovided

but with no proof of correctnesswith respect to any particular interpretation.

The RCC hasreceived considerableattention and we shall examineparts of it in

more detail in Chapters5 and 6.

The rest of this chapter looks at an approach to spatial logic which is much

more in the tradition of Tarski. Instead of choosing a language,creating a set

of axioms which seem to correspond with intuition, and then �nding out if our

systemis modelledby any kind of spacein existence,we beginby �rst examining

the kind of geometricstructures that we wish to interpret our spatial logicsover.

We now introducethe conceptof a mereotopology.



CHAPTER 4. SPATIAL LOGICS AND REASONING 42

4.1.2 Mereotop ologies

Oneof the �rst questionswe must answer is: How do we de�ne the regionswhich

our languagerangesover? Sincewe are restricting our attention to topological

inferencein the real plane,we assumefrom now on that our regionsaresubsetsof

the real plane. And aswe aremainly concernedwith topologicalinferencein spa-

tial structures that may occur in the physical world, asmentioned in Chapter 1,

we may wish to restrict what kind of subsetsthat we considerto be regions.

We call our choice of what de�nes the regionsof a space,the mereotopology

of the space. The de�nitions and corresponding examplesin the rest of this

subsectionare taken from [PH07].

De�nition 4.1.1. Given a topological spaceX , we de�ne a mereotopology over

X to be a Booleansub-algebraM of RO(X ) such that, if u is an open subsetof

X and p 2 u, there existsm 2 M such that p 2 m � u. We refer to the elements

of M as regions.

The real plane contains many subsetsthat could not possiblybe occupiedby

a physical object, for example,and we may wish our domain of regionsto not

include such subsets.

Consider that although open and closedsets are well-de�ned mathematical

concepts,they aredi�cult to understandintuitiv ely, and many di�cult questions

ariseasa result of this distinction. For example,take a physical object (in three

dimensionalEuclideanspace)- is the subsetof the spacethat this object occupies

open, or closed?In other words - do objects contain their boundary points? We

may wish to bypassquestionsof this nature by consideringeither open, or closed,

subsetsto be regions.

Additionally , as a result of Theorem 2.4.6 it is commonto restrict attention

to only regular open subsets.This guaranteesus an algebrawhich is closedunder

intersection, union and complement of regions. Therefore, for our �rst example

of a mereotopology, we choosethe set of all regular open subsetsof R2.

Example 4.1.2. The set RO(R2) is a mereotopology over R2.

Proof. Given p 2 o � R2 such that o is open, let u; v be disjoint open subsets

of R2 such that p 2 u and R2 n o � v. Sincev is open, u� \ v = ? , whence

u� � o, and so p 2 (u� )0 � o. But (u� )0 2 RO(R2). Hence RO(R2) is a

mereotopology.
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The mereotopology RO(R2) avoids any di�cult y regarding the distinction

betweenopen and closedsets,however it still contains every regular open subset

of R2. Many of thesesubsetsform regionswhich no physicalobject could possibly

inhabit. For example,subsetswith in�nitely convoluted boundaries. If our aim is

to represent regionswhich are representativ e of objects, or regionswhich exist in

the physical world, then we may want to further restrict our de�nition of regions.

Given any straight line in the plane, we can cut the plane into two halves.

Thesehalvesareregularopen,each beingthe pseudocomplement (De�nition 2.2.16)

of the other, and are called half-planes.

De�nition 4.1.3. A basic polygon in R2 is the intersectionof �nitely many half-

planes in R2. A polygon in R2 is the sum, in RO(R2) of a �nite set of basic

polygons. We denotethe set of polygonsin R2 by ROP(R2).

Example 4.1.4. The set ROP(R2) is a mereotopology over R2.

Proof. We needonly show that ROP(R2) is closedunder the Booleanoperations.

This is obvious given the distribution laws for RO(R2).

We now present another mereotopology which will be usedlater to show that

changingthe de�nition of the regionsdoesnot necessarilya�ect the spatial logic.

If a line is de�ned by an equation such as ax + by+ c = 0, wherea, b and c

are rational numbers, we call it a rational line; if a half-plane is bounded by a

rational line, we call it a rational half-plane. A pair of rational lines can intersect

only at points with rational coordinates.

De�nition 4.1.5. A rational basic polygonis the intersectionof �nitely many ra-

tional half-planes.A rational polygonis the sum, in the BooleanalgebraRO(R2),

of a �nite set of rational basicpolygons. We denotethe set of rational polygons

in R2 by ROQ(R2).

Example 4.1.6. The set ROQ(R2) is a mereotopology over R2.

Proof. Similar to Example 4.1.4.
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4.1.3 First Order Spatial Logic

Now, we have introducedstructures which we have called mereotopologies which

are essentially sets of elements which we refer to as regions. We now look at

the construction of logicswhosevariablesrangeover the elements (regions) of a

mereotopology.

First, we must choosewhat spatial operationsand relationswewish to beable

to express.By choosingwhich spatial primitiv eswe include,weselecta signature,

� , for our logic. Given a signature � , we denote the �rst-order languageover �

by L (� ).

So, we choosea signature, � , of our language,and we de�ne the predicates,

functions and constants in � over the chosenmereotopology M . The resulting

construction, which we write M (� ), is known as a structure. A structure along

with an interpretation function, allows us to determinethe truth value of a given

formula.

Let M (� ) be a structure, and let � be a valuation function, mappingvariables

to regionsof the mereotopology. If ' is true in M (� ) under � , then we say that

M (� ) satis�es ' under � . If there existsan � such that M (� ) � � ' , then we say

that ' is satis�able in M (� ), and write M (� ) � ' . If there exists a M (� ) such

that ' is satis�able in M (� ), then we say that ' is satis�able.

De�nition 4.1.7. Wecall a L (� ) formula with no freevariablesa sentence. Given

an L (� ) sentence, ' , if M (� ) � � ' for someassignment � , then M (� ) � � ' for

any assignment � , and we write M (� ) � ' .

De�nition 4.1.8. Given a structure M (� ), the set of all L formulas ' such that

M (� ) � ' is known as the L -theory of M (� ), written Th(M (� )).

By choosingthe signature� of our language,and by de�ning what the regions

of our mereotopologyM are, we de�ne the structure M (� ), which is our model of

space,or spatial ontology. Quoted from [PH01a]: . . . a spatial ontology is a model

of what we think space is like at the levelof regions: it tells us what regions exist

and what properties thoseregions have.

The theory of a spatial ontology is simply all the true statements about the

ontology. A theory Th(M (� )) is clearly characterisedby the spatial ontology

M (� ) that is, the choicesrelating to the de�nition of regionsand the composition

of the signature directly a�ect the contents of this theory. Given the theory of

an ontology M (� ), a number of questions are raised. What other ontologies
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characterisethis theory? And how are theseontologiesrelated to M (� )? Are we

able to further restrict the de�nition of the regionswhich make up M , while still

characterisingTh(M (� ))? The �rst of thesequestionsis oneof many investigated

in [PH01a],and it is shown that the spatial ontologiesROP(c;� ) and ROQ(c;� )

have the sametheory.

An axiom systemof a spatial ontology is a set of axiomsand rulesof inference

whoseconsequencesare exactly the theory of the spatial ontology. Having a

complete axiom system for a spatial ontology allows us to determine, for any

given formula, whether that formula is true or satis�able in the spatial ontology.

Given a spatial ontology, an important question is whether its theory can be

axiomatised, and if so, what are its axioms?

Choice of Signature

The operations +, � and � are so commonly included in spatial logics, that

they will be present in the signatures implicitly . Thus we write L (C) instead

of L (+ ; �; � ; C). We take the symbols 0, 1, +, �, � and � to have their usual

(Boolean algebra) interpretations. We take the binary predicate C to denote a

standardcontact relation, that is, C holdsbetweentwo regionsif their topological

closuresintersect. The interpretation of thesesymbols is given in Table 4.1.

Symbol De�nition
0 (0)M = ?
1 (1)M = X
+ + M (x; y) = ((x [ y) � )�

� �M (x; y) = x \ y
� � M (x) = X n x �

C CM = f (x; y) 2 M 2 : x � \ y� 6= ? g

Table 4.1: De�nitions of simple constants and functions in a mereotopology, M ,
over topological spaceX (x; y 2 M � P(X ))

We now look at the structures involving just a C contact relation.

4.1.4 Con tact Relations

Since Whitehead's extensive connection relation, there have been a number of

investigationsof spatial logics using contact relations. The standard topological

interpretation of a contact relation is that it holds between two subsetsof a
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topologicalspace,if their closureshave a non empty intersection. We now give a

more generalde�nition of a contact relation.

De�nition 4.1.9. We say that a binary relation C is a contact relation if it

satis�es the following.

C1: 8x(C(x; x)).

C2: 8x8y(C(x; y) ! C(y; x)).

C3: 8x8y(8z(C(z; x) $ C(z; y)) ! x = y).

Theseaxioms correspond to the axioms given by Clarke for his `calculusof

individuals' [Cla81].

Now we introducethe structures that result when thesecontact relations are

taken to range over elements of Boolean algebras. The following de�nition is

taken from [BD07].

De�nition 4.1.10. Let A bea Booleanalgebra,and let C bea binary relation on

A. The pair hA; Ci is a Boolean contact algebra if C has the following properties

(for all x; y; z 2 A).

BCA0: C(x; y) ! x; y 6= 0.

BCA1: x 6= 0 ! C(x; x).

BCA2: C is symmetric.

BCA3: C(x; y) and y � z ! C(x; z).

BCA4: C(x; y + x) ! C(x; y) or C(x; z).

We are also interestedin casesof C that have the following properties.

(Ext): (C(x; z) ! C(y; z)) ! x � y.

(Con): x 62f 0; 1g ! C(x; � x).

Note that C is a contact relation by De�nition 4.1.9.

In [DW05], the following observations are made about BCAs in relation to

regular closed subsetsof a topological space, but they are also true for any

mereotopology.
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Observ ation 4.1.11. If hX ; Ui is a topologicalspace,and M is a mereotopology

over X , with CU being a standard topological contact relation over M then the

following hold.

1. M (CU ) j= BCA0-4.

2. M (CU ) j= (Ext) if and only if X is weakly regular (seeDe�nition 2.2.15).

3. M (CU ) j= (Con) if and only if X is connected(seeDe�nition 2.2.19).

That is, the BCA0-4 axioms seemto capture the behaviour of a topological

contact relation. However, there is a much stronger result regarding contact

relations and theseaxioms.

BCA Represen tation Theorem

Similar to Stone'stheorem,D•untsch & Winter give a representation theoremfor

BCAs in [DW05].

Theorem 4.1.12. Each BCA hA; Ci is isomorphic to a densesubstructure of

some regular closed algebra hRC(X ); CU i , where hX ; Ui is a weakly regular T1

space, and C is the restriction of CU to A.

As a result of the observations (similar to 4.1.11) in [DW05], we have the

following theorem.

Theorem 4.1.13. If hX ; Ui is a weakly regular T1 space, and A is a densesub-

algebra of RC(X ), with C being the restriction of the standard contact relation

on RC(X ), then hA; Ci is a BCA.

And therefore,we have the following result.

Theorem 4.1.14. The axioms of BCAs are completewith respect to the class

of densesubstructures of regular closed algebras of weakly regular T1 spaces with

standard contact.

4.1.5 BCA Undecidabilit y

The satis�abilit y problem of �rst order logic is undecidable.Similarly, �rst-order

spatial logics are generallyundecidable. The �rst order theory of the RCC (see
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Section4.1.1) was �rst observed to be undecidableby Gotts, Gooday, and Cohn

[GGC96] and it was shown by Dornheim [Dor98] that the �rst-order theory of

polygonsin the real plane is undecidable.

We now present a proof of the undecidability of the �rst-order theory of BCAs

by reducing the tiling problem to BCA languagesatis�abilit y. Dornheim's proof

usedthe Post correspondenceproblemto show that �rst ordermereotopologyover

the regularclosedpolygonswasundecidable.First, wemakesomede�nitions that

we useas shorthand, to improve the readability of the proof.

1. EC(x; y) � def C(x; y) ^ y � (� x)

2. O(x; y) � def x:y 6= ?

3. Co(x; y) � def cc(x) ^ x � y ^ :9 z(cc(z) ^ x < z � y)

4. cc(x) � def :9 x1; x2(x1 6= ? ^ x2 6= ? ^ x1 + x2 = x ^ : C(x1; x2))

We take formulae 1,2, and 3 to represent external contact, overlapping, and

`maximal component of' relations respectively and we take formula 4 to represent

the property of having a connectedclosure.

Additionally , we make the following abbreviations.

J (x; y; X ; K ) � def Co(x; X ) ^ Co(y; X )^

9j (Co(j; K ) ^ EC(x; j ) ^ O(j; y))

D(x; z; X ) � def Co(x; X ) ^ Co(z; X )^

9yv(Co(yv; X ) ^ J (x; yv; X ; V) ^ J (yv; z; X ; H ))^

9yh(Co(yh; X ) ^ J (x; yh; X ; H ) ^ J (yh; z; X ; V))

The J relation states that x is connectedto y by a (joiner) maximal component

of K . The D relation ensuresdiagonal consistencybetweenthe tiles, that is, for

any two tiles x and z, if z is above the tile to the right of x, then z is alsoto the

right of the tile above x.

Now, let �( X ; V; H; Y1; : : : ; YN ) be the following set of twelve formulae, with

free variables: X ; V; H; Y1; : : : ; YN . We will use upper caseletters for free vari-

ables,and lower caseletters for bound variables.

1. X 6= ? ^ 9x(Co(x; X ))
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0:9

0:3

Figure 4.1: Layout of the tiles.

2. X = Y1 + � � � + YN ^
V

1� i;j � N
i 6= j

: C(Yi ; Yj )

3. 8x
�
Co(x; X ) ! : Co(x; H ) ^ : Co(x; V)

�

4. : C(V; H )

5. 8x
�
Co(x; X ) ! 9y(J (x; y; X ; V) ^ 8z(J (x; z; X ; V ) ! z = y))

�

6. 8x
�
Co(x; X ) ! 9y(J (x; y; X ; H ) ^ 8z(J (x; z; X ; H ) ! z = y))

�

7. 8x
�
Co(x; X ) ! 9y(D(x; y; X ))

�

8. :9 x1; x2

�
J (x1; x2; X ; V) ^ (

W

1� i;j � N
(i;j ) =2V

(x1 � Yi ^ x2 � Yj ))
�

9. :9 x1; x2

�
J (x1; x2; X ; H ) ^ (

W

1� i;j � N
(i;j ) =2H

(x1 � Yi ^ x2 � Yj ))
�

The strategy is that we construct all the tiles such that each tile has two

`joining' tiles which connect it to the tile above, and to the right, respectively.

SeeFigure 4.1.
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Lemma 4.1.15. Given a tiling T for (C; V; H) where C = c1; : : : ; cN , we can

construct S;M ; N; P1; : : : ; PN 2 RC(R2) suchthat

RC(R2) � �[ S;M ; N; P1; : : : ; PN ]:

Proof. Let S be the regionconsistingof the union of all squareregionsof RC(R2),

of side-length0:9 whosebottom left corner is at a co-ordinate(i; j ) of R2, for all

(i; j ) 2 N2. We call the maximal components of S squares.

Let M be the region consisting of the union of all square regions of side-

length 0:3 whosebottom left corner is at co-ordinate (i + 0:3; j + 0:9) of R2, for

all (i; j ) 2 N2. We call the maximal components of M vertical joiners.

Let N be the regionconsistingof the union of all squareregionsof side-length

0:3 whosebottom left corner is at a co-ordinate (i + 0:9; j + 0:3) of R2, for all

(i; j ) 2 N2. We call the maximal components of N horizontal joiners.

We construct a function � : N2 ! S by setting � (i; j ) to be the squareregion

(maximal component of S) whosebottom left co-ordinateis at (i; j ). Let

Pk =
X

f � (i; j ) : i; j 2 N and T(i; j ) = ckg:

Now we show that the formulae of � are satis�ed.

1. By the fact that S is not empty.

2. By the de�nition of Pk (and the fact that T is well-de�ned and total)

Y1; : : : ; YN are pairwise disjoint, and X is the union of Y1; : : : ; YN .

3. By the de�nition of S, M and N , no squarecan alsobe a joiner.

4. By the de�nition of M and N , a joiner cannot be both horizontal and

vertical.

5. By the de�nition of S, M and N , each square is vertically joined to a

distinct unique square.

6. By the de�nition of S, M and N , each squareis horizontally joined to a

distinct unique square.

7. By the de�nition of S, M , N and � , for each square(i; j ), the squarein

vertical contact (i; j + 1) is in horizontal contact with (i + 1; j + 1), while

the squarein horizontal contact (i + 1; j ) is below (i + 1; j + 1).
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8. By the de�nition of Pk and the fact that T respects V.

9. By the de�nition of Pk and the fact that T respects H .

Lemma 4.1.16. If there existsa structure A and S;M ; N; P1; : : : ; PN 2 A such

that

A � �[ S;M ; N; P1; : : : ; PN ];

then there existsa tiling T for (C; V; H), where C = c1; : : : ; cN .

Proof. First, we de�ne a mapping � : N2 ! S such that:

h� (i; j ); � (i + 1; j )i 2 H

h� (i; j ); � (i; j + 1)i 2 V:

Formula 1 ensuresthat S is non-empty and hasat leastonemaximal component,

so we may choosea maximal component s � S and set � (0; 0) = s.

We de�ne the following sets.

I v = f (a;b) : A � J [a;b;S;M ] wherea;b are maximal components of Sg

I h = f (a;b) : A � J [a;b;S;N ] wherea;b are maximal components of Sg

I d = f (a;b) : A � D[a;b;S] wherea;b are maximal components of Sg

1. If � (0; j ) is de�ned but � (0; j + 1) isn't, then set � (0; j + 1) = a0 where

(� (0; j ); a0) 2 I v.

To show that a0 is unique we must show that for each a there is a unique

b such that A � J [a;b;S;M ]. By formula 5, there existsexactly onesquare

which is vertically joined to a.

2. If � (i; 0) is de�ned but � (i + 1; 0) isn't, then set � (i + 1; 0) = a0 where

(� (i; 0); a0) 2 I h.

To show that a0 is unique we must show that for each a there is a unique

b such that A � J [a;b;S;N ]. By formula 6, there exists exactly onesquare

which is horizontally joined to a.
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3. If � (i; j ) is de�ned but � (i + 1; j + 1) isn't, then set � (i + 1; j + 1) = a0

where(� (i; j ); a0) 2 I d

To show that a0 is unique we must show that for each a there is a unique

b such that A � D[a;b;S]. By forumla 7, there is at least one such b. By

formulae 5 and 6, there is at most onesuch b.

Now we de�ne T : N2 ! C by setting T(i; j ) = ck where � (i; j ) is a maximal

component of Pk , for all i; j 2 N. Now we show that:

1. T is well de�ned. Assumethe opposite, then � (i; j ) is a maximal component

of Pk and � (i; j ) is a maximal component of Pl , soPk :Pl 6= ? . However, by

formula 2, : C(Pk ; Pl ).

2. T respectsV and H. Assumethe opposite. SupposeT doesnot respect V.

There exist i; j 2 N such that hT(i; j ); T(i; j + 1)i 62V, it is straighforward

to show that A � J [� (i; j ); � (i; j + 1); S;M ]. However, this contradicts

formula 8. The proof that T respects H is similar.

We have the following theorem.

Theorem 4.1.17. The formula �( S;M ; N; P1; : : : ; PN ) is satis�able if and only

if there existsa tiling T for (C; V; H) where C = c1; : : : ; cN .

Proof. By Lemmas4.1.15and 4.1.16.

4.2 Conclusion

Many questionsregarding spatial logics remain unanswered. However, this the-

sis focuseson questionsrelating to the computational properties of a theory of

space. For instance, is there an algorithm which can determine whether any

given sentenceis a member of that theory? If so,how complexis its satis�abilit y

problem?

Given a formula in a spatial logic and a speci�c domain over which the vari-

ablesof that logic may range, is there an assignment of variablesto elements of

the domain such that the formula is satis�ed? This is the topological inference

problem.
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In this chapter, we introducedmany of the conceptsthat we make extensive

useof throughout the rest of the thesis. But the overall aim of the chapter has

beento introducethe topological inferenceproblem sothat we may now examine

the computational properties of this problem.

We have seenthat the �rst order languagewith a contact relation is undecid-

able, however there are many lessexpressive languageswhich are decidable.The

following chaptersare concernedwith investigating the computational properties

of theselanguages.



Chapter 5

Satis�abilit y

This chapter forms the secondpart of the new survey of spatial logics provided

by this thesis. In this chapter, we look at di�erent approaches to solving the

topological inferenceproblem. We start with with a simplespatial logic calledT ,

giving a proof of its equivalenceto the modal logic S4. The rest of the chapter

examinessomelanguageswhich are related to T . We look at T CC which is a

supersetof T , and over this chapter and the next, we look at a seriesof languages

which are progressively stronger restrictions of T , including RCC8.

5.1 Mo dal Logic and Topology

In Observation 2.2.17,we noted the similarity betweenpropertiesof a topological

spaceand the S4 modal logic axioms. In fact, there is a much deeper connection

betweenthe S4 modal logic and topologicalspaces.McKinsey & Tarski ([McK41]

and [MT44]) show that when the modal 3 operator is taken to meantopological

closure,S4 is completewith respect to the interpretation over topologicalspaces.

The most commoninterpretation of modal logics is the relational semantics,

using Kripk e structures, asdiscussedin Section2.1. The logic S4 is known to be

completewith respect to the Kripk e frameswhosereachabilit y relation is re
exive

and transitive. There is a strongconnectionbetweenS4 Kripk e framesand a type

of topological spaceknown as an Alexandro� space(seeDe�nition 2.2.6). First,

we introducethe following de�nition.

De�nition 5.1.1. Let F = hW; � i be an S4 Kripk e frame(so � is re
exive and

54
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transitive). Given W 0 � W, we de�ne the following set.

IF(W 0) = f w 2 W j 8w0 : w� w0 =) w0 2 W 0 g

We can seethat I F is an interior operator accordingto De�nition 2.2.18,and so

de�nes a topology on W. We call hW; I Fi the topological space de�ned by F.

It is straightforward to show that the topological spacede�ned by an S4

Kripk e frame is an Alexandro� space.In fact, given a topological spaceX , if we

de�ne a relation x� x0 for all x; x0 2 X if and only if x 2 f x0g� , then it is easyto

show that � is re
exive and transitive if and only if X is an Alexandro� space.

This implies that there is a 1-1 correspondencebetween S4 Kripk e frames,

and Alexandro� spaces.And sinceevery �nite topologicalspaceis an Alexandro�

space,there is a 1-1 correspondencebetween �nite S4 Kripk e framesand �nite

topological spaces. Essentially , what this means is that the theory of the S4

languageover �nite topological spacesis equivalent to the more standard theory

of S4 over �nite Kripk e frames.

5.1.1 Simple Topological Constrain ts

We will now introducea simple topological language,which was �rst introduced

by Nutt ([Nut99]). We shall call this topological constraint languageT .

De�nition 5.1.2. We de�ne the terms of T as follows.

1. Every variable is a term.

2. If s is a term, so are � s, s� , and s� .

3. If s and t are terms, so are s \ t and s [ t.

The domain of the T languageis the set P(X ) wherehX ; Ui is a topological

space. As usual, we denote the domain of this languageby the symbol U. We

extend the interpretation functions of this languageover the connectives � , [

and \ and the interior and closureoperatorsasfollows (wheres and t are terms).

� (� s) = X n (� (s))

� (s� ) = (� (s)) � and � (s� ) = (� (s)) �
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� (s \ t) = � (s) \ � (t) and � (s [ t) = � (s) [ � (t)

Thus the interpretation of a term s is the element of U described by s. We

de�ne the constraints of T as follows.

De�nition 5.1.3. If s and t are terms, then s = t is a constraint and so is s 6= t.

Let the languageT be the set of all T formulae.

De�nition 5.1.4. Let ';  2 T . We de�ne a T formula as follows.

1. Every T constraint is a formula.

2. : ' is a formula.

3. ' ^  is a formula.

4. ' _  is a formula.

The operators ^ , _ and : are interpreted as the logical operators conjunction,

disjunction, and negationrespectively. We may refer to a conjunction of formulae

as a set of T constraints.

Now we will de�ne what it meansfor a T formula to be satis�able.

De�nition 5.1.5. Wede�ne a topological model to bea pair (U; � ) which consists

of a set U of subsetsof a topological spaceand a function � mapping variables

to the elements of U.

De�nition 5.1.6. Let s and t be T terms and let ';  2 T . Given a topological

model A = (U; � ) we say the following.

If ' is s = t, then A satis�es ' i� � (s) = � (t).

If ' is s 6= t, then A satis�es ' i� � (s) 6= � (t).

If A satis�es a T formula, ' , then we write A � ' . We canextend� over Boolean

combinations of T formulae in the following way.

A � : ' i� A 2 '

A � ' ^  i� A � ' and A �  

A � ' _  i� A � ' or A �  

A � ' !  i� A 2 ' or A �  
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Given a T formula, ' , we say that ' is satis�able if there is a topologicalmodel,

A, such that A � ' .

Using the connectiondiscussedin earlier on in the chapter, Nutt showed the

T satis�abilit y problem to be equivalent to the S4 satis�abilit y problem, and

therefore,that the T satis�abilit y problem is PSPACE-complete.

Now, we give a proof of the equivalenceof the S4 satis�abilit y problem with

the T satis�abilit y problem (over arbitrary subsetsof a topological space).

5.1.2 Translating Topological Constrain ts

First, we de�ne the translation of the languageT into S4U . Given a term s, we

denote the translation into S4U of s by (s) � . We translate variablesof T into a

corresponding proposition letter, (x i )� = pi , wherex i is a variable of T , and pi is

a proposition letter. We then structurally extend our translation over the terms

of T as follows (where s and t are terms, and the symbols : , ^ and 2 represent

S4U symbols):

1. (� s) � = : (s) � ,

2. (s [ t) � = (s) � ^ (t)� ,

3. (s� )� = 2 (s) � .

It is trivial to extend this translation to cover formulae of T (where s is a term,

and 8 and 9 are the S4U universalmodal operators):

1. (s = > ) � = 8(s) � ,

2. (s 6= > ) � = :8 (s) � ,

3. (s = ? ) � = :9 (s) � ,

4. (s 6= ? ) � = 9(s) � .

This kind of translation was �rst proposedby Bennett [Ben96] speci�cally

for formulae of a more restricted fragment of T called RCC8, which we shall see

later on in this chapter. We will now show the correctnessof this translation with

respect to the formulae of T , which is more generalthan RCC8.

First we must show that if we have a T formula ' and a topological model

A, then we can construct an S4U Kripk e model M A such that A j= ' if and only

if M A j= ' � .



CHAPTER 5. SATISFIABILITY 58

Lemma 5.1.7. Given a �nite topological modelA = h(X ; U); � i , let M A = hX ; � ; � i ,

where

v� v0 if and only if v 2 f v0g� (for v; v0 2 X ),

and

� (pi ) = � (x i ),

for all variablesx i . Then M A is an S4-Kripke model.

Proof. M A is an S4-Kripk e model if and only if the relation � is re
exive and

transitive. Since v 2 f vg� , � is re
exive. Suppose (i) v 2 f v0g� and (ii)

v0 2 f v00g� for some v00 2 X . By (ii), v0 � f v00g� , f v0g� � (f v00g� )� and

f v0g� � f v00g� . By (i), v 2 f v0g� � f v00g� , i.e. v 2 f v00g� , therefore � is

transitive.

Lemma 5.1.8. If s is a T term, then for every w 2 X ,

M A j= w s� if and only if w 2 sA .

Proof. By Structural induction on s� (where t1 and t2 are terms):

1. If s is a variable, x i

w 2 x i
A , w 2 � (x i ) , w 2 � (pi ) , M A j= w pi , M A j= w s�

2. If s is t1 \ t2

w 2 (t1 \ t2)A , w 2 t1
A and w 2 t2

A

, M A j= w (t1)� and M A j= w (t2)� (I H )

, M A j= w (t1)� ^ (t2)�

, M A j= w (t1 \ t2)�

, M A j= w s�

3. If s is � t1

w 2 sA , w 2 (� t1)A , w =2 t1
A , M A 6j= w (t1)� (I H ) , M A j= w s�

4. If s is t �
1

M A j= w s� ) 9w0 such that w� w0 and M A j= w0 (t1)�

) w� w0 and w0 2 t1
A

) w 2 w0� and w0 2 t1
A

) w 2 (t1
A)� = t �

1
A .
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Conversely, supposew 2 t �
1

A = (t1
A)� . SinceA is �nite, (t1

A) = f w1
0; : : : ; wk

0g

hence(t1
A)� = w1

0� [ � � � [ wk
0� . Without loss of generality, w 2 w1

0� .

HencewRw1
0, and (IH) M A j= w1 0 (t1)� . HenceM A j= w 3 (t1)� , i.e. M A j= w

s�

Lemma 5.1.9. If ' is a formula of T and A is a �nite topological model, then

M A j= ' � if and only if A j= ' .

Proof. Will show for the casethat ' is s = > , wheres is a term.

s = X , 8u 2 X u 2 sA , 8u 2 X u 2 (s) � (by Lemma 5.1.8) , 8(s) � .

Lemma 5.1.10. Given a T formula ' , as de�ned in De�nition 5.1.3, then ' is

satis�able in a topological model if and only if it is satis�able in a �nite topological

model

Proof. The small model property in Section 4.2 of [PH01b] shows this for T CC

(seeSection5.2) formulae of which T formulae are a restricted case.

Theorem 5.1.11. Let A be a topological model, let ' be a T formula. We can

construct an S4U Kripke model M A suchthat A j= ' if and only if M A j= ' � .

Proof. Lemma 5.1.9provesthis theorem if A is �nite. Lemma 5.1.10shows that

if ' is satis�able, it is satis�able in a �nite topological model.

Now we must show that if we have a T formula ' and a S4U Kripk e model

M then we can construct a topological model AM such that M j= ' � if and only

if AM j= ' .

Lemma 5.1.12. Let M = hW; � ; � i be an S4-Kripke model, and let I M be

the topology de�ned by M , as in Lemma 5.1.1. Let AM = h(W; IM ); � i be the

topological model suchthat the valuation function � is de�ned as

� (x i ) = � (pi ) for all proposition letters pi .

Then, for every w 2 W,

w 2 sAM if and only if M j= w s� ;
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where s is a T term.

Proof. Proof is similar in structure to that given in Lemma 5.1.8,except for the

fourth part.

4. If s� is 2 (t1)� :
M j= w 2 (t �

1) , 8w0 : w� w0 =) M j= w0 (t1)�

, w� w0 =) w0 2 t1
AM (IH)

, w 2 IM (t1
AM ) (def. interior op, Lemma 5.1.1)

, w 2 (IM t1)AM

Theorem 5.1.13. Let M be an S4U Kripke model, let ' � be a modal formula. We

can construct a topological model AM suchthat M j= ' � if and only if AM j= ' .

Proof. Proof is similar to Lemma 5.1.9.

Corollary 5.1.14. A T formula ' is satis�able if and only if its corresponding

S4U translation, ' � , is satis�able.

Proof. Direct result of Theorems5.1.11and 5.1.13.

Corollary 5.1.14proves the correctnessof the translation from the T to the

S4U modal logic. The following theorem can be found in Halpern & Moses

[HM92].

Theorem 5.1.15. Let ' 1; : : : ; ' m ;  1; : : : ;  n be S4U formulae. Then

8' 1 ^ � � � ^ 8' m ^ 9 1 ^ � � � ^ 9 n (5.1)

is satis�able if and only if for each j � m the formula

' 1 ^ � � � ^ ' m ^  j (5.2)

is satis�able.

Observe that all the S4U formulae resulting from the T translations are of

the form given in formula (5.1), such that the formula given in (5.2) will be an

S4 formula. The satis�abilit y of S4 formulae is known to be PSPACE-complete

[HM92], so the following corollary is immediate.

Corollary 5.1.16. The satis�ability problemof T formulaeis PSPACE-complete.
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5.2 Topological Comp onent Coun ting

Now we look at the satis�abilit y problem for a spatial logic called T CC1. This

languageis a supersetof T , with the addition of a predicatewhich is interpreted

as a kind of topological connectednessproperty.

As with the T language,the domain U of T CC will be the subsetsof a topo-

logical spaceX , and we let � be a function mapping variablesto elements of U.

We denote the interpretation of a term s in the topological spaceby � (s). The

interpretation of a variable x is the element of U which is mapped to x by � . The

interpretation is extendedover the connectives � , [ and \ and the interior and

closureoperators exactly as with T .

De�nition 5.2.1. We de�ne a T CCconstraint asfollows (wheres and t areT CC

terms).

1. s = t is a constraint.

2. s 6= t is a constraint.

3. c6 k(s) is a constraint (if k is a binary numeral and k > 0).

4. c> k(s) is a constraint (if k is a binary numeral and k > 1).

Although the parameterk is a binary numeral, in order to simplify the notation,

we will treat k as the integer value which the binary numeral represents.

Note that any type 1 or 2 constraint can be converted to the form s = > or

s 6= > (using s = t , (� s [ t) \ (s [ � t) = > ).

Wede�ne the formulaeof T CCin exactly the sameway asT (De�nition 5.1.4)

with the addition of permitting type 3 and type 4 constraints.

Now we de�ne what it meansfor a T CC formula to be satis�able.

De�nition 5.2.2. Let the languageT CC be the set of all T CC formulae, let s

and t be T CC terms, and let ';  2 T CC. Given a topological model A, we say

that:

if ' is s = t, then A satis�es ' i� � (s) = � (t),

if ' is s 6= t, then A satis�es ' i� � (s) 6= � (t),

if ' is c6 n(s), then A satis�es ' i� � (s) hasat most n components,

if ' is c> n(s), then A satis�es ' i� � (s) hasat least n components.

1Rough abbreviation of \top ological constraint languagewith component counting"
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If A satis�es a T CC formula, ' , then we write A � ' . We can extend � over

Booleancombinations of T CC formulae in the following way:

A � : ' i� A 2 ' ,

A � ' ^  i� A � ' and A �  ,

A � ' _  i� A � ' or A �  ,

A � ' !  i� A 2 ' or A �  .

Given a T CC formula, ' , we say that ' is satis�able if there exists a topological

model, A, such that A � ' .

T CC examples

Here are someexamplesof what we can expressin T CC:

Example 5.2.3. Let s; t be terms.

s \ t 6= ?

Let A = (U; � ) be a model of this formula. Then � (s) and � (t) intersect, or

overlap.

Example 5.2.4. Let s; t be terms.

s \ t = ? ^ s� \ t � 6= ?

Let A = (U; � ) be a model of this formula. Then � (s) and � (t) touch, i.e. their

closuresoverlap, but � (s) and � (t) do not overlap.

Example 5.2.5. Let s be a term.

c6 1(s) ! c6 1(s� )

Any topologicalmodel is a model of this formula, asthe closureof any connected

set is connected.

Example 5.2.6. Let r; s; t be terms.

c6 1(r ) ^ r = s [ t ^ s� \ t � = ? ^ r 6= ? ^ t 6= ?

This formula is unsatis�able, as there is no topological model under which a

connectedset may be split into two non-empty disjoint sets.
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We will now give an outline of the proof of membership in the NEXP time

complexity classfor the satis�abilit y problemof the T CClanguage.The full proof

can be found in [PH01b]. First, we give a brief outline of a proof of the small

model property (which is presented fully in [PH01b]).

Let hX ; Ui be a topological space,and let B be a �nite set of subsetsof X ,

such that B 2 B ) B � 2 B . De�ne a binary relation � on X by setting a � b

if, for all B 2 B, a 2 B , b2 B.

De�nition 5.2.7. Let G = X= � and de�ne a function f : X ! G as

f (a) = f b2 X j b � ag

Note that if a 2 X and B 2 B, then a 2 B if and only if f (a) 2 f (B). Also, note

that jGj < 2jB j .

Let us de�ne a binary relation ! on G as

v ! v0 if and only if, for all B 2 B, v 2 f (B) ) v0 2 f (B � )

De�nition 5.2.8. The re
exive, transitive, directed graph, hG; !i can be re-

gardedasa topological spacewith a closureoperator � G for any H � G, de�ned

as follows:

H � G = f v0 2 G j v ! v0 for somev 2 H g.

For the duration of this section,we will use � to denotethe closureoperator

in the topological spaceX , and we will use � G to denote the closureoperator

in the topological spaceG. If we are de�ning a topological spacewith a closure

operator, then from now on, instead of writing hX ; Ui , we will abbreviate it to

merely X .

The following lemmasestablishproperties of the function f : X ! G. Proofs

for the following can be found in [PH01b].

Lemma 5.2.9. The function f : X ! G is continuous.

Given a T CC formula, the sizeof ' , i.e. the number of symbols occurring in

' , is written as j' j.

Let ' bea setof T CCconstraints, which contains no constraints of type4. Let

A = hX ; � i such that A � ' , and givena T CCterm, s, let sA be the interpretation

of term s in A.

Let
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B 0 = f sA j s is a term occurring in ' g

B = B 0 [ f B � j B 2 B 0 g

De�ned in this way, B is a �nite setof subsetsof X , such that B 2 B ) B � 2 B .

And de�ning f : X ! G as above, let f (A) be the structure hf (X ); f � � i .

Lemma 5.2.10. For each term s in ' ,

f (sA) = sf (A) :

Theorem 5.2.11. If A � ' , and f is de�ned as above, then f (A) � ' .

Proof. The following proof is presented unchanged from what is presented in

[PH01b]. We will present the proof for types1, 2 and 3 separately. Let s and t

be T CC terms.

T yp e 1: A j= s = t ) sA = tA ) f (sA) = f (tA) ) sf (A) = t f (A) by Lemma5.2.10

) f (A) � s = t.

T yp e 2: A j= s 6= t ) sA 6= tA ) f (sA) 6= f (tA) by De�nition 5.2.7(sinceboth

sA and tA are in B ) ) sf (A) 6= t f (A) by Lemma 5.2.10) f (A) � s 6= t.

T yp e 3: A j= c6 k(s) ) sA has at most k components ) f (sA) has at most

k components, by Lemma 5.2.9 ) sf (A) has at most k components, by

Lemma 5.2.10) f (A) � c6 k(s).

Corollary 5.2.12. If ' is a satis�able set of constraints of types1,2 and 3, then

' is satis�ed in a structure of sizebounded by 22j' j .

Proof. By Theorem5.2.10,and the fact that jB j hasat most 2j' j elements meant

that f (A) is of maximum size22j' j .
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Building Mo dels

Corollary 5.2.12tells us that if a set of T CC constraints, of types 1, 2 or 3, is

satis�able, then it is satis�able in a �nite model; it also tells us the maximum

possiblesizeof this model. Givena model, A, which satis�es a T CCconstraint set,

the function f will generatea �nite model from A which satis�es the constraint

set.

Let ' be a set of T CC constraints which contains no constraints of type 4.

Let A be a topological model such that A � ' .

Let us alsode�ne another set:

T 0 = f s j s is a term occurring in ' g

T = T 0 [ f s� j s 2 T 0 g

in this case,s� is a new term resulting from applying the closure operator �

to the term s. The set P(T ) is the set of subsetsof T . Where S is a set of

terms, f s1; : : : ; sng,
T

S represents the intersectionof each element of the set, i.e.

s1 \ � � � \ sn .

Now we can give a slightly di�erent de�nition for the equivalencerelation; let

us de�ne an equivalencerelation, � , on U asa � b if, for all s 2 T , a 2 sA , b2

TA . Now, if G = U= � , then for each equivalenceclass,e 2 G, we can say that

e is de�ned by a set of terms, S, whereS is the set of all and only those s 2 T

such that for every point p 2 e, p 2 sA .

Thus, we can de�ne a function g : G ! P(T )

g(e) = f s j 8p 2 e; p 2 sAg:

which mapseach equivalenceclass,e, to the set of terms which de�ne e.

BecauseP(T ) contains the sets of all possiblecombinations of elements of

T , we might say that it also contains the de�nitions for all possibleequivalence

classes.

However, becauseP(T ) contains all possiblecombinations of elements of T ,

it also contains combinations which cannot possibly de�ne an equivalenceclass.

For example, if T = f x \ y; x; y; (x \ y) � ; x � ; y� g, then the equivalenceclass

represented by the set f xg is invalid, as it is not possible,given a point p, that

p 2 xA and p =2 (x � )A . Likewise, the equivalenceclassrepresented by the set

f x \ y; x; (x \ y) � ; x � g is invalid, as it is not possible, given a point, that p,

p 2 (x \ y)A and p =2 yA
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Given an element, S, of P(T ), we de�ne

Smax = S [ f� s j s 2 (' n S)g:

For every element in S, Smax contains the element or the negation of the

element.

Given that S is a set of terms, saying that S is topologically consistent is

equivalent to saying that \
S 6= ?

is satis�able. Sincethe above is a type 2 constraint, the problem of determining

the consistencyof S is an instanceof S4-SAT (which is in the PSPACE complexity

class).

De�nition 5.2.13. We say that a set of terms, S, de�nes an equivalence classif

and only if Smax is topologically consistent.

We will now de�ne a set which consistsof all the combinations of T which

de�ne a valid equivalenceclass.

De�nition 5.2.14. Given a set of terms, T , the set of all possiblevalid equiva-

lenceclassesis de�ned as:

Seq = f S j S 2 P(T ) and (
T

Smax 6= ? ) is S4-satis�able g.

Now, we can state that g(G) � Seq.

Let ' be a set of T CC constraints of types 1,2 and 3, and let Seq be the

corresponding set of all possibleequivalenceclassesfor the set of terms in ' . For

every model, A = hX ; � i , if A � ' then

g(f (X )) � Seq.

We can de�ne a topological model from each subsetof Seq as follows.

For each Q 2 P(Seq):

We de�ne a binary relation, ! , on Q as follows:

S ! S0 if and only if, for all s 2 T , s 2 S ) s� 2 S0

We de�ne a closureoperator, � Q, on Q as follows, whereV � Q:
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V � Q = f S0 j S ! S0 for someS 2 V g

We de�ne a valuation function � Q : V ! P(Q), given a variable p:

� Q(p) = f S 2 Q j p 2 S g.

De�nition 5.2.15. Thus, we de�ne a set of topological models generatedfrom

Seq as

T = f hQ; � Q i j Q 2 P(Seq) g.

Given a set, ' , of T CC constraints of types1,2 and 3, if ' is satis�able, then

there exists a A 2 T such that A � ' .

The satis�abilit y of T CC formulae containing types1, 2 and 3 constraints is

de�ned in de�nition 5.2.2.

T yp e 4 Constrain t Remo val

So far, we are still not able to decide the satis�abilit y of a set of constraints

containing type 4 constraints, that is, a constraint of the form:

c> k(s):

The following lemma is presented as an examplein [PH01b]; however, it cannot

be accomplishedin polynomial time; a more complicatedmethod, which can be

accomplishedin polynomial time, is alsodescribed in the paper.

Let z1; : : : ; zk be variablesnot occurring in the term s, then:

Lemma 5.2.16. The formula c> k(s) is equisatis�able with the formula ' given

by:

s =
S

16 i6 k
zi ^

V

16 i6 k
zi 6= ? ^

V

16 i<j 6 k
s \ zi

� \ zj
� = ?

Proof. This is proved in [PH01b].

So,we can determinesatis�abilit y of T CC formulae in NEXP time. First, we

have shown that if a set of constraints is topologically satis�able, then they are

satis�able in a �nite model. Then wehave shown how to build a setof `candidate'

models for the set of constraints. Thesemodels are of exponential size(22j' j) to
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the set of constraints, and can be testedfor satis�abilit y (in exponential time). If

a model is found which satis�es the constraint set, then the wholeT CCconstraint

set is, obviously, satis�able.

When we comparethe T CC languagewith the T language,we can seethat

syntactically, the T CC languageis the samelanguagewith the addition of the

component counting constraints. But, we alsoseethat the addition of this added

expressivenesscomeswith a largeincreasein complexity - from PSPACE to NEX-

PTIME. Indeed, if we take the T CC language,but remove the abilit y for the

connectednesspredicateto specify a number of components (we may call this the

T C language),then the satis�abilit y problem of this languageis in EXPTIME

(see[KPHWZ08] for details and proof).

It is also interesting to compare the di�erent methods for solving the re-

spective satis�abilit y problems for T CC and T . The satis�abilit y problem of

the T languagein Subsection5.1.2 was simply shown to be equivalent to the

S4-satis�abilit y problem. In a sense,this translation to modal logic cuts many

topologicallinks, and certainly makesit harder to expandthe languagewith more

topological constraints. On the other hand, the T CC-satis�abilit y problem was

solved in a way which remains grounded in topology - thus, adding topological

constraints (in this case,for component counting) was much more straightfor-

ward.

It shouldalsobe noted that the results for both theselanguagesare for when

they are interpreted over arbitrary subsetsof a topological space. We currently

have no resultsregardingthe complexity of theselogicswhenrestricted to subsets

of the Euclideanplane.

Now we shall examinelanguageswhich are restrictions of T , starting with one

which is a fragment of the undecidable�rst order theory of BCAs (seeChapter 4).

5.3 Bo olean Con tact Algebras

Let us now de�ne another restricted spatial logic, which we will call BC. The lan-

guageBC hasonly onebinary predicate,C, a contact relation (seeSection4.1.4),

which may hold betweenBooleancombinations of variables.

De�nition 5.3.1. We de�ne the terms of BC as follows.

1. Every variable is a term.
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2. If s is a term, so is � s.

3. If s and t are terms, so are s \ t and s [ t.

The domainU of this languagearethe regularopen(or regularclosed)subsets

of a topologicalspaceX , and welet � bea function mappingvariablesto elements

of the U, aswith T . The interpretation � is extendedover the connectives� , [

and \ as it is with T . We de�ne the constraints of BC as follows.

De�nition 5.3.2. If s and t are terms, then s = t is a constraint, so is s 6= t,

and so is C(s; t).

We interpret the C predicateasa standard topologicalcontact relation. Since

the contact relation can be expressedby the T constraint s� \ t � 6= ? , we can

easilyseethat BC is a restriction of T . Note that sincethe variablesof BC range

over regular closedor open sets, every BC term s would be represented by the

T term s� � (for regular closed)or s� � (for regular open). This is extendedover

Booleanconnectives in the obvious way.

Moreover, the theory of the BC languageover regularopen(or regular closed)

subsetsof a topologicalspaceis equivalent to the existential theory of BCAs. That

is, the theory of the languageof BCAs whereevery variable is implicitly taken to

be existentially quanti�ed.

Now, we introduce three more spatial logics,oneof whom, called BRCC8, is

equivalent to BC and which hassomecomplexity results which allow us to easily

achieve complexity results for BC.

5.3.1 Region Connection Calculus

With the aim of developing a spatial counterpart to Allen's interval algebra,

Randell et al. developed Clarke's `calculusof individuals basedon connection'

[Cla81],into the Region Connection Calculus. In
uenced by Hayes'sna•�ve physics

[Hay79], the RCC aimed to provide a framework for spatial reasoningusing re-

gions instead of points as the primitiv e entit y. The intention of taking regions

as primitiv e is to create a systemwhich corresponds much closerto the human

perception of spaceand in particular, to jettison the `tricky' notion of points in

a space.

The languageof the RCC is simply �rst order logic with a single binary

`contact' predicate C. A set of axioms was also provided for the RCC language
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P : f (u; v) 2 RC(R2) j 8w 2 RC(R2); C(w; u) =) C(w; v)g
PP : f (u; v) 2 RC(R2) j P(u; v) and : P(v; u)g

O : f (u; v) 2 RC(R2) j 9w 2 RC(R2) s.t. P(w; u) and P(w; v)g

Table 5.1: Three relations de�nable in terms of contact.

which corresponds to the BCA0-4 axioms, together with the (Ext) and (Con)

axioms (seeDe�nition 4.1.10). As a result, Theorem 4.1.14meansthat we have

the following completenesstheorem for RCC.

Theorem 5.3.3. The axioms for RCC are completewith respect to the classof

densesubstructuresof regular closed algebras of weakly regular T1 spaceswith the

standard contact relation.

However, for our purposes,we are only interested in the RCC language.Al-

though the intention with RCC was to avoid point set topology, we can view the

contact predicate as being interpreted over the relation which includesall pairs

of regionswhoseclosureshave a non-empty intersection.

The languageof the RCC is known to be undecidableover a number of do-

mains, including RO(R2) and ROP(R2) ([Dor98]). As mentioned previously,

RCC was developed in order to provide a spatial counterpart to Allen's interval

algebraand, with this in mind, a particular fragment of RCC called RCC8 was

proposed.

RCC8

Let us now formally de�ne a `contact' relation over the set of regular closed

subsetsof R2.

C = f (u; v) 2 RC(R2) j u \ v 6= ? g

Using this contact relation we can de�ne more speci�c relations, and we can

seein Table 5.1 how we can de�ne relations representing the mereotopological

relations part-of (P), proper part-of (PP), and overlaps (O). These relations,

together with the C relation, allow the de�nition of a further eight more speci�c

relations asde�ned in Table 5.2 (the namesstand for disconnected,external con-

tact, partial overlap, equality, tangential proper part, and non-tangential proper

part, respectively). Theseeight relations have direct parallels in the eight rela-

tions Egenhoferde�nes in [Ege91];DC is `disj oint ', EQ is `equal', N TPP is

ìnside', TPP is `covered', EC is `meet' and PO is `overlap'. The language
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DC : f (u; v) 2 RC(R2) j : C(u; v)g
EC : f (u; v) 2 RC(R2) j C(u; v) and : O(u; v)g
PO : f (u; v) 2 RC(R2) j O(u; v) and : P(u; v) and : P(v; u)g
EQ : f (u; v) 2 RC(R2) j P(u; v) and P(v; u)g

TPP : f (u; v) 2 RC(R2) j PP(u; v) and 9w 2 RC(R2) s.t. (EC(w; u) and EC(w; v))g
TPP � 1 : f (u; v) 2 RC(R2) j TPP(v; u)g
N TPP : f (u; v) 2 RC(R2) j PP(u; v) and :9 w 2 RC(R2) s.t. (EC(w; u) and EC(w; v))g

N TPP � 1 : f (u; v) 2 RC(R2) j N TPP(v; u)g

Table 5.2: The eight RCC8 relations.

whoseformulae consist of conjunctions of disjunctions of predicateswhich are

interpreted asthe relations in Table 5.2, over existentially quanti�ed variables,is

called RCC8.

It is trivial to seethat the RCC8 relations can all be expressedin terms of T

formulae, as follows.

DC(x i ; x j ) = (x i \ x j ) = ?

EC(x i ; x j ) = (x i \ x j ) 6= ? ^ (x �
i \ x �

j ) = ?

PO(x i ; x j ) = (x �
i \ x �

j ) 6= ? ^ (x �
i \ : x j ) 6= ? ^

(: x i \ x �
j ) 6= ?

EQ(x i ; x j ) = (x i $ x j ) = >

TPP(x i ; x j ) = (: x i \ x j ) = > ^ (x i \ (: x j )� ) 6= ?^

(: x i \ x j ) 6= ?

N TPP(x i ; x j ) = (: x i \ x �
j ) = > ^ (: x i \ x j ) 6= ?

We will return to the RCC8 languagein Chapter 6, but for now we introduce

an expansionof RCC8.

5.3.2 BR CC8

Wolter and Zakharyaschev [WZ00] extend the RCC8 language,interpreted over

RC(R2), to allow predicatesto hold between Boolean combinations of regions.

They call this languageBRCC8. We can state, for instance,that the intersection

of x and y overlapswith z, \ PO(x \ y; z)", or that the complement of x is a non-

tangential proper part of y, \ N TPP(� x; y)". Note that this allows the whole

space> , and the empty region ? to feature in BRCC8 formulae. Here is an

exampleof what we can expressin BRCC8.
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Example 5.3.4. Let x; y; z be variables.

TPP(x; y) ^ EQ(� x; � y [ z) ^ DC(� y; z)^

: EQ(x; ? ) ^ : EQ(y; ? ) ^ : EQ(z; ? )

: EQ(x; > ) ^ : EQ(y; > ) ^ : EQ(z; > )

In any model of this formula, the region z is mapped to will be a hole of the

region y is mapped to.

We can easily expressBC constraints in terms of BRCC8 constraints, since

C(s; t) � : DC(s; t), s = t � EQ(s; t), and s 6= t � : EQ(s; t). And we caneasily

expressBRCC8constraints in termsof BCconstraints, asfollows(for regularopen

subsetsof a topological space).

DC(s; t) � : C(s; t)

PO(s; t) � s \ t 6= ? ^ s \ � t 6= ? ^ � s \ t 6= ?

EC(s; t) � C(s; t) ^ s \ t = ?

TPP(s; t) � s � t ^ C(s; � t) ^ s 6= t

N TPP(s; t) � s � t ^ : C(s; � t) ^ s 6= t

EQ(s; t) � s = t

For regularclosedsubsetsof a topologicalspace,the translation is identical except

for the following cases.

PO(s; t) � s \ t 6= ? ^ s \ � t 6= ? ^ � s \ t 6= ? ^ : EC(s; t)

EC(s; t) � C(s; t) ^ � s [ � t = >

This languageis lessexpressive than T , and as a result, we can achieve an

NP-completenessresult. We are also interested in the e�ect that interpreting

spatial logics over the Euclidean plane has on the complexity of those spatial

logics. In the caseof BRCC8, the complexity risesfrom NP-complete,aswe shall

see.Considerthe following example(from [WZ00]).

Example 5.3.5. Considerthe following BRCC8 formula.

' = EQ(x1 [ x2; x3) ^ N TPP(x1; x3) ^ N TPP(x2; x3)^

: EQ(x3; > ) ^ : EQ(x1; ? ) ^ : EQ(x2; ? ) ^ : EQ(x3; ? )
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The formula ' can be satis�ed in the discretetopological spaceconsistingof

three points f p1; p2; p3g, with the identit y function as interior operator. If we

map the variablesx1 and x2 to f p1g and f p2g, respectively, and map the variable

x3 to f p1; p2g, then we can see,by the de�nition of the EQ and N TPP relations,

that this assignment satis�es this formula. Now, supposethat ' has a model �

in a topologicalspacehX ; Ui . The region � (x1) [ � (x2) is included in the interior

of � (x3). On the other hand, it coincideswith � (x3). Hence� (x3) is both closed

and open. It follows that X is the union of two disjoint non-empty open sets,

� (x3) and X n� (x3), sohX ; Ui is not connected.So, ' is not satis�able in Rn for

any n � 1.

So, now we will present an outline of the NP-completenessfor BRCC8 over

subsetsof a topologicalspace(and PSPACE for subsetsof the Euclideanplane).

We must preserve the fact that variables range over the domain of the regular

closedsubsetsof R2. So,wherex i is a variable, and s and t are terms (or Boolean

combinations of variables),we extend the translation as follows.

1. (x i )� = pi ,

2. (� s) � = 32 : s� ,

3. (s [ t) � = 32 (s� _ t � ),

4. (s \ t) � = 32 (s� ^ t � ).

Now, we will show how the BRCC8 relations can be expressedin S4U . For

each BRCC8 relation P(s; t), we associate a translated formula (P(s; t)) � , de�ned

as follows (where s and t are terms).

(DC(s; t)) � = :9 (s� ^ t � )

(EC(s; t)) � = 9(s� ^ t � ) ^ :9 (2 s� ^ 2 t � )

(PO(s; t)) � = 9(2 s� ^ 2 t � ) ^ 9(2 s� ^ : t � ) ^ 9(: s� ^ 2 t � )

(EQ(s; t)) � = 8(s� $ t � )

(TPP(s; t)) � = 8(: s� ^ t � ) ^ 9(s� ^ 3 : t � ) ^ 9(: s� ^ t � )

(N TPP(s; t)) � = 8(: s� ^ 2 t � ) ^ 9(: s� ^ t � )

These obviously follow the translation which was proved correct in Corol-

lary 5.1.14. Given a BRCC8 formula, ' , we denote the result of replacing each

occurrenceof an BRCC8 relation P(s; t) with its translation (P(s; t)) � by ' � . We
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translate a conjunction of BRCC8 formulae ' as follows.

' y = ' � ^
^

x i 2 var (' )

(pi , 32 pi )

A demonstrationof NP-completenessfor satis�abilit y of BRCC8 in arbitrary

topological spacesis given in [WZ00], however this doesnot hold for connected

topological spaces,and therefore neither for R2 (seeExample 5.3.5). We will

now give an outline of the proof that the satis�abilit y problem of BRCC8 in the

Euclidean plane (as a consequencefor Rn where n � 1) is still decidable. The

complexity grows from NP-completeup to PSPACE.

De�nition 5.3.6. A partial order hV; Si is of depth � 1 if and only if V can be

represented as the disjoint union of two sets,V1 and V0, in such a way that S is

the re
exive closureof a subsetof V1 � V0. The points in Vi are said to be of

depth i .

The width of a partial order is the maximum number of successorsany element

may have (via the ordering).

De�nition 5.3.7. A partial order of depth � 1 and width � 2 is called a quasi-

saw, and a Kripk e model basedon a quasisaw is called a quasisawmodel.

De�nition 5.3.8. A frame F = hW; � i is connected if, for any two points

x; y 2 W we have x(� [ � � 1)! y, wherex(� [ � � 1)! y is the transitive closure

of the relation � [ � � 1.

The following lemmasand theoremsare taken from Wolter & Zakharyaschev

[WZ00]. Only outlines of the full proofs are presented here;the readeris referred

to the sourcein the event that more information is required.

Lemma 5.3.9. Every S4U -formula satis�able in a connected topological space is

satis�able in a �nite connected frame.

Proof. Given an S4U -formula ' and a topologicalmodel A = (X ; U; � ), we build

a frame, which is shown to be connectedif A is connected,and which satis�es ' .

First we partition the topologicalspacewith an equivalencerelation � on X .

We take v � w if and only if for every subformula  of ' , we have v 2  A if

and only if w 2  A . Let W = f [v] : v 2 ug where [v] = f w : w � vg. Let

� = f ([v]; [w]) : for every subformula 2  of ' , w 2 (2  )A whenever v 2 (2  )A

g.



CHAPTER 5. SATISFIABILITY 75

It should be clear that F = hW; � i is an S4 Kripk e frame; i.e. � is re
exive

and transitive. Furthermore, F is connectedif A is connected,and it can be

shown that the formula ' is satis�able in F.

Lemma 5.3.10. If a BRCC8 formula ' is satis�able in a �nite connected frame,

then the translated formula ' y is satis�able in a �nite quasisawmodel.

Proof. We can construct a partial order F of depth � 1 which satis�es ' , under

somevaluation � , such that F is connected,and every point of depth 1 has at

least two proper successors.

Let X be the set of all pairs f x; yg of distinct points of F of depth 0, for which

there is a z 2 W with z� x and z� y. For each f x; yg 2 X we make a new point

ux;y and de�ne a new frame F0 = hW 0; � 0i where W 0 = f w 2 W : depth of w

is 0g and � 0 is the re
exive closureof f (ux;y ; x) : f x; yg 2 Ug and we de�ne a

valuation function � 0, for each proposition letter p, x 2 � 0(p) if and only if there

exists a y 2 W 0 of depth 0 such that x� y and y 2 � (p).

It can be shown that ' y is satis�able in F under the valuation � 0.

Theorem 5.3.11. A BRCC8 formula ' is satis�able in R if and only if it is

satis�able in a �nite quasisawof size � 2c:l (' ) , where c is someconstant value

and l(' ) is the number of occurrencesof predicate symbols in ' .

Proof. Givena connectedtopologicalspace,likeR, which satis�es ' , Lemma5.3.9

shows us that there is a �nite connectedframe which satis�es ' , Lemma 5.3.10

then shows us that there is a �nite saw model which satis�es ' .

For the other direction, Lemma 5.3.10 tells us that ' y is satis�ed in a saw

model N, this can be transformed into a model M = hZ; � ; vi which satis�es

' y such that � = f (x; y) : x = y or there exists n 2 Z with x = 2n and

y 2 f 2n � 1; 2n + 1gg. We cande�ne � 0 in R as: � 0(p) =
S

f (2n; 2n + 2) : 2n + 1 2

� (p)g [ f 2n : 2n 2 � (p)g for all proposition letters p.

It can be shown that ' y is satis�ed in the topologicalmodel (R; � 0).

Becauseof Theorem5.3.11,we have the following theorem:

Theorem 5.3.12. The satis�ability problemfor BRCC8 formulae in R is decid-

able in PSPACE.
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Becauseof Savitch's theorem, it is su�cien t to present a nondeterministic

polynomial spacealgorithm. Wepresent an outline of an algorithm which consists

of two parts. The �rst part `guesses'a quasisaw model M which satis�es a

formula ' , and which consistsof a maximum of 9l(' ) points, generatesa new set

of sentences:

L = f:9 2 sub(' ) j M j= :9 ' g [ f pi $ 32 pi j X i 2 var(' )g;

(where sub(' ) is the set of subformulae of ' , and var(' ) is the set of variables

letters which occur in ' ) and generatesa set � of all pairs of points of depth 0

in M that are not connectedby the quasisaw.

The secondpart of the algorithm checks if pairs from � canbe connectedby a

quasisaw model with � 2c:l (' ) points which validatesL, thus meaningthe original

formula ' is satis�able.

Theorem 5.3.13. Satis�ability of BRCC8 formulae (interpreted over subsetsof

R) is PSPACE-complete.

Proof. See[WZ00] for the proof.

Thesetheoremshave only shown decidability of the satis�abilit y problem of

BRCC8 formulae in R, however decidability in Rn for (n � 1) coincideswith

decidability in R. This may not seemintuitiv ely correct, however it is due to

the fact that the property of internal connectednessof regionsis not preserved

over the translation to modal logic. As a consequence,we also have the results

that the BC satis�abilit y problem over regular closedsubsetsof a topological

spaceis NP-complete,and over regular closedsubsetsof the Euclidean plane it

is PSPACE-complete.

5.4 Conclusion

This chapter haspresented a family of relatedspatial logics. The languageT CCis

the most expressive, with the (brie
y mentioned) T C and T beingsimplerestric-

tions of that language.Theserestrictions in expressivenesscausea reduction in

the complexity of the satis�abilit y problemsfor the respective languages.While

the satis�abilit y problem of T CC is in NEXP-time, the satis�abilit y problemsof

T C and T are in EXP-time, and PSPACE, respectively.
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We have alsolookedat a restricted versionof the languageof BCAs, which we

calledBC, which is a subsetof T , and whosesatis�abilit y problem is decidablein

NP-time. The special caseof the BC satis�abilit y problem, where the language

is interpreted over subsetsof the Euclideanplane is slightly more complex,being

PSPACE.

The following chapter begins by introducing a type of languagewhich is a

restriction of the BC language.We are interestedin the e�ect of thesesyntactic

restrictionson the computational complexity of theselanguages,and in particular,

what happenswhen we interpret them over the Euclidean plane.



Chapter 6

Topological Constrain t Languages

This chapter provides two of the main contributions of this thesis, in the form

of two separatecomplexity results. The �rst is a new and simpli�ed proof of

the NP membership of RCC8, given in Section 6.4, with Theorem 6.4.11. The

secondcontribution is a new complexity result for the RCC8 languagewith a

connectednesspredicate,which is given in Section6.4.3,with Corollary 6.4.19.

In this chapter, we continue our investigation into the e�ect of restricting the

syntax of a languageon the computational complexity of the language.This chap-

ter introducesa particular approach to solving the topological inferenceproblem

called constraint satisfaction. In particular, we are interested in the languages

used in these constraint satisfaction problems. Someof these languageshave

been shown to be decidable,and decidablein low complexity classes.We will

investigatesomeof theselanguageswhich are restrictions of the T , BC language

group. First, we introducethe conceptof a relation algebra.

6.1 Relation Algebras

Given a set U, a binary relation R on U is a subset of U � U (relations may

be empty). If two elements u; v 2 U are in a relation R, we write R(u; v), as a

shorthand for hu; vi 2 R.

Now, we will introducetwo operatorson relations, composition and converse.

De�nition 6.1.1. The composition R � R0 of two binary relations is de�ned as:

R � R0 = fhu; wi j 9v[R(u; v) and R0(v; w)]g

78
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De�nition 6.1.2. The converseR� of a binary relation is de�ned as:

R� = fhv; ui j R(u; v)g

Additionally , we de�ne the following property of a set of relations:

De�nition 6.1.3. A set of relations R is said to be jointly-exhaustivepairwise-

disjoint if and only if R forms a partition of U � U.

Systemsof relations were�rst studied by de Morgan [dM64]. However, it was

Tarski [Tar41] who �rst de�ned the conceptof a relation algebra.

De�nition 6.1.4. A Relation algebra is a structure hA; + ; �; � ; 0; 1; � ; �; 10i where

hA; + ; �; � ; 0; 1i is a Booleanalgebra,and the following conditionshold (for u; v; w 2

A):

1. u � (v � w) = (u � v) � w.

2. (u + v) � w = (u � w) + (v � w).

3. u � 10 = u.

4. u�� = u.

5. (u + v)� = u� + v�.

6. (u � v)� = u� � v�.

7. (u� � � (u � v)) � � v.

Let A be a relation algebra. If A is �nite then it is, in the Boolean algebra

sense,atomic, and the structure of the relation algebra can be determined by

specifying the behaviour of the composition and converseoperations. The speci-

�cation of the composition operation is usually given in the form of a composition

table which is simply a two-dimensionalarray. The rows and columnsof this ar-

ray are labelled by the atoms of the relation algebra,with the cells of the array

containing setsof the atoms.

Given a cell hR; R0i in the composition table, if the value of the cell is a set of

atoms T1; : : : ; Tk (for somek 2 N), then R � R0 = T1 + : : : + Tk and the following
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hold:

8u; v; w 2 A (R(u; v) ^ R0(v; w) =) T1(u; w) _ : : : _ Tk(u; w))

8u; w 2 A (Ti (u; w) =) 9v 2 A (R(u; v) ^ R0(v; w))) (where i � k)

Now, we introduce constraint satisfaction problems and the constraint lan-

guagesusedto expresstheseproblems.

6.2 Constrain t Satisfaction Problems

The constraint satisfaction problem is a type of automated reasoningproblem

which originally arosein the �eld of Arti�cal Intelligenceand was �rst identi�ed

asa classof problem by Montanari [Mon74]. In generalterms, a constraint satis-

faction problem is simply the problem of �nding a solution to a set of constraints.

We usethe term `constraint' here in a very generalsense.Theseconstraints can

be of any type, but will obviously be restricted to those which are relevant to

whatever the particular domain of our problem is.

De�nition 6.2.1. A constraint languageis a formal languageconsistingof a set

of variablesx1; x2; : : : together with a set of predicatesP1; P2; : : : . If x1; : : : ; xn

are variables and P a predicate, then we call P(x1; : : : ; xn ) an atom, and we

call a conjunction of atoms a constraint languageformula. We call a constraint

languagebinary, if the predicatesare all binary predicates.

De�nition 6.2.2. A constraint satisfaction problem (CSP) consistsof a con-

straint languageC, a domain U, and a �nite set of relations R de�ned over U.

The predicatesof the constraint languageare interpreted, by R, over U such that

the following conditions hold.

1. The relations in R must be non empty and pairwise disjoint.

2. The union of the relations in R is the universal relation of the domain.

3. The interpretations of the predicatesof the constraint languageare unions

of the elements of R.

We call a CSP binary if the constraint languageis binary.
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Sincethe relations of a CSP must be pairwisedisjoint, without lossof gener-

ality, for binary CSPs,we may assumethat there is at most onepredicatede�ned

over any pair of variables,x i ; x j , in a constraint languageformula, and we refer

to this predicateas Pij .

An instance of a CSP consistsof a formula in the constraint language(to

be interpreted over the domain of the CSP). Let u1; : : : ; un be elements of the

domain of a CSP and let the predicateP be interpreted asS, a union of relations

in R. Then, asa shorthand, we will overload P and say that P(u1; : : : ; un) holds

if and only if (u1; : : : ; un) 2 S.

We call an instanceof a CSP explicit if for each of its atoms, P(x1; : : : ; xn ),

P is interpreted as oneof the elements of R.

De�nition 6.2.3. A solution to an instanceof a CSP is a function, � : V ! U,

mapping the variables of the formula to elements of the domain such that, if

Pi (x1; : : : ; xn ) is an atom of the formula, then Pi (� (x1); : : : ; � (xn)) holds. If an

instanceof a CSP hasa solution then we say that the instanceis satis�able.

Let ' be an instanceof a CSP, then without lossof generality we can assume

that ' takesthe form,

' =
^

i;j � n

Pij (x i ; x j )

where' involvesn variables. Now wegive the de�nition of an important property

of an instanceof a constraint satisfaction problem.

De�nition 6.2.4. An instanceof a binary CSP is path consistent if and only if,

for all i; j; k � n where Pij (x i ; x j ), Pik (x i ; xk), and Pkj (x j ; x j ) are atoms of the

instance, and for all u; u002 U where Pij (u; u00) holds, there exists u0 2 U such

that Pik (u; u0) and Pkj (u0; u00) hold.

Let us consider a well known example of a constraint language, the inter-

val algebra, introduced by Allen [All83]. The languageof the interval algebra

consistsof a �nite set of variablesx1; : : : ; xn , a set of thirteen binary predicates

(equals, ends, dur ing, begins, overlaps, meets, before, and their inverses)and

the Booleanconnectives^ ; _; =) ; : . The well formedformulaeof this language

are thosewhich consistof Booleancombinations of the thirteen predicates,those

predicateshaving a pair of variablesasarguments. This languageis usually inter-

preted over non-empty connectedclosedsubsetsof R, with the thirteen relations
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ends: f ([q; r ]; [s; t]) j s < q < r = t; q; r; s; t 2 Rg
during : f ([q; r ]; [s; t]) j q < s < t < r; q; r; s; t 2 Rg
begins : f ([q; r ]; [s; t]) j q = s < r < t; q; r; s; t 2 Rg

overlaps : f ([q; r ]; [s; t]) j q < s < r < t; q; r; s; t 2 Rg
meets : f ([q; r ]; [s; t]) j q < r = s < t; q; r; s; t 2 Rg
before : f ([q; r ]; [s; t]) j q < r < s < t; q; r; s; t 2 Rg

Table 6.1: Interval algebrarelations.

being interpreted as given in Table 6.1.

The interval algebragivesusa languagein which wecandescribestructuresof

temporal intervals. The usefulnessof theseconstraint languagesis largely deter-

mined by the existenceof a decisionprocedurefor determining the satis�abilit y

of the instancesof theseCSPs. For the interval algebra, which is certainly de-

cidable, a decisionprocedure was provided in [All83]. This made use of some

properties of relation algebras,which we shall now look at.

6.2.1 Relation Algebras and CSPs

We can rephraseDe�nition 6.2.4 in terms of relation algebras.

De�nition 6.2.5. An instanceof a binary constraint satisfactionproblemis path

consistent if and only if Pik � Pij � Pj k for all i; j; k � n.

Given a binary CSP with its set of relations R, if there exists a �nite binary

relation algebrawhoseatoms are the elements of R, then the satis�abilit y of an

instance of this binary CSP implies the path consistencyof that instance (see

[Mon74]), but not necessarilythe other way around. However, for somebinary

CSPs,path consistencydoesimply satis�abilit y, for examplethe interval algebra

over connectedclosedsubsetsof the reals(or intervals) is oneof theselanguages.

Obviously, for thesedecidableconstraint languages,it is important to have

an e�cien t way to determine path consistency. Most existing algorithms for

determining path consistencyare basedon the simple operation of calculating

Pik \ (Pij � Pj k), for all i; j; k � n. SeeFigure 6.1. This relation intersection

operation is called the triangle operation in Ladkin & Maddux [LM94]. This

operation is said to stabilize if Pik \ (Pij � Pj k) = Pik . A constraint satisfaction

problem is obviously path consistent if every triangle operation stabilizes (that

is, Pik \ (Pij � Pj k) = Pik , for all i; j; k � n). Given an instance of a CSP, the

algorithm given by van Beek [vB92] simply performs the triangle operation on
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T \ (R� S)

Figure 6.1: The triangle operation.

every tuple of variablesin the formula, until each tuple stabilizes. The van Beek

algorithm computesthe path consistencyof an instanceof a CSP in time O(n3).

However, any algorithm performing the triangle operation is only guaranteed

to terminate if the set of baserelations is jointly-exhaustivepairwise-disjoint, and

is the set of atoms of a �nite relation algebra. Then, Pij � Pj k is a union of base

relations and Pik \ (Pij � Pj k) is either a union of baserelations or empty.

Otherwise,the triangle operation Pik \ (Pij � Pj k) may lead to a relation which

is not a union of baserelations and the triangle operation is then not guaranteed

to terminate.

The interval algebra is jointly-exhaustive pairwise-disjoint and its relations

are the atoms of a �nite relation algebra, which meansthat there is a decision

procedurefor the path consistency(and thereforesatis�abilit y) of interval algebra

formulae. In fact, this satis�abilit y problem is NP-complete[All83].

6.2.2 Algebraic Closure

We now introduce a variant of the relational composition operator called weak

composition, see[DWM01] and [D•un05].

De�nition 6.2.6. Let R be a set of relations on a set U and let R; R0 2 R. We

de�ne weak relational composition � w as follows.

R � w R0 =
[

f T 2 R j (R � R0) \ T 6= ? g

As with composition, weak composition is usually speci�ed in the form of

a table. A weak composition table is a two dimensionalarray whoserows and

columnsarelabelledby the atomic relations,with the cellsof the array containing

setsof the atoms. Given a cell hR; R0i in a weakcomposition table, if the valueof

the cell is a set of atomsT1; : : : ; Tk (for somek 2 N), then R � w R0 = T1 + : : :+ Tk
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and the following holds.

8u; v; w 2 A(R(u; w) ^ R0(w; v) =) T1(u; v) _ : : : _ Tk(u; v))

We can produce an algorithm for determining the algebraic closure of an

instanceof a CSP by modifying the van Beekalgorithm to perform the triangle

operation with weak composition.

6.3 Topological Constrain t Languages

We now introduce a particular classof constraint satisfaction problem, that of

the topological constraint satisfaction problem. We say that a CSP is a topo-

logical CSP if the relations over which the constraint languageis interpreted are

topological (or mereotopological) relations. We call the languagesusedin these

topological CSPs,topological constraint languages.

The constraint languagesused in topological CSPs are restricted forms of

spatial logic. Determining the satis�abilit y of the formulae of a spatial logic is

typically a very computationally complex, and sometimesimpossible, task. In

Chapter 4 we saw that the �rst order languagewith only a contact relation was

undecidable. In order to make this task more practical, we need someway to

reducethe computational complexity of theselanguages.Oneway to achieve this

is to accepta reduction in the expressivenessof the languageswe use.

This reduction in expressivenesscan be achieved by limiting the languagesin

someway. For instanceby removing syntactic features, imposing conditions on

the language,or by restricting the domain of the language.All of thesemethods

can be e�ective in achieving a lower complexity for the satis�abilit y problem of

a language. However we focus on the removal of syntactic features from the

languageand the fragments of the languagethis produces.We have already seen

in Chapter 4, that the highly restricted language(equivalent to S4) wasdecidable

in PSPACE.

Becauseof their inherently restricted syntax, topologicalconstraint languages

make ideal candidatesfor practical applicationsof spatial logics. As a result they

have received considerableattention. Wenow look at two similar topologicalcon-

straint languageswhosesatis�abilit y problemshave beenpresented astopological

constraint problems.
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disj oint : f (u; v) 2 D(R2)2 j u \ v = ? g
equal : f (u; v) 2 D(R2)2 j u = vg

inside : f (u; v) 2 D(R2)2 j u� � v� and u@\ v@= ? g
cover : f (u; v) 2 D(R2)2 j u� � v� and u@\ v@6= ? g
meet : f (u; v) 2 D(R2)2 j u� \ v� = ? and u \ v 6= ? g

overlap : f (u; v) 2 D(R2)2 j u� \ v� = ? and u� \ (� v) � 6= ? and (� u) � \ v� 6= ? g

Table 6.2: Egenhofertopological relations.

6.3.1 Egenhofer's Topological Relations

Egenhofer'slanguagewas motivated speci�cally by a needfor qualitativ e spatial

logicsfor geographicalinformation systems.The languageconsistsof a setof vari-

ables,eight binary predicates(disj oint , equal, inside, contains, cover, covered,

meet, and overlap) and the Booleanconjunction (^ ) operator. The satis�abilit y

problem of this languageis presented in [Ege91] asa topologicalconstraint prob-

lem whosedomain is the set of regionsof the real plane homeomorphicto the

closedunit disc (which we call CD(R2)). The predicatesare interpreted over the

relationsgiven in Table6.2. The well formedformulaeof this languagearesimply

conjunctionsof the binary constraints whosearguments are pairs of variables.

Signi�cantly, these eight relations are the atoms of a �nite relation algebra

([LY03]) which meansthat a path consistencyalgorithm usingthe triangle opera-

tion will terminate. Egenhofer[Ege91]presents a composition table with the aim

of providing a meansof deciding the satis�abilit y of formulae of this language.

However, at this point we reach a problem �rst raised in [GPP95]. Given an

instance of Egenhofer'stopological CSP with a formula ' , the satis�abilit y of

the instanceis not equivalent to the satis�abilit y of ' interpreted over CD(R2).

Take the following formula (to save on space,all pairs of variables not speci-

�ed to be in meet are in the disj oint relation) with the variables A; : : : ; E and

AB ; AC; AD ; AE ; BC; : : : .

meet(A; AB ) ^ meet(A; AC) ^ meet(A; AD ) ^ meet(A; AE )^

meet(B ; AB ) ^ meet(B ; BC) ^ meet(B ; BD) ^ meet(B ; BE)^

meet(C; AC) ^ meet(C; BC) ^ meet(A; CD) ^ meet(A; CE)^

meet(D; AD ) ^ meet(D; BD) ^ meet(D; CD) ^ meet(D; DE)^

meet(E; AE ) ^ meet(E; BE) ^ meet(E; CE) ^ meet(E; DE)
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Figure 6.2: The K 5 graph.

DC(u; v)

u

v

EC(u; v)

u

v

TPP(u; v)

u v

TPP� 1(u; v)

v u

EQ(u; v)

u v

PO(u; v)

u

v

NTPP(u; v)

vu

NTPP� 1(u; v)

v u

Figure 6.3: The eight mereotopological relations of RCC8.

This formula is path consistent, but not satis�able. A quick check of the composi-

tion table given in [Ege91]shows that no tuple of theserelationsviolates the path

consistencyof the formula. However, it is impossibleto choose�fteen internally

connectedregions in the plane such that this formula is satis�ed, for the same

reasonthat the K 5 graph (Figure 6.2) cannot be drawn in the plane such that

no edgesintersect each other. The variablesA; B ; C; D; E can be thought of as

representing the verticesof a K 5 graph, with the variablesAB ; AC; AD ; AE ; : : :

representing the edges.

It is clear for Egenhofer'slanguagethat we have a CSP that cannot be solved

with path consistencymethods. The problem is that path consistencyensures

satis�abilit y only for every subsetof three relations of the formula of the CSP.

Becauseof planarity constraints in the real plane, path consistencyis not su�-

cient.
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Figure 6.4: Model of Formula 6.1.

6.3.2 Region Connection Calculus

The RCC8 language(from Section 5.3.1) ful�lls all our conditions of being a

topological constraint language.If we interpret the RCC8 languageover regular

closedsubsetof a topological space,interpreting the binary predicatesas shown

in Figure 6.3 (over the relationsgiven in Table5.2), then we have the RCC8 CSP.

Note that theserelations are jointly-exhaustive pairwise-disjoint. In [RCC92a],

Randell et al. observed that these eight relations are present in the relation

algebrageneratedby the contact relation in any RCC model. Furthermore, Renz

[Ren98] showed that, for RCC8 formulae, satis�abilit y over regular closed(or

open) subsetsof arbitrary topological spacescoincideswith satis�abilit y in the

Euclideanplane (in fact, in Rn for n > 1).

Unfortunately, when interpreted over the regular closedsubsetsof a topolog-

ical space,there is no �nite relation algebra with the eight RCC8 relations as

its atoms ([LY03]). As a result, performing the triangle operation on a tuple

involving the RCC8 relations is not guaranteed to terminate, as the relational

composition operator can lead to a relation which is not a union of the RCC8

baserelations. Furthermore, for the RCC8 CSP, we can easily show that path

consistencyis strongerthan satis�abilit y, by giving an exampleof a formula which

is satis�able (in RC(R2)) but not path consistent. Take the following example

(from [LW06]).

Example 6.3.1.

PO(x; z) ^ EC(x; y) ^ N TPP(y; z) (6.1)

This instanceof the RCC8 CSP is clearly satis�able (seeFigure 6.4). However,

we can chooseelements of the domain of this CSP, which clearly show that the

formula is not path consistent. Let u; v; w 2 RC(R2) be pairwise disjoint, let a

be the union of u and v, and c be the union of u and w. Obviously PO(a;c)

holds. We can clearly seefrom Figure 6.5 that there can exist no b 2 RC(R2)
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Figure 6.5: Elements of RC(R2) that are not path consistent.

such that both EC(a;b) and N TPP(b;c) hold.

If we restrict the domain to the regionshomeomorphicto the closed(or open)

unit discs(CD(R2)), then the RCC8 relations are the atoms of a �nite relation

algebra,[LY03]. However, over this domain, we have the sameproblem as we've

seenwith Egenhofer's language. Becauseof planarity constraints in the real

plane, path consistencyof an instance of the RCC8 CSP (over CD(R2)) is not

equivalent to the satis�abilit y of the formula of that instance. It is possiblethat

there are also other domainsthat result in the RCC8 relations being atoms of a

�nite relation algebra,but very few results are known.

Instead of path consistency, we can considerthe weaker notion of algebraic

closure. We can compute the algebraicclosureof an instanceof the RCC8 CSP

by using weak composition tables of the RCC8 relations. These tables have

appearedmany times in the literature (seefor example[RN99]), but have usually

beenmistakenly presented as proper (full) composition tables.

Given two binary relations over the domain of an instanceof the RCC8 CSP,

then for any u; v; w such that R(u; v) and R0(v; w), R� w R0 is the setof all possible

relations which may hold betweenu and w. So it is clear that satis�abilit y of an

instanceof the RCC8 CSP implies algebraicclosure. But for algebraicclosureto

provide a usefulmeansof determining satis�abilit y for RCC8, we must alsoshow

that algebraicclosureimplies satis�abilit y.

In Section 7 of Renz & Nebel [RN99], there is a result showing that `path-

consistency'is equivalent to satis�abilit y for RCC8. However, the table of rela-

tions (given in [RN99], amongstother places)is not a composition table, but a

weak composition table, and what the result actually shows is that the property

of being algebraic closedis equivalent to satis�abilit y for a fragment of RCC8.

We will now give a very brief summary of this proof, [RN99] shouldbe consulted

for the full proof.

First a translation is givento transform the RCC8CSPinto the S4-satis�ability
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problem which is in turn translated into a propositional logic satis�abilit y prob-

lem, seeBennett [Ben94]. For every instanceof the RCC8 CSP we have a corre-

spondingpropositional logic formula, which is satis�able if andonly if the instance

of the RCC8 CSP is satis�able. We call the fragment of RCC8 whoseformulae

translate into Horn formulae (conjunctions of clauseswith at most one positive

literal), H 8. We call the CSP involving only formulae which belong to H 8, the

H 8 CSP.

The proof then shows that, for every instanceof the H 8 CSP, deciding if the

instanceis algebraicclosedis equivalent to deciding if the instanceis satis�able.

We can convert an RCC8 formula into at most 3m (where m is the number of

constraints in the formula) H 8 formulae, and if any of those H 8 are satis�able

(or path consistent), then the RCC8 formula is satis�able. Simpler proofs of this

result have beengiven by Bennett [Ben97], and [Ben98], but as a result of the

theoremsin Section 6.4, we are able to present a considerablysimpler proof of

this result, in Theorem6.4.13.

6.4 Complexit y of RCC8

Instead of using relation algebraictechniques,we will proceedto show that the

complexity of RCC8 canbe establishedsimply, usinga model theoretic approach,

simply by building a model whosesizehasa clear upper bound.

So,wepresent a decisionprocedurefor the satis�abilit y problemof a restricted

fragment of RCC8, which we call E. This leads to a simple proof of the NP

completenessof the RCC8 CSP.

6.4.1 Explicit RCC8

First, we de�ne an E formula to be a conjunction of expressionsof the form

R(x; y), whereR is oneof

f PO; DC; EC; EQ; N TPP; N TPP � 1; TPP; TPP � 1; >g

and x and y are variables, and at most one relation is speci�ed between any

(unordered) pair of variables.

If we let ' be an E formula and V be the set of variables in ' , then an

interpretation of ' , in a topological spaceX , consistsof an assignment � : V !
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P(X ), mapping the variablesof ' to elements of P(X ).

Now wewill de�ne preciselyhow the eight topologicalrelationsareinterpreted

in the language.

De�nition 6.4.1. Let ' be an E formula. We say that an interpretation � of

' is a model of ' if and only if, for each conjunct R(x; y) of ' , the following

conditions hold.

1. If R is PO then � (x) � \ � (y) � 6= ? , � (x) � \ (� � (y)) � 6= ? , and (� � (x)) � \

� (y)� 6= ? .

2. If R is DC then � (x) � \ � (y) � = ? .

3. If R is EC then � (x)@\ � (y)@6= ? and � (x) � \ � (y) � = ? .

4. If R is EQ then � (x) = � (y).

5. if R is N TPP, � (x) � � � (y) � and � (x)@\ � (y)@= ? ,

6. If R is N TPP � 1 then � (y) � � � (x) � and � (x)@\ � (y)@= ? .

7. If R is TPP then � (x) � � � (y) � and � (x)@\ � (y)@6= ? .

8. If R is TPP � 1 then � (y) � � � (x) � and � (x)@\ � (y)@6= ? .

9. If R is > , R is satis�ed by any pair of variables.

If there exists a model of ' , then we say that ' is satis�able.

We can always convert an E formula into a simpli�ed form, as follows.

Lemma 6.4.2. Let ' be an E formula with variablesx1; : : : ; xn . We can convert

' in polynomial time into an E formula of the form

^

1� i<j � n

Rij (x i ; x j ) (6.2)

(where Rij 2 f PO; DC; EC; N TPP; TPP; >g ) with exactly the samemodels as

' . We say that a formula of the form (6.2) is simple.

Proof. First, we consider the casewhere ' is satis�able. Any conjuncts in '

which areN TPP � 1(x i ; x j ) cansimply be replacedby the conjunct N TPP(x j ; x i )

(similarly for TPP � 1). If ' is satis�able, then the numbering of the variables
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can always be changedsuch that j < i . If no relation is speci�ed in ' between

variablesx i and x j , then we simply add the conjunct > (x i ; x j ). For any conjuncts

EQ(x i ; x j ) in ' , we simply replace every occurrenceof x j in ' with x i . The

relations DC, EC, and PO are symmetric, so can easily be changedsuch that

i < j , for Rij (x i ; x j ).

In the casethat ' is unsatis�able, the above changeswill preserve the unsat-

is�abilit y of ' .

De�nition 6.4.3. Suppose' is a simple E formula and x, y are variablesof ' .

A chain in ' from x to y is a sequenceof conjuncts (of ' )

R1(x1; x2); R2(x2; x3); : : : ; Rm (xm ; xm+1 )

wherex1 = x, xm+1 = y, and Ri is either TPP or N TPP. The chain is strict if

someRi is N TPP.

As a shorthand, we write x ! y if there is a chain from x to y or if x = y,

and we write x ) y if there is a strict chain from x to y.

The following properties hold in every model of an E formula.

Lemma 6.4.4. If ' is an E formula with a model � , then for all i; j � n, if

i ! j then � (x i )� � � (x j )� .

Lemma 6.4.5. If ' is an E formula with a model � , then for all i; j � n, if

i ) j then � (x i )@\ � (x j )@= ? .

Now we de�ne the decisionprocedurefor the satis�abilit y of E formulae.

De�nition 6.4.6. We de�ne a function Sat which takesa E formula with vari-

ablesx1; : : : ; xn asan argument. The function Sat returns f alse if:

1. there exists i; j � n such that i ! j and Rij 2 f PO; DC; ECg, or

2. there exists i; j � n such that i ) j and Rij 2 f TPPg, or

3. there exists i; k; l � n such that i ! k, i ! l , and Rkl 2 f DC; ECg, or

4. there exists i; j; k; l � n such that (i ! k and j ! l) or (i ! l and j ! k)

and Rij 2 f POg and Rkl 2 f DC; ECg, or
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5. there exists i; j; k; l � n such that (i ! k and j ! l) or (i ! l and j ! k)

and Rij 2 f ECg and Rkl 2 f DCg, or

6. thereexistsi; j; k; l � n such that (i ) k and j ! l) or (i ! k and j ) l) or

(i ) l and j ! k) or (i ! l and j ) k) and Rij 2 f ECg and Rkl 2 f ECg.

Otherwise, the function returns tr ue.

Now we must prove the correctnessof the Sat function in De�nition 6.4.6.

Lemma 6.4.7. Let ' be a simpleE formula. If ' is satis�able, then Sat (' ) wil l

return true.

Proof. Assume' is satis�able. Let � be a model of ' . Let si = � (x i ), for all i .

We seefrom Sat that there are exactly six situations where false may be

returned. We show that if any of thesesituations had occurred, then ' could not

have beensatis�able.

1. In this caseSat will return false if, for any i � n, there existsa j such that

i ! j and Rij 2 f PO; DC; ECg. Sincei ! j , by Lemma 6.4.4, s�
i � s�

j .

However, if Rij is PO, s�
i \ (� sj )� 6= ? , and if Rij is DC or EC, s�

i \ s�
j = ? .

2. In this caseSat will return false if, for any i � n, there exists a j such

that i ) j and Rij 2 f TPPg. Sincei ) j , by Lemma 6.4.5 s@
i \ s@

j = ?

however, sinceRij is TPP, s@
i \ s@

j 6= ? .

3. In this caseSat will return false if, for any k; l � n such that Rkl 2

f DC; ECg, there exists a i � n such that i ! k; l . Since Rkl is either

DC or EC, s�
k \ s�

l = ? , but since,by Lemmas6.4.4& 6.4.5,s�
i � s�

k and

s�
i � s�

l , ? 6= s�
i � s�

k \ s�
l .

4. In this caseSat will return false if, for any k; l � n such that Rkl 2

f DC; ECg, there exists i; j � n such that Rij 2 f POg, i ! k and j ! l or

i ! l and j ! k. SinceRkl is either DC or EC, s�
k \ s�

l = ? . Without loss

of generality, wecantakes�
i � s�

k and s�
j � s�

l , and therefores�
i \ s�

j � s�
k \ s�

l .

However, sinceRij is PO, s�
i \ s�

j 6= ? , so s�
k \ s�

l 6= ? .

5. In this caseSat will return false if, for any k; l � n such that Rkl 2 f DCg,

there exists i; j � n such that Rij 2 f ECg, i ! k and j ! l or i ! l and

j ! k. Without lossof generality, we can take s�
i � s�

k and s�
j � s�

l . Since
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Rij is EC, s@
i \ s@

j 6= ? . And sinceRkl is DC, s�
k \ s�

l = ? , which implies

s�
i \ s�

j = ? , and therefores@
i \ s@

j = ? .

6. In this caseSat will return false if, there exists k; l � n such that Rkl 2

f ECg and there exists i; j � n such that Rij 2 f ECg, such that i ) k and

j ! l or i ! k and j ) l or i ) l and j ! k or i ! l and j ) k. As

Rkl is EC, then s�
k \ s�

l = ? , and sinceRij is EC, then s@
i \ s@

j 6= ? . Since

EC is symmetric, without loss of generality, we can assumethat i ) k,

so s�
i � s�

k and s@
i \ s@

k = ? , and therefore s@
i � s�

k , (s@
i \ s@

j ) � s�
k , and

s@
j \ s�

k 6= ? (becauses@
i \ s@

j 6= ? ). Sinces�
k is an open set s�

j \ s�
k 6= ?

therefores�
l \ s�

k 6= ? .

Lemma 6.4.8. Let ' be a simple E formula. If Sat (' ) returns true, given ' as

input, then ' has a model in RO(R).

Proof. First, for i < j � n, let s = 10((i � 1)n + (j � 1)), and we de�ne the

following sets:

A ij = f x 2 R j s < x < s + 10g:

Now, for each conjunct Rij (x i ; x j ) of ' , we de�ne D i and D j the following

way.

A1: If Rij is PO then:

D ij = f x 2 R j s + 2 < x < s + 4g

D j i = f x 2 R j s + 3 < x < s + 5g

A2: If Rij is DC or > then:

D ij = f x 2 R j s + 2 < x < s + 4g

D j i = f x 2 R j s + 6 < x < s + 8g

A3: If Rij is EC then:

D ij = f x 2 R j s + 2 < x < s + 4g

D j i = f x 2 R j s + 4 < x < s + 6g
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A4: If Rij is N TPP then:

D ij = f x 2 R j s + 2 < x < s + 4g

D j i = f x 2 R j s + 1 < x < s + 5g

A5: If Rij is TPP then:

D ij = f x 2 R j s + 2 < x < s + 4g

D j i = f x 2 R j s + 2 < x < s + 5g

A ij
s t

R

PO

DC

EC

N TPP

TPP
D ij

D j i

D ij

D j i

D ij D j i

D ij

D j i

D ij

D j i

Figure 6.6: Setsproducedby A1-A5, within each A ij region.

Note that A ij \ (Dk)� = ? if k 6= i and k 6= j (for all i; j; k � n). Let � = 1
n+1 .

For each i � n:

D i =
[

j � n

D ij



CHAPTER 6. TOPOLOGICAL CONSTRAINT LANGUA GES 95

And for each j � n:

Cj = f x 2 R j x 2 D i and i ! j or 9y 2 D i wherejx � yj < (j � i )� and i ) j g

Then, we de�ne an interpretation � (x i ) = Ci (for all i � n). We claim that � is

a model of ' . We show that, for all i; j (1 � i < j � n) the setsCi and Cj stand

in the relation Rij . There are �v e casesfor Rij (we can simply ignore > ):

PO: We show that C �
i \ C �

j 6= ? , C �
i \ (� Cj )� 6= ? and (� Ci )� \ C �

j 6= ? .

By the de�nitions of D i and D j , C �
i \ C �

j 6= ? holds. Since i < j , then

C �
i \ (� Cj )� 6= ? holdsby the de�nitions of D i , Ci and Cj . And sincei 9 j ,

by case(1) of Sat , (A ij \ Ci )� \ (A ij \ � Cj )� 6= ? and so(� Ci )� \ C �
j 6= ? .

DC: We must show that C �
i \ C �

j = ? . Note that i 9 j , by case(1) of Sat . By

de�nition of D i and D j , D �
i \ D �

j = ? . For C �
i \ C �

j 6= ? to hold, there

must exist k; l � n where k ! i and l ! j such that either PO(xk ; x l )

or EC(xk ; x l ) is a conjunct of ' . If PO(xk ; x l ) were a conjunct of ' , then

case(4) of Sat would have returned false. Likewise,if EC(xk ; x l ) were a

conjunct of ' , then case(5) of Sat would have returned false.

EC: We must show that C@
i \ C@

j 6= ? and C �
i \ C �

j = ? . Trivially D @
i \ D @

j 6= ? ,

and sincei 9 j , by case(1) of Sat , we can seeby the de�nitions of D i , D j ,

Ci , and Cj , that C@
i \ C@

j 6= ? . By de�nition of D i and D j , D �
i \ D �

j = ? .

So, for C �
i \ C �

j 6= ? to hold, there must exist k; l � n where k ! i and

l ! j such that PO(xk ; x l ) is a conjunct of ' , or where either k ) i and

l ! j or k ! i and l ) j such that EC(xk ; x l ) is a conjunct of ' . If

PO(xk; x l ) werea conjunct of ' , then case(4) of Sat would have returned

false. If EC(xk ; x l ) were a conjunct of ' , then case(6) of Sat would have

returned false.

N TPP: We must show that C �
i � C �

j and C@
i \ C@

j = ? . Sincei ) j (and i < j ),

then for all k � n if k ! i , then k ) j , and so by the de�nition of Ci

and Cj , the closureof every maximally connectedcomponent of Ci will be

contained in the interior of a maximally connectedcomponent of Cj , thus

C �
i � C �

j and C@
i \ C@

j = ? .

TPP: We must show that C �
i � C �

j and C@
i \ C@

j 6= ? . Sincei ! j (and i < j ),

then for all k � n if k ! i , then k ! j , and so by the de�nition of Ci
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and Cj , the interior of every maximally connectedcomponent of Ci will be

contained in the interior of a maximally connectedcomponent of Cj , thus

C �
i � C �

j . By the de�nition of D i and D j , D @
i \ D @

j 6= ? and D �
i � D �

j . By

the de�nition of Cj , (A ij \ Cj ) = D j , and sincei < j , (A ij \ Ci ) = D i , so

(A ij \ D i )@\ (A ij \ D j )@ 6= ? , and since(A ij \ Ci )@\ (A ij \ Cj )@ � A �
ij ,

then C@
i \ C@

j 6= ? .

We now state the main result.

Theorem 6.4.9. Given an E formula ' as input, Sat (' ) wil l return true if and

only if ' is satis�able in RO(R2).

Proof. For the if direction, Lemma 6.4.7shows that if ' is satis�able, then Sat

will return true. For the only if direction, Lemma6.4.8shows that if Sat returns

true, then ' is satis�able.

Theorem 6.4.10. The satis�ability problemof E overRO(R2) is in NLOGSPACE1.

Proof. We show this by reducing the Sat function to a graph reachabilit y prob-

lem. Given a simple E formula ' with variables x1; : : : ; xn , we de�ne a set of

verticesV = f v1; : : : ; vng and two setsof edgesas follows.

E = f (vi ; vj ) j N TPP(x i ; x j ) or TPP(x i ; x j ) are conjuncts of ' g

E 0 = f (vi ; vj ) j TPP(x i ; x j ) is a conjunct of ' g

Also, we de�ne two graphs G = (V; E) and G0 = (V; E 0), and we de�ne two

operators such that i � j if and only if vj is reachable from vi in G, and i < j

if and only if vj is reachable from vi in G, but not in G0. Now, each of the six

casesof Sat (seeDe�nition 6.4.6) can be dealt with simply. For the �rst case,if

PO(x i ; x j ), DC(x i ; x j ), or EC(x i ; x j ) are conjuncts of ' , and if i � j , then the

function Sat would return false. The other casescan be dealt with similarly.

To show that this reduction can be computed in spacelogn, we can build a

Turing machine which, for each pair of variables i and j calculatesif i � j and

i < j hold. Essentially , such a Turing machine would usefour counters, two to

1This observation is thanks to R. Kontchakov.
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record i and j , another to traversethe parthood relations (TPP and N TPP) i

is involved in, and another to recordwhether a TPP relation hasbeentraversed.

Sincewe considerat most two pairs of variablesat once,in clauses4, 5, and 6,

we needat most eight counters.

Theorem 6.4.11. The satis�ability problem of RCC8 over RO(R2) is in NP-

time.

Proof. By Corollary 6.4.10,the E satis�abilit y problem is in NLOGSPACE. Ev-

ery RCC8 formula is equisatis�able with a disjunction of at most 8n2
E formulae,

wheren is the number of variablesin the RCC8 formula. We cannondeterminis-

tically chooseoneof these8n2
E formulae, and verify if it is satis�able - this can

be donein NP time.

Lemma 6.4.12. Given an E formula ' as input, if Sat (' ) returns false, then

' is not algebraically closed.

Proof. We seefrom Sat that there are exactly six situations where false may

be returned. We show that if any of thesesituations had occurred, then ' can-

not be algebraically closed. For any i; j � n, if i ! j , then although neither

N TPP(x i ; x j ) nor TPP(x i ; x j ) may necessarilybe conjuncts of ' , sincei ! j ,

for the purposesof this proof wecanassumethat oneof them is, without a�ecting

the satis�abilit y of ' .

1. In this case,Rij 2 f N TPP; TPPg and Rij 2 f PO; DC; ECg, however this

is impossible,and therefore' cannot be algebraicallyclosed.

2. In this case,Rij 2 f N TPPg and Rij 2 f TPPg, however this is impossible,

and therefore ' cannot be algebraicallyclosed.

3. In this case, Rik 2 f N TPP; TPPg, Ril 2 f N TPP; TPPg, and Rkl 2

f DC; ECg. Wecanseethat Rl i 6� (Rik � wRkl ), sincef N TPP � 1; TPP � 1g 6�

f DC; ECg, and therefore' cannot be algebraicallyclosed.

4. In this caseeither (Rik 2 f N TPP; TPPg, Rj l 2 f N TPP; TPPg, Rij 2

f POg, Rkl 2 f DC; ECg) or (Ril 2 f N TPP; TPPg, Rj k 2 f N TPP; TPPg,

Rij 2 f POg, Rkl 2 f DC; ECg). Without lossof generality, we canconsider

the casewhere the former set of constraints hold. The proof for the other

set of constraints is analogous.By looking at an RCC8 weak composition
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table, we can seethat (Rj l � w Rl k) \ (Rj i � w Rik ) = ? sincef DC; ECg \

f PO; TPP; N TPPg = ? , and so ' cannot be algebraicallyclosed.

5. In this caseeither (Rik 2 f N TPP; TPPg, Rj l 2 f N TPP; TPPg, Rij 2

f ECg, Rkl 2 f DCg) or (Ril 2 f N TPP; TPPg, Rj k 2 f N TPP; TPPg,

Rij 2 f ECg, Rkl 2 f DCg). Without loss of generality, we can con-

sider the casewhere the former set of constraints hold. The proof for

the other set of constraints is analogous. By looking at an RCC8 weak

composition table, we can seethat (Rj l � w Rl k) \ (Rj i � w Rik ) = ? since

f DCg \ f EC; PO; TPP; N TPPg = ? , and so ' cannot be algebraically

closed.

6. In this caseeither (Rik 2 f N TPPg, Rj l 2 f N TPP; TPPg, Rij 2 f ECg,

Rkl 2 f ECg) or (Rik 2 f N TPP; TPPg, Rj l 2 f N TPPg, Rij 2 f ECg,

Rkl 2 f ECg) or (Ril 2 f N TPPg, Rj k 2 f N TPP; TPPg, Rij 2 f ECg,

Rkl 2 f ECg) or (Ril 2 f N TPP; TPPg, Rj k 2 f N TPPg, Rij 2 f ECg,

Rkl 2 f ECg). Without lossof generality, wecanconsiderthe casewherethe

former set of constraints hold. The proofs for the other setsof constraints

are analogous.By looking at an RCC8 weak composition table, we can see

that (Rj l � w Rl k) \ (Rj i � w Rik ) = ? sincef DC; ECg\ f PO; TPP; N TPPg =

? , and so ' cannot be algebraicallyclosed.

Theorem 6.4.13. For the RCC8 CSP (over ROP(R2)), algebraic closure is

equivalent to satis�ability.

Proof. Satis�abilit y implies algebraicclosure,and Lemma 6.4.12shows that al-

gebraicclosureimplies satis�abilit y.

This result hasalreadybeenprovided by Renz[RN99],but the proof givenhere

is considerablysimpler. Bennett [BIC97], and Renz[RL05] have asked questions

about the usefulnessof algebraic closure and weak composition regarding the

topological inferenceproblem. It is clear that algebraicclosurecannot be shown

to be equivalent to satis�abilit y for sometopologicalconstraint languagewithout

a careful examination of the relationship between the models of the language,

and the languageitself.
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6.4.2 AT-graph Realizabilit y

We now investigatea solution to the satis�abilit y problem of the E languageby

reducing the satis�abilit y problem to one of AT-graph weak realizability. First,

we will examinethe caseof E formulae interpreted over regionshomeomorphicto

the open unit discsof the real plane (we shall usethe symbol OD(R2) to denote

this set).

The following lemmasand theorem are taken from [S�S04]. Lemma 6.4.15is

presented herein a considerablyexpandedform, with a fewsmall errorscorrected.

Lemma 6.4.14. Let ' be an E formula. If ' has a model in OD(R2), then '

has a model in OD(R2) in which the number of contact points on the boundary

of each region is bounded by the square of the number of variablesin ' .

Proof. The bound is a squareof the number of variables,asthere is potentially a

contact point for each pair of variables. The full proof canbe found in [S�S04].

Lemma 6.4.15. The satis�ability problemof E over OD(R2) NP-reduces to the

AT-graph weak realizability problem. That is, for every E formula ' we can in

NP compute AT-graphs(G; R) such that ' is satis�able in OD(R2) if and only

if one of the (G; R) is weakly realizable.

Proof. We can assumethat ' is in simple form (see Lemma 6.4.2). Now we

describe the structure of the AT-graphs. Firstly, the graph has vertices z,z1,z2;

and z3 which are connectedto each other by edgeswhich may not intersect any

other edges.For each variable x i of ' , there is a vertex ci and a circle graph B i

with at least three vertices. For each B i (i � n) if e1; e2 are edgesof B i , then e1

may not intersect e2. For each vertex v in B i (i � n), v is connectedto ci , z1,

z2, and z3 with edgeswhich may not intersect B i . Furthermore, for each i � n,

no edgewith an endpoint ci may intersect an edgewith an endpoint z1, z2, or

z3. We say that a vertex v is an in-x i -witness if it doesnot belongto B i and is

adjacent to ci using an edgewhich doesnot intersect B i . We say that a vertex

v is an out-x i -witness if it doesnot belong to B i and is adjacent to z1, z2, and

z3 using edgeswhich do not intersect B i . Now, the rest of the structure of the

(G; R) AT-graphs is determinedby ' . For each conjunct of ' , Rij (which is the

relation speci�ed to hold betweenvariables x i and x j ) which can be one of the

following six cases.
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PO: Then, B i and B j may shareverticesand the edgesof B i may crossthe edges

of B j . Also, B i must contain an in-x j -witnessand an out-x j -witness,and

B j must contain an in-x i -witnessand an out-x i -witness.

DC: Then, B i and B j may not sharevertices,and the edgesof B i may not cross

the edgesof B j . Also, B i must contain an out-x j -witness, and B j must

contain an out-x i -witness.

EC: Then, B i and B j must shareat least one vertex, but the edgesof B i may

not crossthe edgesof B j . Subtracting the verticesof B j from B i splits B i

into a set of paths. Each of these paths must contain an out-x j -witness.

Similarly, B j n B i splits B j into a set of paths, each of these paths must

contain an out-x i -witness.

N TPP: Then, B i and B j may not sharevertices,and the edgesof B i may not cross

the edgesof B j . Also, B i must contain an in-x j -witness.

TPP: Then, B i and B j must shareat least one vertex, but the edgesof B i may

not crossthe edgesof B j . Also, B i n B j splits B i into a set of paths, each

of thesepaths must contain an in-x j -witness.

> : Then, B i and B j may shareverticesand the edgesof B i may crossthe edges

of B j .

Now, we show that if such a (G; R) is realizable, then ' is satis�able in

OD(R2). First, we can assumethat the vertex z lies outside of the triangle z1,

z2, z3. As a result, all other verticesand edgesmust lie inside the triangle. For

all i � n, ci must lie inside the region enclosedby B i , with the vertices z1, z2,

and z3 beingoutside. Now, we de�ne a function � which mapseach variable x i to

the regionenclosedby B i . For each conjunct of ' we will show that the relations

hold under � .

1. For PO, sinceB i contains an in-x j -witnessand B j contains an in-x i -witness,

then � (x i )� \ � (x j )� 6= ? , and sinceB i contains an out-x j -witness,� (x i )� \

(� � (x j )) � 6= ? , and since B j contains an out-x i -witness, (� � (x i )) � \

� (x j )� 6= ? .

2. For DC, sinceB i and B j may not sharevertices,and sincethe edgesof B i

and B j may not cross,the fact that B i contains an out-x j -witnessand that

B j contains an out-x i -witnessmeansthat � (x i )� \ � (x j )� = ? .
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3. For EC, recall that B i n B j splits B i into a set of paths, and each path

contains an out-x j -witness (likewisefor B j and its out-x i -witnesses),and

sincethe edgesof B i and B j may not cross,then � (x i )� \ � (x j )� = ? , and

sinceB i must shareat least onevertex with B j , � (x i )@\ � (x j )@6= ? .

4. For N TPP, sinceB i and B j may not sharevertices,and sincethe edgesof

B i and B j may not cross,the fact that B i contains an in-x j -witnessmeans

that � (x i )� � � (x j )� and � (x i )@\ � (x j )@= ? .

5. For TPP, recall that B i n B j splits B i into a set of paths, and each path

contains an in-x j -witness,and sincethe edgesof B i and B j may not cross,

� (x i )� � � (x j )� , and since B i must share at least one vertex with B j ,

� (x i )@\ � (x j )@6= ? .

6. For > , sinceB i and B j may sharevertices, and sincethe edgesof B i and

B j may cross,there are no conditions to be violated.

So,given a weakly realizableAT-graph (G; R) which satis�es the previouscondi-

tions, we can build a model of ' in OD(R2).

Now we show that if ' has a model in OD(R2), then there exists a weakly

realizableAT-graph (G; R) satisfying the previousconditions whosesizeis poly-

nomially bound by the number of variables in ' . By Lemma 6.4.14, ' has a

model in which the number of contact points is at most n2. We choosea region

Z which contains � (x i ) (for all i � n). On Z @, we choosethree points z1, z2, and

z3, and we choosea point z from the exterior of Z , and we connectz to z1, z2,

and z3 with edgeswhich are outside Z . We choosea point ci in each � (x i ) (for

all i � n), and we selectat least three points (for B i ) on each � (x i )@ including

any contact points, (note that we can draw edgesbetween pairs of vertices in

B i completely contained within � (x i )@). We connectci to each point in B i with

edgescontained within � (x i ), and we connecteach point in B i to the points z1,

z2, and z3 with edgesin Z n � (x i ). For each conjunct of ' we will show that we

can choosein/out witnessessuch that the conditions on (G; R) hold.

1. For PO, we choosea point in � (x i )@\ � (x j )� as an in-x j -witnesson B i , a

point in � (x i )@\ (� � (x j )) � asan out-x j -witnesson B i , andwechoosea point

in � (x j )@\ � (x i )� as an in-x i -witnesson B j , a point in � (x j )@\ (� � (x i )) �

as an out-x i -witnesson B j .
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2. For DC, we choosea point in � (x i )@\ (� � (x j )) � as an out-x j -witnesson

B i and a point in � (x j )@\ (� � (x i )) � as an out-x i -witness on B j . Since

� (x i )� \ � (x j )� = ? , then B i and B j may not shareany vertices,neither

may the edgesof B i and B j intersect.

3. For EC, � (x i )@n � (x j )@ splits � (x i )@ into a number of connectedsubsets,

in each of these subsetswe choosea point as an out-x j -witness, likewise

for � (x j )@ and out-x i -witnesses. Since � (x i ) and � (x j ) have at least one

contact point, B i and B j will shareat least onevertex. By Lemma 6.4.14,

� (x i ) and � (x j ) have exactly onecontact point, sothat the edgesof B i and

B j will not intersect.

4. For N TPP, we choosea point in � (x i )@\ � (x j )� as an in-x j -witness on

B i . Since� (x i )@\ � (x j )@= ? , then B i and B j may not shareany vertices,

neither may their edgesintersect.

5. For TPP, � (x i )@n� (x j )@splits � (x i )@ into a number of connectedsubsets,

in each of thesesubsetswe choosea point as an in-x j -witness. Since� (x i )

and � (x j ) have at least onecontact point, B i and B j will shareat least one

vertex. By Lemma 6.4.14,� (x i ) and � (x j ) have exactly onecontact point,

so that the edgesof B i and B j will not intersect.

6. For > , no in/out witnessesarerequired,verticesarepermitted to beshared,

and edgesare permitted to cross.

So,we canseethat given a model of ' in OD(R2), we canbuild a suitable weakly

realizableAT-graph (G; R).

Theorem 6.4.16. The satis�ability of an E formula over OD(R2) can be decided

in NP.

Proof. Lemma 6.4.15allows us in NP to translate the satis�abilit y of E formulas

to the weakrealizability of someAT-graph (G; R). So,sincethe weakrealizability

of an AT-graph (G; R) canbedecidedin NP (by Theorem3.1.23),the satis�abilit y

of E formulas over OD(R2) can alsobe decidedin NP.
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6.4.3 Adding Connectedness to E

Earlier on in this chapter, we saw the T C language,which is the result of adding

a connectednesspredicate to the T language,as well as a number of restricted

fragments of the T language.Although we know that adding the connectedness

predicate to T increasesthe complexity from PSPACE to EXP [KPHWZ08], we

have no results regarding the e�ect of adding this predicate to any fragments of

T .

We de�ne the languageEc to be the result of taking the languageE de�ned in

Chapter 5, and adding a singleunary predicate c, interpreted as connectedness.

Given an Ec formula ' , we denote by ' E the formula which contains only the

E-constraints from ' .

Note that the proof of Lemma6.4.14from [S�S04]can alsobe simply modi�ed

to work for Ec interpreted over ROP(R2). We now reducethe Ec satis�abilit y

problem over ROP(R2) to the E satis�abilit y problem over OD(R2). Note that

by Theorem6.4.9,there always existsa small model of any satis�able E formula

which has a size (the number of components) of 2n3. That is, each variable is

mapped to a region consistingof at most 2n2 components.

So,given an Ec formula ' , we describe a transformation of ' to an E formula

' � , such that ' is satis�able in ROP(R2) if and only if ' � is satis�able in OD(R2).

Westart with ' � = ' , and we will systematicallyreplacethe conjunctsasfollows.

For each i � n such that c(x i ) is not a conjunct of ' , we createm (m = 2n2) new

variablesx i 1 ; : : : ; x i m . Now, for each j � n such that Rij (x i ; x j ) or Rj i (x j ; x i ) is

a conjunct of ' , we replacethe conjunct as follows.

1. If Rij (or Rj i ) is DC, without loss of generality, we replacethe conjunct

DC(x i ; x j ) with the following conjunction.

^

k� m

DC(x i k ; x j ) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

2. If Rij (or Rj i ) is PO, without loss of generality, we replacethe conjunct

PO(x i ; x j ) with the following conjunction (for somek � m).

PO(x i k ; x j ) ^
^

k0� m;k 06= k

> (x i k 0; x j ) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

3. If Rij (or Rj i ) is EC, without loss of generality, we replacethe conjunct
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EC(x i ; x j ) with the following conjunction (for somek � m).

EC(x i k ; x j ) ^
^

k0� m;k 06= k

DC(x i k 0; x j ) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

4. (i): If Rij is N TPP, we replacethe conjunct N TPP(x i ; x j ) with the fol-

lowing conjunction.

^

k� m

N TPP(x i k ; x j ) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

(ii): If Rj i is N TPP, we replacethe conjunct N TPP(x j ; x i ) with the fol-

lowing conjunction (for somek � m).

N TPP(x j ; x i k ) ^
^

k0� m;k 06= k

> (x j ; x i k 0) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

5. (i): If Rij is TPP, we replacethe conjunct TPP(x i ; x j ) with the following

conjunction (for somek � m).

TPP(x i k ; x j ) ^
^

k0� m;k 06= k

N TPP(x i k 0; x j ) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

(ii): If Rj i is TPP, we replacethe conjunct TPP(x j ; x i ) with the following

conjunction (for somek � m).

TPP(x j ; x i k ) ^
^

k0� m;k 06= k

> (x j ; x i k 0) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

6. If Rij (or Rj i ) is > , without loss of generality, we replace the conjunct

> (x i ; x j ) with the following conjunction.

^

k� m

> (x i k ; x j ) ^
^

l<l 0� m

DC(x i l ; x i l 0
)

Lemma 6.4.17. We can transform an Ec formula ' in polynomial time, to an E

formula ' � such that ' is satis�able in ROP(R2) if and only if ' � is satis�able

in OD(R2).

Proof. Firstly, if we have a model of ' in ROP(R2), we can build a model in
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OD(R2) of ' � . It is straightforward to seethat for each variable x i wherec(x i ) is

a conjunct of ' , we can take an open disc subsetof � (x i ) such that all relations

in ' � involving x i are preserved, and assign� � (x i ) respectively to this subset.

Similarly, for each variable x j where c(x j ) is not a conjunct of ' , we can take

a set of open disc subsetsof � (x j ), corresponding to each x j k variable (where

k � 2n2), such that every relation in ' � involving x j k is preserved, and assign

� � (x j k ) respectively to thesesubsets.

Secondly, if we have a model of ' � , � � , in OD(R2), we can easily produce

a model of ' in ROP(R2). For each i � n where c(x i ) is a conjunct of ' , we

set � (x i ) = � � (x i ), and for each i � n where c(x i ) is not a conjunct of ' , we

set � (x i ) =
S

k� m � � (x i k ). It is straightforward to seethat � is a model of ' in

ROP(R2).

Theorem 6.4.18. The satis�ability problemof the Ec languageover ROP(R2)

is in NP time.

Proof. By Theorem 6.4.16, the satis�abilit y problem of the E language over

OD(R2) is decidable in NP time. By Lemma 6.4.17, we can reduce the satis-

�abilit y problem of the Ec languageover ROP(R2) to the satis�abilit y problem

of the E languageover OD(R2).

We can now extend this result to the languagewhich results from adding a

unary connectednesspredicate to RCC8.

Corollary 6.4.19. The satis�ability problemof RCC8 with connectednessover

ROP(R2) is in NP time.

Proof. By the samereasoningasTheorem6.4.11,each RCC8 with connectedness

formula is equisatis�able with at most 8n2
Ec formulae. We can nondeterministi-

cally chooseoneof these,and verify its satis�abilit y in NP time.

6.5 Conclusion

This chapter has provided two new results on the complexity of the RCC8 lan-

guageand two related languagesE, and Ec.

First, this chapter introduced relation algebras,which were �rst introduced

by Tarski [Tar41]. Then, we introduceda classof problemsinvolving systemsof
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relationscalledconstraint satisfactionproblems. Constraint satisfactionproblems

arewell known in the �eld of computerscience,and in particular in arti�cial intel-

ligence(seefor example[Mac77]),and there have beene�orts to apply techniques

for solving constraint satisfactionproblemsto the topological inferenceproblem.

If we restrict our spatial logicsdown to languageswhich ful�ll the requirements of

constraint languages,then the topological inferenceproblem for theselanguages

becomesa constraint satisfaction problem.

There has beenconsiderableattention paid to applying one particular tech-

nique from constraint satisfaction, called path consistency, to the topological in-

ferenceproblem, see[RN99]. However, path consistencyrequired a very speci�c

property of the system of relations, which many of thesespatial logics did not

have. As a result of this, applying constraint satisfaction techniquesto the topo-

logical inferenceproblem is di�cult at best. The classof topological constraint

languagesis still a usefulclassof restricted spatial logics,however, and onewhich

contains a number of languagesof low complexity. One of the most famousof

thesetopologicalconstraint languagesis calledRCC8, and the secondhalf of this

chapter gave a number of complexity results regarding this language.

First, we provide a complexity result showing a restricted fragment of RCC8,

called E, to be in NLOGSPACE, which gives a simple proof of NP-time mem-

bership for RCC8. This result allowed us to give a simple proof that the relation

algebraicproperty of algebraicclosurecan be usedto determinethe satis�abilit y

of RCC8, and although this result hasappearedin [RN99], the result we present

is considerablysimpler. Then, we gave a simpli�ed and correctedversionof the

proof that the complexity of E over internally connectedsubsetsof the Euclidean

plane is NP-complete- the original proof, with minor errors, appearedin [S�S04].

Finally, we expandedthe previous proof to cover a new languageEc which in-

cludesa predicate which is interpreted as being the property of a region being

internally connected.
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Conclusion

This thesis has investigated the computational complexity of the satis�abilit y

problems of a classof spatial logics called topological constraint languages. In

order to perform automated reasoningon spatial data, we need spatial logics

whose satis�abilit y problems are in low complexity classes. However, spatial

logicsare extremely computationally complex. First order spatial logicsare typ-

ically undecidable. The expressivenessof a spatial logic is very closelylinked to

its complexity. One way to achieve spatial logics with practically computable

satis�abilit y problemsis to restrict the expressivenessof our logics. Topological

constraint languagesare the result of a particular kind of syntactical restriction.

This thesisprovidesan introduction and survey of spatial logicsand in partic-

ular, topologicalconstraint languages,with attention to the relationship between

the constraint languagesand the modelsof theselanguages.In Chapter 4 we in-

troducedan algebraicstructure which incorporatesa topological relation, called

a Boolean contact algebra. The starting point in this thesis for spatial logics

is the �rst order languageof theseBoolean contact algebras. We gave a proof

of the undecidability of this language,and then introduced a seriesof increas-

ingly stronger restrictions of the language,in the form of a group of topological

constraint languages.

In Chapter 5, we gave a survey of the approachesto solving the satis�abilit y

problem of various spatial logics. The strong connection between modal logic

and topology has beenknown sinceMcKinsey & Tarski [MT44], and we started

with the spatial logic T which is equivalent to the modal logic S4. We gave a

simple proof of the equivalenceof T and S4, and then examineda supersetof T

which addsthe abilit y to placerestrictions on the number of components a region

107
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may have, called T CC, and gave a brief outline of its membership in the NEXP

time complexity class. Then, we looked at a languageswhich are progressively

stronger restrictions of T . We showed that the BRCC8 languageis equivalent to

the existential theory of Booleanconnectionalgebras,and gave an outline of the

proof of the membership of BRCC8 in NP (for arbitrary topological spaces)and

in PSPACE (for the Euclideanplane).

In Chapter 6, we introducedtopologicalconstraint languagesin terms of rela-

tion algebras.Wehighlighted the problemsassociated with usingtechniquesfrom

relation algebrasto determinethe satis�abilit y problemsof topologicalconstraint

languages.In particular, we explainedthat a property of relation algebrascalled

`path consistency'is not necessarilyequivalent to the satis�abilit y problem for

topological constraint languages.The main result of this thesisconcernsRCC8,

and a fragment of RCC8 which we call E. The formulae of RCC8 are expressible

in terms of an exponential number of E formulae, and we showed that the E

satis�abilit y problem is in NLOGSPACE. We also provided a very simple deci-

sion procedurefor the satis�abilit y problem of E formulae. The NLOGSPACE

complexity result also allows us to provide an easyproof of the equivalenceof a

technique similar to `path consistency'of E formulae to the E satis�abilit y prob-

lem. We then gave a thorough and expandedproof of the N P completenessof

the E satis�abilit y problemover the domain of regionshomeomorphicto the open

unit discsby using the string graph result given in Chapter 3. Furthermore, we

expandedon this graph theoretic result to solve the problem of a language,based

on E, which allows constraints to be madeon the connectednessof regions.

7.1 Further Work

A fairly simple result can be obtained by extending Theorem 6.4.18. Instead of

simply adding a connectednesspredicateto the languageE, we could fairly easily

add a predicate similar to that of the T CC language,which allows component

counting. Adding such a predicate would almost certainly causethe complexity

of Ec to increase,but it may possiblystill remain within NP.

Additionally , in terms of syntactic features, we have focusedsolely on lan-

guageswith either a contact, or a connectednesspredicate,usingother geometric

relations would result in a whole family of di�erent logics,seefor examplespatial

logicswith convexity [DGC99].
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Many questions remain completely open, and we will only consider those

which are directly related to the content of the thesis. This thesis has had a

special emphasison topological inferencein the Euclidean plane, but many of

the complexity results regarding the satis�abilit y problems of spatial logics are

concernedonly with arbitrary topological spaces.

In Chapter 6, we saw results regarding E over the domain of regionshome-

omorphic to the open unit disc OD(R2), as well as an extensionof E to allow

restrictions to be placedon the connectednessof regions,calledEc. Although the

results for E easilytranslate to results for RCC8, any such results for BRCC8/BC

are far from trivial. And similarly, results regarding adding a connectedness

predicateto E translate to allow the addition of the predicateto RCC8, but what

e�ect the addition of a connectednesspredicate to BRCC8 would have on the

complexity of BRCC8 is unknown.

Another interesting area to investigate would be the expressivenessof these

spatial logics (see[PS00], [Dav06]). Adding and removing syntactic featuresof

a languagecan be a rather impreciseway of modifying theselanguages.A full

analysisof the e�ect of particular syntactic restrictions on the expressivenessof

these languagescould provide additional insights into the languages,and allow

us to identify more languagesin low complexity classes.
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