Chapter 6

Guarded Fragments with
Counting

6.1 The guarded fragment

We observed in Ch. 5 that multimodal logic M can be thought of as the fragment
of first-order logic, over signatures of unary and (one or more) binary predicates,
in which quantification is restricted to the patterns Yu(r(u,v) — (v)) and
Fu(r(u,v) Ap(v)). This idea can be generalized.

We again fix some purely relational signature X, but this time with predicates
of any arity, and we again denote by £ the language of first-order logic over X.
The guarded fragment of first-order logic, G, is defined to be the smallest set of
L-formulas satisfying the following conditions:

1. every atomic formula is in G;
2. G is closed under Boolean connectives;

3. if ¢ € G with Vars(y)) = Z,y, and p is a predicate of the same arity as
z,y, then Vz(p(z,y) — ¢) € G and 3z(p(z,y) A1) € G;

4. if ¢ € G, and ¥ has at most one free variable, then Yzt € G and Jz¢p € G.

For k > 1, we denote by GE the subset of G involving at most the variables
x1,...x. Thus, GF = Gn LE, for all £ > 0. £E not involving the equality
predicate. We call G* the k-variable guarded fragment. Thus, multi-modal logic
M is a proper subset of the 2-variable guarded fragment G2.

Lemma 6.1. The guarded fragment has the finite model property.

Thus, the problems G-Sat and G-Fin-Sat coincide, as do G¥-Sat and G*-Fin-
Sat, for all k£ > 0.

Theorem 6.1. The problem G-Sat is 2-EXPTIME complete.
Theorem 6.2. For every k > 0, the problem G*-Sat is EXPTIME complete.
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6.2 The guarded fragment with counting

We have seen that adding counting quantifiers to the multi-modal logic, M, to
form graded multi-modal logic, G, has no effect on the complexity of satisfi-
ability. The obvious next question, therefore, is what happens when counting
quantifiers are added to the guarded fragment.

In the sequel, we restrict consideration to a purely relational signature of 0-
ary, unary and binary predicates. If r is any binary predicate (including ), we
call an atomic formula having either of the forms r(z,y) or r(y, ) a guard-atom.
The two-variable guarded fragment with counting quantifiers, GC?, can then be
defined as the smallest set of formulas satisfying the following conditions:

1. GC? contains all atomic formulas and is closed under Boolean combina-
tions;

2. if ¢ is a formula of GC* with at most one free variable, and u is a variable
(i.e. either z or y), then the formulas Yue and Jugp are in GC%;

3. if ¢ is a formula of GC?, v a guard-atom, u a variable, and @Q any of the
quantifiers 3, I<¢, I>¢, I=¢ (for C' > 0), then the formulas Yu(y — ¢),
Qu(y A @) and Qu~y are in GC?.

According to the above syntax, the non-counting quantifiers 3 and V may
apply without restriction to formulas with at most one free variable; however,
they may apply to formulas with two free variables only in the presence of a
guard-atom. By contrast, the counting quantifiers 3<¢, I>¢, I=c may only
ever apply in the presence of a guard atom (which by definition has two free
variables). Note in particular that the formula 3—;xp(z) is not in GC*. In fact,
the next lemma shows that no formula of GC* can force a predicate p to be
uniquely instantiated in its models.

Lemma 6.2. Let ¢ be a formula of GC* with signature ¥ (so that ¥ has no
individual constants), A a structure interpreting ¥, and I a nonempty set. For
i €1, let A; be a copy of A, with the domains A; pairwise disjoint. If ¢ is
satisfied in A, then it is satisfied in the structure A" with domain A" =J,c; A
and interpretations o = Uier o for every o € X.

Proof. If 6 : {z,y} — A is any variable assignment, and i € I, let 6; be the
variable assignment which maps x and y to the corresponding elements in A; C
A’. A routine structural induction on ¢ shows that 2 =y ¢ if and only if, for
some (= for all) i € I, A |=¢, . I

It follows immediately that, if a formula of GC? has a finite model, then it has
arbitrarily large finite models, and indeed infinite models.

Lemma 6.3. Let ¢ be a GC2-formula. We can compute, in time bounded by a
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polynomial function of ||¢||, a formula

1 =Vra A /\ VaVy(en(z,y) — (Bn Vo = y))A

e (6.1)

/\ Vaedoc,y(fi(z,y) Nz # y)

1<i<m

such that: (i) « is a quantifier-free formula not involving ~ with x as its only
variable; (i1) | and m are positive integers; (iii) for all h (1 < h <1), ey is a
binary predicate other than =, and By is a quantifier-free formula not involving
~ with © and y as its only variables; (iv) for all i (1 <i <m), C; is a positive
integer, and f; is a binary predicate other than =; (v) ¢ is satisfiable if and
only if 1 is satisfiable; (vi) ¢ is finitely satisfiable if and only if v is finitely
satisfiable.

Proof. We proceed exactly as for Lemma 4.1. Note that, if ¢ is finitely satis-
fiable, then it has models over arbitrarily large finite domains. Therefore, we
may without loss of generality assume that the size of any model of ¢ of interest
is greater than any quantifier subscript mentioned in ¢.

The only difficulty is to show that the conjuncts of the form YuVvy generated
in Stage 1 of the procedure described there can be made guarded. To see that
this is so, consider the treatment of a subformula 6(u) = < pvy of pg. Since ¢y
is guarded, y must be of the form v A7, where « is an atomic formula g(u,v) or
g(v,u). Again, we define @1 := ¢o[p(u)/6(u)], where p is a new unary predicate,
and

1 = YuI_pori(u,v) AVud=privra(u, v)A
Yuvo(p(u) — (0 — 1 (u,v)))A
VuYv(—p(u) — (re(u,v) — 60)),

arguing, just as in Lemma 4.1 that v and 1 A1) are satisfiable over sufficiently
large domains. Now consider in more detail 1. Its latter two conjuncts are, as
they stand, not guarded. However, noting that 6 is (7 A 1), we see that these
conjucnts are in fact logically equivalent to the guarded formula

Vuvo(y — ((p(u) An) — 1w, v))) AVuo(=ra(u,v) — (p(u) — (v An))).

The other cases are dealt with similarly, and we obtain the desired formula

. 0

To show that the (finite) satisfiability problem for GC? is in EXPTIME, it
therefore suffices to consider only formulas ¢ of the form (6.1). Furthermore,
we may assume without loss of generality that no 0-ary predicates (proposition
letters) occur in ¢, since we can consider each of the (at most 2/1¥ll) truth-value
assignments to the O-ary predicates of ¢ in turn, replacing each 0O-ary predicate
with T or L according to its truth-value in the considered assignment.
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Accordingly, fix ¢ to be some formula of the form (6.1) over a signature of
unary and binary predicates. Set C' = maxj<i<m, C;, and let X be the signature
of ¢ together with log((mC)? + 1) (rounded up) new unary predicates. Thus,
|| is bounded by a polynomial (actually, linear) function of ||¢]|. Since ¥ is the
only signature we shall be concerned with in the sequel, we generally suppress
reference to it. Thus, ‘predicate’ henceforth means ‘predicate in ¥ U {~}’,
‘structure’ henceforth means ‘structure interpreting >’, and so on. We keep the
meanings of the symbols

Ea@vaaLeD"'7617517"'7ﬁl7mvcla'"7Cm7cvfl7"'7fm

fixed throughout this paper. The predicates fi,..., f; will play a key role in
the ensuing argument; we refer to them as the counting predicates. There is no
restriction on these predicates’ occurring in other parts of .

Again, we can regard the signature ¥ as a classified signature ...

Let the 1-types (over X) be enumerated in some order as the sequence

H:TI'(),...,TI‘P,L

Evidently, P is a power of 2, so p = log P is an integer. (Actually, p = |X].)
Now let s be any bit string (0 < |s| < p), and denote the string of length 0 by e.
We inductively define the sub-sequence Il of II by setting II. to be the whole
of I1, and setting Il4o and Il to be the left and right halves of Il, respectively.
Formally:

e = mo,...,7p-1,
and if Iy = 7, ..., mp—1, with |s| < p,
Hso = Wja---aﬂ%_l
Mgy = Tetiye.., Tho1.

Thus, if |s| = p, then I, is a one-element sequence mj, where j is the integer
(0 < j < P) encoded by the bit-string s in the usual way. To avoid clumsy
circumlocutions, we occasionally equivocate between bit-strings and the integers
they encode, thus, for instance, writing 7, instead of m; in this case. But we
will only ever write 7 if || = p. In addition, we occasionally for convenience
treat sequences as if they were sets, writing, for instance, = € Il;.

We now use the sequences Il to define sets of invertible message-types in-
dexed by bit-strings as follows. Let A be the set of all invertible message-types.
If 7 is any 1-type, and s is any bit-string such that |s| < p, let

Ars={Ne€A|tp;(A\) =7 and tpy(\) € II,}.

Thus, the Ar s are sets of invertible message-types identified purely by their
terminal 1-types. Except in very special cases, these sets will contain more than
one member, even when |s| = p. However, for chromatic structures, we have
the following important fact.
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Lemma 6.4. Let A be a chromatic structure, a € A, ™ = tp®[a], and s a bit-
string with |s| = p. Then there can be at most one element b € A\ {a} such
that tp*[a,b] € Ay 5.

Proof. Any two such elements would be connected by a chain of two invertible
message-types, and would both have 1-type 7. |

Finally, we use bit strings to index sequences of 2-types that are not invertible
message-types. Again, fix any 1-type m, and consider the set of non-invertible
message-types u such that tp;(u) = m. Let these be enumerated in some way
as a sequence

Hm,05- -5 B, R—1-

Furthermore, consider the set of silent 2-types p such that tp;(u) = m. Let
these be enumerated in some way as a sequence

Hr Ry« br,Q—1-

Thus, the sequence
M?T = Hm,05-+y Hr,Q—1

is an enumeration of precisely those 2-types 7 such that tp,(r) = 7 and 77!
is not a message-type. Evidently, R and @ are independent of the choice of 7;
moreover, @ is a power of 2, so ¢ = log @) is an integer. (We remark that R is
not a power of 2.) Let ¢ be any bit string (0 < |t| < ¢). We inductively define
the sub-sequence My ; of M, by setting M . to be the whole of M, and setting
M 10 and My ;1 to be the left and right halves of M ;, respectively. Formally:

Mfr,e = Hr05---5 Hr,Q-1,

and if My ¢ = firj, ..., phr k-1, With [t| < g,

MTr,tO = Mﬂ',jv“‘vuﬂ—’%,

Mrr,tl - ,u‘ﬂ—,%7"'7ﬂﬂ',k—1'

Thus, if |t| = g, then My ; is a one-element sequence p, j, where j is the integer
(0 < j < Q) encoded by the bit-string ¢ in the usual way. Again we may for
convenience write pr, instead of pr ; in this case, but here too we only ever
write pr if [t] = g.

6.3 Spectra and tallies

The approach taken here involves identifying various configurational properties
of elements in finite structures. These we now proceed to define. We continue
to use the symbols introduced in Section 6.2 with their advertised meanings.
In particular, f1,..., f;, are the counting predicates occurring in the formula
@ given in (6.1), and the integers C1,...,C,, are the corresponding numerical
quantifier subscripts.
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Let 2 be a finite structure, a € A, and 7 = tp®[a], and suppose A = .
Evidently, for all i (1 <4 < m), there are exactly C; elements b € A\ {a} such
that 2 = fila, b]:

C;=|{be A\ {a} : A = fila,b] }|.

Now, for any bit-string s (0 < |s| < p), define the s-spectrum of a in A, denoted
sp2[a], to be the m-element vector whose ith component (1 < i < m) is the

number of elements b € A\ {a} such that 2 = fi[a,b] and tp?[a,b] € Ay &
(sp?[a])i =|{be A\ {a}: A fila,b] and tp*[a,b] € A s}

Similarly, for any bit-string ¢ (0 < |t| < g¢), define the t-tally of a in A, de-
noted t1*[a], to be the m-element vector whose ith component is the number of
elements b € A\ {a} such that 2 |= f;[a,b] and tp*[a,b] € M, ;:

(t1']a]), = {b € A\ {a} : A |= fila,b] and tp¥[a,b] € My}

Henceforth, by wvector, we shall always mean “m-dimensional vector over N”,
with indices running from 1 to m. We denote the vector (Ci,...,Cyp,) by C
and the m-dimensional zero vector (0,...,0) by 0. If u and v are vectors, we
write u < v if every component of u is less than or equal to the corresponding
component of v; we write u < v if u < v and u # v. Similarly for > and >.
Recalling further that ¢' = max;<;<,, Ci, the number of vectors u such that
u < C is evidently bounded by (C' + 1)™, and hence by an exponential function
of ||¢]]. Moreover, the s-spectrum and t-tally of a is always a vector < C. Lastly,
given any 2-type 7, we write C, for the vector whose ith component is given
by:

(Cr)i = {1 i filwy) €, (6.2)

0 otherwise.

To better understand this apparatus, let 2, a, m be as above, and consider
first the case where s and ¢ are the empty string e. Since A, . is the set of
invertible message-types A such that tp,(\) = m, sp*[a] is simply the vector
whose ith component records the number of elements b to which a sends a
message of invertible type containing the atom f;(x,y). Likewise, t1%[a] is the
vector whose ith component records the number of elements b to which a sends
a message of non-invertible type containing the atom f;(z,y). If 0 < [s| < p,
then sp®[a] is obtained in the same way as sp?[a], except that we discount all
messages whose type is not a member of A ;. Likewise, if 0 < |t| < ¢, then
t1%[a] is obtained in the same way as t1>[a], except that we discount all messages
whose type is not a member of M ;.

Lemma 6.5. Suppose 2 is a model of ¢. Let a € A, © = tp*[a], and s, t be
bit-strings such that |s| < p and |t| < q. Then
sp2la] +t1*[a] = C (6.3)
sp3la] +sp2le] = sp2la) .
t1%[a] +t13[a] = t1¥]a]. (6.5)
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Proof. Tmmediate. O

Thus, while A, , is the union of the sets A 50 and Ay 1, sp?l [a] is the vector
sum of the spectra sp%[a] and sp? [a]; similarly for tallies.

As the strings s and ¢ get longer, the sets A; s and the sequences M ; get
smaller, and so the vectors sp®[a] and t17'[a] become, as it were, more selective in
the information they record. It is therefore instructive to consider what happens
to s-spectra and t-tallies when s and ¢ have maximal length. The latter case is
the easier to understand, and so we consider it first. If |t| = ¢, then M, by
construction contains just one 2-type, it = pir +, which is either a non-invertible
message-type, or else a silent 2-type. If p is a non-invertible message-type, then,
since A = ¢, there can be only finitely many elements b € A\ {a} such that
tp®[a,b] = p. Let this number be n. Evidently:

t1[a] = nC,,. (6.6)

On the other hand, if 4 is a silent 2-type, then t1*[a] = C,=0.

Turning now to s-spectra with |s| = p, recall that A, ; in general has more
than one element. However, Lemma 6.4 tells us that, in a chromatic model, no
element may send more than one message whose type is in A, ;. This enables
us to establish the following simple result, which will be useful in the sequel:

Lemma 6.6. Suppose that 2 is a chromatic model of ¢. Let a € A, w be a
I-type, and s be a bit-string with |s| = p. If tp*[a] = 7 and sp®[a] > 0, then
there exists A € A, s with sp>[a] = Cy such that a sends a message of type \
to some b € A\ {a}. Conversely, if there exists A € Ay s such that a sends a
message of type \ to some b € A\ {a}, then tp*[a] = 7 and sp*[a] = C,.

Proof. Suppose tp®[a] = 7 and sp®[a] > 0. Then there exists b € A\ {a} such
that tp®[a,b] € A, . By Lemma 6.4, this b is unique, so, letting A\ = tp®|a, b],
we have sp?[a] = C, as required. Conversely, suppose a sends a message of
type A € Ar s to some element b € A\ {a}. Certainly, then, tp*[a] = 7, and
again, by Lemma 6.4, this b is the only element in A \ {a} to which a sends a
message having any type in A, g; it follows that sp?[a] = C) as required. [

6.4 Transformation into a constraint satisfaction
problem

In the sequel, we take 7 to vary over the set of 1-types, A to vary over the set of
invertible message-types, s to vary over the set of bit-strings of length at most
p, t to vary over the set of bit-strings of length at most ¢, and u, v and w to
vary over the set of vectors < C. (Similarly for their primed counterparts 7',
N, s’ ', u', vand w'.) We refer to these sets as the standard ranges of the
respective letters; they are summarized in Table 6.1. Occasionally, additional
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Symbol Standard range

m, all 1-types

AN all invertible message-types

s, s all bit-strings of length at most p
t,t all bit-strings of length at most ¢
u, v, w, u, v, w | all vectors < C

Table 6.1: Standard ranges of symbols used as indices

restrictions will be imposed on these ranges.
Now let V' be the set whose elements are the following (distinct) symbols,
where the indices A, 7, s, t, u, v, w vary over their standard ranges:

X, Yr,s,us Zm,tus
Ur.s,v,w Whenever |s| < p, Zx.t.vw Whenever [t| < g.
The symbols §r sv.w and Zr;vw are not defined when |s| = p and [t| = q.

The cardinality of V' is evidently bounded by an exponential function of |¢||.
We impose some arbitrary order on V', and refer to its elements as wvariables.
If U is a non-empty set of variables, enumerated, in the imposed order, as
{u1,...,ur}, let > U denote the term uj + --- + uy; if U is the empty set, let
> U denote the (constant) term 0. In the sequel, we take a constraint to be
an equation or inequality involving arithmetical terms over V', or a conditional
statement formed from two such inequalities. A solution of a set of constraints
over some numerical domain D is simply an assignment 6 : V' — D under which
all the constraints in question evaluate (in the obvious way) to true. Using this
apparatus, we proceed to construct, given the formula ¢ in (6.1), a set £ of
constraints. We prove below that £ has a solution over N if and only if ¢ is
finitely satisfiable.

To motivate this construction, suppose, for the moment, that 2l is a finite
model of . We may then define the assignment 6 : V' — N, which we may
think of as the ‘intended’ assignment relative to 2, as follows. If 7 is a 1-type,
write A, to denote the set of elements of A having 1-type 7 in 2L

Ay ={ac A|tp?la] = 7}.

Now, for any A in its standard range, let #(xy) be the number of elements of
A sending any message of type A to some other element. For any 7, s, ¢, u
in their standard ranges, let 6(yx s u) be the number of elements of A, having
s-spectrum u, and let 6(z, +4) be the number of elements of of A, having t-
tally u. Finally, for any 7, s, ¢, v, w in their standard ranges, with |s| < p and
lt| < g, let 0(§r,s,vw) be the number of elements of A having s0-spectrum v
and sl-spectrum w, and let (% ;v w) be the number of elements of A, having
t0-tally v and t1-tally w. This assigment is summarized in Table 6.2.
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Variable | Value in N under 0

T [{a € A: there exists b € A\ {a} such that tp®[a,b] = \}|
Ym,s,u Ha € A : sp?l la] = u}|

Zrtu {a € Ay : t1}]a] = u}|

Ursvw | [{a € Az :sp%la] = v and sp? [a] = w}|, whenever |s| < p
Srivw | [{a € Ag:t1[a] = v and t17 [a] = w}|, whenever [t| < ¢

Table 6.2: The assignment 6 : V' — N, assuming that 2 is a finite model of .

We construct € in three stages. First, let £ be the following set of constraints
involving the variables V', where m, u, v, w again vary over their standard
ranges, and s, t vary over bit-strings such that |s| < p and [t]| < ¢:

Zreu = YmeC—u (6.7)
Yrsu = Z{ﬁms,V’,W’ | v +w' =u} (6.8)
Zrtm = D Adraviw |V W =u} (6.9)
Yrsow = Y Abrsvw |V+W <C} (6.10)
Yrstw = O Abmsviw |V +w<C} (6.11)
Zrgoy = O Aimivw | V+W < C} (6.12)
Zetlw = Z{»’:’w,t,v/,w | v/ +w < C} (6.13)
1 < Z{yﬂge,u/ | 7 a l-type, u’ < C}. (6.14)

Lemma 6.7. Suppose A is a finite model of v, and let the variables in V take
the values specified, relative to A, in Table 6.2. Then the constraints in &1 are
all satisfied.

Proof. The constraints (6.7)—(6.9) follow easily from the respective equations
in Lemma 6.5. The constraints (6.10)—(6.13) are immediate. In the (single)
constraint (6.14), the sum on the right-hand side evaluates to the cardinality of
A, since every a € A has a unique 1-type and a unique e-spectrum. But A is
nonempty by definition. |

To define the next set of constraints, we require some additional terminology.
Let 7 be any 2-type. Since 7 is a finite set of formulas with free variables x
and y, we may write /\ 7 to denote their conjunction. Referring again to the
formula (6.1), we say that 7 is forbidden, if the formula

a(z) A a(y)A
A ((en@,m) = Bulz.9) A (enly, x) = Buly,a)) A N7 (6.15)

1<h<l
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is unsatisfiable. Thus, if 2 = ¢ and a, b are distinct elements of A, then tp®[a, b]
cannot be forbidden. Since (6.15) is purely Boolean, we can evidently identify
the forbidden 2-types in time bounded by an exponential function of ||¢||.

Now let & consist of the following constraints, where A\, 7 vary over their
standard ranges, s, t vary over bit-strings such that |s| = p, |t| = ¢, and u varies
over vectors such that 0 < u < C:

Yrsu = Z{xx | N €Ay s and Cy =u} (6.16)
.Z’(A—l) = T\ (617)
zx = 0 whenever tp; (A) = tpy(A) (6.18)
zxn = 0 whenever A is forbidden (6.19)
Zetu = 0 whenever p. ; is forbidden. (6.20)
riw = 0 whenever u is not a scalar multiple of (6.21)

C,, for pp = piry

Lemma 6.8. Suppose U is a finite, chromatic model of v, and let the variables
in V take the values specified, relative to A, in Table 6.2. Then the constraints
in Ey are all satisfied.

Proof. To see that the constraints (6.16) hold, fix m, s, u (with |s|] = p and
u > 0), and write

Arsu={a€ A|tp¥a] = 7 and sp?[a] = u}.
In addition, for any invertible message-type A, write
Ay ={a€ A| there exists b € A\ {a} such that tp®[a,b] = A}.

From Table 6.2, we have [A; su| = 6(yr,su) and |Ax| = 6(zy). Moreover, by
Lemma 6.4, the sets Ay, for A" ranging over the elements of A, 5, are pairwise
disjoint. But Lemma 6.6 just states that

Aﬂ',s,u = U{A)\' | N e A7T7S and C)\/ = ]_1}7

whence the relevant instance of the constraints (6.16) follows. To see that the
constraints (6.17) hold, observe that, since 2( is chromatic, #(x)) is actually
the total number of messages of (invertible) type A sent by elements of 2, and
similarly for A=!'. But then (zx) and 6(x(y-1)) are obviously equal. The
constraints (6.18) are immediate given that 2 is chromatic. The constraints
(6.19) and (6.20) are immediate given that 2 |= ¢. Lastly, Equation (6.6) states
that, for |[t| = ¢, no element with 1-type 7 can have a t-tally which is not a scalar
multiple of C,,, where f is the sole element in M ;. The constraints (6.21) then
follow. O

Let &3 consist of the following constraints, where 7 varies over all 1-types,
t varies over bit-strings such that [t| = ¢, and u varies over vectors such that
O<u<C(C:

Zegu >0 = Z{yﬂ/&u/ | 7 = tpy(pir,e) and ' < C} > 0. (6.22)
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Lemma 6.9. Suppose 2 is a finite model of ¢, and let the variables in V take
the values specified, relative to A, in Table 6.2. Then the constraints in E3 are
all satisfied.

Proof. Fix m, t, u (with |[t| = ¢ and u > 0), so that p,, is the sole element
of My ;. If (27 ¢u) > 0, some element has ¢-tally u; and since u > 0, fir
must be a non-invertible message-type (i.e. not a silent 2-type), and moreover
at least one message of that type must be sent in (. Therefore, 2 contains at
least one element whose 1-type is tpy(ir,:). But the number of elements in A
whose 1-type is tpy (fir,t) 18 2 {0(Yrrcwr) | © = tpy(pins) and u’ < C}. O

Let &€ = & U & U ;. Measuring the size ||£]| of £ in the usual way, it is
evident that ||£]| is bounded above by an exponential function of ||¢||. From the
preceding lemmas:

Lemma 6.10. Let ¢ and & be as above. If ¢ is finitely satisfiable, then & has
a solution over N.

Proof. Suppose ¢ is finitely satisfiable. By Lemma 4.2, let 2 be a finite, chro-
matic model of ¢. Assign to the variables in V' the values given in Table 6.2.
Then apply Lemmas 6.7-6.9. [

When ¢ is finitely satisfiable, we may think of the variables V' as correspond-
ing to configurational properties of elements in its finite, chromatic models. If
the values of these variables are taken to record how often these configurational
properties are realized in some such model, as prescribed in Table 6.2, then the
constraints £ will be satisfied.

6.5 Main result

We proceed to establish a converse of Lemma 6.10: given a solution of £ over
N, there exists a finite model 2 of ¢ such that that solution records how often
certain configurational properties are realized in 2, as specified in Table 6.2.

To reduce notational clutter, we use the variable names 2, Yr.s,u, 2r,tu,
Un,s,v,w> 2mt,v,w t0 stand for the corresponding natural numbers in some solution
of £ (and similarly for terms involving these variables). Fix some 1-type 7, and
let A, be a set with exactly

Z{yﬂ,e,u’ | u' < C}

elements (possibly zero). Think of A, as a set of elements which ‘want’ to have
1-type 7 in some yet-to-be-built finite model 2 of ¢.

Our first step will be to define, for any s, ¢ in their standard ranges, vector-
valued functions fr s and gr; on A;. For a € A, think of f; ;(a) as the s-
spectrum which a wants to have in 2 (when 2 is eventually built); and think of
gx.+(a) as the the t-tally which @ wants to have in 2. Formally, the definitions of
these functions simply depend on our solution of £; informally, however, it helps
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to keep in mind Table 6.2 when understanding the construction. In particular,
if we want Yy su to represent the number of elements having 1-type 7 and s-
spectrum u in A, we will need to ensure that exactly this number of elements
a € Ay satisfy f; s(a) = u; and similarly for ¢-tallies. That is, we will need to
ensure that, for all u < C,

‘f;,];(u” = Ynm,s,u (623)
|g;}£(u)| =  Zn,t,u- (624)

Furthermore, if |s| < p and || < ¢, then, recalling Lemma 6.5, we will also need
to ensure that, for all a € A,

fre(a) +gre(a) = C (6.25)
fﬂ',sO(a) + fﬂ',sl(a) = fﬂ',s(a) (626)
gﬂ',tO(a) + gﬂ,tl(a) == gﬂ',t(a)' <627)

The following rather technical lemma simply guarantees that these requirements
can be satisfied.

Lemma 6.11. Suppose Tx, Yr su; 2r,tus Ur.svws 2mtv,w (With indices having
the appropriate ranges) are natural numbers satisfying the constraints € given
above. Fiz any 1-type w, and let A be a set of cardinality Y {Yx,ew | 0 < C}.
Then there exists a system of functions on Ay

frs: Ay > {u|lu<C} gt Ar — {uju<C},

where the indices s and t vary over their standard ranges, satisfying the following
conditions: (i) Equations (6.23) and (6.24) hold for all vectors u < C; (ii) if
ls| < p and |t| < q, then Equations (6.25)—(6.27) hold for all a € A,.

Proof. Decompose the set A, into pairwise disjoint (possibly empty) sets Ay
such that |Ay| = yr e u, where the index u varies over all vectors < C. This is
possible by the cardinality of A,. For all u < C, and all a € A, set

fre(a) =u gre(a)=C—u.

This assignment evidently satisfies (6.23) for s = ¢; and by the constraints (6.7),
it also satisfies (6.24) for t = e. Moreover, it is immediate that, for all a € A,
Equation (6.25) holds as required.

We now construct the functions fr 5, where 0 < |s| < p, by induction on s.
Assume that, for some s (0 < |s| < p), fr s has been defined and satisfies (6.23).
For every vector u < C, decompose f L(u) into pairwise disjoint (possibly
empty) sets Ay w such that |Ay w| = U sv,w, Where the indices v, w vary
over all vectors satisfying v +w = u. This is possible by the constraints (6.8)
together with the assumption that f; ; satisfies (6.23). Having thus decomposed
the sets £ !(u) (for all u < C), we see that, for any a € A, there is precisely
one (ordered) pair of vectors v, w such that a € Ay ; hence we may set

f‘ﬂ'ﬁso(a) =V fﬂ',sl(a) = W.
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This defines the functions fr 5o and f 4. It is immediate that, for all a € A,
Equation (6.26) holds as required.

To see that £ 0 and £ 51 both satisfy Equation (6.23), note that f; o(a) = v
if and only if, for some vector w’ such that v+ w’ < C, a € Ay . Similarly,
f: s1(a) = w if and only if, for some vector v/ such that v+ w < C, a € Ay .
That is,

f;lo(v) = U{Av,w’ | v+w <C}
£ (w) U{Avw |V +w < C},

with the collections of sets on the respective right-hand sides being pairwise
disjoint. By the constraints (6.10)—(6.11), together with the fact that |Ay w| =
Ur,s,v,w for all v, w, we have:

|f7r_,;0(v)| = Ym,s0,v
|f7r_,i1(w)| = Yrslw,

which establishes (6.23) for the functions f; 5o and fr 5. This completes the
induction. The construction of the functions g, : proceeds completely analo-
gously, using the constraints (6.9), (6.12) and (6.13). O

Lemma 6.12. Let the functions £; s and g, be constructed as in Lemma 6.11.
Then, for all a € Ay, we have

D Afro(@) 8| =p} + ) {gru(a): [t'| =g} = C.

Proof. We prove the stronger result that, for all a € A, j (0 < j < p) and k
(0<k<q),

S (@) i 5] =3} + Y fgnela) : ] =k} = C.  (6.28)

using a double induction on j and k. If j = k = 0, then the left-hand side
of (6.28) is simply fr ¢(a) +gx (a), which is equal to C by (6.25). Suppose now
that the result holds for the pair j, k, with j < p. Then

S {tew(@): s =G+ D+ {grwla): [t'| =k}
> {frwola) + fro1(a) 1|8 =} + > {grwla) : [t'| =k}
= D {frwla): || =51+ {gew(a): || =k} by (6.26)

= C by inductive hypothesis.

This establishes the result for the pair j + 1,k. An analogous argument us-
ing (6.27) applies when k < m, completing the induction. O
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Before we come to the promised converse of Lemma 6.10, we remark on
the (exponentially many) choices made during the construction of the various
functions fr s and g in the proof of Lemma 6.11—specifically, in the decom-
position of certain sets into collections of subsets. A given solution of £ ensures
that a system of functions fr s and g, + exists, subject to the given conditions;
but it by no means determines them.

Lemma 6.13. Let € be as above and k a positive integer. If € has a solution
over N, then it has a solution over N in which all positive values are at least k.

Proof. Suppose £ has a solution § : V. — N. Now define 6/ : V — N by
0’ (v) = kEO(v). By inspection, 6’ is a solution of &. O

Model-theoretically, Lemma 6.13 is simply a reflection of Lemma 6.2.

Lemma 6.14. Let ¢ and &€ be as above. If £ has a solution over N, then ¢ is
finitely satisfiable.

Proof. By Lemma 6.13, we may assume that £ has a solution in which all
positive values are greater than or equal to 3mC'. Again, we use the variable
names Tx, Yr,s,u; Zm,t,us Um,s,v,ws 2m,t,v,w t0 stand for the corresponding values
in this solution. Our task is to construct a model 2 of ¢.

For each 1-type 7, let A, be a set of cardinality > {yr.cu | u < C}, with
the A, pairwise disjoint; and let A = |J{A, | 7 a 1-type}. Think of A, as the
set of elements of A which ‘want’ to have 1-type m. By the constraint (6.14),
A # (. For every 1-type m, let the functions f; s and g, : on A, be constructed
as in Lemma 6.11; we are interested only in those fr s and g, where |s| = p,
and |t| = ¢. Think of f; ;(a) as the s-spectrum which a wants to have, and of
g +(a) as the t-tally which a wants to have. Finally, consider any set f!(u),
where 0 < u < C and |s| = p. Using the constraints (6.16) and Equation (6.23),
we can decompose f- L(u) into pairwise disjoint (possibly empty) sets Ay with
|Ax| = xa, where A varies over the set of invertible message-types such that A €
Ay s and Cy = u. It follows that, if a € Ay, with A € A g, then Cy = £, ;(a).
Think of Ay as the set of elements of A, which want to send a single message
of (invertible) type A.

Before proceeding, we pause to consider the construction just described in
respect of any of the sets A,. Fixing, for the moment, some bit-string s with
|s| = p, we see that A, is decomposed into the pairwise disjoint sets £ (u) (as
u varies over vectors < C), and that each of the sets f ! (u), where 0 <u < C,
is further decomposed into the pairwise disjoint subsets Ay (as A varies over the
elements of Ay s such that Cy = u). Note that the set £ 1(0) is not subject
to this further stage of decomposition. This process is performed for every bit
string s with |s| = p, so that different values of s lead to independent—and
possibly overlapping—decompositions, as illustrated in Fig. 6.1. Likewise, for
every bit-string ¢ with [t| = ¢, A, is decomposed into the pairwise disjoint sets
g;;(u) (as u varies over vectors < C). Again, decompositions corresponding to
different values of ¢ should be thought of as independent of each other.
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Figure 6.1: The decompositions of A, for the strings s and s’.

We now proceed to construct, for every a € A, a ‘mosaic piece’; these pieces
will be assembled into the desired structure 2. Formally, a mosaic piece is a finite
multiset of message-types (the reader is asked to excuse the mixed metaphor);
informally, we may think of a mosaic piece as a finite collection of ‘messages’
sent by a, each of which is labelled with some (invertible or non-invertible)
message-type (Fig. 6.2). Recall from Section 6.2 that, if 7 is any 1-type, then
L0« - br,R—1 1 an enumeration of the non-invertible message-types p such
that tp;(u) = m. Fix a € A, and let 7 be the unique 1-type such that a € A,.
The messages in the mosaic piece corresponding to a shall be as follows. (i)
For every bit-string s such that |s| = p, if £z s(a) > 0, let A, s be the invertible
message-type A € A, such that a« € Ay (hence Cy = £, 5(a)), and let the
mosaic piece corresponding to a contain a single message labelled A, 5. Note
that, if £; s(a) > 0, then )\, exists and is unique by the construction of the
sets Ax. (ii) For every bit string ¢ such that |t| = ¢, if u = pizs is a non-
invertible message-type and C,, > 0, let n,; be the unique natural number n
such that g (a) = nC,, and let the mosaic piece corresponding to a contain
ng,+ distinct messages labelled ;. Note that, if gr(a) = 0, then ny; = 0;
on the other hand, if g +(a) > 0, then n,; exists by the constraints (6.21) and
Equation (6.24). The resulting mosaic piece is depicted in Fig. 6.2, where, for
readability, we have replaced any bit-strings by the integers they conventionally
denote.

Foralla € Aand all i (1 <i<m), let Cp; (1 <i<m) be the number of
messages in the mosaic piece for a (as just constructed) having any label v for
which f;(z,y) € v, and furthermore let C, be the vector (Cy 1,...,Cqm). By
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>\a,P71\\\

Figure 6.2: The mosaic piece corresponding to a € A,. For each j (0 < j < P),
a may or may not send a message labelled A, ; (hence the dotted lines); if it
does, then A, ; € Ay ;. For each k (0 < k < R), a sends n, , messages labelled
ks but the numbers n, j can be zero.

inspection of Fig. 6.2,

Co=) {trw(@):|s'| =p} + > {gnw(a): || =,

and so, by Lemma 6.12,
C,=C. (6.29)

If the mosaic piece corresponding to a contains a message labelled with some
message-type v, we will say that a sends a message of type v. Equation (6.29) is
evidently a necessary condition for mosaic pieces that are going to be assembled
into a model A of ¢. We build 2l in four steps as follows.

Step 1 (Fixing the 1-types): For all 1-types 7 and all a € A, set tp™[a] = 7.
Since the A, are pairwise disjoint, no clashes arise.

Step 2 (Fixing the invertible message-types): Let A be any invertible message-
type. By construction, exactly |Ay] = z) elements of A send some message
labelled with A, and each of those elements sends exactly one such message.
Hence, the number of messages labelled with A (over all a € A) is xy; likewise,
the number of messages labelled with A~™! is zy-1. By the constraints (6.17),
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we may put the A-labelled messages and the A~!-labelled messages in 1-1 cor-
respondence. If a € A sends a A-labelled message, let b € A send the corre-
sponding A~ !-labelled message, and set tp®[a,b] = \. For this assignment to
make sense, we need to check that a and b are distinct. But, by construction,
we must have z) > 0, whence, by the constraints (6.18), tp;(\) # tpy(N), so
that Ag, (1) and Agp, () are disjoint sets containing a and b, respectively. Thus,
the assignment tp®[a,b] = A makes sense, and does not clash with the 1-type
assignments in Step 1. We can think of the element b as ‘receiving’ the message
sent by a (and vice versa). Moreover, by construction, for every l-type 7/, a
sends at most one message labelled with an invertible message-type A’ such that
tpy(A) = 7', Therefore, there is no chance that these assignments clash with
each other. Note, incidentally, that this method of avoiding clashes means that
2 will turn out to be chromatic.

Step 3 (Fixing the non-invertible message-types): As a preliminary, for every 1-
type m, we decompose A, into three pairwise disjoint (possibly empty) sets A, o,
Ay 1 and A o satisfying the condition that, if |A-| > 3mC, then |A, ;| > mC for
all j (0 < j <2). Now let 4 be any non-invertible message-type, let m = tp; (1),
and let p = tpy(p). (Note that m and p may be identical.) Let ¢ be the bit-string
of length ¢ such that u = pr+, and suppose some element a sends nq: > 0
messages labelled p. It follows that a € A;, and also that there is a vector
u > 0 such that g, ;(a) = u, and hence such that g;i(u) is non-empty. By
Equation (6.24), zx +u is positive, whence, by the constraints (6.22), > {y, e’ |
u’ < C} is also positive, and therefore, by our choice of solution, greater than or
equal to 3mC'. But recall that, since p is a 1-type, [A,| = > {yp,ew | 0 < C},
so that each of the sets A, ¢, A, 1 and A, > contains at least mC' elements. Since
a € Az, let j (0 < j <2)besuch that a € A ;, let k = j+ 1 (mod 3), and
select nq, elements b from A, ; which have not yet been chosen to receive any
other messages (invertible or non-invertible) sent by a. Since the total number
of messages sent by a is certainly at most mC', we never run out of choices. For
each of these elements b, set tp*[a,b] = p. Since m = tp;(u) and p = tpy(u),
these assignments cannot clash with those made in Step 1, and by construction,
they cannot clash with assignments corresponding to other messages sent by a.
We need only check that they cannot clash with assignments corresponding to
messages sent by b. Specifically, we must ensure that, if tp®[a, b] = u is assigned
as just described, it is not possible for a to be chosen to receive a p'-labelled
message sent by b, where y/ is some non-invertible message-type. But any pu/-
labelled message sent by b € A, i, with tpy(1') = 7, could only be sent to an
element in Ay j/, where j/ = k41 (mod 3); and by assumption, A, ; and A; j
are disjoint, (Fig. 6.3). Observe that this conclusion follows even if 7 = p.

Step 4 (Fixing the remaining 2-types): Recall that a guard-atom is any atom
p(z,y) or p(y, z), where p is a binary predicate. If tp*[a,b] has not been defined,
set it to be the 2-type

mUply/x]U{—y | 7 is a guard-atom not involving ~},
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Figure 6.3: Fixing the non-invertible message-types.

where 7 = tp®[a], p = tp®[b], and p[y/x] is the result of replacing = by y in
p. Note that neither this 2-type nor its inverse is a message-type. Note also
that, since the integers C, ..., C,, and m are by assumption all positive, a and
b certainly send some messages, so that the constraints (6.19) and (6.20) ensure
that both a A A ™ and « A A p are satisfiable.

This completes the definition of 2; it remains to show that 2 = ¢. Referring
to (6.1), we consider first the conjuncts:

Vean N\ Vavy(en(x,y) — (Bn V=~ y)).
1<h<l

We see from the constraints (6.19) and (6.20) that no 2-type assignment in
Steps 2 and 3 violates these conjuncts. And it is obvious that no assignment in
Step 4 does so. (This is where we use the guardedness of ¢, of course.) Finally,
we consider the conjuncts

/\ Voed_c,y(fi(z,y) ANz % y).

1<i<m

To see that these conjuncts are all satisfied, it suffices to note Equation (6.29)
and the fact that none of the 2-types assigned in Step 4 is a message-type. [

The constraints £ all have the forms

1+ t+x, = T
T+t 2 1
J (6.30)
x>0 = x1+---4+x, > 0,
where n > 0, x,x1,...,2, are variables. We now investigate the problem of

determining whether £ has a solution. The following lemma essentially repeats
Lutz, Sattler and Tendera [18], Proposition 11. (Those authors in turn credit
Calvanese [3].) We give a proof for convenience. An integer programming prob-
lem is a system of linear equalities and inequalities interpreted over Z. A linear
programming problem is a system of linear equalities and inequalities interpreted
over Q.
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Lemma 6.15. Let ¢ and £ be as above. An algorithm exists to determine
whether € has a solution over N in time bounded by a polynomial function of
I€ENl, and hence by an exponential function of ||¢||.

Proof. Evidently, £ can be regarded as a very large disjunction of integer pro-
gramming problems, each one of which has size bounded by ||€]|. By a well-
known theorem (see Papadimitriou [23]), there is a monotonic function h, com-
putable in polynomial time, such that, if an integer programming problem of
size n has a solution, then it has a solution in which every value is bounded by
h(n) > 0. Hence, £ has a solution over N if and only if it has a solution over N
in which every value is bounded by H = h(||&]]).

Now consider the integer programming problem &y defined by replacing
every constraint of the form z > 0 = z;+-- -4z, > 0in £ by the corresponding
inequalities

Hy
x1+...+xn

> =z
>

Y,

where y is a new variable. Every solution of £y over N is clearly a solution
of £. Conversely, suppose 6 : V' — N is a solution of £ in which all values are
bounded by H. Let y be any of the new variables of £g, introduced to eliminate
the constraint z > 0 = x1 + - -- + x,, > 0; and extend 6 to give a value to y as

follows:
0 if6(z) =0
0y) = { (@)

1 otherwise.

It is routine to check that extending € in this way for all the new variables ¥y in
Ep yields a solution of £y. Hence £ can be transformed, in time bounded by
a polynomial function of |||, into a constraint set £, in which all constraints
are of the forms

T+ tr, = x z = 0
1+t z, > 1 Hxzy > a9
rnn+--t+r, = x,

such that & has a solution (over N) if and only if £y has. It is obvious that,
if £y has a solution over the non-negative rationals, then it has a solution over
N as well. (Simply multiply by the product of all the denominators.) Hence,
we can equivalently regard £y as a linear programming problem. But linear
programming is in PTIME, by Khachiyan’s theorem [15]. d

Theorem 6.3. The finite satisfiability problem for GC? is in EXPTIME.
Proof. Lemmas 6.3, 6.10, 6.14 and 6.15. O

6.6 The Satisfiability Problem

The above technique also provides a simple proof of a result derived in Kaza-
kov [14], namely, that the satisfiability problem for GC? is in EXPTIME.
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Notation 2. Let N* denote the set NU{Xy}. We extend the ordering > and the
arithmetic operations + and - from N to N* in the obvious way. Specifically, we
define Ry > n for all n € N; we define Rg+RXg = Rg-Ng = Rp and 0-Rg = Ry-0 = 0;
we define n + Ry = Xg+n = Xy for all n € N; and we define n-Rg = Ng-n =N
for all n € N such that n > 0. Under this extension, > remains a total order,
and 4+, - remain associative and commutative.

Using the arithmetic in Notation 2, consider again the constraints £ given
in (6.7)-(6.14), (6.16)—(6.21) and (6.22), but now with the variables ranging
over the whole of N*.

Lemma 6.16. Let ¢ and € be as above. Then ¢ is satisfiable if and only if £
has a solution over N*.

Proof. If ¢ is satisfiable, then it has a model 2l which is finite or countably
infinite. Now assign to the variables in V' values in N* as directed by Table 6.2.
The reasoning of Lemmas 6.7-6.10 then goes through, with the obvious changes
of formulation, exactly as in the finite case. For the converse, proceed exactly
as for Lemmas 6.11-6.14. ]

Lemma 6.17. The set of constraints € has a solution over N* if and only if it
has a solution over {0,N¢}.

Proof. Suppose & has a solution 6 : V- — N*. Now define ¢’ : V. — {0,8¢} by
0'(v) = Rpb(v). By inspection, #’ is a solution of &. O

Model-theoretically, Lemma 6.17 is simply a reflection of Lemma 6.2.

Since the domain {0,Ny} has only 2-elements, variables interpreted over it
are essentially Boolean. If x € V| let us write X for the corresponding statement
x = 0, so that the constraints £ are viewed as formulas of propositional logic.
For example, a constraint of the form

A R S
becomes the set of propositional logic formulas
{Xin-ANX, = X}U{X - X, |1<i<n};

a constraint of the form
1+ a2 1

becomes the propositional logic formula
XiNn--ANX, — L
and a constraint of the form
x>0 = x4+ -4+x,>0
becomes the propositional logic formula
XiNn---ANX, — X.

A quick check reveals that all of the resulting formulas are Horn-clauses.
This immediately yields:
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Theorem 6.4 (Kazakov). The satisfiability problem for GC? is in EXPTIME.

The proof in Kazakov [14] proceeds by showing that satisfiability in GC?
can be reduced in polynomial time to satisfiability in the 3-variable guarded
fragment; Theorem 6.4 then follows by the complexity bound for the latter es-
tablished in Grédel [9]. The approach taken in the present paper is thus some-
what more direct. Moreover, Kazakov’s reduction is not conservative, and, as
mentioned, yields no complexity bound for the corresponding finite satisfiability
problem.



