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1. In tro duction

One of the man y ac hiev emen ts of co ordinate geometry has b een to

pro vide a conceptually elegan t and unifying accoun t of the nature of ge-

ometrical en tities. According to this accoun t, the one primitiv e spatial

en tit y is the p oin t, and the one primitiv e geometrical prop ert y of p oin ts

is co ordinate p osition. All other geometrical en tities|lines, curv es, sur-

faces and b o dies|are nothing but collections of p oin ts; and all prop-

erties and relations in v olving these en tities ma y b e de�ned in terms of

the relativ e p ositions of the p oin ts whic h mak e them up. The success

and p o w er of this reduction is so great that the iden ti�cation of spatial

regions with the sets of p oin ts they con tain has come to seem virtually

axiomatic.

Ov er the y ears, ho w ev er, v arious authors ha v e expressed disquiet with

this conceptual r � egime. The primary source of the disquiet is the con vic-

tion that our theory of space should use only those resources absolutely

necessary to systematize the data of spatial exp erience. F or p oints are

suc h remote abstractions from the ob jects with whic h w e daily in teract,

and c o-or dinate p osition suc h a distan t relativ e of the spatial prop erties

and relations whic h w e directly p erceiv e, that the question arises as to

whether alternativ e mathematical mo dels of space are not p ossible|in

particular, mo dels in whic h the primitiv e spatial en tities are not p oin ts,

but regions, and in whic h the primitiv e spatial prop erties and relations

are qualitativ e rather than quan titativ e.
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An example will help to mak e these w orries more concrete. Consider

an y stable, medium-sized ph ysical ob ject, for example, a co�ee cup. W e

all agree that this cup has a particular shap e, whic h w e ma y tak e to

corresp ond to the region of space whic h it o ccupies at some instan t. On

the familiar p oin t-based mo del of space, this region is a set of p oin ts. But

supp ose w e no w ask: is this set top ologically op en, semi-op en or closed?

That is: do es it include none, some, or all of its b oundary p oin ts? It

is hard to see ho w w e could answ er this question. Not b y microscopic

analysis, since ph ysical ob jects lose their de�nition on v ery small scales.

And not b y mathematical argumen t, since a w orld in whic h|sa y|cups

are closed and saucers op en is surely as logically p ossible as one where

these top ological c haracteristics are rev ersed. But if space really is made

up of p oin ts as (mo dern) textb o oks tell us, an y assignmen t of a region

of space to the co�ee cup m ust answ er the question. P erhaps then this

mo del p ostulates to o m uc h.

This c hapter addresses the question: what region-based accoun ts of

the top ological structure of space are p ossible? What can w e sa y ab out

them? Ho w do they relate to eac h other and to the p oin t-based mo dels

with whic h w e are so familiar?

2. Mereotop ologies

The purp ose of section is to outline the conceptual framew ork for

region-based theories of space adopted in this c hapter. Sp eci�cally , w e

in tro duce the concept of a mer e otop olo gy o v er a top ological space, w e

discuss the role of mereotop ologies as in terpretations of signatures of

top ological primitiv es, and w e list some k ey mathematical questions con-

cerning them.

W e assume familiarit y with fundamen tal concepts and standard facts

of p oin t-set top ology and Bo olean algebra: for details, see, e.g. Kelley ,

1955 and Kopp elb erg, 1989, Ch. 1, resp ectiv ely . In the con text of p oin t-

set top ology , if u is an y subset of a top ological space X , w e denote the

in terior of u b y u

0

and the closure of u b y u

�

. (The more usual notations

of �u and [ u ] for the closure of u are reserv ed for other purp oses.) W e

write F ( u ) to denote the fr ontier of u , namely u

�

n u

0

.

2.1 Regular op en sets

Ho w migh t w e go ab out building a region-based mo del of the space

w e inhabit? The example of the co�ee cup suggests that an y suc h mo del

should resolv e the issue of fron tier p oin ts. The follo wing tec hnical details

are w ell-suited to this purp ose.
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Definition 1.1 L et u b e a subset of some top olo gic al sp ac e X . We say

that u is regular op en (in X ) if u is e qual to the interior of its closur e.

We denote the set of r e gular op en subsets of X by R O( X ) .

T o �x our in tuitions, consider the space X = R

2

. The elemen ts of

R O( R

2

) are the op en subsets of R

2

ha ving no `crac ks' or `pin-holes'

(Fig. 1.1). Corresp onding remarks apply to the case X = R

3

. T aking
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Figur e 1.1. Some regular and non-regular op en sets of the Euclidean plane.

regions of space to b e regular op en subsets of R

3

�nesses the issues en-

coun tered ab o v e concerning fron tier p oin ts: regions are op en b y �at.

A t the same time, ho w ev er, it pro vides us with satisfying formal recon-

structions of the in tuitiv e notions of in tersecting, merging and comple-

men ting regions, b y means of the follo wing standard theorem (see, for

example, Kopp elb erg, 1989, pp. 25{27).

Pr oposition 1.2 L et X b e a top olo gic al sp ac e. Then R O( X ) is a Bo ol-

e an algebr a under the or der � . In this Bo ole an algebr a, top and b ottom

ar e de�ne d by 1 = X and 0 = ; , and Bo ole an op er ations ar e de�ne d by

x � y = x \ y , x + y = ( x [ y )

�

0

and � x = X n x

�

.

Again, w e can �x our in tuitions regarding Prop osition 1.2 b y considering

the case X = R

2

. The pro duct, x:y , of t w o regular op en sets x and y

is simply their in tersection, whic h is guaran teed to b e a regular op en

set. The sum, x + y , of t w o regular op en sets x and y is a little more

complicated; very roughly , it is the union of x and y with an y in ternal

b oundaries remo v ed (Fig. 1.2). Finally , the complemen t, � x , of a regular

op en set x in R O( R

2

) is simply that part of the plane not o ccupied b y

x or its fron tier. Corresp onding remarks apply to the case X = R

3

.

It sometimes helps to reform ulate the de�nition of regular op en sets as

follo ws. If u � X , then

S

f o � X j o op en, o \ u = ;g is the largest op en

subset of X disjoin t from u . W e call this set the pseudo-c omplement of

u , denoted u

�

. F rom the ab o v e de�nitions, u

�

= X n u

�

and u

��

= ( u

�

)

0

.

Hence, u is regular if and only if u = u

��

; and, if u is regular op en, u

�

is

simply � u . The follo wing lemma sho ws that ev ery subset of X is `close'

to a regular op en subset.
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Lemma 1.3 L et X b e a top olo gic al sp ac e. F or every u � X , the set

r = ( u

�

)

0

is an element of R O( X ) such that u

0

� r � u

�

. If u is op en,

then r is unique.

Pr o of Ob viously u

0

� r � u

�

. T o sho w that ( u

�

)

0

2 R O ( X ), it

su�ces to sho w that u

����

= u

��

. If v is an y set at all, then v

��

\ v

�

= ; ,

whence v

�

� v

���

. Moreo v er, if o is an y op en set, then o

���

is an op en set

disjoin t from o

��

and hence disjoin t from ev ery op en set disjoin t from o

�

and hence disjoin t from o itself, whence o

���

� o

�

. Th us, for an y op en

set o , o

���

= o

�

. Since u

�

is op en, w e ha v e u

����

= u

��

. F or the �nal

statemen t, if s 2 R O ( X ) also satis�es u � s � u

�

, then the (regular)

op en sets s � � r and r � � s are b oth in u

�

n u and so are empt y . QED

r

s

r + s

r

s

r + s

r + s

r

s

Figur e 1.2. Three pairs of regions and their sums in R O ( R

2

).

F or the ab o v e reasons, it has b ecome common practice in discussions

of mereotop ology to mo del regions of space as regular op en subsets of

R

3

; and that is the approac h w e shall tak e here. In the sequel, w e shall

alw a ys use the letters r ; s; t to range o v er regular op en sets; when w e

are concerned only with regular op en sets, w e write r � s in preference

to r � s , 0 in preference to ; and r � s in preference to r \ s . Resort-

ing to regular op en sets is of course not the only w a y of dealing with

b oundary disputes. One ob vious alternativ e is to use regular closed sets

(sets equal to the closures of their in teriors), since the regular closed

sets of an y top ological space also form a Bo olean algebra, whic h is in

fact isomorphic to the Bo olean algebra of regular op en sets. Th us, in
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mo delling regions as regular op en sets of R

3

, it is understo o d that it is

the resulting structure that is imp ortan t, not the precise constitution

of its elemen ts. Understanding what this idea means in detail forms a

cen tral theme of this c hapter.

W e conclude our discussion of regular op en sets b y pro ving some tec h-

nical results whic h will b e useful b elo w. Recall in this con text that, if

u , v are connected subsets of a top ological space, with u \ v 6= ; , then

u [ v is connected. Moreo v er, if u is connected and u � v � u

�

, then v

is connected.

Lemma 1.4 L et X b e a top olo gic al sp ac e, let u; v � X and let r ; s 2

R O( X ) . We have:

( i ) ( u [ v )

�

0

= u

�

0

+ v

�

0

;

( ii ) r [ s � r + s � r [ s [ ( r

�

\ s

�

) � ( r [ s )

�

;

( iii ) ( r + s )

�

= r

�

[ s

�

= ( r [ s )

�

;

( iv ) if r and s ar e c onne cte d with r � s > 0 , then r + s is c onne cte d.

Pr o of (i) By Lemma 1.3, ( u [ v )

�

0

is a regular op en set whic h ev-

iden tly con tains the regular op en sets u

�

0

and v

�

0

. Certainly , then

u

�

0

+ v

�

0

� ( u [ v )

�

0

. F or the rev erse inclusion, ( X n u )

0

\ ( X n

v )

0

\ ( u [ v )

�

0

= ; , whence ( X n u )

0

�

0

\ ( X n v )

0

\ ( u [ v )

�

0

= ; ,

whence ( X n u )

0

�

0

\ ( X n v )

0

�

0

\ ( u [ v )

�

0

= ; , whence (( X n u )

0

�

\

( X n v )

0

�

)

0

\ ( u [ v )

�

0

= ; , whence (( X n u )

0

�

\ ( X n v )

0

�

)

0

�

\ ( u [ v )

�

0

= ; . That is: ( u [ v )

�

0

� ( u

�

0

[ v

�

0

)

�

0

. But b y Prop osi-

tion 1.2, ( u

�

0

[ v

�

0

)

�

0

= u

�

0

+ v

�

0

.

(ii) The only non-trivial inclusion is r + s � r [ s [ ( r

�

\ s

�

). So supp ose

p 62 s and p 62 r

�

. That is, p 2 ( � s )

�

and p 2 � r . But then, for

all op en o with p 2 o , o \ � r is also op en with p 2 o \ � r , whence

( o \ � r ) \ � s 6= ; {that is, o \ ( � r � � s ) 6= ; . Hence p 2 ( � r � � s )

�

so

p 62 � ( � r � � s ) = r + s . A similar argumen t applies if p 62 r and p 62 s

�

.

(iii) ( r + s )

�

= X n � ( r + s ) = X n ( � r � � s ) = ( X n � r ) [ ( X n � s ) = r

�

[ s

�

.

(iv) Certainly , r [ s is connected, and b y (ii), r [ s � r + s � ( r [ s )

�

,

whence r + s is connected. QED

W e note in passing that determining the v alidit y of statemen ts suc h as

those of Lemma 1.4 is actually a decidable problem. See, e.g. Can tone

and Cutello, 1994, Nutt, 1999, Pratt-Hartmann, 2002 and, for a fuller

discussion, Ch. ?? .
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Figur e 1.3. Alexander's horned sphere

2.2 Mereotop ologies

W e ha v e argued, pro visionally , that, for a subset of R

3

to coun t as

a region, it should b e regular op en. Ho w ev er, it w ould b e hast y to

assume that al l regular op en subsets of R

3

should coun t as regions, at

least if spatial regions are supp osed to b e parts of space o ccupied (or

left uno ccupied) b y ph ysical ob jects. Consider, for example, the bizarre

region commonly kno wn as Alexander's horned sphere and depicted in

Fig. 1.3. (The reader is referred to Alexander, 1924a for details of the

construction.) The in terior of Alexander's horned sphere is certainly

regular op en, y et it is a p o or candidate to represen t the space o ccupied

b y a ph ysical ob ject. In fact, this region is a \ball" is so t wisted in space

that its complemen t in R O( R

3

) is not simply connected! Nor are suc h

pathological ob jects to b e found only in three-dimensional space, as w e

shall see b elo w. And suc h examples suggest that w e should at least b e

op en to the p ossibilit y of region-based mo dels of space in whic h only

some regular op en subsets of R

3

qualify as regions. This immediately

presen ts us with the question: if not all subsets of R

3

qualify as b ona

�de regions, whic h do? As w e shall see, the answ ers a v ailable and the

issues whic h hinge on them require detailed analysis.

In view of these uncertain ties, w e adopt a v ery general notion of a

region-based mo del of space|just su�cien tly constrained that w e can

sensibly con�ne atten tion to the structure of regions in question without

w orrying ab out the p oin ts of whic h they are comp osed. In the con text

of p oin t-set top ology , a top ological space is commonly said to b e semi-

r e gular if it has a basis of regular op en sets, and lo c al ly c onne cte d if it

has a basis of connected sets. It easy to see that, in a lo cally connected

space, ev ery comp onen t of an op en set is op en. Recall also, in the con text

of Bo olean algebras, that, if B is a Bo olean algebra and B

0

a Bo olean

subalgebra of B , then B

0

is said to b e dense ( in B ) if, for ev ery b 2 B

with 0 < b , there exists b

0

2 B

0

with 0 < b

0

� b .
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Definition 1.5 L et X b e a top olo gic al sp ac e. A mereotop ology o v er X

is a Bo ole an sub-algebr a M of R O( X ) such that, if o is an op en subset

of X and p 2 o , ther e exists r 2 M such that p 2 r � o . We r efer to

the elements of M as regions . If M is a mer e otop olo gy such that any

c omp onent of a r e gion in M is also a r e gion in M , then we say that M

resp ects comp onen ts .

Note that a mereotop ology o v er X is alw a ys a dense subalgebra of

R O( X ). Our �rst task is to c hec k that R O ( X ) is a mereotop ology ,

for a suitable class of top ological spaces.

Lemma 1.6 L et X b e a semi-r e gular sp ac e. Then R O( X ) is a mer e o-

top olo gy over R

n

; if X is also lo c al ly c onne cte d, then R O( X ) r esp e cts

c omp onents.

Pr o of The �rst part of the lemma is instan t from the relev an t de�ni-

tions. F or the second part, let r 2 R O( X ), and let s b e a comp onen t of

r . Since X is lo cally connected, s is op en, whence, b y Lemma 1.3, ( s

�

)

0

is regular op en with s � ( s

�

)

0

� s

�

. Then, s

�

0

is a connected subset of

r including s , whence s

�

0

= s b y the maximalit y of s . QED

Some et ymological explanation is in order here. The term mer e olo gy

w as �rst in tro duced b y Le � sniewski,, and denotes the logic of the part-

whole relationship. (F or a surv ey , see, e.g. Simons, 1987.) The term

mer e otop olo gy is a m uc h more recen t coinage, and standardly denotes the

study of top ological relationships in whic h regions, rather than p oin ts,

are the primitiv e ob jects. (It is unclear where the w ord �rst app eared in

prin t.) The emplo ymen t of the w ord as a coun t-noun in De�nition 1.5,

to denote a certain class of mathematical structures, is new here, and

prompted b y analogy with the parallel usage of the w ord top olo gy .

The foregoing discussion suggests that our searc h for a region-based

mo del of space should b egin with an examination of mereotop ologies o v er

R

3

. This approac h ma y at �rst seem dissatisfying, b ecause it dep ends

for its form ulation on the v ery p oin t-based mo del of space w e are trying

to escap e. As w e shall see, ho w ev er, it is the structur e of the resulting

collection of regions that will in terest us|and the c haracterization of

that structure in purely in trinsic terms form one of the main themes of

this c hapter. But b efore w e can seek suc h in trinsic c haracterizations, w e

m ust �rst clarify what it is w e w an t to c haracterize.

2.3 Geometric mereotop ologies

The question b efore us is to iden tify the regular op en subsets of R

3

whic h w e are prepared to coun t as `sensible' regions of space. Here is a
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standard answ er from the mathematical literature. Let L

0

b e the �rst-

order language with the arithmetic signature ( <; + ; � ; 0 ; 1), in terpreted

o v er R in the usual w a y . (This in terpretation is of course completely

separate from our use of the same sym b ols to denote Bo olean op erations

on regular op en sets!) F or the purp oses of this c hapter, w e ma y sa y that

a set u � R

n

is semi-algebr aic if there exists an L

0

-form ula � ( � x ; �y ) in

n + m v ariables �x; �y and an m -tuple of real n um b ers

�

b suc h that

u = f �a 2 R

n

j the ( n + m )-tuple �a;

�

b satis�es the form ula � ( � x; �y ) g :

F or a detailed discussion of semi-algebraic sets, see, e.g. v an den Dries,

1998, Bo c hnak et al., 1998 and also Ch. ?? . (The more standard de�ni-

tion of semi-algebraic sets is equiv alen t to ours, and mak es the name less

puzzling.) F or mereotop ological purp oses, w e are exclusiv ely in terested

in those semi-algebraic subsets of R

n

whic h are r e gular op en .

Definition 1.7 F or n > 0 , we denote the set of r e gular op en, semi-

algebr aic sets in R

n

by R OS ( R

n

) .

Lemma 1.8 F or n > 0 , R OS( R

n

) is a mer e otop olo gy over R

n

.

Pr o of W e �rst sho w that R OS( R

n

) is a Bo olean subalgebra of R O( R

n

).

Eviden tly , 0 ; 1 2 R OS( R

n

). Moreo v er, if a set u is de�nable b y a �rst-

order form ula in the language of arithmetic, then so are its closure u

�

and its in terior u

0

. Hence, if r ; s 2 R OS( R

n

), then so are r � s = r \ s ,

r + s = ( r [ s )

�

0

and � r = R

n

n r

�

. W e m ust establish that, for p 2 o

with o � R

n

op en, there exists r 2 R OS ( R

n

) suc h that p 2 r � o . But

this is ob vious since an y op en ball is an elemen t of R OS( R

n

). QED

The structure of regular op en semi-algebraic subsets of R

3

migh t ha v e a

b etter claim to coun t as a region-based mo del of space than the whole

of R O( R

3

), b ecause it do es a go o d job of ruling out pathological regu-

lar op en sets. F or example, the horned sphere of Fig. 1.3 is not semi-

algebraic.

More generally , semi-algebraic sets coun t as w ell-b eha v ed. One of

their fundamen tal prop erties is that they admit of `cell decomp ositions'.

If d > 0, d -c el l in R

n

is an y semi-algebraic subset of R

n

homeomorphic

to the op en d-dimensional ball; a 0- c el l in R

n

is a singleton; and a c el l

is a d -cell for some d (0 � d � n ). The follo wing result is standard (

v an den Dries, 1998, Ch. 3, Theorem 2.11).

Pr oposition 1.9 (Cell Decomposition Theorem) If u is a semi-

algebr aic subset of R

n

, then u is the union of a �nite c ol le ction of p air-

wise disjoint, semi-algebr aic c el ls.
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F or regular op en semi-algebraic sets, this yields:

Lemma 1.10 Every r 2 R OS( R

n

) is the sum of �nitely many p airwise

disjoint n -c el ls in R OS ( R

n

) .

Pr o of By Prop osition 1.9, let r = u

1

[ : : : [ u

m

where the u

i

are

pairwise disjoin t, semi-algebraic cells. Since r is regular, r = r

�

0

=

( u

1

[ : : : [ u

m

)

�

0

= u

�

1

0

+ : : : + u

�

m

0

, b y Lemma 1.4 (i). If u

i

is a d -cell

for d < n , then u

�

i

0

= 0; if u

i

is an n -cell, u

�

i

0

= u

i

. QED

The follo wing notion will pla y an imp ortan t part in the ensuing discus-

sion.

Definition 1.11 A mer e otop olo gy M is �nitely decomp osable if every

r e gion in M is the sum of �nitely many c onne cte d r e gions in M .

Lemma 1.12 R OS( R

n

) is �nitely de c omp osable.

Pr o of By Lemma 1.10, since cells are connected. QED

Lemma 1.13 Every �nitely de c omp osable mer e otop olo gy M over a lo-

c al ly c onne cte d sp ac e X r esp e cts c omp onents; mor e over, every r e gion in

M is the sum of its c omp onents.

Pr o of Supp ose r 2 M , and s is a comp onen t of r . By Lemma 1.6,

s 2 R O( X ). Let r

1

; : : : ; r

n

b e connected elemen ts of M suc h that r =

r

1

+ : : : + r

n

. By the maximalit y of s and Lemma 1.4 (iv), either r

i

� s

or r

i

� s = 0 for all i (1 � i � n ). Th us, s is the sum of those r

i

suc h

that r

i

� s . QED

Of course, the con v erse of Lemma 1.13 is false: although R O( X ) resp ects

comp onen ts for an y lo cally connected space X , it is easy to see that, for

example, R O( R

n

) is not �nitely decomp osable for an y n > 0.

The mereotop ology R OS( R

n

) is th us at least a plausible region-based

mo del of the space w e inhabit. But it is not the only candidate for this

job. Observ e that an y ( n � 1)-dimensional h yp erplane of R

n

cuts R

n

in to t w o residual domains, whic h w e shall call half-sp ac es . It is easy to

see that these half-spaces are regular op en, with eac h b eing the pseudo-

complemen t of the other. Hence, w e can sp eak ab out the sums, pro ducts

and complemen ts of half-spaces in R O( R

n

).

Definition 1.14 A basic p olytop e in R

n

is the pr o duct, in R O( R

n

) , of

�nitely many half-sp ac es. A p olytop e in R

n

is the sum, in R O( R

n

) , of

any �nite set of b asic p olytop es. We denote the set of p olytop es in R

n
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Figur e 1.4. Three (di�eren tly shaded) regions in the mereotop ology R OP ( R

2

).

by R OP( R

n

) ; we c al l the p olytop es in R OP( R

2

) p olygons and those in

R OP( R

3

) p olyhedra.

Th us, p olytop es (in our sense) ma y b e un b ounded, disconnected, and

ma y ha v e disconnected complemen ts. Fig. 1.4 sho ws a selection of p oly-

gons. (In alternativ e parlance, the elemen ts of R OP( R

n

) are the regular

op en semi-line ar sets.) Eviden tly , the p olyhedra constitute a more par-

simonious region-based mo del of space than do es R OS( R

3

).

Indeed, the follo wing construction giv es us a more parsimonious spa-

tial on tology still. If an ( n � 1)-dimensional h yp erplane in R

n

is de�ned

b y an equation a

0

+ a

1

x

1

+ � � � a

n

x

n

= 0, where the a

i

(0 � i � n ), are

rational n um b ers, w e call it a r ational hyp erplane ; and if a half-space is

b ounded b y a rational h yp erplane, w e call it a r ational half-sp ac e . No w

w e de�ne:

Definition 1.15 A basic rational p olytop e in R

n

is the pr o duct, in

R O( R

n

) , of �nitely many r ational half-sp ac es. A rational p olytop e in

R

n

is the sum, in R O( R

n

) , of any �nite set of b asic r ational p olytop es.

We denote the set of r ational p olytop es in R

n

by R OQ( R

n

) ; we c al l the

elements of R OQ( R

2

) rational p olygons and those of R OQ ( R

3

) rational

p olyhedra.

Eviden tly , R OQ ( R

n

) ( R OP( R

n

) ( R OS( R

n

) ( R O( R

n

). Note that

R OQ( R

n

) is coun table.

Lemma 1.16 The c ol le ctions R OP( R

n

) and R OQ( R

n

) ar e �nitely de-

c omp osable mer e otop olo gies over R

n

.

Pr o of Basic p olytop es are con v ex, and hence connected. QED

As mo dels of the space w e inhabit, R OP( R

3

) and R OQ( R

3

) ma y seem

o v erly austere|for they con tain no regions with curv ed b oundaries.

Ho w ev er, their study turns out to b e instructiv e, as w e shall see b elo w.

2.4 In terpretations

So far, w e ha v e discussed v arious w a ys of selecting a collection of

`regions' from among the subsets of R

n

. But this selection pro cess only
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really b ecomes in teresting when w e consider formal languages whose

v ariables range o v er these collections, and whose non-logical constan ts

b elong to a limited rep ertoire of spatial primitiv es.

W e assume familiarit y with basic �rst-order logic: for details, see

Ho dges, 1993, Ch 1. In this con text, w e emplo y the follo wing stan-

dard notation and terminology . Let � b e a signature consisting of

(zero or more) predicates, function-sym b ols and individual constan ts;

w e denote the �rst-order language with signature � b y L

�

. An L

�

-

form ula with no free v ariables is called an L

�

- sentenc e . Let A b e a

structure in terpreting the sym b ols in � o v er some domain A (assumed

non-empt y). F or an y L

�

-form ula � ( � x ), with n > 0 free-v ariables �x and

an y n -tuple �a from A , w e write A j = � [ � a ] if �a satis�es � ( � x ) in A ; sim-

ilarly , for an y L

�

-sen tence � , w e write A j = � if � is true in A . W e

call f  j  an L

�

-sen tence and A j =  g the L

�

-the ory of A , denoted

Th

�

( A ). Tw o structures A and B are elementarily e quivalent ( for �),

written A �

�

B , if Th

�

( A ) = Th

�

( B ). W e write f : A '

�

B if f is

a �-structure isomorphism from A on to B (and A '

�

B if suc h an f

exists). It is a simple result that if f : A '

�

B and � ( � x ) is an L

�

-

sen tence, then A j = � [ � a ] implies B j = � [ f ( � a )] for ev ery tuple �a from A ;

in particular, A '

�

B implies A �

�

B . W e write A �

�

B , if A is a

submo del of B (i.e. A � B and A is the restriction of B to A ), and

A �

�

B if A is an elementary submo del of B (i.e. A � B and and ev ery

tuple �a of A satis�es the same L

�

-form ulas in b oth A and B ). W e sa y

that A is elementarily emb e ddable in B if A is isomorphic to an elemen-

tary submo del of B . T rivially , A �

�

B implies A �

�

B . Reference to

the signature �, and the asso ciated subscripts, is suppressed when clear

from con text.

Let M b e a mereotop ology o v er some top ological space X . If � is a

signature whose sym b ols con v en tionally denote familiar mereological or

top ological concepts, then M can alw a ys b e regarded as a �-structure

b y in terpreting the sym b ols of � in the familiar w a y . In particular, w e

tak e the sym b ols 0, 1, +, � , � and � to ha v e the ob vious (Bo olean

algebra) in terpretations o v er M ; similarly , w e tak e the unary predicate

c to denote the prop ert y of b eing connected, and the binary predicate

C to denote the relation whic h holds b et w een t w o regions if and only if

their top ological closures in tersect. T able 1.1 giv es a formal summary .

Under these in terpretations, w e ma y regard an y mereotop ology M as an

in terpretation for the signature � = (0 ; 1 ; + ; � ; � ; � ; c; C ), or an y subset

thereof. That is: an y L

�

-sen tence has a truth-v alue in M , and an y L

�

-

form ula � ( � x ) with n > 0 free-v ariables de�nes an n -ary relation o v er

M , namely , the set of n -tuples from M satisfying � ( � x ). W e remark

that our in terpretation of C is in tended as a rational reconstruction of
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Sym b ol T yp e In terpretation

0 individual constan t 0

M

= ;

1 individual constan t 1

M

= X

+ binary function +

M

( r ; s ) = (( r [ s )

�

)

0

� binary function �

M

( r ; s ) = r \ s

� unary function �

M

( r ) = X n r

�

� binary predicate �

M

= fh r ; s i 2 M

2

j r � s g

c unary predicate c

M

= f r 2 M j r connected g

C binary predicate C

M

= fh r ; s i 2 M

2

j r

�

\ s

�

6= ;g

T able 1.1. In terpretations of common mereotop ological primitiv es, where M is a

mereotop ology o v er a top ological space X .

the relation whic h Whitehead, 1929 called \extensiv e connection", and

whic h has historically pla y ed a prominen t role in region-based theories

of space. Since Whitehead's term risks confusion with the standard

top ological notion of c onne cte dness , w e follo w more recen t usage and

read C ( x; y ) as \ x con tacts y ".

Some examples will help to clarify the issues that arise concerning

�rst-order languages in terpreted o v er mereotop ologies.

Example 1.17 L et � = ( C ; c; � ) , and let  

inf

b e the L

�

-sentenc e

8 x 8 y ( C ( x; y ) ! 9 z ( c ( z ) ^ z � y ^ C ( x; z ))) :

This sentenc e `says' that, if a r e gion c ontacts another r e gion, then it

c ontacts some c onne cte d p art of it. L et M b e any �nitely de c omp os-

able mer e otop olo gy; then M j =  

inf

. F or supp ose M j = C [ r ; s ] , and let

s

1

; : : : ; s

m

, b e c onne cte d r e gions of M summing to s . By L emma 1.4(iii),

s

�

= s

�

1

[ � � � [ s

�

m

, whenc e M j = C [ r ; s

i

] for some i . On the other hand,

it is not di�cult to se e that R O ( R

2

) 6j =  

inf

. Fig. 1.5 shows two r e gular

op en r e gions r ; s in the plane, wher e r has in�nitely many c omp onents,

and s touches the closur e of r but is sep ar ate d fr om e ach of its c omp o-

nents.

Example 1.5 sho ws, in particular, that the di�erences b et w een the

region-based mo dels of space R O( R

3

) and R OS ( R

3

) are `visible' to cer-

tain �rst-order languages with signatures of top ological primitiv es. In

fact, the existence of regions with in�nitely man y comp onen ts is not

the only di�erence b et w een these mereotop ologies, as the next example

sho ws.

Example 1.18 L et � = ( c; +) , and let  

sum

b e the L

�

-sentenc e

8 x

1

8 x

2

8 x

3

( c ( x

1

) ^ c ( x

2

) ^ c ( x

3

) ^ c ( x

1

+ x

2

+ x

3

) ! ( c ( x

1

+ x

2

) _ c ( x

1

+ x

3

))) :
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r

s

Figur e 1.5. Tw o elemen ts in R O ( R

2

), one with in�nitely man y comp onen ts.

r

1

r

2

r

3

Figur e 1.6. Three elemen ts in R O ( R

2

).

This sentenc e `says' that if thr e e c onne cte d r e gions have a c onne cte d sum,

then the �rst must form a c onne cte d sum with one of the other two. We

show in L emma 1.56 b elow that, if M is any of R OS( R

2

) , R OP( R

2

) or

R OQ( R

2

) , then M j =  

sum

. However, it turns out that R O( R

2

) 6j =  

sum

.

F or let

r

1

= f ( x; y ) j � 1 < x < 0 ; � 1 � x < y < 1 + x g

r

2

= f ( x; y ) j 0 < x < 1 ; � 1 � x < y < sin (1 =x ) g

r

3

= f ( x; y ) j 0 < x < 1 ; sin (1 =x ) < y < 1 + x g ;

as depicte d in Fig. 1.6. It is e asy to che ck that r

1

+ r

2

+ r

3

is the lar ge

triangle, and so is c ertainly c onne cte d, but that neither r

1

+ r

2

nor r

1

+ r

3

is c onne cte d.

W e shall see in Section 5 that, in some sense, Examples 1.17 and 1.18

represen t the only di�erences b et w een R O( R

2

) and R OS ( R

2

).
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� r

� s

Figur e 1.7. The (complemen ts of ) t w o connected elemen ts r and s in the regular

op en algebra of a torus: r � s is not connected, and ( � r )

�

\ ( � s )

�

= ; .

Our �nal example illustrates a rather di�eren t set of issues concerning

�rst-order mereotop ological theories. W e require the follo wing fact ab out

the top ology of Euclidean spaces (Newman, 1964,p. 137).

Pr oposition 1.19 If d

1

and d

2

ar e non-interse cting close d sets in R

n

,

and p oints p and q ar e c onne cte d in R

n

n d

1

and also in R

n

n d

2

, then p

and q ar e c onne cte d in R

n

n ( d

1

[ d

2

) .

Example 1.20 L et � = ( C ; c; � ; � ) , and let  

sep

b e the L

�

-sentenc e

8 x 8 y ( c ( x ) ^ c ( y ) ! ( c ( x � y ) _ C ( � x; � y ))) :

This sentenc e `says' that the closur es of the c omplements of any two

c onne cte d r e gions whose pr o duct is not c onne cte d interse ct. Supp ose that

r ; s 2 R O( R

n

) ar e c onne cte d, with r � s not c onne cte d. Putting d

1

= R

n

n r

and d

2

= R

n

n s , we have d

1

[ d

2

= R

n

n ( r � s ) , whenc e, by Pr op osition 1.19,

( � r )

�

\ ( � s )

�

6= ; . Thus, if M is a mer e otop olo gy over any of the

sp ac es R

n

, M j =  

sep

. However,  

sep

is not true for al l mer e otop olo gies.

F or example, let X b e the surfac e of a torus, let M b e R O( X ) , and let

r ; s 2 M b e such that � r and � s ar e as il lustr ate d in Fig. 1.7. By

insp e ction, r and s ar e c onne cte d, r � s is not c onne cte d, and � r do es not

c ontact � s . Henc e, M j = :  

sep

.

Th us the regular op en algebra of the torus and the Euclidean plane

ha v e di�eren t �rst-order mereotop ological theories o v er the signature

f C ; c; � ; �g .

There is nothing privileged ab out the ab o v e collection of primitiv es:

in principle, w e could emplo y an y signature whose sym b ols can b e giv en

�xed in terpretations o v er the structures w e c ho ose to con�ne our at-

ten tion to. Since this c hapter deals with top olo gic al notions, w e con-

sider only signatures with �xed top olo gic al in terpretations|that is, sig-

natures whose in terpretations are preserv ed b y homeomorphisms of the

underlying top ological space. F or brevit y , w e sp eak of a `signature of
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top ological primitiv es'. F or in v estigations of region-based theories with

non-top ological signatures, see, e.g. Da vis et al., 1999,Pratt, 1999.

Giv en a mereotop ology M and a signature � of top ological primitiv es,

three salien t issues presen t themselv es. The �rst concerns the expr essive

p ower of a �rst-order top ological language L

�

o v er a mereotop ology M .

An y L

�

-form ula � ( � x ) with free v ariables �x = x

1

; : : : x

n

de�nes an n -ary

relation o v er M |namely , the set of n -tuples �r satisfying � ( � x ) in M .

And it is therefore natural to ask which relations can b e so de�ned, and

in particular, whic h primitiv es can b e de�ned in terms of whic h others.

Of particular in terest in this regard is the prop ert y of b eing top ologi-

cally indistinguishable from a sp eci�c ob ject or tuple of ob jects. That is,

giv en a tuple �r from M , w e w ould particularly lik e to kno w whether L

�

is expressiv e enough to giv e a top ologically complete c haracterization

of �r . The answ ers to these questions dep ends hea vily on the mereo-

top ology M : Sections 3 and 4 analyse the expressiv e p o w er of v arious

�rst-order top ological languages for w ell-b eha v ed mereotop ologies o v er

the Euclidean plane. Section 6 analyses the m uc h more di�cult case of

w ell-b eha v ed mereotop ologies o v er R

3

.

The second salien t issue concerns the L

�

- the ory of M . Examples 1.17

and 1.18 sho w that restricting regions to b e semi-algebr aic (regular op en)

sets do es a�ect the resulting �rst-order theory o v er some signatures of

top ological primitiv es. And the question therefore arises as to what

other restrictions migh t b e sensible, and what e�ect, if an y , these restric-

tions ha v e on the resulting �rst-order mereotop ological theories. Most

am bitiously , p erhaps, w e migh t ask whether the set of �rst-order sen-

tences in v arious mereotop ologies can b e axiomatically c haracterized.

Section 5 pro vides an example of suc h an axiomatic c haracterization.

As a b y-pro duct of this analysis, w e sho w that a wide range of plane

mereotop ologies share the same L

�

-theory for (most) top ological signa-

tures �, and w e v en ture to tak e that theory as the standar d �rst-order

L

�

-theory of plane mereotop ology . In this sense, the c hoice of what,

exactly , coun ts as a region is m uc h less critical than w e migh t at �rst

ha v e supp osed.

The third salien t issue concerns the on tological commitmen ts en tailed

b y �rst-order mereotop ological theories. T o understand this issue, recall

that a mereotop ology M is a collection of subsets of some top ological

space, whic h w e ha v e c hosen to regard as a �-structure, for some sig-

nature � of top ological primitiv es. An y suc h mereotop ology M th us

de�nes an L

�

-theory Th

�

( M ). But of course, any � structure A with

Th

�

( A ) = Th

�

( M ) can b e though t of as a (region-based) mo del of space

whic h, from the p oin t of view of L

�

, mak es exactly the same predictions

as M . It is therefore natural to ask which structures these are, and what,
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if an ything, w e can sa y ab out their relationship to M . Notice that the

elemen ts of suc h �-structures need not b e regions of top ological spaces

at all; as suc h they are gen uinely region-based theories of space. In

particular, w e ma y ask whether mereotop ologies in general admit of in-

trinsic c haracterizations making no reference to the top ological spaces

whose regions they mak e up. And w e ma y further ask|particularly in

the ligh t of Example 1.20|what information those in trinsic c haracteri-

zations yield ab out the top ological spaces in question. Section 7 answ ers

these, and related, questions.

The ab o v e three issues constitute the primary agenda of mereotop ol-

ogy , as conceiv ed here.

3. De�ning top ological relations

Our task in this section is to compare the relativ e expressiv eness of

�rst-order languages ha ving di�eren t signatures of top ological primitiv es.

Our main result is that L

C

is at least as expressiv e as L

c; �

o v er all

sensible mereotop ologies. W e also sho w that o v er some mereotop ologies

of in terest, L

c; �

is also at least as expressiv e as L

C

.

W e assume familiarit y with the standard (T

i

-) separation prop erties

of top ological spaces. T erminology v aries here: w e adopt the con v en-

tion according to whic h T

i

-separation for i > 2 do es not b y de�nition

imply T

1

-separation; and w e sa y that a space X is Hausdor� if it satis-

�es T

2

-separation, r e gular if it satis�es b oth T

3

- and T

1

-separation, and

normal if it satis�es b oth T

4

- and T

1

-separation.) In addition, w e o cca-

sionally emplo y the follo wing less familiar separation prop ert y (D • un tsc h

and Win ter, 2005).

Definition 1.21 A top olo gic al sp ac e is w eakly regular if it is semi-

r e gular and, for any non-empty op en set u , ther e exists a non-empty

op en set v with v

�

� u .

W e ha v e

X is normal ) X is regular ) X is w eakly regular ) X is semi-regular.

The rev erse implications all fail (see D • un tsc h and Win ter, 2005regarding

w eak regularit y , and Steen and Seebac h, 1995 for the other cases).

3.1 Con tact

W e b egin b y de�ning the part-of relation in L

C

.

Lemma 1.22 L et M b e a mer e otop olo gy over a we akly r e gular sp ac e X ,

and let r

1

; r

2

2 M . Then r

1

� r

2

if and only if M j = �

�

[ r

1

; r

2

] , wher e

�

�

( x

1

; x

2

) is the L

C

-formula 8 z ( C ( x

1

; z ) ! C ( x

2

; z )) .
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Pr o of If r

1

� r

2

then r

�

1

� r

�

2

, so s

�

\ r

�

1

6= ; implies s

�

\ r

�

2

6= ; for

an y s . Con v ersely , if r

1

6� r

2

, b y w eak regularit y , let u b e a non-empt y ,

op en set suc h that u

�

� r

1

� ( � r

2

). Since M is a mereotop ology , let

s 2 M b e suc h that 0 6= s � u . Then s

�

\ r

�

1

6= ; , but s

�

\ r

�

2

= ; .

QED

In dealing with mereotop ologies o v er w eakly regular spaces, w e ma y

therefore write the expression u � v in L

C

-form ulas, as a shorthand for

�

�

( u; v ). It follo ws that the Bo olean constan ts and functions 0, 1, + ,

� and � are also L

C

-de�nable for mereotop ologies o v er w eakly regular

spaces, and w e again freely emplo y these sym b ols in L

C

-form ulas as a

shorthand for their de�nitions.

W e no w turn to de�ning the prop ert y of connectedness in L

C

. W e

need some tec hnical lemmas.

Lemma 1.23 L et M b e a mer e otop olo gy over a r e gular top olo gic al sp ac e

X . If d � X is close d and p 62 d , ther e exists r 2 M such that p 2 r

and d � � r . In fact, ther e exist r ; s 2 M such that p 2 r , d � s and

r

�

\ s

�

= ; .

Pr o of F or the �rst statemen t, b y T

3

-separation, let u; v b e disjoin t op en

subsets of X suc h that p 2 u and d � v . Since M is a mereotop ology ,

there exists r 2 M suc h that p 2 r � u , whence d � v � X n r

�

= � r .

The second statemen t follo ws b y t w o applications of the �rst: c ho ose

s 2 M suc h that p 2 � s and d � s ; no w c ho ose r 2 M suc h that p 2 r

and s

�

� � r . QED

Lemma 1.24 L et r ; s 2 R O( X ) for some top olo gic al sp ac e X . If p 2 r

�

and p 2 s , then p 2 ( r � s )

�

.

Pr o of Let u b e an y op en set con taining p . Then u \ s is also an op en set

con taining p , whence ( u \ s ) \ r 6= ; , since p 2 r

�

. That is, u \ ( s � r ) 6= ; .

QED

Lemma 1.25 L et M b e a mer e otop olo gy over a r e gular top olo gic al sp ac e.

F or al l r

1

; r

2

2 M , r

�

1

\ r

�

2

\ ( r

1

+ r

2

) 6= ; if and only if ther e exist

r

0

1

; r

0

2

2 M such that r

0

1

� r

1

, r

0

2

� r

2

, r

0

1

�

\ r

0

2

�

6= ; and ( r

0

1

+ r

0

2

)

�

\

( � ( r

1

+ r

2

))

�

= ; .

Pr o of The if-direction is immediate. F or the only-if-direction, supp ose

p 2 r

�

1

\ r

�

2

\ ( r

1

+ r

2

). By Lemma 1.23, let s 2 M b e suc h that p 2 s and

( � ( r

1

+ r

2

))

�

� � s ; and let r

0

1

= r

1

� s and r

0

2

= r

2

� s . By Lemma 1.24,

p 2 r

0

1

�

\ r

0

2

�

, whence r

0

1

and r

0

2

ha v e the required prop erties. QED
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Lemma 1.26 L et M b e a mer e otop olo gy which r esp e cts c omp onents. Then

r 2 M is c onne cte d if and only if r

�

1

\ r

�

2

\ r 6= ; for al l nonempty, dis-

joint r

1

; r

2

2 M such that r

1

+ r

2

= r .

Pr o of Supp ose r

1

and r

2

are non-empt y , disjoin t elemen ts of M suc h

that r

1

+ r

2

= r and r

�

1

\ r

�

2

\ r = ; . By Lemma 1.4 (ii), r = r

1

[ r

2

, so

that r is not connected. Con v ersely , supp ose r is not connected. Let r

1

b e a comp onen t of r and let r

2

= r n r

1

. Since M resp ects comp onen ts,

r

1

2 M . Since r

1

� r

1

[ ( r

�

1

\ r

2

) � r

�

1

, r

1

[ ( r

�

1

\ r

2

) is connected, whence

r

�

1

\ r

2

= ; b y maximalit y of comp onen ts. Th us, r

2

= r n r

�

1

= r � ( � r

1

).

Moreo v er, since r

1

is op en and r

1

\ r

2

= ; , w e ha v e r

1

\ r

�

2

= ; . Therefore

; = r

�

1

\ r

�

2

\ ( r

1

[ r

2

) = r

�

1

\ r

�

2

\ r as required. QED

Lemma 1.27 L et M b e a mer e otop olo gy over a r e gular top olo gic al sp ac e

X such that M r esp e cts c omp onents, and let r 2 M . Then r is c onne cte d

if and only if M j = �

c

[ r ] , wher e �

c

( x ) is the L

C

-formula

8 x

1

8 x

2

( x

1

> 0 ^ x

2

> 0 ^ x

1

� x

2

= 0 ^ x

1

+ x

2

= x !

9 x

0

1

9 x

0

2

( x

0

1

� x

1

^ x

0

2

� x

2

^ C ( x

0

1

; x

0

2

) ^ : C ( x

0

1

+ x

0

2

; � x ))) :

Pr o of Lemmas 1.25 and 1.26. QED

T ogether, Lemmas 1.22 and 1.27 guaran tee that, for all mereotop ologies

o v er regular top ological spaces whic h resp ect comp onen ts, the language

L

C

is at least as expressiv e as L

c; �

. W e tak e it that all mereotop ologies

of in terest ful�l these conditions: that is, the ab o v e reconstructions of

the part-whole relation and the prop ert y of connectedness in L

C

are v ery

robust.

W e presen t a further|and more surprising|demonstration of the ex-

pressiv e p o w er of L

C

in mereotop ologies de�ned o v er R

2

. W e require

the follo wing fact ab out the top ology of Euclidean spaces (Newman,

1964,p. 112, c.f. Prop osition 1.19).

Pr oposition 1.28 L et d

1

and d

2

b e close d sets in R

2

, at le ast one of

which is b ounde d. If R

2

n d

1

, R

2

n d

2

and d

1

\ d

2

ar e al l c onne cte d, then

so is R

2

n ( d

1

[ d

2

) .

Lemma 1.29 L et s

1

; s

2

; t 2 R O( R

2

) such that: ( i ) either s

1

is b ounde d

or s

2

is b ounde d; ( ii ) � ( s

1

+ t ) , � ( s

2

+ t ) and t ar e al l c onne cte d; and

( iii ) s

�

1

\ s

�

2

= ; . Then � ( s

1

+ s

2

+ t ) is also c onne cte d.

Pr o of Set d

i

= ( s

i

+ t )

�

(for i = 1 ; 2). Th us, the complemen t of d

i

is

� ( s

i

+ t ) (for i = 1 ; 2), and the complemen t of d

1

[ d

2

is � ( s

1

+ s

2

+ t ).
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s

1

s

2

t

Figur e 1.8. Expressing b oundedness in L

C

: s

1

and s

2

are un b ounded to the righ t

Moreo v er, since t is connected, so is t

�

, whence d

1

\ d

2

= ( s

1

+ t )

�

\

( s

2

+ t )

�

= ( s

�

1

[ t

�

) \ ( s

�

2

[ t

�

) = ( s

�

1

\ s

�

2

) [ t

�

= t

�

is connected.

The result follo ws b y Prop osition 1.28. QED

Let �

c

b e as de�ned in Lemma 1.27, and let �

ub

( y

1

; y

2

) b e the L

C

-form ula

9 z ( �

c

( � ( y

1

+ z )) ^ �

c

( � ( y

2

+ z )) ^ �

c

( z ) ^ : �

c

( � ( y

1

+ y

2

+ z ))) :

Lemma 1.30 L et M b e a mer e otop olo gy over R

2

such that M r esp e cts

c omp onents and every unb ounde d element in M includes r e gions s

1

, s

2

and t situate d as in Fig. 1.8. Then for al l r 2 M , r is b ounde d if and

only if M j = �

b

2
[ r ] , wher e �

b

2
( x ) is the L

C

-formula:

8 y

1

8 y

2

( y

1

� x ^ y

2

� x ^ �

ub

( y

1

; y

2

) ! C ( y

1

; y

2

)) :

(The sup erscript 2 in �

b

2 refers to the fact that this form ula w orks for

mereotop ologies o v er R

2

, and not, for example R

3

.)

Pr o of If r do es not satisfy �

b

2 ( x ) then, b y Lemma 1.29, r con tains t w o

un b ounded regions, so is certainly itself un b ounded. Con v ersely , if r is

un b ounded, let s

1

; s

2

; t 2 M b e subsets of r situated as in Fig. 1.8. Th us,

s

1

� r , s

2

� r and s

�

1

\ s

�

2

= ; , but at the same time, s

1

; s

2

satis�es

�

ub

( y

1

; y

2

), with t a witness for the existen tially quan ti�ed z . Hence r

do es not satisfy �

b

2
( x ). QED

It is simple to v erify that the mereotop ologies R O( R

2

), R OS( R

2

),

R OP( R

2

) and R OQ( R

2

) satisfy the conditions of Lemma 1.30. Hence,

the prop ert y of b oundedness is L

C

-de�nable in all these mereotop olo-

gies. Nev ertheless, Lemma 1.30, unlik e Lemmas 1.22 and 1.27, has a

fr agile c haracter, in that it dep ends on a v ery sp eci�c feature of the

top ological space R

2

; in particular, it fails to de�ne b oundedness for the

corresp onding mereotop ologies o v er R

3

. W e will see in Section 6 that

b oundedness is also L

C

-de�nable in w ell-b eha v ed mereotop ologies o v er

R

3

, but w e ha v e to go to m uc h more trouble.
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3.2 Reconstruction of p oin ts

In mereotop ologies, the primitiv e ob jects|that is, the en tities o v er

whic h v ariables range|are regions, rather than p oin ts; but it is of-

ten simple to `construct' p oin ts from regions, and `sim ulate' statemen ts

ab out p oin ts using statemen ts ab out regions. One w a y to construct the

p oin t p is as a pair of regions whose closures in tersect in the singleton

f p g , as w e no w pro ceed to sho w. (There are also more sophisticated

w a ys, describ ed in Section 7.1.)

Lemma 1.31 L et M b e a mer e otop olo gy over a r e gular top olo gic al sp ac e,

and let r ; s 2 M . Then r

�

\ s

�

is a singleton if and only if M j = �

. /

[ r ; s ] ,

wher e �

. /

( x

1

; x

2

) is the formula

C ( x

1

; x

2

) ^

8 y

1

8 y

2

( y

1

� x

1

^ y

2

� x

2

^ C ( y

1

; x

2

) ^ C ( y

2

; x

1

) ! C ( y

1

; y

2

)) :

F urthermor e, if r

�

\ s

�

= f p g and t 2 M , then p 2 t if and only if

M j = �

2

[ r ; s; t ] , wher e �

2

( x

1

; x

2

; x

3

) is the formula

9 y

1

( y

1

� x

1

^ C ( y

1

; x

2

) ^ : C ( y

1

; � x

3

));

likewise, p 2 t

�

if and only if M j = �

�

2

[ r ; s; t ] , wher e �

�

2

( x

1

; x

2

; x

3

) is the

formula

8 y

1

( y

1

� x

1

^ C ( y

1

; x

2

) ! C ( y

1

; x

3

)) :

Pr o of Routine b y Lemmas 1.23 and 1.24. QED

If M is a mereotop ology o v er a top ological space X , let us sa y that M

is c omplete if ev ery p oin t in X is the singleton in tersection of some pair

regions in M . F or example, the mereotop ologies R OP( R

n

), R OS ( R

n

) ev-

iden tly p ossess this prop ert y; b y con trast, R OQ( R

n

) do es not. W e migh t

sa y that, in a complete mereotop ology , p oin ts can b e `sim ulated' b y pairs

of regions satisfying the form ula �

. /

. If M is a complete mereotop ology

o v er a regular space, Lemma 1.31 giv es us the righ t to include expressions

suc h as, for example, x

1

\ x

�

2

6= ; or F ( x

1

) \ F ( x

2

) � F ( x

3

) \ F ( x

4

) etc. in

L

C

-form ulas with the ob vious in terpretation, since suc h expressions can

eviden tly b e replaced b y b ona �de L

C

-form ulas with the appropriate

extension o v er M .

The follo wing lemma illustrates ho w easily w e can express v arious

top ological relations in L

C

:

Lemma 1.32 L et r ; s 2 R OP( R

n

) . Then r

�

\ s

�

is c onne cte d if and

only if R OP( R

n

) j = �

ci

[ r ; s ] , wher e �

ci

( x; y ) is the formula

8 z : ( x

�

\ y

�

\ z 6= ; ^ x

�

\ y

�

\ � z 6= ; ^ x

�

\ y

�

� z [ � z ) :
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Pr o of The only-if direction is immediate. So supp ose r

�

\ s

�

is not con-

nected; w e m ust �nd a witness for z to sho w that R OP( R

n

) j = : �

ci

[ r ; s ].

But, b y construction of R OP( R

n

), b oth r

�

and s

�

are expressible as

�nite unions of closed, con v ex sets; and so, therefore, is r

�

\ s

�

. Since

this latter set is not connected, it can b e written as d [ e , suc h that

d \ e = ; and d and e are b oth �nite unions of non-empt y , closed, con v ex

sets|sa y , d = d

1

[ � � � ; [ d

l

, e = e

1

[ � � � ; [ e

m

. Giv en that an y pair

of disjoin t, closed, con v ex sets in R

n

can b e separated b y a h yp erplane,

w e ha v e half-spaces h

i;j

suc h that d

i

� h

i;j

and e

j

� � h

i;j

for all i , j

(1 � i � l , 1 � j � m ). Then the required witness is

t =

X

1 � i � l

Y

1 � j � m

h

i;j

:

QED

3.3 Compacti�cations

Before discussing the expressiv e p o w er of L

c; �

, w e in tro duce some

additional tec hnical material that will b e useful throughout this c hapter.

Recall that a top ological space is said to b e lo c al ly c omp act if ev ery p oin t

has a compact neigh b ourho o d. This prop ert y `transfers', for Hausdor�

spaces, to mereotop ologies de�ned o v er them:

Lemma 1.33 L et M b e a mer e otop olo gy over a lo c al ly c omp act, Haus-

dor� sp ac e X , and let p 2 X . Then p is c ontaine d within some r 2 M

such that r

�

is c omp act.

Pr o of Let p 2 X . Assuming X is lo cally compact, let d � X b e

compact and o � d b e op en suc h that p 2 o . No w let r 2 M suc h that

p 2 r � o � d . But a closed subset of a compact set is alw a ys compact,

and, in a Hausdor� space, ev ery compact set is closed. Therefore r

�

�

d

�

= d is compact, as required. QED

Let X b e a top ological space, and let � denote the collection of op en

sets of X . No w set

_

X = X [ f1g , where 1 is some ob ject not in X .

F or o 2 � , denote b y _o the set

_o =

(

o [ f1g if X n o is compact;

o otherwise,

and denote b y _� the set � [ f _o j o 2 � g . Then w e can tak e

_

X to b e a

top ological space whose collection of op en sets is _� . Under this top ology
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(whic h w e alw a ys assume), w e call

_

X the one-p oint (or A lexandr o� )

c omp acti�c ation of X . The ob ject 1 is called the p oint at in�nity . The

space

_

X is alw a ys compact. If X is lo cally compact and Hausdor�, then

_

X is also Hausdor�, and hence normal.

Not a tion 1.34 In this chapter, we denote spher es, op en b al ls and close d

b al ls in Euclide an sp ac es as fol lows

S

n

= f ( a

1

; : : : ; a

n +1

) 2 R

n +1

j a

2

1

+ � � � + a

2

n +1

= 1 g

B

n

= f ( a

1

; : : : ; a

n

) 2 R

n

j a

2

1

+ � � � + a

2

n

< 1 g

D

n

= f ( a

1

; : : : ; a

n

) 2 R

n

j a

2

1

+ � � � + a

2

n

� 1 g ;

and we assume the usual top olo gy on these sets.

(Recall that, b y a d - c el l , w e mean an y set homeomorphic to the op en

d -dimensional ball B

d

.) In the sp ecial cases X = R

n

, it is w ell-kno wn

that

_

X is homeomorphic to S

n

via the mapping:

1 7! (0 ; : : : ; 0 ; 1)

( a

1

; : : : a

n

) 7! ( a

0

1

; : : : a

0

n +1

) ;

where

a

0

i

= 4 a

i

= ( a

2

1

+ � � � + a

2

n

+ 4) for 1 � i � n

a

0

n +1

= ( a

2

1

+ � � � + a

2

n

� 4) = ( a

2

1

+ � � � + a

2

n

+ 4) :

This mapping ma y b e regarded as a stereographic pro jection b y em b ed-

ding R

n

in the h yp erplane of R

n +1

de�ned in Cartesian geometry b y the

equation x

n +1

= � 1. This pro jection is depicted for the case n = 2 in

Fig. 1.9. By w a y of allusion to this homeomorphism:

Not a tion 1.35 L et S

n

denote the 1-p oint c omp acti�c ation of R

n

.

Lemma 1.36 L et X b e a non-c omp act top olo gic al sp ac e. Then the map-

ping r 7! _r is a Bo ole an algebr a isomorphism fr om R O( X ) to R O(

_

X ) .

Pr o of The function o 7! _o is monotone, b ecause a closed subset of

a compact set is compact. Let o

1

and o

2

b e op en subsets of X , with

o = o

1

\ o

2

. Since X n o = ( X n o

1

) [ ( X n o

2

) is compact if and only if

b oth ( X n o

1

) and ( X n o

2

) are compact, w e ha v e 1 2 _o if and only if

1 2 _o

1

\ _o

2

, whence _o = _o

1

\ _o

2

.
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(0,0,1)

(0,0,0)

(x,y,z)

Figur e 1.9. Stereographic pro jection of S

2

on to the 1-p oin t compacti�cation of R

2

.

If u is op en in X , let u

�

denote the pseudo-complemen t of u in X , and

let ( _ u )

?

denote the pseudo-complemen t of _u in

_

X . W e claim that, for

an y op en set u of X , with v = u

�

, ( _ u )

?

= _v . By de�nition, _v is op en in

_

X , and w e ha v e just sho wn that _u \ _v =

_

; = ; . Moreo v er, if w is an y

op en set in

_

X disjoin t from _u , then for some op en subset w

0

of X , w e

ha v e either w = w

0

or w =

_

w

0

. Either w a y u \ w

0

= ; , whence w

0

� v

and

_

w

0

� _v b y monotonicit y . Hence _v is the largest op en subset of

_

X

disjoin t from _u , i.e. ( _u )

?

= _v .

Note that if r 2 R O( X ), w e ha v e r = r

��

and � r = r

�

. Hence _r

??

= _r ,

so that _r 2 R O(

_

X ). Con v ersely , if u

0

2 R O(

_

X ), then u

0

= _u , for some

op en u � X . But then, w e ha v e _u = _u

??

= _x , where x = u

��

. Since the

function o 7! _o is injectiv e, u = u

��

. That is, u 2 R O( X ). QED

Lemma 1.37 L et X b e a top olo gic al sp ac e and o � X op en. If o is

c onne cte d in X , then _o is c onne cte d in

_

X . Conversely, supp ose X is non-

c omp act, and for any close d subsets d

1

and d

2

of X with X = d

1

[ d

2

and

d

1

\ d

2

c omp act, either d

1

is c omp act or d

2

is c omp act. If _o is c onne cte d

in

_

X , then o is c onne cte d in X .

Pr o of Supp ose o is op en in X . If _o is not connected in

_

X , let o

1

, o

2

b e non-empt y op en subsets of X suc h that _o = _o

1

[ _o

2

and _o

1

\ _o

2

= ; .

Then o = o

1

[ o

2

and o

1

\ o

2

= ; , so o is not connected in X . Con v ersely ,

supp ose o is not connected in X , so let o

1

, o

2

b e nonempt y op en subsets

of X suc h that o = o

1

[ o

2

and o

1

\ o

2

= ; . If X n o is not compact, then

neither X n o

1

nor X n o

2

is compact, so that _o = o = o

1

[ o

2

= _o

1

[ _o

2

and _o

1

\ _o

2

= ; , whence _o is not connected. If, on the other hand, X n o

is compact, b y the condition of the lemma, either X n o

1

or X n o

2

is

compact, whence _o = o [ f1g = o

1

[ o

2

[ f1g = _o

1

[ _o

2

. Moreo v er,

b y rep eating the �rst paragraph of the pro of of Lemma 1.36, w e ha v e

_o

1

\ _o

2

=

_

; = ; . It follo ws that _o is not connected. QED



24

The w ell-kno wn Heine-Borel theorem states that, in R

n

, a set is compact

if and only if it is closed and b ounded. It is therefore easy to see that

R

n

satis�es the condition of Lemma 1.37.

Lemma 1.38 L et n > 0 and let M b e any mer e otop olo gy over R

n

. Then

the mapping r 7! _r de�nes a structur e isomorphism fr om M to

_

M for

the signatur e ( c; � ) : that is, M '

c; �

_

M .

Pr o of Lemmas 1.36 and 1.37. QED

Lemma 1.39 L et X b e a lo c al ly c omp act, non-c omp act top olo gic al sp ac e

and M a mer e otop olo gy over X . De�ne

_

M = f _r j r 2 M g . Then

_

M is

a mer e otop olo gy over

_

X . We c al l

_

M the 1-p oint c omp acti�c ation of M .

If M is �nitely de c omp osable, then so is

_

M .

Pr o of Supp ose that 1 2 _o with o op en in X ; w e sho w that there

exists some r 2

_

M suc h that 1 2 r � _o . Since M is a mereotop ology

o v er X and X is lo cally compact, Lemma 1.33 giv es us a co v er of X n o

b y elemen ts of M whose closures are compact. Since 1 2 _o , X n o is

compact, so that this co v er has a �nite sub-co v er, sa y r

1

; : : : ; r

n

. Let

r = � ( r

1

+ � � � + r

n

). Th us, X n r = r

�

1

[ � � � [ r

�

n

is compact and includes

o , whence r has the required prop erties. The rest of the Lemma follo ws

from Lemma 1.37. QED

Supp ose no w that X = R

n

for some n > 0, and let M b e a mereotop-

ology o v er R

n

resp ecting comp onen ts. Then X satis�es the condition of

Lemma 1.37, so b y Lemma 1.39,

_

M is a mereotop ology o v er R

n

resp ect-

ing comp onen ts. Since S

n

denotes the 1-p oin t-compacti�cation of R

n

,

the 1-p oin t compacti�cation of R O( R

n

) is th us R O( S

n

).

Not a tion 1.40 L et R OS ( S

n

) denote the 1-p oint c omp acti�c ation of

R OS( R

n

) , and similarly for R OP( S

n

) , R OQ( S

n

) .

It is often more con v enien t to w ork with S

2

and S

3

rather than R

2

and R

3

.

When w e need to mak e the distinction explicit, w e refer to elemen ts of

R OP( R

n

) as p olytop es (p olyhedra, p olygons) in op en sp ac e and those of

R OP( S

n

) as p olytop es (p olyhedra, p olygons) in close d sp ac e . Note that,

b y Lemma 1.38, the mereotop ologies R O( R

n

), R OP( R

n

), R OQ( R

n

) and

R OS( R

n

) certainly all ha v e the same L

c; �

-theories as their resp ectiv e

1-p oin t compacti�cations.

3.4 Connectedness: the closed plane

W e ha v e seen that, o v er most mereotop ologies of in terest, the language

L

C

is as expressiv e as the language L

c; �

. The question therefore arises
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as to whether a con v erse reduction is p ossible. In this section, w e sho w

that, for w ell-b eha v ed mereotop ologies o v er S

2

, the answ er is p ositiv e.

W e assume familiarit y with basic geometric top ology in the plane: for

details, see Newman, 1964.Recall in this con text that a Jor dan ar c in

a top ological space X is a homeomorphism from the unit in terv al [0 ; 1]

in to X , and a Jor dan curve in X , a homeomorphism from the unit circle

S

1

in to X . The Jordan curv e, Theorem states that the lo cus of a Jordan

curv e in R

2

separates R

2

in to t w o residual domains, exactly one of whic h

is b ounded. If w e regard S

1

as the in tersection of the plane x

1

= 0 with

S

2

, the Sc h• on
ies Theorem states that a Jordan curv e 
 : S

1

! S

2

ma y

b e extended to a homeomorphism S

2

$ S

2

. Th us, if 
 is a Jordan curv e

in S

2

, the residual domains of j 
 j are 2-cells in S

2

; and if 
 is a Jordan

curv e in R

2

, the b ounded residual domain of 
 is a 2-cell in R

2

.

The follo wing concepts are imp ortan t in understanding the go o d b e-

ha viour of the mereotop ologies R OS( R

2

), R OP( R

2

) and R OQ( R

2

).

Definition 1.41 L et X b e a top olo gic al sp ac e, u � X and p; q 2 F ( u ) .

A n end-cut to p in u is a Jor dan ar c in X such that f (1) = p and

f ([0 ; 1[) � u . Likewise, a cross-cut from p to q in u is a Jor dan ar c in X

such that f (0) = p , f (1) = q and f (]0 ; 1[) � u . L et M b e a mer e otop olo gy

over X . We say that M has curv e-selection if, for al l r 2 M and al l

p 2 F ( r ) , ther e exists an end-cut in r to p .

The existence of end-cuts is b y no means a univ ersal prop ert y of regular

op en sets in R

n

(for n > 1). Ho w ev er, the regions in R OS( R

2

), R OP( R

2

)

and R OQ( R

2

) are w ell-b eha v ed in this regard, as the follo wing results

sho w.

Lemma 1.42 L et r 2 R OP( R

n

) and p 2 r

�

. Then ther e exists a line ar

function f : [0 ; 1] ! R

n

such that f (1) = p and f ([0 ; 1[) � r . If p has

r ational c o or dinates, we may cho ose f so that it has p ar ameters fr om Q .

Pr o of The prop osition holds for basic p olytop es b ecause their closures

are con v ex. It holds for all p olytop es b ecause if r = r

1

+ � � � r

n

, r

�

=

r

�

1

[ � � � [ r

�

n

b y Lemma 1.4 (iii). QED

The semi-algebraic case is m uc h more in v olv ed. Ho w ev er, w e ha v e the

follo wing Theorem (v an den Dries, 1998, Ch. 6, Corollary 1.5; Bo c hnak

et al., 1998 Theorem 2.5.5).

Pr oposition 1.43 (Cur ve-selection lemma) L et S b e a semi-

algebr aic subset of R

n

and p 2 S

�

. Then ther e exists a c ontinuous semi-

algebr aic function f : [0 ; 1] ! R

n

such that f (1) = p and f ([0 ; 1[) � S .
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Th us, the mereotop ologies R OS ( R

2

), R OP( R

2

) and R OQ( R

2

) all cer-

tainly ha v e curv e-selection. Moreo v er, b y making only minor mo di�ca-

tions to the relev an t argumen ts, it can b e sho wn that R OS ( S

2

), R OP( S

2

)

and R OQ( S

2

) all ha v e curv e-selection to o.

With these preliminaries b ehind us, w e can turn to the expressiv e

p o w er of L

c; �

. W e note in passing that, since � is a primitiv e of L

c; �

,

w e ma y write the Bo olean op erators and constan ts +, � , � , 0 and 1 in

L

c; �

-form ulas, assuming them to b e replaced b y their usual de�nitions.

In mereotop ologies o v er the closed plane ha ving curv e-selection, w e can

express the prop ert y of b eing a 2-cell using an L

c; �

-form ula. T o see this,

w e recall that the Jordan Curv e Theorem has the follo wing con v erse

(see Newman, 1964Chapter VI, Theorem 16.1).

Pr oposition 1.44 (Converse of Jord an's theorem) L et d b e a

close d subset of S

2

such that S

2

n d has two c omp onents, and supp ose

that, for e ach p 2 d , and e ach c omp onent o of S

2

n d , ther e is an end-cut

to p in o . Then d is the lo cus of a Jor dan curve.

Then w e ha v e:

Lemma 1.45 L et M b e any mer e otop olo gy over S

2

having curve-sele ction.

Then, for al l r 2 M , r is a 2-c el l if and only if r is non-zer o and

c onne cte d with non-zer o c onne cte d c omplement|that is, if and only if

M j =  

J

[ r ] , wher e  

J

( x ) is the L

c; �

-formula

c ( x ) ^ x > 0 ^ c ( � x ) ^ � x > 0 :

Pr o of If M j =  

J

[ r ], then d = F ( r ) satis�es the conditions of Prop osi-

tion 1.44, since M has curv e-selection. The other direction is immediate.

QED

F urthermore:

Lemma 1.46 L et M b e a mer e otop olo gy over R

2

having curve-sele ction

and also satisfying the c onditions of L emma 1.30. Then r 2 M is a

2-c el l if and only if r satis�es the L

C

-formula

�

c

( x ) ^ x > 0 ^ �

c

( � x ) ^ � x > 0 ^ �

b

2
( x ) ;

wher e �

c

( x ) and �

b

2
( x ) ar e as de�ne d in L emmas 1.27 and 1.30, r esp e c-

tively.

Pr o of If r satis�es the form ula, then the b ounded set F ( r ) is the lo cus

of a Jordan curv e in S

2

and hence in R

2

b y the same reasoning as for



First-Or der Mer e otop olo gy 27

Lemma 1.45, and since r is the b ounded residual domain of this set, it

is a 2-cell. The other direction is again immediate. QED

W e no w pro ceed to a direct comparison b et w een L

c; �

and L

C

. Prop osi-

tion 1.28 has a closed-plane v arian t, in whic h the condition that one of

d

1

and d

2

is b ounded ma y b e dropp ed.

Pr oposition 1.47 L et d

1

and d

2

b e close d sets in S

2

. If S

2

n d

1

, S

2

n d

2

and d

1

\ d

2

ar e al l c onne cte d, then so is S

2

n ( d

1

[ d

2

).

This leads to a closed-plane v arian t of Lemma 1.29:

Lemma 1.48 L et s

1

; s

2

; t 2 R O( S

2

) such that: (i) � ( s

1

+ t ) , � ( s

2

+ t )

and t ar e al l c onne cte d; and (ii) s

�

1

\ s

�

2

= ; . Then � ( s

1

+ s

2

+ t ) is

also c onne cte d.

Pr o of As for Lemma 1.29, using Prop osition 1.47 in place of Prop osi-

tion 1.28. QED

Lemma 1.49 L et M b e any �nitely de c omp osable mer e otop olo gy over S

2

having curve-sele ction, let  

ub

( y

1

; y

2

) b e the L

c; �

-formula

9 z ( c ( � ( y

1

+ z )) ^ c ( � ( y

2

+ z )) ^ c ( z ) ^ : c ( � ( y

1

+ y

2

+ z ))) ;

and let  

C

( x

1

; x

2

) b e the L

c; �

-formula

9 y

1

9 y

2

( y

1

� x

1

^ y

2

� x

2

^  

ub

( y

1

; y

2

)) :

Then, for al l r

1

; r

2

2 M , r

�

1

\ r

�

2

6= ; if and only if M j =  

C

[ r

1

; r

2

] .

Pr o of The if-direction follo ws from Lemma 1.48. The only-if direction

is left as a (�ddly) exercise. QED

Putting together Lemmas 1.22, 1.27 and 1.49, w e see that L

c; �

is ex-

actly as expressiv e as L

C

in w ell-b eha v ed mereotop ologies o v er the closed

plane S

2

.

As a �nal example of the expressiv eness of the language L

C

, w e ob-

serv e that it can distinguish b et w een R

2

and its 1-p oin t compacti�cation.

Theorem 1.50 L et M b e any of R OS( R

2

) , R OP( R

2

) or R OQ ( R

2

) .

Then M 6�

C

_

M .

Pr o of Recall the L

C

-form ula �

b

2
( x ) de�ned in Lemma 1.30, and ex-

pressing the prop ert y of b eing b ounded o v er M . Eviden tly ,

M 6j = 8 x�

b

2
( x ). But it is an easy consequence of Lemma 1.48 that

_

M j = 8 x�

b

2
( x ). QED

Theorem 1.50 stands in sharp con trast to the situation with the signature

f c; �g rep orted in Lemma 1.38.
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4. Expressiv eness of �rst-order languages in

plane mereotop ologies

In the previous section, w e examined the relativ e expressiv e p o w er

of the languages L

C

and L

c; �

for v arious mereotop ologies, in particular

those de�ned o v er R

2

and S

2

. This section c haracterizes that expressiv e

p o w er in a more `absolute' w a y . W e emplo y the follo wing terminology:

Definition 1.51 L et X b e a top olo gic al sp ac e and let �u = u

1

; : : : ; u

n

,

�v = v

1

; : : : ; v

n

b e n -tuples of subsets of X . We say that �u and �v ar e

similarly situated (in X ) , and write �u �

X

�v , if ther e is a home omorphism

of X onto itself mapping �u to �v . If X is cle ar fr om c ontext, we omit

r efer enc e to it, and simply write �u � �v . Now let M b e a mer e otop olo gy

over X and � a signatur e of top olo gic al primitives. F or any L

�

-formula

� with fr e e-variables �x , we say that � is top ologically complete (in M

o v er X ) if any p air of tuples of the appr opriate arity satisfying � ( � x ) in

M ar e similarly situate d in X .

Readers familiar with basic geometric top ology will recognize that the

mereotop ologies R OS( S

2

), R OP( S

2

) and R OQ( S

2

) are all (�nitely) `tri-

angulable' (in the sense of v an den Dries, 1998).Moreo v er, the observ a-

tions of Section 3.2 strongly suggest that triangulations in these mereotop olo-

gies can b e com binatorially describ ed using �rst-order form ulas with

C as their only primitiv e. And since com binatorially isomorphic tri-

angulations are similarly situated, it should b e en tirely unsurprising

that ev ery tuple in these mereotop ologies satis�es a top ologically com-

plete L

C

-form ula (and hence also a top ologically complete L

c; �

-form ula).

That is: ev ery tuple of regions in an y of the mereotop ologies R OS ( S

2

),

R OP( S

2

) and R OQ( S

2

) can b e completely top ologically describ ed b y an

L

C

-form ula (or b y an L

c; �

-form ula). Results of this general kind w ere

pro v ed, indep enden tly , b y Kuijp ers et al., 1995,P apadimitriou et al.,

1999and Pratt and Sc ho op, 2000,b y a v ariet y of metho ds. Our ob jec-

tiv e here is a systematic and general in v estigation of this topic, using an

approac h whic h will pro v e useful in Sections 5 and 7.

4.1 Connected partitions

W e ha v e seen that, giv en a collection � of top ological primitiv es,

an y mereotop ology can b e regarded as a �-structure b y in terpreting the

sym b ols in � in the standard w a y . And the question then naturally

arises as to whether w e can obtain a con v erse to this observ ation. That

is: under what conditions is a giv en �-structure isomorphic to some

mereotop ology|or p erhaps, to some mereotop ology b elonging to a cer-

tain class? Since this question will preo ccup y us in the sequel, some of
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the results b elo w will b e presen ted at a higher lev el of generalit y than

their immediate applications w arran t.

Accordingly , throughout Sections 4.1 and 4.2, A shall denote an arbi-

trary structure in terpreting the signature f 0 ; 1 ; + ; � ; � ; c g , suc h that the

reduct of A to the signature f 0 ; 1 ; + ; � ; �g , is a Bo olean algebra. T o a v oid

notational clutter, if a; b 2 A , w e write 0 ; � a; a + b etc., rather than the

more correct 0

A

, �

A

(a), +

A

( a; b ) etc. In addition, abusing terminology

sligh tly , w e call an elemen t a 2 A c onne cte d if A j = c [ a ]; and w e sa y

that A is �nitely de c omp osable if, for ev ery a 2 A , there exist connected

elemen ts a

1

; : : : ; a

n

of A suc h that a = a

1

+ : : : + a

n

. Of course, in case A

is a mereotop ology M , this usage is consisten t with that adopted ab o v e.

As usual in the con text of Bo olean algebras, w e tak e a p artition in A to

b e a tuple of non-zero, pairwise disjoin t elemen ts summing to 1. If �a is

an y tuple from A (not necessarily a partition), and

�

b a partition in A ,

w e sa y that �a c an b e r e�ne d to

�

b if ev ery elemen t of �a can b e written as

the sum of (zero or more) elemen ts of

�

b .

Definition 1.52 A p artition �a = a

1

; : : : ; a

n

in A such that a

i

is c on-

ne cte d for al l i (1 � i � n ) is c al le d a connected partition .

Let  

con

denote the L

c; �

-sen tence

8 x 8 y ( c ( x ) ^ c ( y ) ^ x � y 6= 0 ! c ( x + y )) :

Th us,  

con

`sa ys' that the sum of t w o o v erlapping connected regions is

connected.

Lemma 1.53 L et M any mer e otop olo gy. Then M j =  

con

.

Pr o of A restatemen t of Lemma 1.4 (iv). QED

Claim 1.54 Supp ose A is �nitely de c omp osable, and A j =  

con

. Then

every tuple in A c an b e r e�ne d to a c onne cte d p artition.

Pr o of Giv en elemen ts a

1

; : : : ; a

n

, collect all the non-zero pro ducts

b

1

; : : : ; b

N

of the form: � a

1

� � � � � � a

n

. F or eac h j (1 � j � N ),

let b

j; 1

; : : : ; b

j;N

j

b e connected elemen ts of A summing to b

j

. If, for an y

t w o of these elemen ts, sa y b

j;k

and b

j;l

, w e ha v e b

j;k

� b

j;l

> 0, then w e

can replace them b y their sum b

j;k

+ b

j;l

(whic h is connected, b ecause

M j =  

con

). Pro ceeding in this w a y , w e obtain the desired re�nemen t.

QED

Note that, in particular, ev ery tuple in an y �nitely decomp osable mer-

eotop ology can b e re�ned to a connected partition.
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Let us restrict atten tion no w to �nitely decomp osable mereotop ologies

o v er S

2

ha ving curv e-selection.

Lemma 1.55 L et M b e a mer e otop olo gy over R

2

or S

2

having curve-

sele ction. If r

1

; r

2

and r

3

ar e p airwise disjoint, c onne cte d elements of

M , then ther e exist at most two p oints lying on the fr ontiers of al l thr e e

r e gions.

Pr o of W e supp ose that p

1

; p

2

and p

3

are distinct p oin ts all lying on

the fron tiers of r

1

; r

2

and r

3

and deriv e a con tradiction. Cho ose p oin ts

q

1

; q

2

; q

3

suc h that q

i

2 r

i

( i = 1 ; 2 ; 3). By curv e-selection, dra w three

end-cuts in r

i

, sa y 


i; 1

, 


i; 2

and 


i; 3

from q

i

to p

1

, p

2

and p

3

, resp ectiv ely .

It is easy to see that, within eac h r

j

(1 � j � 3), the 


i;j

can b e c hosen

so that they in tersect only at q

i

. But since the r

j

are disjoin t, eac h 


i;j

in tersects an y other 


i

0

;j

0

only in p

i

or q

i

. And it is w ell kno wn that this

is imp ossible (see the righ t-hand graph in Fig. 1.11). QED

F or n > 2, let  

n

sum

denote the L

c; �

-form ula

8 x

1

: : : 8 x

n

�

c ( x

1

+ � � � + x

n

) ^

^

1 � i � n

c ( x

i

) !

_

2 � i � n

c ( x

1

+ x

i

)

�

:

(The form ula  

sum

of Example 1.18 is just  

3

sum

.) Th us,  

n

sum

`sa ys'

that, if n connected regions ha v e a connected sum, the �rst m ust form

a connected sum with at least one of the others.

Lemma 1.56 L et M b e a �nitely de c omp osable mer e otop olo gy over S

2

having curve-sele ction. Then M j =  

n

sum

for al l n > 1 .

Pr o of Let r

1

; : : : ; r

n

b e connected with r

1

+ � � � + r

n

also connected.

Assume �rst that the r

i

are pairwise disjoin t. Let p 2 r

1

and q 2

r

2

+ � � � + r

n

. By the connectedness of r

1

+ � � � + r

n

, dra w a Jordan arc


 from p to q lying within r

1

+ � � � + r

n

. By Lemma 1.55, only �nitely

man y p oin ts can lie on the fron tiers of more than t w o of the r

i

, and w e

ma y certainly ensure that 
 a v oids all suc h p oin ts. By ren um b ering if

necessary , w e ma y assume that 
 visits a p oin t p 2 r

�

1

\ r

�

2

\ ( r

1

+ : : : + r

n

).

But b y the construction of 
 , p 62 r

�

i

for all i > 2, whence p 2 � r

i

for all

suc h i . Therefore, p 2 r

�

1

\ r

�

2

\ ( r

1

+ r

2

), whence r

1

+ r

2

is connected.

Finally , w e relax the assumption that the r

i

are pairwise disjoin t. Since

M is �nitely decomp osable, w e ha v e that eac h elemen t of �r is the sum

of zero or more mem b ers of a tuple �s of pairwise disjoin t connected

elemen ts with the same sum. The result then follo ws easily b y rep eated

applications of Lemma 1.53. QED

In the sequel, w e abbreviate the form ula

x

1

+ x

2

= x ^ x

1

> 0 ^ x

2

> 0 ^ x

1

� x

2

= 0 ^ c ( x

1

) ^ c ( x

2

)
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p

1

q

1
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Figur e 1.10. The con�guration of  

break

:

b y x

1

� x

2

= x ; th us, x

1

� x

2

= x `sa ys' that x can b e partitioned in to

non-empt y , disjoin t connected regions x

1

and x

2

. No w let  

break

denote

the L

c; �

-form ula

8 x 8 y

1

8 y

2

�

�

c ( x ) ^ c ( y

1

) ^ c ( y

2

) ^ c ( x + y

1

) ^

c ( x + y

2

) ^ x � y

1

= 0 ^ x � y

2

= 0 ^ x 6= 0

�

!

9 x

1

9 x

2

�

x

1

� x

2

= x ^ c ( x

1

+ y

1

) ^ c ( x

1

+ y

2

) ^ c ( x

2

+ y

1

) ^ c ( x

2

+ y

2

)

�

�

:

Th us,  

break

`sa ys' that, if r ; s

1

; s

2

are connected regions suc h that r is

non-zero, disjoin t from s

1

and s

2

, and forms a connected sum with b oth

s

1

and s

2

, then r can b e partitioned in to connected, non-zero regions r

1

,

r

2

suc h that eac h of r

1

and r

2

forms a connected sum with eac h of s

1

and s

2

. Fig. 1.10a illustrates this con�guration; note that � r need not

b e connected.

Lemma 1.57 L et M b e a �nitely de c omp osable mer e otop olo gy over S

2

having curve-sele ction. Then M j =  

break

.

Pr o of Let r , s

1

, s

2

b e as ab o v e. W e ma y assume that s

1

and s

2

are

nonzero, since otherwise, similar or easier argumen ts apply . Refer to

Fig. 1.10b. F or i = 1 ; 2, since r + s

i

is connected, b y Lemma 1.4 (ii),

r

�

\ s

�

i

\ ( r + s

i

) 6= ; . In fact, since the remo v al of �nitely man y p oin ts
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from the op en set r + s

i

do es not disconnect it, w e can c ho ose four distinct

p oin ts p

i

, q

i

( i = 1 ; 2) suc h that p

i

; q

i

2 r

�

\ s

�

i

\ ( r + s

i

). Since M has

curv e-selection and r is connected it is easy to see that, b y exc hanging

q

1

and q

2

if necessary , w e can dra w cross-cuts 
 from p

1

to p

2

and � from

q

1

to q

2

suc h that j 
 j and j � j are disjoin t. Since S

2

is normal and M a

mereotop ology , w e can co v er j � j with elemen ts of M whose closures are

disjoin t from j 
 j . By compactness of j � j , this co v er has a �nite sub co v er,

t

1

; : : : ; t

N

, sa y . Let t = r � ( t

1

+ � � � + t

N

); eviden tly , q

1

and q

2

lie on the

fron tier of the same comp onen t t

0

of t . Lik ewise, p

1

and p

2

lie on the

fron tier of the same comp onen t of r � � t

0

: call this comp onen t r

1

2 M ,

and let r

2

= r � � r

1

. It is easy to c hec k that r

1

and r

2

ha v e the required

prop erties. QED

4.2 Neigh b ourho o d graphs

As b efore, A shall denote an arbitrary structure in terpreting the sig-

nature f 0 ; 1 ; + ; � ; � ; c g , suc h that the reduct of A to f 0 ; 1 ; + ; � ; �g , is a

Bo olean algebra. Recall the notion of connected partition in tro duced in

De�nition 1.52.

Definition 1.58 L et �a = a

1

; : : : ; a

n

b e a c onne cte d p artition in A . A

c onne cte d p artition �a is c al le d a c

h

-partition if, for every I � f 1 ; : : : ; n g

such that j I j < h , the element ( �

P

i 2 I

a

i

) is c onne cte d.

If A j = c (1), then a c

1

-partition in A is the same thing as a connected

partition. F urthermore, if A is in fact a mereotop ology o v er S

2

ha ving

curv e-selection, then, b y Lemma 1.45, a c

2

-partition in A is the same

thing as a partition consisting en tirely of 2-cells. It is c

3

-partitions,

ho w ev er, that will mainly preo ccup y us in the sequel.

W e assume familiarit y with basic graph theory: for details, see Diestel,

1991 Chapter 1. Recall in this con text that a gr aph is a pair G = ( V ; E )

where V is a set (called vertic es ) and E is a set of 2-elemen t subsets of

V (called e dges ). W e denote V b y V ( G ) and E b y E ( G ). Note that,

on this de�nition, graphs ha v e no `lo ops' or `m ultiple edges'. If G is a

graph and U is a prop er subset of V ( G ), w e denote b y G n U the result of

deleting all the no des in U from G ; and if e = ( v ; v

0

) 2 E ( G ), w e denote

b y the G=e the result of c ontr acting G b y merging v and v

0

in to a single

(new) no de v

00

, suc h that ( v

00

; w ) is an edge of G=e just in case either

( v ; w ) or ( v

0

; w ) is an edge of G . If a graph H can b e obtained from G b y

a sequence of deletions and con tractions, then H is said to b e a minor

of G . Finally w e tak e the terms p ath , cycle , c onne cte d , c omp onent to b e

de�ned in the standard w a y . In particular, recall that, for h > 0, G is

said to b e h -connected if G n U is connected for ev ery U � G suc h that

j U j < h .
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Definition 1.59 L et �a = a

1

; : : : ; a

n

b e a tuple fr om A . If a

i

+ a

j

is

c onne cte d for 1 � i < j � n , we say that a

i

and a

j

ar e neigh b ours .

The neigh b ourho o d, graph of �a , denote d N

�a

, is the gr aph with no des

f a

1

; : : : ; a

n

g and e dges f ( a

i

; a

j

) j a

i

and a

j

ar e neighb ours g .

Claim 1.60 Supp ose A j =  

con

and A j =  

n

sum

for al l n > 2 . L et �a =

a

1

; : : : ; a

n

b e a tuple of c onne cte d elements of A , such that a

n � 1

+ a

n

is

c onne cte d. L et �a

0

= a

1

; : : : ; a

n � 2

; ( a

n � 1

+ a

n

) . Then N

�a

0

= N

�a

= ( n � 1 ; n ) .

Pr o of F or 1 � j < n � 1, a

j

+ ( a

n � 1

+ a

n

) is connected if and only if

a

j

+ a

n � 1

is connected or a

j

+ a

n

is connected. QED

Claim 1.61 Supp ose A j =  

con

and A j =  

n

sum

for al l n > 2 . L et �a =

a

1

; : : : ; a

n

b e a tuple of c onne cte d elements of A , with a = a

1

+ : : : + a

n

.

Then a is c onne cte d if and only if N

�a

is a c onne cte d gr aph.

Pr o of The if-direction follo ws easily from the fact that A j =  

con

. F or

the only-if direction, note that the claim is trivial if n = 1, so assume

n > 1, and that the claim holds for tuples of few er than n elemen ts.

Since A j =  

n

sum

there exists i (1 � i < n ) suc h that a

i

and a

n

are

neigh b ours. By ren um b ering if necessary , assume i = n � 1, and let �a

0

b e as in Claim 1.60, so that N

�a

0

= N

�a

= ( a

n � 1

; a

n

). But N

�a

0

is connected

b y inductiv e h yp othesis, whence N

�a

is connected to o. QED

Claim 1.62 Supp ose A j =  

con

and A j =  

n

sum

for al l n > 2 . L et �a b e a

c onne cte d p artition in A , and let h � 1 . Then �a is a c

h

-p artition if and

only if N

�a

is an h -c onne cte d gr aph.

Pr o of Immediate b y Claim 1.61. QED

Claim 1.63 Supp ose A j = c (1) , A j =  

con

, A j =  

n

sum

for al l n > 2 , and

A j =  

break

. Then every c onne cte d p artition in A c an b e r e�ne d to a

c

3

-p artition.

Pr o of W e mak e free use of Claim 1.61. Let �a b e a connected partition.

W e sho w �rst that �a can b e re�ned to a c

2

-partition. Cho ose an elemen t

a of �a suc h that the n um b er k of comp onen ts of the graph N

�a

n f a g is

maximal. And let there b e m > 0 elemen ts a for whic h this maxim um

v alue is attained. If �a is not already a c

2

-partition, then k > 1. Let

H

1

, H

2

b e distinct comp onen ts of N

�a

n f a g . Since N

�a

is connected,

there exist b

1

2 H

1

, b

2

2 H

2

suc h that a + b

1

and a + b

2

are connected.
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Since A j =  

break

, let a

1

; a

2

b e non-empt y , connected, disjoin t elemen ts

summing to a with a

1

+ b

1

, a

1

+ b

2

, a

2

+ b

1

and a

2

+ b

2

all connected;

and let

�

b b e the connected partition whic h results from replacing a b y

a

1

and a

2

. Eviden tly , for i = 1 ; 2, N

�

b

n f a

i

g has strictly few er than k

comp onen ts. That is, the n um b er of elemen ts b in

�

b suc h that N

�

b

n f b g

has k comp onen ts is strictly less than m . Pro ceeding in this w a y , w e

ev en tually obtain a c

2

-partition.

No w let �a b e a c

2

-partition. W e sho w that �a can b e re�ned to a c

3

-

partition. If �a is not a c

3

-partition, c ho ose a pair of distinct elemen ts a

and a

0

suc h that the n um b er k of comp onen ts of the graph N

�a

n f a; a

0

g

is maximal; and let there b e m > 0 unordered pairs ( a; a

0

) for whic h

this maxim um v alue is attained. Let H

1

, H

2

b e distinct comp onen ts of

N

�a

n f a; a

0

g . Since �a is a c

2

-partition, there exist b

1

2 H

1

, b

2

2 H

2

suc h

that a + b

1

and a + b

2

are connected. And since A j =  

break

, let a

1

; a

2

b e non-empt y , connected, disjoin t elemen ts summing to a with a

1

+ b

1

,

a

1

+ b

2

, a

2

+ b

1

and a

2

+ b

2

all connected; and let

�

b b e the connected

partition whic h results from replacing a b y a

1

and a

2

. Eviden tly , for

i = 1 ; 2, N

�

b

n f a

i

; a

0

g has strictly few er than k comp onen ts. Moreo v er,

supp ose a

00

is an y other elemen t of �a (distinct from a and a

0

) suc h that

N

�a

n f a; a

00

g also has k comp onen ts. W e claim that N

�

b

n f a

1

; a

00

g and

N

�

b

n f a

2

; a

00

g cannot b oth ha v e k comp onen ts. W orking for the momen t

on this assumption, w e see that the n um b er of pairs b; b

0

in

�

b suc h that

N

�

b

n f b; b

0

g has k comp onen ts is strictly less than m . Pro ceeding in this

w a y , w e ev en tually obtain a c

3

-partition.

It remains only to v erify that the graphs N

�

b

n f a

1

; a

00

g and N

�

b

n f a

2

; a

00

g

encoun tered ab o v e do not b oth ha v e k comp onen ts. If a 2 A and B � A ,

let us sa y that a is a neigh b our of B if a is a neigh b our of some elemen t

of B . Let the comp onen ts of N

�

b

n f a; a

00

g b e H

1

; : : : H

k

. Since

�

b is a

c

2

-partition, w e ha v e that, for all i (1 � i � k ), a is a neigh b our of H

i

,

and therefore either a

1

or a

2

is a neigh b our of H

i

. Hence, w e can re-

order the H

i

if necessary so that, for some p; q with 0 � p < q � k + 1,

a

1

is a neigh b our of H

i

if and only if i < q and a

2

is a neigh b our of

H

i

if and only if p < i . Th us, the comp onen ts of N

�

b

n f a

1

; a

00

g are

H

1

; : : : ; H

p

; ( f a

2

g [ H

p +1

� � � [ H

k

), and the comp onen ts of N

�

b

n f a

2

; a

00

g

are ( f a

1

g [ H

1

� � � [ H

q � 1

) ; H

q

; : : : ; H

k

. If these n um b er k in eac h case,

w e ha v e p = k � 1 and q = 2. But a

0

lies in one of the H

i

, and a

1

and

a

2

w ere c hosen so that they are b oth neigh b ours of this a

0

. Hence a

1

and a

2

are b oth neigh b ours of H

i

, whence p < q � 1. This yields k � 1,

con tradicting our assumption that �a is not a c

3

-partition. QED

W e �nish with a tec hnical result whic h will b e required later.
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Definition 1.64 If �a = a

1

; : : : ; a

N

is a c onne cte d p artition in A such

that, for any neighb our a

j

of a

i

, � ( a

i

+ a

j

) is c onne cte d, we say that �a

is radial ab out a

i

.

Note inciden tally that a c

3

-partition is radial ab out eac h of its mem b ers.

Claim 1.65 Supp ose A j = c (1) , A j =  

con

, A j =  

n

sum

for al l n > 2 ,

and A j =  

break

. L et n > 1 and let �a = a

1

; : : : ; a

n

b e a c onne cte d

p artition in A with � a

1

c onne cte d. Then �a c an b e r e�ne d to a c

2

-p artition

a

1

; b

2

; : : : ; b

N

, r adial ab out a

1

, in which a

1

has at le ast thr e e neighb ours.

Pr o of Similar to the ab o v e. QED

W e conclude with a further corollary of Claim 1.61. W e emplo y the

follo wing fact from graph theory , whose pro of w e lea v e to the reader.

Pr oposition 1.66 If G is a �nite 2-c onne cte d gr aph of or der at le ast 2,

and v 2 V ( G ) , then ther e exists a w 2 V ( G ) such that f v ; w g 2 E ( G ) ,

and the r emoval of b oth v and w fr om G le aves a c onne cte d gr aph.

Cor ollar y 1.67 L et M b e a �nitely de c omp osable mer e otop olo gy over

S

2

having curve-sele ction, and let �r = r

1

; : : : ; r

n

b e a p artition in M

c onsisting entir ely of 2-c el ls. Then, by r e-numb ering if ne c essary, we

have, for al l k (1 � k < n ) , r

1

+ � � � + r

k

is a 2-c el l.

That is: partitions of the closed plane in to 2-balls are alw a ys `shellable'.

The analogous result for three-dimensional space fails (Rudin, 1958).

4.3 P artition graphs

W e no w pro v e that, if �r is a c

3

-partition in a �nitely decomp osable

mereotop ology o v er S

2

ha ving curv e-selection, then the neigh b ourho o d

graph of �r �xes its top ological prop erties completely .

W e assume familiarit y with the basic theory of plane graphs: for

details, see Diestel, 1991 Chapter 4. In this con text, supp ose that e � S

2

is the lo cus of a Jordan arc. Then e has t w o endp oints ; all other p oin ts

are called interior p oints , and w e denote the set of these in terior p oin ts

b y ( e ). (Of course, e is not the top olo gic al in terior of the set e in S

2

;

but no confusion should arise in this regard.) A plane gr aph is a pair

G = ( V ; E ), where V is a �nite subset of S

2

and E is a collection of sets

e � S

2

suc h that e is the lo cus of a Jordan arc, satisfying the follo wing

conditions for all v 2 V and all e; e

0

2 E :

1 if e 2 E and p is an endp oin t of e , then p 2 V ;

2 v 6= ( e ), and if e 6= e

0

then ( e ) \ ( e

0

) = ; ;
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p

1

p

2 p

3

q

1

q

2 q

3

Figur e 1.11. The non-planar graphs K

5

and K

3 ; 3

.

3 if e 6= e

0

, then e and e

0

do not join the same pair of endp oin ts.

The elemen ts of V are called vertic es of G , and the elemen ts of E , the

e dges of G ; an edge e 2 E is said to join the v ertices at its endp oin ts.

W e denote V b y V ( G ), E b y E ( G ) and V [

S

E b y j G j . The comp onen ts

of S

2

n j G j are called the faces of G , and w e denote the set of these faces

b y F ( G ). A plane graph is semi-algebr aic if its edges are the lo ci of

semi-algebraic Jordan arcs; similarly for the terms pie c ewise line ar and

r ational pie c ewise line ar . Notice that, on our de�nition, plane graphs

ha v e no `lo ops' or `m ultiple edges'. (Some authors prefer the term simple

gr aph .) A plane graph will b e regarded as an abstract graph in the

ob vious w a y , and w e carry o v er notation and terminology accordingly .

Con v ersely , if G = ( V ; E ) is an abstract graph, a dr awing of G is a plane

graph G

0

= ( V

0

; E

0

) for whic h there exists a function � mapping V 1{1

on to V

0

and E 1{1 on to E

0

suc h that for all ( v ; v

0

) 2 E , � (( v ; v

0

)) joins

� ( v ) and � ( v

0

). W e call � an emb e dding . If G has a dra wing, G is planar .

Not all abstract graphs are planar, of course: the graphs K

5

and K

3 ; 3

illustrated in Fig. 1.11 are familiar non-planar graphs. Indeed, this fact

has a con v erse:

Pr oposition 1.68 (Kura to wski, W a gner) A gr aph is planar if and

only if it has no minor isomorphic to either K

5

or K

3 ; 3

.

W e further assume familiarit y with the notion of duality for plane

graphs. Let G and G

0

b e plane graphs. W e sa y that G

0

is a ge ometric al

dual of G if there are bijections f

F

: F ( G ) ! V ( G

0

) and f

E

: E ( G ) !

E ( G

0

) suc h that, for all f 2 F ( G ) and e 2 E ( G ):

1 f

F

( f ) 2 f ;

2 f

E

( e ) \ e is a single p oin t in terior to b oth f

E

( e ) and e , and f

E

( e ) \

e

0

= ; for all e

0

6= e .
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In our terminology , not ev ery plane graph has a dual, b ecause w e do not

allo w graphs to con tain lo ops or m ultiple edges. Ho w ev er, w e rely b elo w

on the follo wing su�cien t condition (Wilson, 1979, p. 76).

Pr oposition 1.69 Every 3-c onne cte d plane gr aph has a dual.

The follo wing fact is also w ell-kno wn.

Lemma 1.70 L et G and G

0

b e c onne cte d plane gr aphs such that G

0

is

a ge ometric al dual of G . Then ther e is a bije ction f

V

: V ( G ) ! F ( G

0

)

such that, for al l v 2 V ( G ) , v 2 f

V

( v ) . Henc e, G is a dual of G

0

.

Pr o of Ev ery face of G

0

con tains at least one v ertex of G b y construction;

it con tains at most one b y Euler's form ula j F ( G ) j � j E ( G ) j + j V ( G ) j = 2

applied to G and G

0

. QED

Finally , duals are unique, in the follo wing sense (Diestel, 1991, p. 88).

Pr oposition 1.71 L et G b e a plane gr aph and let G

0

and G

00

b e plane

gr aphs which ar e b oth ge ometric duals of G . Then ther e is a home o-

morphism h : S

2

! S

2

mapping G

0

to G

00

. In fact, h c an b e chosen such

that, for al l v 2 G , if f

0

and f

00

ar e the fac es of G

0

and G

00

, r esp e ctively,

c ontaining v , then h maps f

0

to f

00

.

No w let us apply these ideas to the graphs whose faces are c

3

-partitions

in w ell-b eha v ed, closed-plane mereotop ologies.

Lemma 1.72 L et X b e a top olo gic al sp ac e, and let r , s b e disjoint ele-

ments of R O( X ) with p 2 F ( r ) n F ( s ) . Then p 2 F ( � ( r + s )) .

Pr o of By Lemma 1.4 (ii), p 62 r + s . QED

Lemma 1.73 L et M b e a mer e otop olo gy over S

2

having curve-sele ction,

and let �r = r

1

; : : : ; r

n

b e a c

3

-p artition in M . F or al l i , j ( 1 � i < j � n ),

F ( r

i

) \ F ( r

j

) is c onne cte d.

Pr o of W e ma y assume that n � 3. Since �r is certainly a c

2

-partition,

ev ery F ( r

i

) (1 � i � n ) is a Jordan curv e b y Lemma 1.45. Supp ose,

for con tradiction, that F ( r

i

) \ F ( r

j

) is not connected, and let p; q 2

F ( r

i

) \ F ( r

j

) b e separated in F ( r

i

) b y f p

0

; q

0

g � F ( r

i

) n F ( r

j

). By

Lemma 1.72, p

0

; q

0

2 F ( � ( r

i

+ r

j

)), so that, b y the connectedness of

� ( r

i

+ r

j

), w e can dra w a cross-cut 


0

(De�nition 1.41) from p

0

to q

0

in

� ( r

i

+ r

j

) � � r

i

. By the connectedness of r

j

, w e can lik ewise dra w a

cross-cut 
 from p to q in r

j

� � r

i

. But � r

i

is a 2-cell, whence 
 and




0

are easily seen to in tersect at an in terior p oin t, whic h is imp ossible,

since r

j

\ � ( r

i

+ r

j

) is empt y . QED
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Lemma 1.74 L et M b e a mer e otop olo gy over S

2

having curve-sele ction,

and let �r = r

1

; : : : r

n

( n � 4) b e a c

3

-p artition in M . Then ther e exists

a unique plane gr aph G dr awn in S

2

such that the c ol le ction of sets

f r

1

; : : : ; r

n

g ar e exactly F ( G ) and the c ol le ction of sets fF ( r

i

) \ F ( r

j

) j

1 � i < j � n; r

i

+ r

j

is c onne cte d g ar e exactly E ( G ) .

Pr o of Let i; j; k b e distinct in tegers in the range [1 ; n ]. Since �r is a c

3

-

partition, r

�

j

[ r

�

k

= S

2

n � ( r

j

+ r

k

) do es not separate the nonempt y sets

r

i

and � ( r

i

+ r

j

+ r

k

), whence F ( r

i

) \ ( F ( r

j

) [ F ( r

k

)) is not the whole

of the Jordan curv e F ( r

i

). And since, b y Lemma 1.73, F ( r

i

) \ F ( r

j

) is

a connected subset of F ( r

i

), F ( r

i

) \ F ( r

j

) is either a p oin t or the lo cus

of a Jordan arc. Indeed, F ( r

i

) m ust include at least three Jordan arcs of

the form F ( r

i

) \ F ( r

j

) for v arious j distinct from i . Let the v ertices of

G b e the endp oin ts of all Jordan arcs of the form F ( r

i

) \ F ( r

j

), and let

the edges of G b e the segmen ts of the v arious F ( r

i

) connecting them. T o

sho w that G is a plane graph, w e m ust establish that if F ( r

i

) \ F ( r

j

) is

a Jordan arc 
 , then for all k (1 � k � n ) with k 6= i; j , F ( r

k

) con tains

no in terior p oin ts of 
 . F or otherwise, let p

0

2 F ( r

k

) b e an in terior

p oin t of 
 , and pic k an y q

0

2 F ( r

i

) n F ( r

j

). Then p

0

2 F ( � ( r

i

+ r

j

))

and also, b y Lemma 1.72, q

0

2 F ( � ( r

i

+ r

j

)). If w e no w c ho ose p

and q in F ( r

i

) \ F ( r

j

) separating p

0

and q

0

on the Jordan curv e F ( r

i

),

the deriv ation of a con tradiction pro ceeds as in Lemma 1.73. Hence

no p oin t of F ( r

k

) is an in terior p oin t of 
 , as required. Moreo v er, no

t w o Jordan arcs in E can ha v e the same end-p oin ts, since �r is a c

3

-

partition. It follo ws that G is a plane graph as required. Eviden tly ,

F ( G ) = f r

1

; : : : ; r

n

g and E ( G

0

) is the collection of sets F ( r

i

) \ F ( r

j

) for

1 � i < j � n whic h are Jordan arcs.

It therefore remains only to sho w that F ( r

i

) \ F ( r

j

) is a Jordan arc if and

only if r

i

+ r

j

is connected. Note that r

1

[ r

2

is trivially not connected.

By Lemma 1.4 (ii), r

i

[ r

j

� r

i

+ r

j

� r

i

[ r

j

[ ( F ( r

i

) \ F ( r

j

)), and

the remo v al of a single p oin t from a connected, op en set do es not render

it disconnected. Hence, if r

i

+ r

j

is connected, F ( r

i

) \ F ( r

j

) is neither

empt y nor a singleton, and hence is a Jordan arc. Con v ersely , supp ose

F ( r

i

) \ F ( r

j

) is a Jordan arc. W e ha v e already sho wn that, if p is

an in terior p oin t of this arc, p 62 [

k 6= i;j

r

�

k

= (

P

k 6= i;j

r

k

)

�

. That is,

p 2 �

P

k 6= i;j

r

k

= r

i

+ r

j

. Hence F ( r

i

) \ F ( r

j

) \ ( r

i

+ r

j

) is non-empt y ,

whence r

i

+ r

j

is connected. QED

Definition 1.75 L et M b e a mer e otop olo gy over S

2

having curve-

sele ction, and let �r = r

1

; : : : r

n

( n � 4) b e a c

3

-p artition in M . We

c al l the unique plane gr aph G satisfying the c onditions of L emma 1.74

the the partition graph of �r .
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W arning: the neigh b ourho o d graph and the partition graph of a c

3

-

partition are not the same sort of thing. The former is an abstr act graph

whose no des are regions and whose edges are pairs of regions; the latter

is a plane graph, whose no des are p oin ts and whose edges are the lo ci of

Jordan arcs.

Lemma 1.76 L et M b e a mer e otop olo gy over S

2

having curve-

sele ction, let �r = r

1

; : : : r

n

( n � 4) b e a c

3

-p artition in M , and let G

b e its p artition gr aph. Then ther e is a plane emb e dding � of N

�r

such that

� ( N

�r

) is a ge ometric al dual of G and, for al l i , (1 � i � n ) , � ( r

i

) 2 r

i

.

Pr o of Almost immediate from the de�nition of partition graph. QED

F rom Claim 1.62, c

3

-partitions ha v e 3-connected neigh b ourho o d graphs.

But 3-connected graphs ha v e the crucial prop ert y that all their dra wings

are top ologically the same.

Pr oposition 1.77 (Whitney) L et G and G

0

b e 3-c onne cte d

plane gr aphs and f : G ! G

0

a gr aph isomorphism. Then f c an b e

extende d to a home omorphism h : S

2

! S

2

.

Let M b e a �nitely decomp osable mereotop ology o v er S

2

, and let

�r = r

1

; : : : ; r

n

and �s = s

1

; : : : ; s

n

, b e n -tuples from M . W e are in terested

in the case where the mapping r

i

7! s

i

is a graph isomorphism from N

�r

to N

�s

|that is, where, for all i , j , (1 � i < j � n ), r

i

+ r

j

is connected

if and only if s

i

+ s

j

is connected. W e sa y in this case that �r and �s have

the same neighb ourho o d structur e .

Theorem 1.78 L et M b e a �nitely de c omp osable mer e otop olo gy over

S

2

having curve-sele ction. Then any two c

3

-p artitions in M having the

same neighb ourho o d structur e ar e similarly situate d in S

2

.

Pr o of It is straigh tforw ard to v erify that, if n � 3, all n -elemen t c

3

-

partitions in M are similarly situated in S

2

. Th us, w e ma y assume that

n � 4. Let �r = r

1

; : : : ; r

n

and �s = s

1

; : : : ; s

n

b e c

3

-partitions with

the same neigh b ourho o d structure, and let G and H b e their resp ectiv e

partition graphs. By Lemma 1.76, let G

�

and H

�

b e em b eddings of N

�r

and N

�s

, geometrically dual to G and H , resp ectiv ely , let p

i

b e the v ertex

of G

�

con tained in r

i

and let q

i

b e the v ertex of H

�

con tained in s

i

for all

i (1 � n ). Hence, there is a graph isomorphism f : G

�

! H

�

mapping

p

i

to q

i

. Since G

�

and H

�

are 3-connected, Prop osition 1.77 guaran tees

that f can b e extended to a homeomorphism h : S

2

! S

2

. Then h ( G )

and H are b oth geometrical duals of the plane graph h ( G

�

) = H

�

, suc h

that, for all i (1 � i � n ) the faces h ( r

i

) and s

i

con tain the v ertex

h ( p

i

) = q

i

. By Prop osition 1.71, let h

0

b e a homeomorphism mapping
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Figur e 1.12. Only the left-hand graph de�nes a connected partition in R O ( S

2

).

h ( G ) to H suc h that h

0

( h ( r

i

)) = s

i

. Th us, �r and �s are similarly situated.

QED

W e �nish this discussion of partition graphs with some `ob vious' lem-

mas concerning connected partitions in R OP( S

2

) and related mereotop olo-

gies. Readers irritated b y pro ofs of suc h eviden t truths ma y skip to

Theorem 1.82.

Lemma 1.79 L et G b e a plane gr aph such that G has no isolate d vertic es,

and every e dge of G lies on the b oundary of ( at le ast ) 2 fac es of G . Then

the memb ers of F ( G ) ar e r e gular op en, and form a c onne cte d p artition

in R O ( S

2

) . Mor e over, if G

0

is another such plane gr aph, with j G j � j G

0

j ,

then, for every f 2 F ( G ) , f =

P

f f

0

2 F ( G

0

) j f

0

� f g .

Pr o of Let G = ( V ; E ), and supp ose f 2 F ( G ) and p 2 F ( f ). Since G

has no isolated v ertices, there exists e 2 E suc h that p 2 e and hence

some f

0

2 F ( G ), distinct from f , suc h that e � F ( f

0

). Since f

0

is disjoin t

from f

�

, p 2 ( S

2

n f

�

)

�

= S

2

n ( f

�

)

0

, i.e. p 62 ( f

�

)

0

. Th us, the op en set f

satis�es ( f

�

)

0

� f , and so is regular op en. By Lemma 1.4 (ii),

S

F ( G ) �

P

F ( G ) � (

S

F ( G ))

�

=

S

f f

�

j f 2 F ( G ) g = S

2

. But b y Lemma 1.3,

P

F ( G ) is the unique regular op en set lying b et w een

S

F ( G ) and its

closure; i.e.

P

F ( G ) = 1. Hence, the elemen ts of F ( G ) form a connected

partition in R O( S

2

). The last part of the lemma then follo ws from

Lemma 1.3, since, if f 2 F ( G ), then b oth f and

P

f f

0

2 F ( G

0

) j f

0

� f g

are regular op en sets sandwic hed b et w een

S

f f

0

2 F ( G

0

) j f

0

� f g and

its closure. QED

Of course, the con v erse of Lemma 1.79 is false: the con�guration of

Example 1.18 sho ws that not ev ery connected partition in R O( S

2

) is the

set of faces of some plane graph.

Lemma 1.80 If G is a pie c ewise line ar plane gr aph such that G has no

isolate d vertic es and every e dge of G lies on the b oundary of exactly 2

fac es, then the fac es of G form a c onne cte d p artition in R OP( S

2

) .
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Pr o of Let L

1

; : : : ; L

m

b e straigh t lines extending (in b oth directions)

eac h of the line segmen ts making up G . Let G

0

b e the graph whose no des

are the p oin ts of in tersection of the L

i

(including 1 ) and whose edges

are the segmen ts of the L

i

joining them; and let P b e the set of non-zero

pro ducts � s

1

� � � � � � s

m

, where s

i

is one of the residual half-planes of

L

i

for 1 � i � m . By simple set-algebra,

S

P =

S

F ( G

0

); and since

ev ery r 2 P is connected, and ev ery f 2 F ( G

0

) is a maximal connected

subset of S

2

n j G

0

j , r \ f 6= ; implies r � f . Hence ev ery f 2 F ( G

0

) is

a union of elemen ts of P . But since these elemen ts are non-empt y op en

and disjoin t and f is connected, f simply is some elemen t of P , and

hence is an elemen t of R OP( S

2

). Since j G j � j G

0

j , the result follo ws b y

the last part of Lemma 1.79. QED

Lemma 1.80 do es ha v e a con v erse:

Lemma 1.81 If �r is a c onne cte d p artition in R OP( S

2

) , then �r is the set

of fac es of some pie c ewise line ar plane gr aph G ; mor e over, for any such

plane gr aph G , G has no isolate d vertic es, and every e dge of G lies on

the b oundary of exactly 2 fac es.

Pr o of By Claim 1.63, re�ne �r = r

1

; : : : ; r

n

to a c

3

-partition

�

t = f t

1

; : : : ; t

N

g ,

and let G

0

b e the partition graph of

�

t . Supp ose, b y ren um b ering if nec-

essary , that r

1

= t

1

+ � � � + t

m

. Note that, if e 2 E ( G

0

), w e ha v e, for

all j (1 � j � N ), ( e ) � t

�

j

or ( e ) \ t

�

j

= ; . Hence if ( e ) 6� r

1

, then

( e ) \

S

m<j � N

t

�

j

6= ; , whence e � t

�

j

for some j ( m < j � N ).

Let G

1

b e the graph obtained from G

0

b y �rst remo ving an y edge e suc h

that ( e ) � r

1

, and then remo ving an y v ertex v suc h that v 2 r

1

. Since r

1

is op en, the endp oin ts of ev ery remaining arc are among the remaining

v ertices, so G

1

really is a plane graph. Moreo v er, if m < j � N , then

t

�

j

\ r

1

= ; , so that none of the v ertices and edges remo v ed from G

0

in tersects t

�

j

; hence t

j

is a face of G

1

. Therefore, the set of p oin ts

S = f t

j

2 F ( G

0

) j 1 � j � m g [

f e 2 E ( G

0

) j ( e ) � r

1

g [ f v 2 V ( G

0

) j v 2 r

1

g

m ust b e the union of some faces of G

1

. T rivially , S � r

1

. W e claim

that r

1

� S . F or if p 2 S

2

, exactly one of the follo wing three cases

holds: (i) p 2 t

j

for some j ; (ii) p 2 V ( G

0

); or (iii) p 2 e for some

e 2 E ( G

0

). In case (i), either p 2 S or p 62 r

1

, according as j � m . In

case (ii), trivially , either p 2 S or p 62 r

1

. In case (iii), if p 62 S , then

p 2 ( e ) 6� r

1

, whence p 2 e � t

�

j

for some j ( m < j � N ), whence

p 2 (

P

m<j <N

t

j

)

�

= S

2

n r

1

. This pro v es that r

1

� S . Th us, r

1

= S is
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the union of a n um b er of faces of G

1

. But r

1

is b y assumption connected,

so r

1

is a face of G

1

. Pro ceeding in the same w a y for r

2

; : : : ; r

n

, w e obtain

the desired graph G = G

n

. QED

Lemmas 1.80 and 1.81 concern the mereotop ology R OP( S

2

), but al-

most exactly similar argumen ts can b e giv en for R OS( S

2

) and R OQ ( S

2

).

W e omit the details, whic h are routine. Summarizing, w e ha v e:

Theorem 1.82 A tuple �u of subsets of S

2

is a c onne cte d p artition in

R OS( S

2

) ( alternatively: R OP( S

2

) , R OQ ( S

2

)) if and only if it is the set

of fac es of a semi-algebr aic ( r esp e ctively: pie c ewise line ar, r ational pie c e-

wise line ar ) gr aph with no isolate d vertic es and every e dge lying on the

b oundary of two fac es.

4.4 Expressiv e p o w er of �rst-order languages in

plane mereotop ologies

W e are no w in a p osition to giv e an absolute c haracterization of the

expressiv e p o w er of the languages L

c; �

and L

C

o v er certain mereotop olo-

gies of in terest. Recall the concept of top ologically complete form ula

giv en in De�nition 1.51. The follo wing notation will b e useful in con-

structing top ologically complete form ulas.

Not a tion 1.83 Given a �xe d Bo ole an algebr a, a Bo olean matrix is a

r e ctangular matrix whose entries ar e the elements 1 and 0 . If �r is an

n -tuple, �s an N -tuple, and A a Bo ole an matrix with N r ows and n

c olumns, we write �r = �sA to indic ate that e ach element of �r is the sum

of c ertain elements of �s as indic ate d by the elements of A via normal

matrix multiplic ation. Similarly, we write �x = �z A in �rst-or der formulas

to abbr eviate the obvious c onjunction of Bo ole an algebr a e quations.

Theorem 1.84 L et M b e any �nitely de c omp osable mer e otop olo gy over

S

2

having curve-sele ction, and let � b e the signatur e ( c; � ; + ; � ; � ) . Every

tuple fr om M satis�es some ( pur ely existential ) L

�

-formula which is

top olo gic al ly c omplete in M over S

2

.

Pr o of W riting �z for z

1

; : : : ; z

N

, let  

N

c

3

( � z ) b e the form ula:

^

1 � i � N

( c ( z

i

) ^ z

i

> 0) ^

^

1 � i � j � N

( c ( � ( z

i

+ z

j

)) ^ z

i

� z

j

= 0) ^

X

1 � i � N

z

i

= 1 :
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Th us, M j =  

N

c

3

[ � s ] if and only if �s is an N -elemen t c

3

-partition. If

�s = s

1

; : : : ; s

N

is a c

3

-partition in M , let  

�s

+

( � z ) b e the form ula:

^

f c ( z

i

+ z

j

) j 1 � i < j � N and s

i

+ s

j

is connected g^

^

f: c ( z

i

+ z

j

) j 1 � i < j � N and s

i

+ s

j

is not connected g ;

where �z is the tuple of v ariables z

1

; : : : ; z

n

. Th us,  

�s

+

( � z ) enco des the

neigh b ourho o d structure of �s . No w let �r = r

1

; : : : ; r

n

b e an y tuple of

elemen ts of M . By Claim 1.63, there exists a c

3

-partition �s = s

1

; : : : ; s

N

in M and a Bo olean matrix A suc h that �r = �sA . W riting �x for x

1

; : : : ; x

n

,

let  

�r

( � x ) b e the form ula

9 �z (  

N

c

3

( � z ) ^  

�s

+

( � z ) ^ �x = �z A ) :

Certainly , M j =  

�r

[ � r ]. And if �r

0

is a tuple from M suc h that M j =

 

�r

[ � r

0

], let �s

0

= s

0

1

; : : : ; s

0

N

b e corresp onding witnesses for the existen tially

quan ti�ed v ariables �z . Then s

1

; : : : ; s

N

and s

0

1

; : : : ; s

0

N

are c

3

-partitions

in S

2

whic h ha v e the same neigh b ourho o d structure, and hence whic h

are similarly situated in S

2

, b y Theorem 1.78. It follo ws that �r and �r

0

are similarly situated in S

2

to o. Th us,  

�r

( � x ) is top ologically complete

in M o v er S

2

. QED

Cor ollar y 1.85 L et M b e any �nitely de c omp osable mer e otop olo gy

over S

2

having curve-sele ction. Every tuple fr om M satis�es some L

C

-

formula which is top olo gic al ly c omplete in M over S

2

.

Pr o of Theorem 1.84 and Lemmas 1.22, 1.27 and 1.49. QED

Th us, for certain w ell-b eha v ed mereotop ologies o v er S

2

, b oth L

C

and

L

c; �

are, as w e migh t put it, `top ologically fully descriptiv e'.

W e no w turn to the question of expressiv e p o w er in mereotop ologies

o v er R

2

. W e need some auxiliary lemmas.

Lemma 1.86 L et �r = r

1

; : : : ; r

n

b e a c

3

-p artition in any mer e otop olo gy

M over S

2

having curve-sele ction. L et p; p

0

2 S

2

such that, for al l i (1 �

i � n ) , p 2 r

�

i

if and only if p

0

2 r

�

i

. Then ther e is a home omorphism

h : S

2

! S

2

mapping p to p

0

and �xing e ach r

i

.

Pr o of Ob vious, b y viewing �r as F ( G ) for some plane graph G . QED

Lemma 1.87 L et �r = r

1

; : : : ; r

n

and �r

0

= r

0

1

; : : : ; r

0

n

b e similarly situate d

c

3

-p artitions in any mer e otop olo gy M over S

2

having curve-sele ction.

L et p 2 S

2

such that, for al l i (1 � i � n ) , p 2 r

�

i

if and only if p 2 r

0

i

�

.
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Then ther e is a home omorphism h : S

2

! S

2

�xing p and mapping �r to

�r

0

.

Pr o of Let h

0

: S

2

! S

2

b e some homeomorphism mapping �r to �r

0

.

Then, for all i (1 � i � N ), h

0

( p ) 2 r

0

i

�

if and only if p 2 r

i

�

. By

Lemma 1.86, let h

00

: S

2

! S

2

b e a homeomorphism �xing eac h r

0

i

, and

mapping h

0

( p ) to p . Then h := h

00

� h

0

has the required prop erties. QED

Theorem 1.88 L et M b e any �nitely de c omp osable mer e otop olo gy over

R

2

such that

_

M has curve-sele ction. Every tuple fr om M satis�es some

L

C

-formula which is top olo gic al ly c omplete in M over R

2

.

Pr o of Giv en an y tuple s

1

; : : : ; s

N

from M , let �

�s

1

( � z ) b e the L

C

-form ula

^

f �

b

2 ( z

i

) j 1 � i � N and s

i

is b ounded g^

^

f: �

b

2
( z

i

) j 1 � i � N and s

i

is not b ounded g ;

where �z is the tuple of v ariables z

1

; : : : ; z

N

, and �

b

2 is as in Lemma 1.30.

Th us, �

�s

1

( � z ) enco des the pattern of b oundedness in the tuple �s . No w,

giv en a tuple �r , let �s b e an N -elemen t c

3

-partition in M re�ning �r , and

let A b e a Bo olean matrix satisfying �r = �sA . Using the translation from

L

c; �

to L

C

established b y Lemmas 1.22 and 1.27, let �

N

c

3

( � z ) and �

�s

+

( � z )

b e the L

C

-form ulas corresp onding to  

N

c

3

( � z ) and  

�s

+

( � z ) in the pro of of

Theorem 1.84. W riting �x for x

1

; : : : ; x

n

, let �

�r

( � x ) b e the form ula

9 �z ( �

N

c

3

( � z ) ^ �

�s

+

( � z ) ^ �

�s

1

( � z ) ^ �x = �z A ) :

Certainly , M j =  

�r

[ � r ]; and if �r

0

is a tuple from M suc h that M j =

 

�r

[ � r

0

], let �s

0

= s

0

1

; : : : ; s

0

N

again b e a corresp onding witnesses for the

existen tially quan ti�ed v ariables �z . Then _s

1

; : : : ; _s

N

and _s

0

1

; : : : ; _s

0

N

are

c

3

-partitions in S

2

whic h ha v e the same neigh b ourho o d structure, so that

b y Theorem 1.78 and Lemma 1.87, there is a homeomorphism h : S

2

!

S

2

�xing 1 and mapping eac h _s

i

to _s

0

i

. Hence �s and �s

0

are similarly

situated in R

2

, whence �r and �r

0

are similarly situated in R

2

to o. QED

Th us, for w ell-b eha v ed mereotop ologies o v er R

2

, L

C

is, as w e migh t put

it, top ologically fully descriptiv e.

4.5 Homogeneous mereotop ologies

Up to this p oin t, w e ha v e b een concerned only to sho w that certain

relations c an b e de�ned b y �rst-order form ulas with signatures of top o-

logical primitiv es. W e turn no w brie
y to the question of whic h relations

c annot b e so de�ned.
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A t �rst glance, one migh t assume that languages with purely top olog-

ical primitiv es can express only top ological concepts in mereotop ologies

o v er whic h they are in terpreted. Ho w ev er, this assumption is correct

only if the mereotop ologies in question ha v e a certain prop ert y . Recall

that, for a �xed top ological space X , w e write �u � �v to mean that the

tuples of subsets �u and �v are similarly situated in X (De�nition 1.51).

Definition 1.89 L et M b e a mer e otop olo gy over X . We say M is

homogeneous (o v er X ) if, given any tuples �r ; �s fr om M with �r � �s and

any element r 2 M , ther e exists an element s 2 M with �r ; r � �s ; s .

L et M

0

also b e a mer e otop olo gy over X , with M

0

� M . We say M

0

is

homogeneously em b edded in M ( over X ) if, given any tuple �r fr om M

0

,

and any r 2 M , ther e exists s 2 M

0

with �r ; r � �r ; s .

Lemma 1.90 L et X b e either R

2

or S

2

, and let M b e any of R OS( X ) ,

R OP( X ) or R OQ( X ) . Then M is homo gene ous.

Pr o of Assume M = R OS( S

2

); the other cases are iden tical. Let �r , �s b e

tuples from M , and let r 2 M . Let

�

t b e a connected partition re�ning

�r ; r and so b y Theorem 1.82 is the set of faces of some semi-algebraic

plane graph G . If h : S

2

! S

2

is a homeomorphism mapping �r to �s ,

then h maps G to a plane graph H . But then it is not di�cult to sho w

that the edges of H can b e deformed in to a semi-algebraic plane graph

H

0

, and moreo v er, that this ma y b e done in suc h a w a y that existing

semi-algebraic edges are una�ected. By Theorem 1.82, the faces of the

resulting graph are elemen ts of M ; hence w e ha v e a homeomorphism

mapping �r to �s and taking r to some elemen t s of M . QED

Homogeneit y and homogeneous em b edding are imp ortan t b ecause of the

follo wing facts.

Lemma 1.91 L et M b e a homo gene ous mer e otop olo gy over a top olo gic al

sp ac e X , and �x a signatur e � of top olo gic al primitives. If �r and �s ar e

tuples of M which ar e similarly situate d in X , then �r and �s satisfy the

same L

�

-formulas in M .

Pr o of W e sho w b y induction on the complexit y of � ( � x ) 2 L

�

that, if

�r and �s are tuples of the appropriate arit y whic h are similarly situated

in X , then M j = � [ � r ] implies M j = � [ � s ]. The base case follo ws from the

fact that the primitiv es in � ha v e top ological in terpretations. The only

non-trivial recursiv e case is where � [ � x ] = 9 y  ( � x; y ). If M j = � [ � r ], there

exists r 2 M suc h that M j =  [ � r ; r ], and b y homogeneit y , if �r � �s , there

exists s 2 M suc h that �r ; r � �s ; s , whence M j =  [ � s; s ] b y inductiv e

h yp othesis, so that M j = � [ � s ] as required. QED
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Lemma 1.91 giv es an upp er b ound on the expressiv e p o w er of �rst-order

languages with signatures of top ological primitiv es in terpreted o v er ho-

mogeneous mereotop ologies: suc h languages cannot distinguish b et w een

similarly situated tuples. It th us pro vides a partial con v erse to Theo-

rems 1.84 and 1.88. It also yields an easy pro of that, o v er w ell-b eha v ed

op en-plane mereotop ologies, L

c; �

cannot express the prop ert y of b eing

b ounded:

Theorem 1.92 L et M b e a mer e otop olo gy over R

2

such that

_

M is ho-

mo gene ous, and supp ose M has curve-sele ction and c ontains a r e gion r

similarly situate d in R

2

to the op en unit disc B

2

. Then ther e exists no

formula  ( x ) of L

c; �

such that, for al l r 2 M , r is b ounde d if and only

if M j =  [ r ] .

Pr o of Supp ose suc h a form ula  ( x ) exists. Then M j =  [ r ], and

b y Lemma 1.38,

_

M j =  [ _ r ]. Since M has curv e-selection, b y Prop o-

sition 1.44 b oth _r and its complemen t � ( _ r ) in

_

M are 2-cells in S

2

, and

hence are similarly situated. By Lemma 1.91,

_

M j =  [ � ( _ r )], and so

b y Lemma 1.38, M j =  [ � r ]. This con tradicts the fact that � r is un-

b ounded. QED

Finally , w e return to the relationship b et w een R OS ( X ), R OP( X ) and

R OQ( X ).

Lemma 1.93 L et X b e either R

2

or S

2

. Then R OQ ( X ) is homo ge-

ne ously emb e dde d in R OP( X ) , which is in turn homo gene ously emb e dde d

in R OS( X ) .

Pr o of Virtually iden tical to the pro of of Lemma 1.90. QED

The follo wing result is w ell-kno wn (see, for example, Ho dges, 1993 p. 55).

Pr oposition 1.94 (T arski-V a ught) L et A , B b e structur es with A �

B , and supp ose that, for any n -tuple �a fr om A and any formula � ( � x )

of the form 9 y  ( � x; y ) such that B j = � [ � a ] , ther e exists a 2 A such that

B j =  [ � a; a ] . Then A � B .

Lemma 1.95 L et M ; M

0

b e mer e otop olo gies over a top olo gic al sp ac e X ,

with M homo gene ous and M

0

homo gene ously emb e dde d in M . Fix a

signatur e of top olo gic al primitives. Then M

0

� M .

Pr o of By assumption, M

0

� M . Let �r b e an n -tuple of elemen ts of

M

0

, and let � ( � x ) b e an y form ula of L

�

of the form 9 y  ( � x; y ) suc h that

M j = � [ � r ]. Then there exists r 2 M suc h that M j =  [ � r ; r ]. Since

M

0

is homogeneously em b edded in M , there exists s 2 M

0

suc h that
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�r ; r � �r ; s . Since M is homogeneous, M j =  [ � r ; s ] b y Lemma 1.91. The

result then follo ws b y Prop osition 1.94. QED

Hence, for X either R

2

or S

2

, and o v er an y signature � of top ological

primitiv es, w e ha v e R OQ( X ) � R OP( X ) � R OS( X ). In particular,

these three structures ha v e iden tical L

�

-theories. W e sho w in the sequel

that this is no acciden t: almost an y `reasonable' mereotop ology o v er

S

2

has the same L

�

-theory . An ticipating these results, w e emplo y the

follo wing notation and terminology .

Definition 1.96 L et � b e a signatur e of top olo gic al primitives. We

c al l the the ory Th

�

(R OS( S

2

)) the standard L

�

-theory (of closed plane

mereotop ology) , and denote it T

�

.

5. Axiomatization

In this section, w e pro vide an axiomatic c haracterization of T

c; �

, the

standard L

c; �

-theory of closed plane mereotop ology . The material is

essen tially that of Pratt and Sc ho op, 1998.The axiom system in question

will help us to iden tify mereotop ologies o v er S

2

ha ving the standard L

c; �

-

theory .

As b efore, w e write  

n

c

3

( � x ) for the L

c; �

-form ula stating that �x forms

n -elemen t c

3

-partition, and x = u � v for the L

c; �

-form ula stating that

u and v are disjoin t, non-zero, connected regions summing to x . Let

M b e a mereotop ology o v er S

2

ha ving curv e-selection. Consider a triple

r ; s; t from M satisfying the form ula  

3

c

3

( x; y ; z ). By Lemma 1.45, eac h

of these regions is a 2-cell, and it is easy to see that the closures of

an y t w o of these in tersect in a Jordan arc. (F ormally , this follo ws b y

Lemma 1.73.) No w let  

split

denote the L

c; �

-form ula

8 x 8 y 8 z

�

 

3

c

3

( x; y ; z ) !

9 u 9 v

�

u � v = x ^ c ( u + y ) ^ : c ( u + z ) ^ c ( v + z ) ^ : c ( v + y ))

�

:

Informally ,  

split

`sa ys' that, giv en t w o 2-cells r and s whose fron tiers

in tersect in a Jordan arc, r can b e partitioned in to t w o connected regions

using a cross-cut whose end-p oin ts are the end-p oin ts of that Jordan arc

(Fig. 1.13a).

Definition 1.97 A mer e otop olo gy M is splittable if M j =  

split

.

The follo wing lemma is unsurprising.

Lemma 1.98 The mer e otop olo gies R OS ( S

2

) , R OP( S

2

) and R OQ( S

2

) ar e

splittable.

Pr o of Almost immediate from Theorem 1.84, Lemma 1.42 and Prop o-

sition 1.43. QED
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r

Figur e 1.13. a) The con�guration of  

split

: r and s are disjoin t 2-cells with r

�

\ s

�

a Jordan arc; r is brok en in to r

1

and r

2

. b) A pair of regions in R O X ( R

2

) violating

 

split

.

Ho w ev er, not all �nitely decomp osable mereotop ologies o v er S

2

ha ving

curv e-selection are splittable. If an ( n � 1)-dimensional h yp erplane in

R

n

is de�ned b y an equation x

i

= 0, where 0 � i � n , w e call it an axis-

oriente d hyp erplane ; and if a half-space is b ounded b y an axis-orien ted

h yp erplane, w e call it an axis-oriente d half-sp ac e .

Example 1.99 De�ne R O X ( S

n

) to b e the Bo ole an sub-algebr a of R O( S

n

)

gener ate d by the axis-oriente d half-sp ac es. It is e asy to se e that R O X ( S

n

)

is a �nitely de c omp osable mer e otop olo gy over S

n

having curve-sele ction.

However, R O X ( S

n

) 6j =  

split

, as is cle ar in the c ase n = 2 by insp e ction

of Fig. 1.13b).

Th us, whereas R O( S

2

) has, as it w ere, to o man y regions for the stan-

dard theory , R O X ( S

2

) has to o few. As w e ha v e observ ed, R O( S

2

) is

not �nitely decomp osable, and lac ks curv e-selection, while R O X ( S

2

)

is not splittable. It transpires that these represen t the only w a ys of

failing to exhibit the standard theory of closed plane mereotop ology .

Sp eci�cally , w e sho w in this section that all splittable, �nitely decom-

p osable mereotop ologies o v er S

2

ha ving curv e-selection ha v e the same

L

c; �

-theory . Our strategy is to pic k one splittable, �nitely decomp osable

mereotop ologies o v er S

2

ha ving curv e-selection|R OP ( S

2

) will do|and

c haracterize its theory axiomatically . W e then merely need to c hec k that

our axiom system is correct for all suc h mereotop ologies.
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5.1 The axioms

Our axiom system comprises three parts: a gener al infer enc e system ,

a set of pr op er axioms and an ! -rule . (i) The general inference system

is simply an y complete Hilb ert, system for �rst-order logic, restricted to

the signature f + ; � ; � ; � ; c g . (ii) The prop er axioms are as follo ws:

1 the usual axioms of Bo olean algebra, and the axiom 0 6= 1;

2 the axiom  

con

(Lemma 1.53);

3 where n > 2, the axioms  

n

sum

(Lemma 1.56);

4 the axiom

:9 x

1

: : : 9 x

5

�

^

1 � i � 5

( c ( x

i

) ^ x

i

6= 0) ^

^

1 � i<j � 5

( c ( x

i

+ x

j

) ^ x

i

� x

j

= 0)

�

;

5 the axiom

:9 x

1

: : : 9 x

6

�

^

1 � i � 6

( c ( x

i

) ^ x

i

6= 0) ^

^

1 � i<j � 6

x

i

� x

j

= 0 ^

^

1 � i � 3

4 � j � 6

c ( x

i

+ x

j

)

�

;

6 the axioms c (0) and c (1);

7 the axiom �

break

(Lemma 1.57);

8 the axiom �

split

(De�nition 1.97).

(iii) The �nal comp onen t of our axiom system is the ! -rule. If n � 1,

w e let  

n

c

( x ) stand for the form ula

9 z

1

: : : 9 z

n

�

^

1 � i � n

c ( z

i

) ^ ( x = z

1

+ � � � + z

n

)

�

:

Th us,  

n

c

( x ) `sa ys' that x can b e formed b y summing n connected re-

gions. The ! -rule is then the (in�nitary) rule of inference:

f8 x (  

n

c

( x ) ! � ( x )) j n � 1 g

8 x� ( x )

:
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Let � b e a set of L

c; �

-sen tences. A pr o of with pr emises � in the ab o v e

system is a sequence of L

c; �

-form ulas f �

�

g

�<�

, for some ordinal � (not

necessarily �nite) suc h that ev ery �

�

is either (i) an elemen t of � or

(ii) an axiom or (iii) the result of applying a rule of inference to some

form ulas �




with 
 < � . If  is the last line of some suc h pro of, w e write

� `  . If � = f � g w e write � `  , and if � = ; w e write `  and call  

a the or em . Let us denote the set of theorems b y T

Ax

. The main result

of Section 5 is:

Theorem 1.100 T

Ax

is the c omplete L

c; �

-the ory of any �nitely de c om-

p osable, splittable mer e otop olo gy over S

2

having curve-sele ction.

Pr o of Lemmas 1.102 and 1.104, b elo w. QED

Of course, this en tails that all suc h mereotop ologies, considered as f c; �g -

structures are elemen tarily equiv alen t.

The ! -rule is less unfamiliar than one migh t at �rst think. Essen tially ,

it sa ys that if a prop ert y holds of ev ery region whic h is the sum of �nitely

man y connected regions, then it simply holds of ev ery region. This

conditional is ob viously true in a �nitely decomp osable mereotop ology .

Th us, a pro of in v olving the ! -rule is analogous to an argumen t of the

kind encoun tered in elemen tary algebra textb o oks in whic h one pro v es

a prop ert y of all p olynomials b y sho wing that it holds of all p olynomials

of some arbitrary degree n . Nev ertheless, the inclusion of an in�nitary

pro of rule do es mean that w e ough t to c hec k the deduction theorem.

Lemma 1.101 L et � b e an L

c; �

-sentenc e and  an L

c; �

-formula such

that � `  . Then ` � !  .

Pr o of By assumption, there is a pro of f �

�

g

�<� +1

with premises f � g

and last line �

�

=  . Without loss of generalit y , w e ma y assume that the

�rst (actually , zeroth) line of the pro of  

0

is � . W e pro ceed b y induction

on � . The case � = 0 is trivial, since ` � ! � . If � > 0, then either �

�

is

an axiom or is deriv ed from applying a rule of inference to earlier lines of

the pro of. The only in teresting case is where � = 8 x� is deriv ed b y the

! -rule from the form ulas 8 x (  

n

c

( x ) ! � ) o ccurring earlier in the pro of.

But the inductiv e h yp othesis then yields ` � ! 8 x (  

n

c

( x ) ! � ), for eac h

n , whence ` 8 x (  

n

c

( x ) ! ( � ! � )). The ! -rule then yields ` 8 x ( � ! � ),

whence ` � ! 8 x� (note that � is a sen tence), as required. QED

W e remark in passing that the axiom c (0) is actually redundan t: it can

b e deriv ed from the other axioms and pro of rules.

5.2 Correctness

In this section, w e establish the easy half of Theorem 1.100.
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Lemma 1.102 If M is a splittable, �nitely de c omp osable mer e otop olo gy

over S

2

having curve-sele ction, then M j = T

Ax

.

Pr o of W e follo w the en umeration in Section 5.1, sho wing that the

prop er axioms are all true in M and that the ! -rule is truth-preserving.

1 M is a mereotop ology .

2 Lemma 1.53.

3 Lemma 1.56.

4 Supp ose r

1

; : : : ; r

5

are connected, non-empt y and pairwise disjoin t,

and that an y pair of them ha v e a connected sum. By Lemma 1.26,

c ho ose p oin ts p

i

2 r

i

and q

i;j

2 F ( r

i

) \ F ( r

j

) \ ( r

i

+ r

j

) (1 � i <

j � 5). F or eac h i (1 � i � 5), dra w end-cuts in r

i

from p

i

to all

the p oin ts q

i;j

and q

j;i

; it is easy to see that these can b e c hosen

so that an y pair of these end-cuts in tersect only in the p oin t p

i

.

Ignoring the p oin ts q

i;j

, w e ha v e a plane dra wing of the graph K

5

,

whic h is kno wn to b e non-planar (Fig. 1.11).

5 As for axiom 4, but with K

3 ; 3

instead of K

5

.

6 T rivial.

7 Lemma 1.57.

8 M is splittable.

The ! -rule is ob viously truth-preserving, b ecause M is �nitely decom-

p osable. QED

5.3 Completeness

In this section, w e establish the di�cult half of Theorem 1.100. W e

mak e use of the omitting typ es the or em : for details, see, e.g. Ho dges,

1993, pp 333. Let A b e a structure, �( x ) a set of form ulas with free

v ariable x , and T a set of sen tences. W e sa y that A omits �( x ) if, for all

a 2 A , A 6j = �[ a ]. W e sa y that T lo c al ly omits �( x ) if, for ev ery form ula

� ( x ) with free v ariable x suc h that � is consisten t with T , there exists

� ( x ) 2 �( x ) suc h that T 6j = 8 x ( � ( x ) ! � ( x )). The follo wing theorem is

a w ell-kno wn strengthening of the completeness theorem for �rst-order

logic.

Pr oposition 1.103 (Omitting Types Theorem) If a c onsistent the-

ory T lo c al ly omits a set of formulas �( x ) , then T has a c ountable mo del

omitting �( x ) .
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With these preliminaries b ehind us, w e can pro ceed with our com-

pleteness pro of.

Lemma 1.104 If � is an L

c; �

-sentenc e, and R OP( S

2

) j = � , then � 2

T

Ax

.

Pr o of Supp ose that � 62 T

Ax

. W e are required to pro v e that R OP( S

2

) j =

: � . Let T b e the set of all and only those L

c; �

-sen tences  suc h that

: � `  . By Lemma 1.101, T is a consisten t set of sen tences, and from the

! -rule, T lo cally omits the t yp e f:  

n

c

( x ) j n > 0 g . By Prop osition 1.103,

there exists a coun table mo del A j = T omitting that t yp e. Fix the

structure A for the remainder of this pro of.

W e no w pro ceed in three stages. Stage 1 establishes some basic facts

ab out A ; Stage 2 sho ws that A can b e em b edded in the f c; �g -structure

R OP( S

2

); Stage 3 sho ws that the em b edding w e ha v e c hosen is in fact

elemen tary .

Stage 1: Axioms 1 ensure that the reduct of A to the signature

f + ; � ; � ; �g is a Bo olean algebra. Suc h structures w ere discussed in

Section 4.2, where v arious terminology and notational con v en tions w ere

in tro duced. W e carry these o v er to the presen t pro of. Using that termi-

nology , another w a y of sa ying that A omits the t yp e f:  

n

c

( x ) j n > 0 g

is to sa y that A is �nitely decomp osable.

By Axioms 2, 3, 6 and 7, all the claims in Section 4.2 hold of A . In par-

ticular, ev ery tuple can b e re�ned to a connected partition, and thence

to a c

2

- and a c

3

-partition. F urthermore, w e ha v e

Claim 1.105 L et

�

b = b

1

; : : : ; b

n

b e a c onne cte d p artition in A . Then the

neighb ourho o d gr aph of

�

b is planar.

Pr o of By Prop osition 1.68, if the neigh b ourho o d graph G of

�

b is not

planar, it con tains either K

5

or K

3 ; 3

as a minor. But then there is a

sequence of con tractions of G resulting in a graph H whic h has either

K

5

or K

3 ; 3

as a sub-graph. By rep eated applications of Claim 1.60 (re-

n um b ering the b

i

as necessary), there is a connected partition �s in A

whose neigh b ourho o d graph con tains K

5

or K

3 ; 3

as a sub-graph. But

this is imp ossible b y Axioms 4 and 5. QED

Stage 2: Since A is coun table, let A = f a

1

; a

2

; : : : g . Let N

0

= 1 and

let �c

0

b e the 1-tuple whose elemen t is the unit of the Bo olean algebra

A . T rivially , �c

0

is a c

3

-partition. F or n � 0, supp ose that the c

3

-

partition �c

( n )

= c

( n )

1

; : : : ; c

( n )

N

n

in A has b een de�ned; then, b y Claim 1.63,

let �c

( n +1)

= c

( n +1)

1

; : : : ; c

( n +1)

N

n +1

b e a c

3

-partition in A re�ning the tuple
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c

( n )

1

; : : : ; c

( n )

N

n

; a

n +1

. It is then ob vious that, for eac h n > 0, �c

( n )

re�nes

the tuple a

1

; : : : ; a

n

and also ev ery tuple �c

( m )

for all m (0 < m � n ).

W e �x the en umerations a

0

; a

1

; : : : and �c

(0)

; �c

(1)

; : : : for the remainder of

Stage 2.

F or brevit y , denote R OP( S

2

) b y S . W e no w map eac h initial seg-

men t a

1

; : : : ; a

n

of A in to S . Let w

( n )

b e the set of functions g

( n )

:

f c

( n )

1

; : : : ; c

( n )

N

n

g ! S satisfying the conditions:

G1: the regions g

( n )

( c

( n )

1

) ; : : : ; g

( n )

( c

( n )

N

n

) form a connected partition;

G2: for all i; j (1 � i < j � N

n

), g

( n )

( c

( n )

i

) + g

( n )

( c

( n )

j

) is connected if

and only if c

( n )

i

+ c

( n )

j

is connected.

W e remark that, in G2, w e ha v e g

( n )

( c

( n )

i

) ; g

( n )

( c

( n )

j

) 2 S and c

( n )

i

; c

( n )

j

2

A . Hence, di�eren t senses of \+" and \connected" apply in the t w o

cases.

Claim 1.106 F or al l n 2 N , w

( n )

6= ; .

Pr o of F or the pro of of this claim, w e shall drop the n -sub- and sup er-

scripts and write N for N

n

and c

i

for c

( n )

i

. Let G b e the neigh b ourho o d

graph on c

1

; : : : ; c

N

. By Claim 1.105, G is planar. By Axioms 6 and

Claim 1.61, G is connected. Let H b e a dra wing of G in S

2

(under some

mapping � : V ( G ) ! V ( H )); w e ma y assume that H is piecewise linear.

By Prop osition 1.69, let H

�

b e a geometric dual of H , whic h w e ma y

lik ewise assume to b e piecewise linear. By Lemma 1.70, ev ery v ertex of

H lies in exactly one face of H

�

. It follo ws that ev ery edge of H

�

is on

the b oundary of t w o faces; moreo v er, H

�

b y construction con tains no

isolated no des. By Theorem 1.82, the faces of H

�

form a connected par-

tition in S . So de�ne g ( c

i

) to b e the face of H

�

con taining the H -v ertex

� ( c

i

). Prop erties G1 and G2 are then almost immediate. QED

Claim 1.107 L et I � f 1 ; : : : ; N

n

g , and let g

( n )

2 w

( n )

. Then

P

i 2 I

c

i

is

c onne cte d if and only if

P

i 2 I

g

( n )

( c

i

) is c onne cte d.

Pr o of Claim 1.61 and prop ert y G2. QED

Supp ose n > m � 0, so that �c

( n )

re�nes �c

( m )

. F or all i (1 � i � N

n

), let

c

i; 1

; : : : ; c

i;M

i

b e the collection of elemen ts of �c

( n )

whic h sum to c

( m )

i

. If

g

( n )

2 w

( n )

, then, w e ma y de�ne the r estriction of g

( n )

to �c

( m )

, written

g

( n )

j

m

, as follo ws:

g

( n )

j

m

( c

( m )

i

) = g

( n )

( c

( n )

i; 1

) + : : : + g

( n )

( c

( n )

i;M

i

)
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Claim 1.108 L et g

( n )

2 w

( n )

with 0 � m < n . Then g

( n )

j

m

2 w

( m )

.

Pr o of W e m ust pro v e that G1 and G2 hold of g

( n )

j

m

. G1 is trivial. F or

G2, w e note that, b y construction,

g

( n )

j

m

( c

( m )

i

) + g

( n )

j

m

( c

( m )

j

) = g

( n )

( c

( n )

i; 1

) + : : : + g

( n )

( c

( n )

i;M

i

)

+ g

( n )

( c

( n )

j; 1

) + : : : + g

( n )

( c

( n )

j;M

j

) :

By Claim 1.107, this elemen t of S is connected if and only if the elemen t

of A

c

( n )

i; 1

+ : : : + c

( n )

i;M

i

+ c

( n )

j; 1

+ : : : + c

( n )

j;M

j

= c

( m )

i

+ c

( m )

j

is connected. Hence G2 holds as required. QED

Claim 1.109 L et g 2 w

( n )

. Then ther e exists a g

0

2 w

( n +1)

such that

g

0

j

n

= g .

Pr o of Cho ose an y g

00

2 w

( n +1)

. By Claim 1.108, g

00

j

n

2 w

( n )

. Letting

�r = g ( c

1

) ; : : : ; g ( c

N

n

) and �s = g

00

j

n

( c

1

) ; : : : ; g

00

j

n

( c

N

n

), w e see that �r and �s

are c

3

-partitions in S with the same neigh b ourho o d graphs|namely , the

neigh b ourho o d graph of c

1

; : : : ; c

N

n

. By Theorem 1.78, let h : S

2

! S

2

b e a homeomorphism taking �s to �r . Th us, h � g

00

maps �c

( n +1)

to the

faces of a plane graph G in S

2

whose edges include the fron tiers of the

elemen ts �r . No w let h

0

: S

2

! S

2

b e a deformation making all the curv ed

edges of G piecewise linear, while lea ving an y already piecewise linear

edges una�ected. By Theorem 1.82, g

0

= h

0

� h � g

00

2 w

( n +1)

maps �c

( n +1)

to an N

n +1

-tuple in S and it is easy to see that g

0

satis�es the conditions

of the claim. QED

By Claim 1.109, there exists a sequence of em b eddings:

; = g

(0)

; g

(1)

; g

(2)

; : : :

suc h that, for all n (0 < n ), g

( n )

maps �c

( n )

to S , and, for all m; n

(0 � m < n ), g

( n )

j

m

= g

( m )

.

No w let a 2 A b e suc h that a = c

( n )

i

1

+ : : : + c

( n )

i

k

. Then w e de�ne

g ( a ) = g

( n )

( c

( n )

i

1

) + : : : + g

( n )

( c

( n )

i

k

) :

The fact that g

( n )

j

m

= g

( m )

whenev er 0 � m < n means that this

mapping is w ell de�ned. It is easy to see that g : A ! S is a Bo olean

algebra isomorphism; moreo v er, b y Claim 1.107, g ( a ) is connected if and

only if a is connected. That is, w e ha v e pro v ed:
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a) b) c)

a

1

a

i




a

j

a

k

a

1

a

i




� ( p ) = f i g � ( q ) = f i; j g � ( 
 ) = ff i; j g ; f k gg � ( 
 ) = ff i gg

a

j

a

i

p

q

a

1

Figur e 1.14. The `h ub' a

1

of a radial partition

Claim 1.110 A c an b e isomorphic al ly emb e dde d in R OP( S

2

) , r e gar de d

as a f c; �g -structur e.

In view of Claim 1.110, and in order to simplify notation, w e migh t as

w ell tak e A to b e a substructure of R OP( S

2

). Note that the previously

distinct uses of the Bo olean functions and the term \connected" b ecome

unam biguous, as do \connected partition", \c

h

-partition", \neigh b our",

and so on. Moreo v er, since A � S , w e ma y meaningfully talk ab out

the fr ontier F ( a ) of an y a 2 A , and apply all the results established

previously ab out elemen ts of R OP( S

2

). F or example, b y Lemma 1.73, if

r

1

; : : : ; r

n

is a c

2

-partition in A radial ab out r

1

suc h that r

1

has at least

2 neigh b ours, then, for an y neigh b our r

i

of r

1

, F ( r

1

) \ F ( r

i

) is a Jordan

arc. Recall that, for tuples �r and �s from R OP( S

2

), w e write �r � �s if �r

and �s are similarly situated (in S

2

).

Stage 3: In the previous stage, w e established that A can b e c hosen

to b e a substructure of R OP( S

2

). In this stage, w e sho w that, in that

case, A is in fact an elemen tary substructure of R OP( S

2

).

Claim 1.111 L et a

1

; : : : ; a

n

2 A b e a c

2

-p artition r adial ab out a

1

such

that a

1

has at le ast 3 neighb ours. L et r

1

; r

2

2 S b e disjoint 2-c el ls with

a

1

= r

1

+ r

2

. Then ther e exist c

1

; c

2

2 A such that a

1

; : : : ; a

n

; c

1

; c

2

�

a

1

; : : : ; a

n

; r

1

; r

2

.

Pr o of Since a

1

; r

1

; r

2

are 2-cells with a

1

equal to the disjoin t sum of

r

1

and r

2

, r

1

and r

2

m ust b e separated b y a cross-cut 
 in a

1

. F or an y

neigh b our a

i

of a

1

, F ( a

1

) \ F ( a

i

) is a Jordan arc. Let p 2 F ( a

1

). By

insp ection, p lies on either one or t w o Jordan arcs of the form F ( a

1

) \

F ( a

i

) where a

i

is a neigh b our of a

1

. W e de�ne the char acter of p , written

� ( p ) to b e the set of those i (2 � i � n ) suc h that a

i

is a neigh b our of a

1
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d)a) b) c)

a

i

a

l

a

1

q

p

a

k

a

j




1

a

j

a

i

a

0

i

a

0

1

a

0

k

a

k

a

l

a

j

a

i

a

0

i

a

0

k

a

k

a

l

a

1




1

a

j

a

i

a

k

Figur e 1.15. The construction of a cross-cut with a giv en c haracter

and p 2 F ( a

i

) (Fig. 1.14a). Note that � ( p ) has either 1 or 2 elemen ts. If

� ( p ) has one elemen t, then p lies on some Jordan arc F ( a

1

) \ F ( a

i

), but

not at its endp oin ts. If � ( p ) has t w o elemen ts, then since a

1

has at least

three neigh b ours, � ( p ) determines p . No w let 
 b e a cross-cut in a

1

. W e

de�ne the char acter of 
 , written � ( 
 ) to b e the set of c haracters of its

endp oin ts. (See Fig. 1.14b and Fig. 1.14c for examples.) It is routine to

sho w that, if 


1

and 


2

are t w o suc h cross-cuts and � ( 


1

) = � ( 


2

), there

is a homeomorphism of the closed plane on to itself taking a

i

to itself for

all i (1 � i � n ) and taking 


1

to 


2

. So, to pro v e the lemma, it su�ces

to establish that, if 


1

is an y cross-cut in a

1

, there exist disjoin t 2-cells

c

1

; c

2

2 A with a

1

= c

1

+ c

2

suc h that the cross-cut 


2

separating c

1

and

c

2

in a

1

satis�es � ( 


1

) = � ( 


2

).

Let the endp oin ts of 


1

b e p and q . W e pro v e the result for the sp ecial

case where � ( 
 ), � ( p ) and � ( q ) all con tain t w o elemen ts; the other cases

are dealt with similarly . Fig. 1.15a sho ws the sub-case where � ( p ) and

� ( q ) are non-disjoin t; Fig. 1.15b sho ws the sub-case where � ( p ) and � ( q )

are disjoin t.

The sub-case of Fig. 1.15a is trivial: Axiom 8 with a

1

substituted for x

and a

i

for y immediately guaran tees the existence of c

1

; c

2

2 A partition-

ing a

1

, and hence separated b y a cross-cut 


2

; moreo v er the connectivit y

conditions on c

1

and c

2

mean that 


1

and 


2

ha v e the same endp oin ts,

so that � ( 


1

) = � ( 


2

).

The sub-case of Fig. 1.15b requires a little more w ork. Ho w ev er, t w o

applications of Axiom 8 guaran tee the existence in A of the regions

a

0

i

; a

0

k

as in Fig. 1.15c. Axiom 7 then guaran tees that the region lab elled

a

0

1

in Fig. 1.15c can b e split in to t w o regions as sho wn in Fig. 1.15d.
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Summing together appropriate sub divisions of a

1

pro duces c

1

; c

2

2 A

separated b y an arc 


2

satisfying � ( 


1

) = � ( 


2

). QED

The rest of this section is dev oted to sho wing that w e can relax the

conditions of Claim 1.111.

Claim 1.112 L et n > 1 and let a

1

; : : : ; a

n

2 A b e a p artition such that

a

1

is a 2-c el l. L et r

1

; r

2

2 S b e disjoint 2-c el ls with a

1

= r

1

+ r

2

. Then

ther e exist c

1

; c

2

2 A such that a

1

; : : : ; a

n

; c

1

; c

2

� a

1

; : : : ; a

n

; r

1

; r

2

.

Pr o of Immediate giv en claims 1.65 and 1.111. QED

Claim 1.113 L et n > 1 and let a

1

; : : : ; a

n

2 A b e a p artition such that

a

1

is a 2-c el l. L et r 2 S b e such that r � a

1

. Then ther e exists c 2 A

such that a

1

; : : : ; a

n

; c � a

1

; : : : ; a

n

; r .

Pr o of By the construction of S = R OP( S

2

), w e can partition a

1

in to

2-cells r

1

; : : : ; r

m

suc h that r can b e expressed as the sum of v arious r

j

.

It su�ces to sho w that there are c

1

; : : : ; c

m

2 A suc h that

a

1

; : : : ; a

n

; r

1

; : : : ; r

m

� a

1

; : : : ; a

n

; c

1

; : : : ; c

m

:

W e pro ceed b y induction on m . If m = 1, then r

1

= a

1

and w e are

done. If m > 1, b y Corollary 1.67, w e can ren um b er the r

i

if necessary

so that r

1

and r

0

2

= r

2

+ : : : + r

m

are 2-cells. By Claim 1.112, there

exist c

1

; c

0

2

2 A suc h that a

1

; : : : ; a

n

; r

1

; r

0

2

� a

1

; : : : ; a

n

; c

1

; c

0

2

. Let h b e

a homeomorphism of the closed plane on to itself mapping a

i

to itself, r

1

to c

1

and r

0

2

to c

0

2

. By exactly the same argumen t as for Lemma 1.90,

h can b e c hosen so that h ( r

i

) 2 S for all i (2 � i � m ). But then

the h ( r

i

) partition the 2-cell c

0

2

in to 2-cells. So consider the partition

c

0

2

; c

1

; a

2

; : : : ; a

n

. By inductiv e h yp othesis, there exist c

2

; : : : ; c

m

2 A

suc h that

c

0

2

; c

1

; a

2

; : : : ; a

n

; h ( r

2

) ; : : : ; h ( r

m

) � c

0

2

; c

1

; a

2

; : : : ; a

n

; c

2

; : : : ; c

m

:

The result then follo ws. QED

Claim 1.114 L et n > 1 and let a

1

; : : : ; a

n

2 A b e a c

2

-p artition. L et

r 2 S . Then ther e exists c 2 A such that a

1

; : : : ; a

n

; c � a

1

; : : : ; a

n

; r .

Pr o of W rite r as the sum r � a

1

+ : : : + r � a

n

By considering these terms

separately , w e use Claim 1.113 and an induction similar to that used in

the pro of of Claim 1.113. The details are routine. QED
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Claim 1.115 L et n � 0 and let a

1

; : : : ; a

n

2 A . L et r 2 S . Then ther e

exists c 2 A such that a

1

; : : : ; a

n

; r � a

1

; : : : ; a

n

; c .

Pr o of Immediate giv en Claims 1.54, 1.63 and 1.114.

Claim 1.116 A � R OP( S

2

) .

Pr o of W e certainly ha v e A � R OP( S

2

). Let n � 0 and let � ( x

1

; : : : ; x

n

)

b e an y form ula of the form 9 y  ( x

1

; : : : ; x

n

; y ). Let a

1

; : : : ; a

n

2 A suc h

that R OP ( S

2

) j = � [ a

1

; : : : ; a

n

]. Then there exists r 2 S suc h that

R OP( S

2

) j =  [ a

1

; : : : ; a

n

; r ]. By Claim 1.115, there exists c 2 A suc h

that a

1

; : : : ; a

n

; r � a

1

; : : : ; a

n

; c . By Lemmas 1.90 and 1.91, R OP( S

2

) j =

 [ a

1

; : : : ; a

n

; c ]. The claim then follo ws b y Prop osition 1.94. QED

By Claim 1.116, A and R OP( S

2

) ha v e the same theory . But b y con-

struction, A j = : � , whence R OP ( S

2

) j = : � , whic h completes the pro of

of Lemma 1.104. QED

Cor ollar y 1.117 A l l splittable, �nitely de c omp osable mer e otop olo gies

over S

2

with curve-sele ction have the same L

c; �

-the ory, and henc e also

the same L

C

-the ory.

Th us, while Examples 1.17, 1.18 and 1.99 sho w that there certainly

ar e elemen tarily inequiv alen t mereotop ologies o v er R

2

and S

2

, Corol-

lary 1.117 indicates that there is nothing lik e the free-for-all one migh t

initially exp ect. A t least for the signatures f c; �g and f C g , the reference

to T

�

as the standar d �rst-order mereotop ological theory of the closed

plane is justi�ed. Corollary 1.173 generalizes this result to apply to an y

signature of top ological primitiv es.

F or reasons of simplicit y (whic h w e trust the reader will appreciate)

w e ha v e pro vided an axiomatization of w ell-b eha v ed plane mereotop olo-

gies only for the language L

c; �

. It should b e clear from the foregoing

discussion, ho w ev er, that an analogous result could b e obtained for the

language L

C

, whic h as w e noted, is more expressiv e o v er R OP( R

2

). Suc h

an axiomatization w as dev elop ed in Sc ho op, 1999.

Of course, it is one thing to ha v e an axiomatic c haracterization of the

L

c; �

-theory of R OP( S

2

)|quite another to determine whether a giv en

L

c; �

-sen tence is a mem b er of it. The question therefore arises as to the

computational c haracteristics of this problem. Dornheim, 1998sho w ed

(in e�ect) that this theory is undecidable and hence (since it is a com-

plete theory), not r.e. It follo ws that the ! -rule (or some equiv alen t

mec hanism) is indisp ensable in this axiomatization. In fact, Sc haefer

and

�

Stefank o vi � c, 2004sho w ed (in e�ect) that the decision problem for

Th

c; �

R OP( S

2

) is at least as hard as that of second-order arithmetic.
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Sp eci�cally , Sc haefer and

�

Stefank o vi � c e�ectiv ely enco de second-order

arithmetic in a �rst-order language with v ariables ranging o v er 2-cells

in R

2

and primitiv e predicates expressing the so-called R CC-relations

(see Randell et al., 1992,Egenhofer, 1991;but it is easy to see that that

theory can in turn b e e�ectiv ely enco ded in Th

c; �

R OP( S

2

). Sc haefer and

�

Stefank o vi � c also consider the complexit y of the quan ti�er-free fragmen t

of their logic, a problem closely related to the w ell-kno wn problem of rec-

ognizing so-called string-graphs (see e.g. Erlic h et al., 1976,Krato c h v � �l,

1988,and sho w that it is in NEXPTIME. In Sc haefer et al., 2003, this

b ound is impro v ed to NP|a v ery surprising result.

6. Spatial mereotop ology

In this section, w e extend the main results of Section 4 to the spatial

mereotop ology R OP( R

3

). This material is a tidied up v ersion of Pratt

and Sc ho op, 2002.

6.1 F acts ab out R OP ( R

3

) and R OP ( S

3

)

Recall that a 2 -manifold is a Hausdor� space lo cally homeomorphic

at ev ery p oin t to the op en disc B

2

, and that a surfac e is a connected

2-manifold.

Lemma 1.118 L et X b e either R

n

or S

n

, and let M b e a mer e otop olo gy

over X having curve-sele ction. If r 2 M with r and � r b oth c onne cte d,

then F ( r ) is c onne cte d.

Pr o of Consider the case X = R

n

. Let r 2 M b e connected and non-

empt y with connected, non-empt y complemen t, and supp ose the closed

set F ( r ) is not connected. Let d

1

and d

2

b e closed sets partitioning F ( r ),

and let p 2 r , q 2 � r . Since r is connected with connected complemen t,

it is easy to see that the conditions of Prop osition 1.19 are ful�lled, so

that p and q are connected in R

n

n ( d

1

[ d

2

). But this is absurd giv en

that d

1

[ d

2

= F ( r ). The case X = S

n

follo ws easily . QED

Lemma 1.119 L et r 2 R OP( S

3

) such that r and � r ar e non-empty and

c onne cte d, and F ( r ) is not a surfac e. Then the gr aph K

5

c an b e dr awn

in F ( r ) .

Pr o of It is easy to see that F ( r ) can b e �nitely triangulated. Call an y

p oin t where F ( r ) is not lo cally homeomorphic to B

2

a b ad p oint ; and

call an y edge of the triangulation all of whose p oin ts are bad a b ad e dge .

By the prop erties of triangulations, an y bad p oin t either o ccurs on a bad

edge or else is an isolated bad p oin t at a v ertex of the triangulation.
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a)

c)

b)

p

q

�

p

c

Figur e 1.16. Em b edding K

5

in non-surfaces (Pro of of Lemma 1.124).

If there is a bad edge, then more than t w o triangles m ust share this

edge, and the em b edding of K

5

in F ( r ) pro ceeds as sho wn in Fig. 1.16a.

Assume, then, that there are no bad edges, but that some v ertex p of

the triangulation is an isolated bad p oin t. Call t w o triangles with p as

a v ertex neighb ours if they share an edge ha ving p as a v ertex. Since all

edges are go o d, these triangles can clearly b e arranged in to disjoin t cycles

suc h that eac h triangle b elongs to the same cycle as its t w o neigh b ours.

Cho ose one suc h cycle. By applying a homeomorphism if necessary ,

w e ma y assume that this triangle-cycle forms a cone with v ertex p as

sho wn in Fig. 1.16b. Since there are only �nitely man y triangles in the

triangulation, w e can ensure that w e c ho ose a triangle-cycle suc h that

the p oin ts inside the tip of the cone either all b elong to r or all b elong to

� r . Let s b e either r or � r dep ending on whic h of these p ossibilities is

realized. Note that, since r is non-empt y and connected with non-empt y ,

connected complemen t, so is s .

Let t 2 R OP( S

3

) b e a small elemen t represen ting the tip of the cone,

indicated b y the ligh t dotted lines in Fig. 1.16b. Remo ving t from s

visibly do es not disconnect s , so that s � � t is connected; moreo v er, t

shares some face with � s , so that t + � s = � ( s � � t ) is also connected.

Th us, s � � t is non-empt y and connected with nonempt y-connected com-

plemen t, whence, b y Lemma 1.118, F ( s � � t ) is connected. Moreo v er,

since p is bad, there m ust b e at least t w o triangle-cycles with p as v ertex;

whence p 2 F ( s � � t ). Th us w e ma y c ho ose a p oin t q on the base rim of

t and connect it to p b y a Jordan arc � in F ( s ) suc h that the lo cus of

� is disjoin t from F ( t ) except for its endp oin ts, as sho wn in Fig. 1.16c.

The em b edding of K

5

in F ( s ) = F ( r ) then pro ceeds as depicted. QED

One notable di�erence b et w een S

2

and S

3

is that the Sc h• on
ies The-

orem, whic h holds in the former, fails in the latter. In fact, the patho-
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logical `region' kno wn as Alexander's horned sphere, and depicted in

Fig. 1.3 is the b est-kno wn coun terexample: the fron tier of this region

is homeomorphic to S

2

, but its exterior is not simply connected, and is

certainly therefore not homeomorphic to B

3

. Nev ertheless, Alexander,

1924balso pro v ed a Sc h• on
ies-t yp e result for p olyhedra, whic h, in our

notation, can b e written as follo ws. (See also Moise, 1977, Ch. 17.)

Pr oposition 1.120 L et r 2 R OP( S

3

) b e such that F ( r ) is home omor-

phic to S

2

. Then b oth r

�

and ( � r )

�

ar e home omorphic to D

3

.

T o a v oid cum b ersome lo cutions in the sequel, w e de�ne:

Definition 1.121 L et X b e either R

n

or S

n

. A ball in X is a subset

of X similarly situate d in X to the unit b al l B

3

. A p olyhedral ball in

X is a b al l which is an element of R OP( X ) .

Th us, if r 2 R OP( S

3

) with F ( r ) homeomorphic to S

2

, then r and � r are

b oth balls in S

3

. F urthermore, if r 2 R OP ( R

3

) with F ( r ) homeomorphic

to S

2

(and hence b ounded), then then exactly one of r and � r is a ball

in R

3

. W e note in passing:

Lemma 1.122 If r 2 R O( S

3

) is a ( p olyhe dr al ) b al l in S

3

, then so is � r .

Pr o of By de�nition, r is similarly situated in S

3

to u = B

3

(0 ; 1). By

considering a spherical in v ersion, u is similarly situated in S

3

to � u .

QED

The follo wing w ell-kno wn theorem will also pro v e useful in the sequel

(see, e.g. Massey , 1967, p. 10).

Pr oposition 1.123 (Classifica tion Theorem f or surf a ces) Every

c omp act surfac e is home omorphic to either ( i ) S

2

or ( ii ) the sum of

�nitely many c onne cte d tori or ( iii ) the sum of �nitely many pr oje ctive

planes.

6.2 Expressing familiar spatial concepts in L

C

Our next task is to sho w that certain familiar concepts de�ned on

the mereotop ology R OP( R

3

) can b e expressed using L

C

-form ulas. As a

preliminary , recall the discussion of Section 3.2, whic h sho w ed that: (i)

expressions suc h as x

�

\ y

�

\ z 6= ; etc. can b e regarded as L

C

-form ulas;

and (ii) there is an L

C

-form ula �

ci

( x; y ) whic h w e ma y read as \ x

�

\ y

�

is connected".

No w supp ose r and s are elemen ts of R OP( R

3

), and consider, for

example, the set F ( r ) n F ( s ). Eviden tly , this set is connected if and only
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if it is piecewise-linear arc-connected, and therefore if and only if an y

t w o p oin ts in it are con tained within some connected set of the form

r

�

\ t

�

� F ( r ) n F ( s ) with t 2 R OP( R

3

). It follo ws from the discussion

of Section 3.2 that there is an L

C

-form ula satis�ed b y a pair of regions

r , s if and only if F ( r ) n F ( s ) is connected. In the sequel, then, w e write,

without further commen tary , expressions suc h as c ( F ( x ) n F ( y )) etc. as

L

C

-form ulas ha ving the ob vious in terpretations.

Lemma 1.124 Ther e exists an L

C

-formula �

K

5
( x ) such that, for al l

r 2 R OP( R

3

) , R OP( R

3

) j = �

K

5
[ r ] if and only if K

5

is emb e ddable in

F ( r ) .

Pr o of The graph K

5

is eviden tly em b eddable in F ( r ) if and only if

there exist p olyhedra v

i

(1 � i � 5) and e

i;j

(1 � i < j � 5), all disjoin t

from r and from eac h other, satisfying the follo wing conditions:

1 F or all i (1 � i � 5), v

�

i

\ r

�

is a singleton

2 F or all i; j (1 � i < j � 5), e

�

i;j

\ r

�

is connected

3 F or all i; j; i

0

; j

0

(1 � i < j � 5, 1 � i

0

< j

0

� 5), f i; j g \ f i

0

; j

0

g = ;

implies e

�

i;j

\ e

�

i

0

;j

0

\ r

�

= ; , and f i; j g \ f i

0

; j

0

g = f k g implies

e

�

i;j

\ e

�

i

0

;j

0

\ r

�

= v

�

k

\ r

�

.

(Note inciden tally that the p olyhedra e

i;j

are not themselv es required to

b e connected|only the sets e

�

i;j

\ r

�

= F ( e

i;j

) \ F ( r ).) But the ab o v e

conditions are expressible in L

C

o v er R OP( R

3

). QED

Lemma 1.125 Ther e exists an L

C

-formula �

b

�

( x ) such that, for al l r 2

R OP( R

3

) :

1 if F ( r ) is c onne cte d and unb ounde d, then R OP( R

3

) j = �

b

�

[ r ] ;

2 if F ( r ) is home omorphic to S

2

, then R OP( R

3

) 6j = �

b

�

[ r ] .

Pr o of Let �

b

�

( x ) b e

9 y

1

9 y

2

( y

1

� x = 0 ^ y

2

� x = 0 ^ c ( F ( x ) \ F ( y

1

) \ F ( y

2

)) ^

c ( F ( x ) n F ( y

1

)) ^ c ( F ( x ) n F ( y

2

)) ^ : c ( F ( x ) n ( F ( y

1

) [ F ( y

2

)))) :

Th us, �

b

�

( x ) `sa ys' that there exist p olyhedra y

1

and y

2

, disjoin t from x ,

suc h that the sets F ( x ) \ F ( y

1

) \ F ( y

2

), F ( x ) n F ( y

1

) and F ( x ) n F ( y

2

)

are all connected, but the set F ( x ) n ( F ( y

1

) [ F ( y

2

)) is not.
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G

F ( r ) \ F ( s

1

) \ F ( s

2

)

F ( r ) \ F ( s

2

)

F ( r ) \ F ( s

1

)

Figur e 1.17. Arrangemen t of F ( r ) \ F ( s

1

) and F ( r ) \ F ( s

2

) on G (Pro of of

Lemma 1.125).

Supp ose F ( r ) is connected and un b ounded. Let r b e a Bo olean com-

bination of �nitely man y half-spaces, corresp onding to a �nite set of

planes, sa y , P

1

; : : : ; P

m

; it is then easy to see that F ( r ) � P

1

[ � � � [ P

m

.

Since F ( r ) is un b ounded, w e can dra w in F ( r ) a rectangular �gure G ,

un b ounded on one side (dotted lines in Fig. 1.17), suc h that G in ter-

sects only one of the P

i

. Let s

1

; s

2

2 R OP( R

3

) b e laminas, in�nitely

extended in one direction, and placed on G (on the outside of r ) so that

F ( r ) \ F ( s

1

) and F ( r ) \ F ( s

2

) are arranged as sho wn. Since F ( r ) is

connected, F ( r ) n F ( s

1

) and F ( r ) n F ( s

2

) are also connected; and since G

lies on just one of the P

i

, F ( r ) n ( F ( s

1

) [ F ( s

2

)) is not connected. Th us

R OP( R

3

) j = 
 [ r ]. The second part of the Lemma follo ws b y Prop osi-

tion 1.47. QED

Let �

c

( x ) b e the L

C

-form ula de�ned in Lemma 1.27 and satis�ed b y

r 2 R OP( R

3

) if and only if r is connected, and let �

J

( x ) abbreviate the

form ula x 6= 0 ^ x 6= 1 ^ �

c

( x ) ^ �

c

( � x ).

Lemma 1.126 F or al l r 2 R OP( R

3

) , r satis�es �

J

( x ) ^ : �

K

5
( x ) ^

: �

b

�

( x ) if and only if F ( r ) is home omorphic to S

2

.

Pr o of Supp ose F ( r ) is homeomorphic to S

2

. Certainly , b y Prop osi-

tion 1.120, R OP( R

3

) j = �

J

[ r ]; b y Lemma 1.124, R OP( R

3

) j = : �

K

5 [ r ];

b y Lemma 1.125, R OP( R

3

) j = : �

b

�

[ r ]. Con v ersely , supp ose that r sat-

is�es �

J

( x ) ^ : �

K

5
( x ) ^ : �

b

�

( x ). By Lemma 1.118, F ( r ) is connected,
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and b y the �rst part of Lemma 1.125, F ( r ) is b ounded. Moreo v er, K

5

cannot b e em b edded in F ( r ), b y Lemma 1.124. Hence F ( r ) = F ( _ r )

is a compact surface, b y Lemma 1.119. The result then follo ws from

Prop osition 1.123. QED

Lemma 1.127 L et r 2 R OP( R

3

) satisfy �

J

( x ) ^ : �

K

5 ( x ) ^ �

b

�

( x ) . Then

r is unb ounde d.

Pr o of Supp ose for con tradiction that r is b ounded, so that w e also

ha v e r 2 R OP( S

3

). By Lemma 1.119, F ( r ) is a surface. Moreo v er,

since r is b ounded, F ( r ) is compact, and since K

5

cannot b e dra wn

in F ( s ), F ( r ) is homeomorphic to S

2

b y Prop osition 1.123. But since

R OP( R

3

) j = �

b

�

[ r ], this con tradicts the second part of Lemma 1.125.

Hence, r is un b ounded. QED

Lemma 1.128 Ther e exists an L

C

-formula �

b

3 ( x ) such that, for al l r 2

R OP( R

3

) , R OP( R

3

) j = �

b

3
[ r ] if and only if r is b ounde d.

Pr o of Let �

b

3
( x ) b e the form ula

9 y 9 z ( x � y ^ y � z = 0 ^

�

J

( y ) ^ : �

K

5
( y ) ^ : �

b

�

( y ) ^ �

J

( z ) ^ : �

K

5
( z ) ^ �

b

�

( z )) :

If r is b ounded, let s 2 R OP( R

3

) b e a ball in R

3

suc h that r � s ;

and let t 2 R OP( R

3

) b e a half-space disjoin t from s . By Lemma 1.125,

R OP( R

3

) j = : �

b

�

[ s ] and R OP( R

3

) j = �

b

�

[ t ]. Th us, s and t are suitable

witnesses for y and z in �

b

3
( x ), so that R OP( R

3

) j = �

b

3
[ r ].

Con v ersely , supp ose that R OP( R

3

) j = �

b

3
[ r ]. Let s and t b e witnesses

for y and z . By Lemma 1.126, F ( s ) is homeomorphic to S

2

, whence,

b y Prop osition 1.120, exactly one of s and � s is a ball in R

3

. By

Lemma 1.127, t is un b ounded, and so in tersects the complemen t of ev-

ery ball in R

3

. Therefore � s is not a ball in R

3

, so s is. Hence, r is

b ounded. QED

Theorem 1.129 Ther e exists a formula �

B

( x ) such that, for al l r 2

R OP( R

3

) , R OP( R

3

) j = �

B

[ r ] if and only if r is a p olyhe dr al b al l in R

3

.

Pr o of Let �

B

( x ) b e

�

J

( x ) ^ : �

K

5 ( x ) ^ : �

b

�

( x ) ^ �

b

3 ( x ) ;

and apply Lemmas 1.126 and 1.128. QED
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Th us, with a little e�ort, w e can de�ne certain familiar top ological

notions o v er R OP( R

3

) using L

C

-form ulas. The follo wing tec hnical ma-

terial, whic h is dev oted to de�ning some decidedly unfamiliar top olog-

ical notions o v er R OP( R

3

), will b e used in the sequel. W e recall the

discussion of compacti�cations in Section 3.3, and consider the mapping

r 7! _r from R OP( R

3

) to its 1-p oin t compacti�cation R OP( S

3

). By Lem-

mas 1.36 and 1.37, this mapping is a Bo olean algebra isomorphism and

preserv es the prop erties of connectedness and non-connectedness. F or

tec hnical reasons, w e will o ccasionally need to consider prop erties of el-

emen ts in R OP( R

3

) whose de�ning conditions mak e reference to their

coun terparts in R OP( S

3

).

F or all r 2 R OP( R

3

), 1 2 _r if and only if � r is b ounded, and 1 2 _r

�

if and only if r is un b ounded (where the closure op erator

�

refers to the

top ology on S

3

). By Lemma 1.128 then, it is harmless to emplo y the

expression 1 2 _x in L

C

-form ulas, since w e can tak e it as a mnemonic

for �

b

3 ( � x ); and similarly for expressions suc h as 1 2 _x

�

, 1 2 F ( _ x ),

etc.

Lemma 1.130 Ther e exists a formula �

_

K

5

( x ) satis�e d by r 2 R OP( R

3

)

if and only if K

5

is emb e ddable in F ( _ r ) .

Pr o of As for Lemma 1.124, making the ob vious adjustmen ts to accom-

mo date the p oin t at in�nit y . QED

Lemma 1.131 Ther e exists a formula �

_

B

( x ) such that, for al l

r 2 R OP( R

3

) , R OP( R

3

) j = �

_

B

[ r ] if and only if _r is a b al l in S

3

.

Pr o of Let �

_

B

( x ) b e �

J

( x ) ^ : �

_

K

5

( x ). If _r is a ball in S

3

, it is eviden t

that R OP( R

3

) j = �

_

B

[ r ]. Con v ersely , supp ose R OP( R

3

) j = �

_

B

[ r ]. By

Lemmas 1.119 and 1.130, F ( _ r ) is a surface in S

3

. F urthermore, b y

Prop osition 1.123, F ( _ r ) is homeomorphic to S

2

. The result then follo ws

b y Prop osition 1.120. QED

6.3 Characterizing triangulations in L

C

In Section 4, w e sho w ed that ev ery tuple in R OP( R

2

) satis�es a top o-

logically complete L

C

-form ula|that is, an L

C

-form ula with the prop ert y

that all tuples satisfying it are similarly situated. Our pro of exploited

Whitney's theorem on 3-connected graphs in the plane to sho w that

an y c

3

-partition in R OP( S

2

) is determined up to similar situation b y its

neigh b ourho o d graph. Ho w ev er, Whitney's theorem is not a v ailable for

S

3

, and so w e m ust adopt an alternativ e approac h to analysing the ex-

pressiv e p o w er of L

C

o v er R OP( R

3

). This approac h has the adv an tage of
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r

s

F ( r ) \ F ( s )

Figur e 1.18. The con�guration of Prop osition 1.132

b eing, in some w a ys, more straigh tforw ard than that of Section 4, though

the top ologically complete form ulas it constructs are more complicated.

W e assume familiarit y with the basic theory of triangulations and

PL-complexes: for details, see, e.g., Moise, 1977, Ch. 7. W e also re-

quire the follo wing `ob vious' result ab out balls in S

3

(Pratt and Sc ho op,

2002,Theorem 3.14).

Pr oposition 1.132 L et r ; s 2 R O( S

3

) b e disjoint b al ls in S

3

such that

r + s is also a b al l in S

3

. Then F ( r ) \ F ( s ) \ F ( r + s ) is the lo cus of a

Jor dan curve, and F ( r ) \ F ( s ) is home omorphic to the close d disc D

2

.

The situation is illustrated in Fig. 1.18.

Definition 1.133 A quadruple q = h r

1

; r

2

; r

3

; r

4

i of p airwise disjoint

elements of R OP( S

3

) is a q-cell in S

3

if, for al l non-empty J � f 1 ; 2 ; 3 ; 4 g ,

the p olyhe dr on

P

j 2 J

r

j

is a b al l in S

3

.

The reference to the con taining space S

3

is signi�can t: in the sequel, w e

in tro duce q-cells in R

3

. Ho w ev er, w e sometimes sp eak simply of q-c el ls if

it is clear from con text whic h space w e are talking ab out (or if it mak es

no di�erence).

Example 1.134 Consider the r e gular op en tetr ahe dr on t

0

with vertic es

v

1

= (0 ; 0 ; 0) , v

2

= (1 ; 0 ; 0) , v

3

= (0 ; 1 ; 0) , v

4

= (0 ; 0 ; 1) . L et t

1

; t

2

; t

3

; t

4

b e the four r e gular op en tetr ahe dr a ( taken in some �xe d or der ) e ach hav-

ing thr e e vertic es fr om f v

1

; : : : ; v

4

g and the p oint (1 = 4 ; 1 = 4 ; 1 = 4) as the

fourth vertex ( Fig. 1.19 ) . Evidently, the quadruple q

0

= h t

1

; t

2

; t

3

; t

4

i is

a q-c el l.

Theorem 1.135 A l l q-c el ls in S

3

ar e similarly situate d in S

3

.
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v

1

v

4

v

3

v

2

Figur e 1.19. The q-cell q

0

b)
c)

F ( b ) \ S

F ( d ) \ SF ( c ) \ S

F ( a ) \ S




a)

F ( b ) \ S

Y

X

F ( c ) \ S

F ( b ) \ S

F ( d ) \ S F ( c ) \ S

F ( a ) \ S




F ( a ) \ S

Figur e 1.20. P ossible arrangemen ts of F ( a ) \ S , F ( b ) \ S , F ( c ) \ S and F ( d ) \ S ,

where S = F ( a + b + c ) (Pro of of Theorem 1.135).

Pr o of Let h a; b; c; d i b e a q-cell. Since a , b , c , a + b , b + c , a + c

and a + b + c are balls, b y Prop osition 1.132, the sets F ( a ) \ F ( b ),

F ( a ) \ F ( c ), F ( b ) \ F ( c ) and F ( a + b ) \ F ( c ) are all closed discs. Letting

S = F ( a + b + c ), it is then easy to sho w that the sets F ( a ) \ S , F ( b ) \ S

and F ( c ) \ S m ust b e arranged on S as sho wn in Fig. 1.20a, up to similar

situation. Let e = � ( a + b + c + d ); then, b y Lemma 1.122,

P

( B [ f e g ) is

a ball for an y prop er subset B � f a; b; c; d g . Th us, all of the sets a + b + c ,

d , e , a + b + c + d and a + b + c + e are balls. By Prop osition 1.132 again,

F ( d ) \ S and F ( e ) \ S are b oth closed discs, whose common fron tier in

the space S is the lo cus of some Jordan curv e 
 , sa y .

Consider ho w 
 migh t b e dra wn on S . Since a + d and a + e are balls,

b y Prop osition 1.132, F ( a ) \ F ( d ) and F ( a ) \ F ( e ) are closed discs.

Similarly , F ( b ) \ F ( d ), F ( b ) \ F ( e ), F ( c ) \ F ( d ) and F ( c ) \ F ( e ) are

closed discs. Hence 
 divides eac h of the three sets F ( a ) \ S , F ( b ) \ S and
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F ( c ) \ S in to t w o residual domains. Moreo v er, 
 cannot pass through

either of the p oin ts X or Y in Fig. 1.20a; for otherwise, one of the sets

F ( a ) \ F ( d ), F ( b ) \ F ( d ), F ( c ) \ F ( d ), F ( a ) \ F ( e ), F ( b ) \ F ( e ) or

F ( c ) \ F ( e ) w ould fail to b e a closed disc. It is then easy to see that 


and the region F ( d ) \ S it encloses m ust lie in S as sho wn in Fig. 1.20b

or Fig. 1.20c, up to similar situation. But these t w o arrangemen ts of

a; b; c; d are mirror images. QED

Not a tion 1.136 If q = h t

1

; : : : ; t

4

i is a q-c el l, denote the c omp onent

p olyhe dr on t

i

by q [ i ] for al l i (1 � i � 4) . Denote the p olyhe dr on t

1

+

� � � + t

4

by ^q .

In Example 1.134, ^q

0

is the in terior of the con v ex h ull of the p oin ts V =

f v

1

; : : : ; v

4

g . W e emplo y familiar terms from discussions of simplicial

complexes: a fac e of q

0

is the con v ex closure of an y non-empt y subset of

V ; a face of q

0

is prop er if it is not the whole of ( ^ q

0

)

�

; a vertex of q

0

is

an elemen t of V .

Definition 1.137 L et q b e any q-c el l, and h a home omorphism of S

3

onto itself taking q

0

to q . A (prop er) face of q is a set of p oints h ( F ) ,

wher e F is a ( pr op er ) fac e of q

0

. A v ertex of q is a p oint h ( v ) , wher e v

is a vertex of q

0

.

W e remark that, in De�nition 1.137, a suitable homeomorphism h can

alw a ys b e found, b y Theorem 1.135; moreo v er, since the faces of q

0

are expressible as set-algebraic com binations of the p olyhedra t

1

; : : : ; t

4

and their top ological closures, the precise c hoice of h do es not matter.

Th us, q-cells are simply homeomorphic images of the q-cell q

0

of Exam-

ple 1.134, with the notions of fac e and vertex transferred in the ob vious

w a y .

Definition 1.138 A q-cell partition ( in R OP( S

3

)) is a se quenc e �q =

q

1

; : : : ; q

n

of q-c el ls in S

3

such that ( i ) ^q

1

; : : : ; ^q

n

is a p artition in R OP( S

3

) ;

and ( ii ) for al l i , j (1 � i < j � n ) , if F is a fac e of q

i

and G a fac e of

q

j

, then F \ G is either empty or a fac e of b oth q

i

and q

j

. A v ertex of

a q-c el l p artition is a vertex of one of its elements.

Th us, q-cell partitions de�ne (�nite) PL-complexes in the ob vious w a y:

eac h q-cell in the partition corresp onds to a PL 3-simplex, and its prop er

faces to PL d -simplices for d < 3.

Definition 1.139 L et �q = q

1

; : : : ; q

N

and �q

0

= q

0

1

; : : : ; q

0

N

b e q-c el l p ar-

titions in R OP( S

3

) . We say that �q and �q

0

ar e isomorphic if ther e is a

bije ction b etwe en the vertic es of �q and the vertic es of �q

0

such that, for al l
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i , j (1 � i � N , 1 � j � 4) , the vertic es of q

i

lying on the fr ontier of

q

i

[ j ] ar e mapp e d to the vertic es of q

0

i

lying on the fr ontier of q

0

i

[ j ] .

Lemma 1.140 Isomorphic q-c el l p artitions in R OP( S

3

) ar e similarly sit-

uate d in S

3

.

Pr o of Isomorphic q-cell partitions de�ne isomorphic PL-complexes.

QED

W e conclude this sub-section b y extending the notions of q-cell and q-cell

partition to the op en space R

3

.

Definition 1.141 A quadruple q = h r

1

; r

2

; r

3

; r

4

i of elements of

R OP( R

3

) is a q-cell in R

3

if _q = h _r

1

; _r

2

; _r

3

; _r

4

i is a q-c el l in S

3

. A

se quenc e �q = q

1

; : : : ; q

n

of q-c el ls in R

3

is a q-cell-partition in R OP( R

3

)

if _q

1

; : : : ; _q

n

is a q-c el l p artition in R OP( S

3

) .

Definition 1.142 L et �q = q

1

; : : : ; q

n

and �q

0

= q

0

1

; : : : ; q

0

n

b e q-c el l p ar-

titions in R OP( R

3

) . We say that �q and �q

0

ar e isomorphic if: ( i ) the

c orr esp onding q-c el l p artitions _q

1

; : : : ; _q

n

and _q

0

1

; : : : ; _q

0

n

in R OP( S

3

) ar e

isomorphic; and ( ii ) for al l i; j (1 � i � n , 1 � j � 4) , q

i

[ j ] is b ounde d

if and only if q

0

i

[ j ] is b ounde d.

In tuitiv ely , kno wing whic h q

i

[ j ] are b ounded for a q-cell partition

q

1

; : : : ; q

n

in R OP( R

3

) amoun ts to kno wing, up to homeomorphism,

where the p oin t at in�nit y is in the corresp onding q-cell partition in

R OP( S

3

). More precisely , w e ha v e:

Lemma 1.143 L et �q = q

1

; : : : q

n

and �q

0

= q

0

1

; : : : q

0

n

b e similarly situate d

q-c el l p artitions in R OP( S

3

) . L et p 2 S

3

such that, for al l i , j (1 � i � n ,

1 � j � 4) , p 2 ( q

i

[ j ])

�

if and only if p 2 ( q

0

i

[ j ])

�

. Then ther e is a

home omorphism h : S

3

! S

3

�xing p and mapping �q to �q

0

.

Pr o of P arallel to the pro of of Lemma 1.87. QED

Theorem 1.144 Isomorphic q-c el l p artitions in R OP( R

3

) ar e similarly

situate d in R

3

.

Pr o of Let q

1

; : : : q

n

and q

0

1

; : : : q

0

n

b e isomorphic q-cell partitions in

R OP( R

3

). Then _q

1

; : : : _q

n

and

_

q

0

1

; : : :

_

q

0

n

are isomorphic q-cell parti-

tions suc h that, for all i; j (1 � i � n , 1 � j � 4), 1 2 ( _q

i

[ j ])

�

if

and only if 1 2 (

_

q

0

i

[ j ])

�

. By Lemmas 1.140 and 1.143, there exists a

homeomorphism h of S

3

on to itself mapping _q

1

; : : : _q

n

to

_

q

0

1

; : : :

_

q

0

n

, and

�xing 1 . Th us, h

0

= h n fh1 ; 1ig is a homeomorphism of R

3

on to itself

mapping q

1

; : : : q

n

to q

0

1

; : : : q

0

n

. QED



70

6.4 Expressiv e p o w er of L

C

in R OP ( R

3

)

W e are no w ready to sho w that ev ery tuple in R OP( R

3

) satis�es a

form ula whic h is top ologically complete in R OP( R

3

) o v er R

3

.

Lemma 1.145 F or al l N > 0 , ther e exists a formula �

N

q

( � z ) such that,

for any 4 N -tuple

�

t fr om R OP( R

3

) , R OP( R

3

) j = �

N

q

[

�

t ] if and only if

�

t is

a q-c el l p artition in R OP( R

3

) .

Pr o of Let �

_

B

( x ) b e as de�ned in Lemma 1.131, and supp ose s

1

; : : : ; s

4

2

R OP( R

3

). Then the quadruple h _s

1

; : : : ; _s

4

i is a q-cell in S

3

if and only

if R OP( R

3

) j = �

q

[ s

1

; : : : ; s

4

], where �

q

( y

1

; : : : ; y

4

) is the form ula

^

n

�

_

B

�

X

j 2 J

y

j

�

j ; 6= J � f 1 ; 2 ; 3 ; 4 g

o

:

The result then follo ws easily . QED

Lemma 1.146 L et

�

t b e a 4 N -tuple forming an N -element q-c el l p artition

in R OP( R

3

) . Then we c an �nd a formula 
 ( � z ) such that, for any 4 N -

tuple

�

t

0

of R OP( R

3

) , R OP( R

3

) j = 
 [

�

t

0

] if and only if

�

t

0

is an N -element

q-c el l p artition isomorphic to

�

t .

Pr o of Almost immediate from Lemmas 1.128 and 1.145 and the dis-

cussion of Section 3.2. QED

Lemma 1.147 Every q-c el l p artition in R OP( R

3

) satis�es a L

C

-formula

which is top olo gic al ly c omplete in R OP( R

3

) over R

3

.

Pr o of Theorem 1.144 and Lemma 1.146. QED

Lemma 1.148 A ny n -tuple �r fr om R OP( R

3

) c an b e r e�ne d to an N -

element q-c el l p artition. That is: ther e exists a 4 N -tuple

�

t fr om R OP( R

3

)

and a (4 N � n ) Bo ole an arr ay A such that

�

t forms a q-c el l p artition in

R OP( R

3

) and �r =

�

t A .

Pr o of By the de�nition of R OP( R

3

), w e can certainly re�ne �r to a

partition of con v ex regions of R

3

, eac h of whic h is b ounded b y a �nite

n um b er of planes, and thence, b y triangulating these con v ex regions,

in to a partition of p olyhedra t

1

; : : : t

N

, suc h that eac h

_

t

i

is a ball in S

3

,

and the b oundary of eac h t

i

(1 � i � N ) is comp osed of 4 `triangles'

(in the sense used earlier in this pro of ). By sub dividing eac h t

i

, w e can

construct a q-cell q

i

whose faces are exactly the triangles b ounding t

i

,
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and suc h that ^q

i

= t

i

. Then q

1

; : : : q

N

is the required q-cell partition.

QED

Theorem 1.149 Every tuple in R OP( R

3

) satis�es some L

C

-formula

which is top olo gic al ly c omplete in R OP( R

3

) over R

3

.

Pr o of Let �r b e a tuple from R OP( R

3

). Let

�

t and A b e as in

Lemma 1.148, and b y Lemma 1.147 let �

�

t

( � z ) b e a form ula satis�ed b y

�

t

whic h is top ologically complete in R OP( R

3

) o v er R

3

. Then the form ula

9 �z ( �

�

t

( � z ) ^ �x = �z A ), whic h is also top ologically complete in R OP( R

3

)

o v er R

3

, is satis�ed b y �r . QED

This concludes the main business of this section: the language L

C

is su�cien tly expressiv e that ev ery tuple of p olyhedra in R

3

can b e

c haracterized up to the relation of similar situation in R

3

b y one of its

form ulas. Moreo v er, it is easy to see that an analogous result m ust

obtain for p olyhedra in S

3

. Of course, the c haracterizing form ulas for

tuples of p olyhedra obtained in this section are m uc h more complicated

than the corresp onding L

c; �

-form ulas for tuples of p olygons obtained in

Section 4.

In Section 5, w e exploited the high expressiv e p o w er of L

c; �

in R OP( S

2

)

to obtain an axiomatization of Th

c; �

(R OP( S

2

)), and thence, a form u-

lation of the conditions under whic h an arbitrary mereotop ology o v er

S

2

has the same L

c; �

-theory as R OP( S

2

). The question therefore arises

as to whether an analogous approac h is p ossible for c haracterizing `rea-

sonable' spatial mereotop ologies using the results of this section. The

ma jor disincen tiv e to suc h an undertaking is the relativ e w eakness of

the requiremen t of �nite decomp osabilit y in S

3

. F or the plane case, the

requiremen t of �nite decomp osabilit y led v ery easily to the existence of

c

3

-partition re�nemen ts, whic h pa v ed the w a y for an axiomatic c har-

acterization of Th

c; �

(R OP( S

2

)). In the spatial case, b y con trast, m uc h

stronger assumptions are needed to guaran tee the existence of q-cell par-

titions, as examples suc h as the region depicted in Fig. 1.3 sho w. Th us,

while the iden ti�cation of a standard theory of spatial mereotop ology is

certainly conceiv able, it is not ob vious, at the time of writing, ho w b est

to approac h this matter.

7. Mo del Theory

In Section 2, w e de�ned a mer e otop olo gy o v er a top ological space X to

b e a Bo olean sub-algebra M of R O ( X ) in whic h, for all p 2 o � X , with o

op en, there exists r 2 M suc h that p 2 r � o . Ho w ev er, w e also promised

a purely in trinsic c haracterization of suc h structures|one making no
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reference to p oin ts or top ological spaces. In this section, w e ful�l that

promise, and (partially) realize the vision with whic h w e started this

c hapter, of a reconstruction of top ology where the fundamen tal ob jects

are not p oin ts, but regions.

7.1 Abstract mo dels of mereotop ological

theories

W e b egin b y noting some simple facts ab out mereotop ologies o v er

top ological spaces of v arious kinds.

Lemma 1.150 L et M b e a mer e otop olo gy over a top olo gic al sp ac e X ,

c onsider e d as a structur e interpr eting the signatur e f C ; + ; � ; � ; 0 ; 1 ; �g .

( i ) The sentenc es �

CA

c onsisting of the usual axioms of Bo ole an algebr a

to gether with

8 x : C ( x; 0)

8 x ( x > 0 ! C ( x; x ))

8 x 8 y ( C ( x; y ) ! C ( y ; x ))

8 x 8 y ( C ( x; y ) ^ y � z ! C ( x; z ))

8 x 8 y ( C ( x; y + z ) ! C ( x; y ) _ C ( x; z ))

ar e al l true in M . ( ii ) If X is we akly r e gular, then the sentenc e �

ext

given by

8 x 8 y ( 8 z ( C ( x; z ) ! C ( y ; z )) ! x � y )

is true in M . ( iii ) If X is c omp act and Hausdor�, then the sentenc e

�

in t

given by

8 x 8 y ( : C ( x; y ) ! 9 z ( : C ( x; � z ) ^ : C ( y ; z )))

is true in M .

Pr o of (i) Straigh tforw ard. (ii) Lemma 1.22. (iii) Supp ose r ; s 2 M

with r

�

\ s

�

= ; . Since X is regular, b y Lemma 1.23, for eac h p oin t in

p 2 r

�

, there is r

p

2 M with p 2 r

p

and s

�

� � r

p

. Since the r

p

co v er

r

�

, c ho ose a �nite sub co v er, and let the sum of this sub co v er b e t . Then

r

�

� t and s

�

� � t . QED

The three claims in Lemma 1.150 all ha v e con v erses. Sp eci�cally:

Pr oposition 1.151 L et A b e a structur e interpr eting the signatur e � =

f C ; + ; � ; � ; 0 ; 1 �g . ( i ) If A j = �

CA

, then A is isomorphic ( as a � -

structur e ) to a mer e otop olo gy over a top olo gic al sp ac e X ; in fact, X

c an always b e chosen so as to b e semi-r e gular and T

0

. ( ii ) If A j =

�

CA

[ f �

ext

g , then X c an b e chosen so as to b e we akly r e gular and T

1

.
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( iii ) If A j = �

CA

[ f �

ext

; �

in t

g , then X c an b e chosen so as to b e c omp act

and Hausdor�.

These results �rst app eared (in equiv alen t form) in Dimo v and V ak arelo v,

2006,D • un tsc h and Win ter, 2005and Ro ep er, 1997,resp ectiv ely . In the lit-

erature, structures satisfying �

CA

are sometimes referred to as c ontact

algebr as , the sen tence �

ext

as the extensionality axiom , and the sen tence

�

in t

as the interp olation axiom . T ogether, Lemma 1.150 and Prop osi-

tion 1.151 sho w that mereotop ologies o v er certain classes of top ologi-

cal spaces can b e c haracterized purely in trinsically , without reference

to those spaces or the p oin ts that mak e them up. W e note in passing

that Prop osition 1.151 sp eaks of mer e otop olo gies o v er X (De�nition 1.5),

where the sources cited refer only to dense sub-algebras of R O( X ). This

sligh t strengthening is immediate from the relev an t pro ofs, and impro v es

the matc h b et w een Lemma 1.150 and Prop osition 1.151. F or a fuller dis-

cussion, see Ch. ?? .

F urthermore, it turns out that the top ological realizations in Prop o-

sition 1.151 (iii) are, in an imp ortan t sense, unique. W e motiv ate this

result with a simple observ ation.

Lemma 1.152 L et M

i

b e a mer e otop olo gy over the top olo gic al sp ac e X

i

,

for i = 1 ; 2 . Supp ose ther e is a home omorphism h : X

1

! X

2

which

maps M

1

onto M

2

. Then, for any signatur e � of top olo gic al primitives,

h induc es a structur e isomorphism h : M

1

'

�

M

2

.

Pr o of Immediate. QED

The uniqueness of the top ological realizations in Prop osition 1.151 (iii)

tak es the form of a partial con v erse of Lemma 1.152:

Theorem 1.153 (R oeper, 1997) L et M

i

b e a mer e otop olo gy over a c om-

p act, Hausdor� sp ac e X

i

( i = 1 ; 2) . Supp ose ther e is a structur e isomor-

phism f : M

1

'

C

M

2

. Then ther e exists a home omorphism h : X

1

! X

2

which induc es f |that is, one such that, for al l r 2 M

1

, f ( r ) = h ( r ) .

Th us, ev ery mo del of �

CA

[ f �

ext

; �

in t

g is isomorphic to exactly one

mereotop ology o v er a compact Hausdor� space (up to homeomorphism).

Since this fact is imp ortan t for the dev elopmen t here, w e presen t details

of the pro of.

W e assume familiarit y with the theory of ultra�lters: for details,

see Kopp elb erg, 1989, Ch. 1, Sec. 2. In this con text, recall that, for

B a Bo olean algebra, a �lter on B is a set F � B suc h that a; b 2 F

implies a � b 2 F , and a 2 F , a � b 2 B implies b 2 F . A �lter is pr op er

if it is not the whole of B , or equiv alen tly , if it do es not con tain 0. A

prop er �lter U is an ultr a�lter if it is maximal under set-inclusion, or
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equiv alen tly , if b

1

+ b

2

2 U implies b

1

2 U or b

2

2 U . The follo wing

result is standard (Kopp elb erg, 1989, Chapter 1, 2.16).

Pr oposition 1.154 (Prime Ideal Theorem) A ny pr op er �lter on a

Bo ole an algebr a c an b e extende d to an ultr a�lter.

In the follo wing lemmas, let M b e a mereotop ology o v er a compact,

Hausdor� space X . Since a compact Hausdor� space is normal (and

hence regular), Lemma 1.23 applies.

Lemma 1.155 L et U b e an ultr a�lter on M . Then the set

T

f r

�

j r 2 U g

is a singleton. We denote the memb er of this set by p

U

and say that U

con v erges to p

U

.

Pr o of W e �rst sho w that

T

f u

�

j u 2 U g con tains at least one p oin t.

F or otherwise,

S

f X n u

�

j u 2 U g = X , whence f� u j u 2 U g co v ers

X . By compactness of X , let � u

1

; : : : ; � u

n

b e a �nite sub co v er. Then

� u

1

+ � � � + � u

n

= 1; i.e. u

1

� � � � � u

n

= 0 2 U , con tradicting the fact

that U is prop er. Next w e sho w that

T

f u

�

j u 2 U g con tains at most one

p oin t. F or supp ose p , q are distinct p oin ts of X . By Lemma 1.23, there

exists r 2 M suc h that p 2 r and q 2 � r . Hence p 62 ( � r )

�

and q 62 r

�

.

Since U is an ultra�lter, either r or � r is in U , so that either p or q is

not in

T

f u

�

j u 2 U g . QED

Lemma 1.156 L et U b e an ultr a�lter on M , and let r 2 M . If p

U

2 r ,

then ther e exists s 2 U such that p

U

2 s and s

�

� r . Henc e also, r 2 U .

Pr o of Supp ose p

U

2 r 2 M . Then p

U

62 ( � r )

�

, and b y Lemma 1.23,

there exists s 2 M suc h that p

U

2 s and s

�

� r . But since p

U

62 ( � s )

�

w e ha v e � s 62 U , and th us s 2 U . QED

Definition 1.157 If U and V ar e ultr a�lters on M , we say U and V

ar e con tacting if r

�

\ s

�

6= ; for al l r 2 U and s 2 V .

Lemma 1.158 If U and V ar e ultr a�lters on M , then U and V ar e

c ontacting if and only if p

U

= p

V

.

Pr o of The if-direction is trivial. F or the only-if direction, supp ose that

p

U

6= p

V

. By Lemma 1.23, there exist r ; s 2 M suc h that p

U

2 r , p

V

2 s

and r

�

\ s

�

= ; . By Lemma 1.156, r 2 U , s 2 V , so that U and V are

not con tacting. QED
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Lemma 1.159 L et M

1

and M

2

b e mer e otop olo gies over we akly r e gular

top olo gic al sp ac es, let f : M

1

'

C

M

2

b e an isomorphism, and let U and

V b e c ontacting ultr a�lters on M

1

. Then f ( U ) and f ( V ) ar e c ontacting

ultr a�lters on M

2

.

Pr o of Almost immediate giv en the de�nabilit y of � in terms of C

(Lemma 1.22). QED

Lemma 1.160 L et M

1

and M

2

b e mer e otop olo gies over we akly r e gular

top olo gic al sp ac es, such that f : M

1

'

C

M

2

. L et r 2 M , and let U b e an

ultr a�lter on M

1

with p

U

2 r . Then p

f ( U )

2 f ( r ) .

Pr o of By Lemma 1.156, there exists s 2 U suc h that p

U

2 s and

s

�

� r , so that s

�

\ ( � r )

�

= ; . Since f is also a Bo olean algebra

isomorphism, f ( s )

�

\ ( � f ( r ))

�

= ; , i.e. f ( s )

�

� f ( r ). Since f ( s ) 2

f ( U ), p

f ( U )

2 f ( s )

�

� f ( r ). QED

Pr o of [Theorem 1.153] Supp ose that f : M

1

'

C

M

2

. De�ne the map

h b y h ( p

U

) = p

f ( U )

, for U a compact ultra�lter on M

1

. W e sho w: (i)

h is w ell-de�ned and 1{1, (ii) the domain of h is the whole of X

1

and

the range of h is the whole of X

2

, (iii) for all r 2 M

1

, f ( r ) = h ( r ), and

for all s 2 M

2

, f

� 1

( s ) = h

� 1

( s ), and (iv) h and h

� 1

are con tin uous.

T o pro v e (i), let U , V b e compact ultra�lters on M

1

, b oth con v erging

to p . By Lemma 1.159, the isomorphism f maps con tacting ultra�lters

to con tacting ultra�lters. Hence, h is w ell-de�ned. Applying the same

reasoning to f

� 1

, h is 1{1. T o pro v e (ii), let p 2 X

1

. Then f r 2 M

1

j p 2

r g is a prop er �lter on M

1

, and b y Prop osition 1.154, this �lter can b e

extended to an ultra�lter U on M

1

. By Lemma 1.155, U con v erges to

some p oin t p

U

. Since X

1

is Hausdor� p = p

U

. Th us, the domain of h is

the whole of X

1

. Similarly , if q 2 X

2

, w e ha v e an ultra�lter V on M

2

suc h

that q = p

V

. Th us q = p

V

= p

f ( f

� 1

( V ))

= h ( p

f

� 1

( V )

), so that the range

of h is the whole of X

2

. T o pro v e (iii), let p

V

2 f ( r ) with V an ultra�lter

on M

2

. By Lemma 1.160, p

f

� 1

( V )

2 r . Hence, p

V

= h ( p

f

� 1

( V )

) 2 h ( r ).

Con v ersely , let p

V

2 h ( r ). By the de�nition of h , p

f

� 1

( V )

2 r , and

b y Lemma 1.160, p

V

2 f ( r ). Hence f ( r ) = h ( r ). No w if s 2 M

2

,

f

� 1

( s ) 2 M

1

, so, applying the results just obtained to this set, w e ha v e

f

� 1

( s ) = h

� 1

( h ( f

� 1

( s ))) = h

� 1

( f ( f

� 1

( s ))) = h

� 1

( s ). (iv) Let u � X

1

b e an op en set. Since M

1

is a mereotop ology , for eac h p oin t p 2 u , there

exists r

p

2 M

1

with p 2 r

p

� u . Th us the set U = f r

p

2 M j p 2 u g

satis�es

S

U = u . Then h ( u ) = h (

S

U ) =

S

r 2U

h ( r ) =

S

r 2U

f ( r ) is a

union of op en sets in X

2

and hence is itself an op en set in X

2

. Therefore,

h

� 1

is con tin uous. By substituting h

� 1

and for h and rep eating the

argumen t, h is con tin uous. QED
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7.2 Abstract mo dels of geometrical

mereotop ological theories

W e ha v e sho wn that mereotop ologies o v er certain classes of top ologi-

cal spaces can b e c haracterized in terms of certain �rst-order sen tences

whic h they mak e true. But what of sp eci�c mereotop ologies of in terest|

for instance, those de�ned o v er the op en or closed plane? This is the

topic w e no w address, based on the results of Pratt and Lemon, 1997.

W e emplo y standard results on prime mo dels: for details, see Chang

and Keisler, 1990, Ch. 2. A structure A is said to b e a prime mo del if

it is elemen tarily em b eddable in an y elemen tarily equiv alen t submo del.

Prime mo dels are considered the `simplest' or `smallest' mo dels of their

theories, a view whic h is justi�ed b y the follo wing prop osition (Chang

and Keisler, 1990, Theorem 2.3.3). In the sequel, all signatures are

silen tly assumed to b e coun table.

Pr oposition 1.161 Elementarily e quivalent prime mo dels ar e isomor-

phic.

The follo wing notion is closely related to that of primeness. A form ula

� is said to b e c omplete with r esp e ct to a theory T if, for all form ulas

� ha ving the same free v ariables of � , exactly one of T j = � ! � or

T j = � ! : � hold. A structure A is said to b e atomic if an y n -tuple �a in

A satis�es a form ula � ( � x ) in A suc h that � is complete with resp ect to

Th ( A ). W e ha v e the follo wing standard result (see, for example, Chang

and Keisler, 1990, Theorem 2.3.4).

Pr oposition 1.162 A structur e is c ountable atomic if and only if it is

a prime mo del.

Recall the concepts of top ologically complete form ula and homogeneous

mereotop ology giv en in De�nitions 1.89 and 1.51, resp ectiv ely .

Lemma 1.163 L et M b e a homo gene ous mer e otop olo gy over a top olo gic al

sp ac e X , and let � b e a signatur e of top olo gic al primitives. If � 2 L

�

is

top olo gic al ly c omplete in X over M , then � is c omplete with r esp e ct to

Th

�

( M ) .

Pr o of Immediate from Lemma 1.91. QED

Theorem 1.176 b elo w is a partial con v erse of this result.

F or the next theorem, recall that R OQ ( S

2

) is the rational p olygonal

mereotop ology o v er the closed plane, and that its L

c; �

-theory is T

c; �

, the

standard L

c; �

-theory of closed plane mereotop ology , whic h w e axioma-

tized in Section 5. Recall further that  

N

c

3

( � z ) is the L

c; �

-form ula stating

that �z forms a c

3

-partition, emplo y ed in the pro of of Theorem 1.84
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Theorem 1.164 The mer e otop olo gy R OQ ( S

2

) , c onsider e d as a f c; �g -

structur e, is a prime mo del of T

c; �

. In fact, for any N , ther e exist

formulas 


1

( � z ) ; : : : ; 


K

( � z ) ( with K dep ending on N ) , c omplete with r e-

sp e ct to T

c; �

, such that

T

c; �

j = 8 �z (  

N

c

3

( � z ) ! ( 


1

( � z ) _ � � � _ 


K

( � z ))) :

Pr o of The �rst part of the theorem is immediate from Theorem 1.84

and Lemma 1.163. F or the second part, observ e that, for a giv en N ,

there are only �nitely man y neigh b ourho o d structures on an N -elemen t

c

3

-partition, eac h one giving rise to a top ologically complete form ula of

the form

9 �z (  

N

c

3

( � z ) ^  

�s

+

( � z ) ^ �x = �z A ) ;

as describ ed in the pro of of Theorem 1.84. QED

Note that, b y Lemma 1.38, R OQ( S

2

) and R OQ( R

2

) are the same f c; �g -

structure, so w e could replace S

2

in Theorem 1.164 b y R

2

.

Similarly , w e ha v e

Theorem 1.165 The mer e otop olo gies R OQ( R

2

) and R OQ( S

2

) , c onsid-

er e d as f C g -structur es, ar e prime mo dels.

Pr o of As for Theorem 1.164, but using Theorem 1.88 and Corollary 1.85,

resp ectiv ely . QED

Analogues of Theorem 1.165 hold in three dimensions, of course. F or

example, w e ha v e:

Theorem 1.166 The mer e otop olo gy R OQ ( R

3

) is a prime mo del of the

L

C

-the ory of R OP( R

3

) .

The pro of strategy is essen tially iden tical to the plane case, using The-

orem 1.149. Note, ho w ev er, that much more care is required to sho w

that the top ologically complete form ulas iden ti�ed in Theorem 1.149

are complete with resp ect to the L

C

-theory of R OP( R

3

). W e lea v e the

details to the in terested reader.

Returning to mereotop ologies o v er S

2

, the question then arises as to

whether R OQ( S

2

) is strictly simplest among coun table mo dels of T

c; �

,

in that there are coun table mo dels of that theory not isomorphic to

R OQ( S

2

). The answ er is: y es and no. Recall that a theory is said to b e

! -c ate goric al if it has exactly one coun table mo del up to isomorphism.

Recall also that a typ e in v ariables �x = x

1

; : : : ; x

n

is a maximal consisten t

set of form ulas whose free v ariables are among the x

1

; : : : ; x

n

, and that
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a theory T is said to have a t yp e �( � x ) if �( � x ) is consisten t with T . The

follo wing result is standard (see, for example, Chang and Keisler, 1990,

Theorem 2.3.13).

Pr oposition 1.167 L et T b e a c omplete the ory. Then T is ! -c ate goric al

if and only if, for e ach n , T has only �nitely many typ es in x

1

; : : : ; x

n

.

Theorem 1.168 T

c; �

is not ! -c ate goric al.

Pr o of By Prop osition 1.167, it su�ces to pro v e that T

c; �

has coun tably

man y t yp es in the single v ariable x . It is easy to see that, for ev ery

p ositiv e in teger m , the form ula  

m

( x )

9 z

1

: : : 9 z

m

0

@

^

1 � i � m

( c ( z

i

) ^ z

i

6= 0) ^

^

1 � i<j � m

: c ( z

i

+ z

j

) ^ x =

X

1 � i � m

z

i

1

A

is satis�ed in R OQ( S

2

) b y all and only those regions ha ving exactly m

comp onen ts. Hence, the  

m

( x ) are all satis�ed in R OQ ( S

2

); so eac h

can b e extended to a t yp e �

m

( x ) of Th

c; �

(R OQ( S

2

)). But the  

m

( x )

are also pairwise m utually exclusiv e in T

c; �

; so no t w o of them can b e

extended to the same t yp e. Hence, T

c; �

has in�nitely man y t yp es in

x . QED

One the other hand, it turns out that T

c; �

is almost coun tably cat-

egorical, in the follo wing sense. Note that, since an y mo del of T

c; �

is a Bo olean algebra in terpreting the predicate c , w e ma y emplo y the

terminology in tro duced at the start of Section 4.1.

Theorem 1.169 A l l c ountable �nitely de c omp osable mo dels of T

c; �

ar e

isomorphic.

Pr o of Let A j = T

c; �

b e �nitely decomp osable. By Claims 1.54 and 1.63,

ev ery tuple from A can b e re�ned to a c

3

-partition. Theorem 1.164 then

implies that A is prime. The result follo ws b y Prop osition 1.161. QED

The ab o v e results sho w that, while sp eci�c mereotop ologies suc h as

R OS( S

2

) cannot b e c haracterized in terms of the �rst-order sen tences

whic h they mak e true, they almost can. Sp eci�cally , w e ha v e the follo w-

ing abstract c haracterization of the mereotop ology R OQ( S

2

).

Cor ollar y 1.170 If A is a c ountable, �nitely de c omp osable mo del of

Axioms 1|8 in Se ction 5.1, then A is isomorphic ( as a f c; �g -structur e )

to the mer e otop olo gy R OQ( S

2

) .

Pr o of Theorem 1.169 and the fact that, b y Theorem 1.100, an y �nitely

decomp osable mo del A of Axioms 1|8 is elemen tarily equiv alen t to

R OQ( S

2

). QED
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7.3 Lo ose ends

W e end this section with some matters touc hed on earlier in this

c hapter. W e con tin ue to assume all signatures to b e coun table. The

follo wing prop osition is a sp ecial case of the L• ow enheim-Sk olem Theorem

(see, for example, Ho dges, 1993, p. 90).

Pr oposition 1.171 L et A b e a � -structur e and Z a c ountable subset of

A . Then A has a c ountable elementary submo del whose domain includes

Z .

Recall that a top ological space X is said to b e se c ond c ountable if its

top ology has a coun table basis.

Lemma 1.172 L et M b e a mer e otop olo gy over a c omp act, se c ond-c ountable,

Hausdor� sp ac e X , and let P � M b e c ountable. Then ther e is a c ount-

able mer e otop olo gy Q over X such that P � Q and Q � M .

Pr o of W e construct a coun table subset P

0

� M suc h that, for all

p 2 o � X with o op en, there exists r 2 P

0

suc h that p 2 r � o .

The lemma then follo ws from Prop osition 1.171 b y putting A = M and

Z = P [ P

0

. Let B b e a coun table basis for the top ology on X . F or

an y b; c 2 B with b

�

� c , tak e a co v er of b

�

b y elemen ts s 2 M suc h

that s � c (p ossible b ecause M is a mereotop ology), c ho ose a �nite

sub co v er (p ossible b ecause X is compact), and let r

b;c

b e the sum, in

M , of the elemen ts of this �nite sub co v er. Certainly , b � r

b;c

� c

�

. Let

P

0

= f r

b;c

j b; c 2 B ; b

�

� c g . Since X is normal, for all p 2 o � X with

o op en, w e can �nd b; c 2 B with p 2 b , b

�

� c and c

�

� o . But then

p 2 r

b;c

� o as required. QED

Note that Lemma 1.172 holds for all (coun table) signatures.

W e ma y no w deriv e the promised strengthening of Corollary 1.117.

Cor ollar y 1.173 A l l splittable, �nitely de c omp osable mer e otop olo gies

over S

2

with curve-sele ction have the same L

�

-the ory for any top olo gic al

signatur e � .

Pr o of Let M

1

, M

2

b e t w o suc h mereotop ologies. Extend the sig-

nature � if necessary so that it con tains the predicates C , c and � ,

and expand M

1

and M

2

b y in terpreting these predicates in the normal

w a y . By Lemma 1.172, let Q

i

b e a coun table mereotop ology o v er S

2

suc h that Q

i

�

�

M

i

, for i = 1 ; 2. Th us, Q

1

and Q

2

are splittable,

�nitely decomp osable mereotop ologies o v er S

2

ha ving curv e-selection.

By Corollary 1.117, Q

1

�

c; �

Q

2

. By Theorem 1.169, Q

1

'

c; �

Q

2

. By

Lemma 1.49, Q

1

'

C

Q

2

. By Theorem 1.153, there is a homeomorphism
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mapping Q

1

on to Q

2

. Finally , b y Lemma 1.152, Q

1

'

�

Q

2

, whence

M

1

�

�

M

2

. QED

Recall from De�nition 1.96 that, if � is a signature of top ological prim-

itiv es, T

�

denotes Th

�

(R OS( S

2

)). By Corollary 1.173, T

�

is the L

�

-

theory of an y splittable, �nitely decomp osable mereotop ology o v er S

2

ha ving curv e-selection. This justi�es our decision to call it the standar d

L

�

-theory of closed plane mereotop ology .

Theorem 1.169 no w has the follo wing corollary .

Cor ollar y 1.174 L et M b e a c ountable, �nitely de c omp osable mer e o-

top olo gy over a lo c al ly c onne cte d, c omp act Hausdor� sp ac e X , such that

Th

C

( M ) = T

C

. Then ther e is a home omorphism h : X $ S

2

taking M

to R OQ( S

2

) .

Pr o of By Lemmas 1.22 and 1.27, Th

C ;c; �

( M ) = T

C ;c; �

. By Theo-

rem 1.169, M '

c; �

R OQ( S

2

). But T

C ;c; �

con tains a form ula de�ning

C explicitly in terms of c and � . Hence M '

C

R OQ ( S

2

). No w apply

Theorem 1.153. QED

W e remark that there is no prosp ect of remo ving the compactness con-

dition from Corollary 1.174. F or example, let p

�

b e, sa y , the p oin t of S

2

with co ordinates (0 ; � ), and consider the top ological space X = S

2

n f p

�

g

and the mereotop ology M o v er X giv en b y M = f r n f p

�

g j r 2

R OQ( X ) g . Then R OQ( S

2

) '

C ;c; �

M ; but S

2

and X are not homeo-

morphic.

A further consequence of Theorem 1.153 is the promised partial con-

v erse of Lemma 1.163. W e require the follo wing fact ab out prime mo dels.

Lemma 1.175 L et A b e a c ountable, atomic mo del and let �a ,

�

b b e tu-

ples fr om A which satisfy the same formulas in A . Then ther e is an

automorphism of A taking �a to

�

b .

Pr o of Almost immediate from Prop osition 1.161, b y adding a tuple of

individual constan ts to stand alternativ ely for �a and

�

b . QED

Theorem 1.176 L et M b e a mer e otop olo gy over a c omp act, se c ond-

c ountable Hausdor� sp ac e X , and let � b e a signatur e of top olo gic al

primitives such that C (c ontact) is �rst-or der de�nable over M . If every

tuple fr om M satis�es an L

�

-formula which is c omplete with r esp e ct to

Th

�

, then that L

�

-formula is top olo gic al ly c omplete in M over X .

Pr o of Let � b e complete with resp ect to Th

�

( M ), and supp ose that

M j = � [ � r ], M j = � [ � s ]. W e m ust sho w that �r � �s . By Lemma 1.172,

let M

0

b e an y coun table mereotop ology o v er X con taining the tuples �r
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and �s , suc h that M

0

� M . Th us, M

0

is coun table and atomic, and �

is a complete form ula with resp ect to Th

�

( M

0

) satis�ed b y b oth �r and

�s . By Lemma 1.175, there exists an automorphism f : M

0

'

�

M

0

suc h

that f ( � r ) = �s . Then, b y Theorem 1.153, there is a homeomorphism

h : X ! X taking �r to �s . QED

Lemma 1.163 and Theorem 1.176 establish the close connection b et w een

the notions of top ological completeness with resp ect to a top ological

space and completeness with resp ect to a mereotop ological theory .

8. Philosophical Considerations

The earliest mo dern w ork on region-based theories of space is that of

Whitehead and de Laguna (Whitehead, 1919; Whitehead, 1920; White-

head, 1929; de Laguna, 1922a; de Laguna, 1922b; de Laguna, 1922c).

Both authors prop ose a system of p ostulates go v erning a small collection

of primitiv e spatial relations, together with reconstructions of familiar

spatial concepts in terms of those relations. The p ostulates serv e im-

plicitly to de�ne the primitiv e relations they constrain (and p erhaps the

domain of en tities o v er whic h they quan tify), while the reconstructions of

familiar spatial concepts connect the whole system to the data of spatial

exp erience. T o b e sure, b oth Whitehead and de Laguna motiv ate their

p ostulates b y pro viding informal in terpretations for their resp ectiv e spa-

tial primitiv es. Th us, for example, Whitehead illustrates his relation of

extensive c onne ction (as he calls it) using diagrams suggesting that t w o

regions are extensiv ely connected just in case their top ological closures

share a p oin t in common (this is the in terpretation giv en to the binary

predicate C in this c hapter). Ho w ev er, suc h explanations are in tended

only as a heuristic guide. O�cially , spatial primitiv es acquire their con-

ten t solely from the en tire system p ostulates in whic h they participate.

Primitiv es, b y de�nition, are not explicitly de�nable.

The inspiration for suc h systems w as presumably the axiomatic treat-

men t of geometry found in Euclid (and latterly Hilb ert); and the moti-

v ation for carrying out the pro cedure on a purely region-based fo oting

seems, for b oth authors, to ha v e b een a certain disquiet ab out the em-

pirical distance b et w een the concept of a p oin t as a primitiv e geometri-

cal en tit y and the c haracter of ev eryda y spatial exp erience. The great

di�cult y of this approac h, of course, is the problem of ev aluating the

system of p ostulates and conceptual reconstructions prop osed. White-

head's system has thirt y-one p ostulates (or assumptions , in Whitehead's

terminology) and a similar n um b er of de�nitions. De Laguna's system,

though far tidier, is also hardly self-eviden t. The only ob vious sources

of justi�cation for suc h systems are their abilit y to c hime with our pre-
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theoretic in tuition and their ev en tual in tegration in to a larger, empiri-

cally successful, ph ysical theory . Neither source is v ery satisfactory . On

the one hand, as w e ha v e seen in this c hapter, almost an y collection of

spatial primitiv es enables us to write do wn prop ositions on whic h pre-

theoretic in tuition cannot b e exp ected to return a reliable v erdict. On

the other hand, although empirical con�rmation of a general ph ysical

theory m ust pro vide some supp ort for the accoun t of space it con tains,

the size of the undertaking and the di�cult y of assigning credit when

theories p erform w ell (or blame when they p erform badly) means that

there is little practical prosp ect of an y suc h justi�cation for suc h systems

of p ostulates and conceptual reconstructions.

An alternativ e approac h to dev eloping a region-based theory of space

is illustrated b y T arski's Ge ometry of Solids (T arski, 1956). T arski to o

dev elops a geometry in whic h regions, not p oin ts, are the primitiv e ob-

jects; ho w ev er, in con trast to Whitehead and Laguna, he do es not build

his theory b y writing a collection of plausible-lo oking, but unpro v able,

axioms. Rather, b eginning with the familiar mo del of space as R

3

, he

considers a formal language whose v ariables range o v er the set of of

spheres in R

3

(de�ned in the standard w a y), and whose sole non-logical

constan t is the part-whole relation (again, de�ned in the standard w a y).

Because the `primitiv es' in T arski's geometry of solids are w ell-de�ned

mathematical ob jects and relations, the question of what p ostulates they

satisfy is a w ell-de�ned mathematical problem, not a matter for in tu-

ition or exp erimen t. And b ecause man y familiar spatial concepts ha v e

rational reconstructions in terms of the standard mo del, the question of

ho w, if at all, these concepts can b e expressed using form ulas of T arski's

language is again a purely mathematical a�air. Ha ving th us sp eci�ed

the structure under consideration and the language used to describ e it,

T arski then go es on to examine the kinds of logical issues that should

b y no w b e familiar to us. In fact, T arski obtains a system of axioms (in

higher-order logic) for whic h the standard Euclidean in terpretation is,

up to isomorphism, the only mo del.

This alternativ e approac h is, in con trast to the `p ostulationist' strat-

egy of Whitehead and de Laguna, conserv ativ e and rationalist: con-

serv ativ e, b ecause no attempt is made to build systems of axioms and

de�nitions from the ground up; rationalist, b ecause the appropriate-

ness of the resulting region-based theories is secured b y means of their

logical relations to p oin t-based mo dels whose usefulness as represen ta-

tions of the space w e inhabit|at least appro ximately and for mesoscopic

ob jects|is an yw a y b ey ond doubt. It is this approac h that w e ha v e tak en

in this c hapter. Latterly , region-based theories of space ha v e increased

in p opularit y , follo wing the seminal w ork of Clark e, 1981, Clark e, 1985,
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Biacino and Gerla, 1991,Randell et al., 1992,Gotts et al., 1996and Renz

and Neb el, 1997.One reason for this resurgence of in terest, particularly

within the A.I. comm unit y , is the requiremen t to quan tify o v er spatial

regions without lea ving the realm of �rst-order logic. The tec hnology of

theorem-pro ving for �rst-order logic is more highly dev elop ed than for

higher-order logics; and, more generally , formalisms with limited expres-

siv e p o w er enjo y a premium in A.I. if they giv e rise to en tailmen t and

satis�abilit y problems whic h ha v e (theoretically or practically) e�cien t

algorithmic solutions. Insofar as the study of region-based theories of

space is motiv ated b y computational considerations, the b est approac h

to dev eloping and analysing suc h theories is surely that of T arski, not

that of Whitehead.

These matters not withstanding, the most striking outcome of the in-

v estigation undertak en here is just ho w m uc h information it giv es us

ab out the p ossibilities for dev eloping a truly region-based theory of

space, along the lines apparen tly en visaged b y Whitehead and de La-

guna. Consider, for example, the issue of the `correct' set of p ostulates.

T rue, Examples 1.17 and 1.18 sho w that di�eren t mereotop ologies de-

�ned o v er the spaces R O( R

2

) indeed ha v e di�eren t �rst-order theories.

Nev ertheless, the discussion of Section 5 sho ws that the c hoices on o�er

are m uc h more limited than these examples migh t initially lead one to

supp ose. In particular, all �nitely decomp osable, splittable mereotop olo-

gies o v er S

2

ha ving curv e-selection ha v e iden tical L

�

-theories, for an y

signature of top ological primitiv es. W e prop osed that this common L

�

-

theory should therefore b e regarded as standard.

Or tak e again the issue of reconstructing familiar spatial concepts

in terms of a c hosen collection of primitiv es. W e ha v e seen that �rst-

order top ological languages in terpreted o v er w ell-b eha v ed mereotop olo-

gies ha v e surprising|but not unlimited|expressiv e p o w er. In particu-

lar, w e pro vided form ulas expressing a v ariet y of familiar spatial rela-

tionships (as de�ned b y their familiar p oin t-based de�nitions, of course)

o v er a wide range of mereotop ologies. In addition, w e sho w ed that the

�rst-order language L

c; �

is su�cien tly expressiv e that ev ery tuple of

p olygons in S

2

can b e c haracterized up to similar situation b y one of its

form ulas, and that the �rst-order language L

C

is su�cien tly expressiv e

that ev ery tuple of p olygons in R

2

and ev ery tuple of p olyhedra in R

3

can b e c haracterized up to similar situation b y one of its form ulas.

Most striking of all, ho w ev er, is what the foregoing analysis tells us

ab out the view of space to whic h an y �rst-order mereotop ological the-

ory commits us. While almost all in teresting mereotop ologies ha v e �rst-

order theories whic h are not categorical in an y in�nite cardinal, w e nev-

ertheless sho w ed that the plane mereotop ology R OQ( S

2

) and the spatial
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mereotop ology R OQ( S

3

) are prime mo dels of their �rst-order theories

o v er standard signatures of top ological primitiv es. W e further sho w ed

that R OQ( S

2

) is, up to isomorphism, the only coun table, �nitely decom-

p osable mo del of its L

c; �

-theory; and w e remark ed that a corresp onding

observ ation|alb eit with a more complex v ersion of the �nite decomp os-

abilit y condition|m ust apply in three dimensions as w ell. Finally , w e

sho w ed that mereotop ologies o v er compact, Hausdor� spaces, regarded

as structures in terpreting suitably ric h top ological signatures, determine

their underlying spaces up to homeomorphism. In conclusion, the log-

ical p ossibilities for region-based top ological theories of space are more

constrained than their earliest prop onen ts migh t p erhaps ha v e though t.
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