Ultraproducts

As usual we work relative to a fixed but arbitrary first order
language.

Let
AZ(Q@UEI)

be an indexed family of structures. We produce a structure
A=[[AU=T]®;|ieI)/U
where the sentences true in 2 are those true in ‘almost all” ;.

The gadget U makes sense of ‘almost all’.
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Filters on a set

Consider the set I. We may as well assume [ is infinite.
What follows does make sense when [ is finite, but is mostly
trivial.

A filter on I is a collection F of subsets of I with the following
properties.

» No-empty IeF
» Upwards closed :;( E i} =Y ecF
» N-closed XYeF=XnNnYeF

The filter is proper is § ¢ F.



Examples

For each i € T
XeF«—ieX

gives the principal filter generated by i. These are not very
useful.

The Frechet filter is given by
X € Frechet <= I — X is finite

A family G of subsets has f.i.p. [finite intersection property]
if

X, ., XpnegG=X1N---NX, #0

The upwards closure of all these intersections is a proper
filter.



Prime = Maximal = Ultrafilter

The following properties of a proper filter F are equivalent.
i) VX, V)IXUYeF=XecFo XecF

(i) (VX)X eForl—-XeF|

(iii) F is maximal.

Such a filter is an ultrafilter.

Each principal filter is an ultrafilter (but not very useful).

By ZL each proper filter extends to an ultrafilter.

An ultrafilter U is non-principal precisely when Frechet C U.



Factoring out a filter F

Let

be the indexed family of carrying sets of A. Let
A=]]A

and recall that this is the set of choice functions for A, those
functions

a: 1 — |JA with a(i) € A; foralliel
For a,b € A consider the ‘measure of equality’

[a=0b]={iella(i)=>0b(i)}



The induced equivalence relation

on A is given by

a~b<=Ja=0b]F

Trivially this is reflexive and symmetric, and transitive since

Let
AJF

be the corresponding quotient set. We write
a/F

for the block in which a lives.



Furnishing A as a structure

To produce a structure 2 carried by A we need
AIK] A[R] A[O]

for each symbol K, R, O of the language.

To produce these we take the ‘F-consensus’ of

as ¢ varies through I.



Constant K

The choice function

K:IT—JA
is given by
K(i) = W[K]
and we let
A[K] = K/ F

A more refined version of this idea gives us A[R] and A[O].



n-placed operation O or relation R

For ai,...,i, € Aand i € [ let

O(ay,...,a,)(0) = A [O](a1(i), . .., an(i))

Now check that
ap ~ by, ..., an ~by = O01(ay,...,a,) ~O(by,...,by)
and hence can set

A[0)(ar/F,...,an/F) = O0a1,...,ay)/F

A relation is dealt with in the same way (the target values are
in {0, 1}, not A).



Los’s Theorem

Let 2 = [[A/F as just constructed.
For each —-free formula ¢(vy,...,v,) and aq,...,a, € A we
have

A= dlar/F,...,an/F)

precisely when

{iel|UEolar(i),...,an(i))} € F

Proof by induction over ¢.

How do we handle negation? — Use an ultrafilter.



A proof of the compactness theorem

Let 3 be a set of sentences which is finitely satisfiable.
Take an enumeration of all finite subsets of 3 (A;liel)
For each ¢ € I let A = A,

We produce an ultrafilter ¢ on I with [[Glie)/U =%

For each i € I let 7 C I be given by jeET = N CA;
For i(1),...,i(n) € I let AjyU Uiy = A,
so that jei(l)yn---ni(n)
to show that {iliel}

has f.i.p. and hence extends to an ultrafilter .



The crunch

Consider any o € ¥ and let
so that

and hence

to show

as required.

(o} = A
jei=0ceN;=U o
ell¥Fo}euU
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