The back-and-forth technique

A method of producing isomorphisms between countable
structures, and showing that arbitrary structures are
elementarily equivalent.

Let 2, B be structures for some language L.
A partial isomorphism between 2 and B is a bijection

U —V

from a subset U of 2 to a subset V' of B which is an
isomorphism ‘as far as it goes’

To make this precise we take an enuneration a of U and the
corresponding enumeration b of V. Then we must have

(2A,a) =0 (B, b)
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A b&f-system

Between two structures 2,5 is a non-empty set P of partial
isomorphisms

f:U—V
with the following two properties.
(forth) For each f € P and (back) For each f € P and
each element x of 2, there is each element y of B, there is
an element y of B together an element x of A together
with an extension f* € P with an extension f+ € P

fr:uvu{z} — Vu{y}
with f*(z) = y. We write
A=,B

to indicate the existence of a b&f-system.



Lines — part 1

Let A, B be a pair of lines (dlowep). Consider the set of all
pairs (a,b) of finite lists with

(A,a) = (B,b)

To go forth consider x € A. Locate its position relative to the
list a. There must be some y € B in the same position relative
to b.

As a particular example we have

Q=R



APV — A=, B—A=B

First implication is trivial. The trick for the second implication:
Suppose we have a collection ® of formulas with

(a,b) € P = [A = ¢(a) <= B |= ¢(a)]

Then we can bump up the quantifier complexity.
Consider ¢(u,v) € ®.

A E (Ju)p(u,a) (a,b) e P

A E ¢(x,a) some z from A
(x ~a,y~b)eP by going forth
B = ¢(y,b) since ¢ € ®

B = (Ju)d(u, b)
In fact this shows (a,b) e P= (,a) = (B,b)



Lines — part 2

Let A, B be a pair of lines, with P as before. For (a,b) € P we
have
(A,a) = (B,b)

and hence the theory of lines is complete.

The same result shows that
ACB=— A<B
and hence the theory of lines is model complete.

As a particular example we have Q < R.



For countable structures =B =A=B

There are full enumerations of 2, B
(wili<w)  (yili<w)

Starting from any fy € P (the given b&f-system) we generate
an ascending w-chain of members of P.

foChC---Cfi C fi:Ui—V;
At each step we ensure
zi € Uit yi € Vipa

The union is a full isomorphism. f=U{fili <w}



Lines — part 3

The theory of lines is
(0) Ng-categorical
1)
(2) model complete
(3) has EQ

complete

To prove (3) we verify directly that the V;-part of the theory
has AP.



