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The many different point-sensitive Vietoris modifications of a topological space have
been around for many years. These constructions produce what are often called hyper-
spaces of a space. The point-free version, which is rather more modern, was introduced in
[3] and reworked in [4]. Since then nothing much worth reading has been written about
the construction, although [6] is an exception to this. Much of what has been written
seems to have been from the rather narrow perspective of squeezing a bit more out of
some power domain construction or other. I take the wider view that the constructions
are bits of topological gadgetry which are interesting in their own right.

Here I set down some of the basic material together with a few observation I have
made over the years. As will become clear, these notes are based in part on [3, 4] with
the benefit of some 20 years of further development in the use of frames as a tool for
studying certain aspects of point set topology. I have also gathered together the contents
of various scraps of paper I have had hanging around for a while. I’'m not sure there is
much new here, but you might find them useful.
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1 Point-sensitive background

In this section I will set down the required point-sensitive background material, that is
the material we need from point set topology. Some of this is entirely standard, but some
is a little specialized. Some is quite new but has already proved its worth.

We begin with the notation and terminology.

1.1 DEFINITION. Let S be a topological space. This has associated sets
oS CS us Qs

of
open closed saturated compact saturated

subsets of S, respectively.
For a subset E of S we write

E° E~ E'

for the
interior closure saturation

of E, respectively.
The specilization order on S is the comparison C of points given by

prbg—pecq

for p,q € S. This is a pre-order, is a partial order precisely when the space is Tj, and is
equality precisely when the space is T;.

A saturated set is an upper section of this comparison. Every open set is saturated,
and the saturation E' of a set E is the intersection of all its open supersets. [ |

For those of you who haven’t yet got used to the 215 century or are afraid that the
bourbakiman might get you, I do not assume that every space is 15, nor is it necessary to
quasify non-hausdorff notions. However, it will do you no harm if you assume that each
space is Tj.

I am not quite sure why Vietoris needed his construction. It is something to do with
attempting to measure the ‘distance’ between subsets of a space. He certainly wasn’t the
first to do this, and there are several other constructions still in use. They often go by
the name of hyperspaces. However, without prejudice to other possibilities, let’s set down
the construction we are interested in here.

1.2 CONSTRUCTION. Let S be any topological space and let IS be any set of compact
subsets K. For U € OS let ¢(U) and L(U) be the subsets of IS given by

K € Q(U) <= K meets U KelOU)<~ KCU

(for K € KS). We use these to topologize IS. That is we take the smallest topology in
which each of these sets is open. Thus we use the given topology OS to doubly indexed

a subbase of the topology constructed on KCS.
This is the V-modification of S on KS. |



In the original Vietoris construction the space S is compact Tp and IS = CS (the
family of closed sets). We will look at some other possibilities shortly.

You may wonder what the boxes and diamonds are doing here. They are taken from
modal logic (which rarely has anything worth nicking). Essentially a diamond, ¢, encodes
a use of an existential quantifier, 9, and a box, [J, encodes a use of a universal quantifier,
V. Write out the definition of {(U) and O(U) in symbols and you will get the idea.

You may also wonder why we use compact sets (and not arbitrary sets). That will
become clear in the Section 4.

1.3 EXAMPLES. (a) The standard V-modification of a space S uses the set QS of all
compact saturated sets.

(b) For any space S if we let ICS be the set of singletons that we retrieve the parent
topology.

(c) A more interesting case is to use the set £S of all compact lenses of S. n

This last example needs some explanation, begining with the definition of a lens.
1.4 DEFINITION. A lens of a space S is a subset of the form
L=RNX

where R € US and X € CS.
A lens is compact if it is a compact subset of the parent space. ]

In the specialization order a lens is a convex set since it is the intersection of an upper
set and a lower set. However, not every convex set is a lens since the the lower set must
be closed.

Lenses are easy to generate.

1.5 LEMMA. For each subset E' of a space S
E'=E'"nE"
1s the smallest lens that includes E.
Proof. Trivially, this set £* is a lens and includes E. Let
L=RNX
be any lens that includes E. Then

ECRelUS EFECXelCS

to give
E'CR' =R E-CX =X
so that
E‘CRNX =1L
as required. [ ]

Notice that ()¢ is a closure operation on subsets of S (but, in general, not a topological
closure operation).



By definition, each lens can be represented as the intersection of a closed set and a
saturated set. Although there may be many such representations, there is a canonical

one. For each lens L we have
L=L"NnL"

(by a particular case of the Lemma).
The family of all lenses has its uses, but here we are concerned with those that are
compact (that is, compact as a subset of the parent space).

1.6 LEMMA. For each lens L of a space S the three conditions
(i) L is compact
(ii) L' € QS

(iii) L has the form Q N X for some Q € QS and X € CS.

are equivalent.

Proof. (i) = (ii). Since each open set is saturated, it is easy to check that the
saturation of a compact set is compact.
(ii) = (4ii). This follows since L = LT N L~.
(1ii) = (7). Suppose
L=QnNnX

where @ € QS and X € CS, and consider any family U of open sets with L C |JU. In
the usual way we may assume that U is directed. We have

QcxulJu
and X' is open, so that
QC X' uUU
for some U € U (since @ is compact). Thus L C U, to give the required result. |

These compact lenses are the sets used in Example 1.3(c). We will see that they arise
also in a quite different way.
Each @ € QS is a compact lens (since Q" = Q C Q7). Thus we have an insertion

QS —— LS

at the set level. Similarly, for each p € S the set p' N p~ is a compact lens. When S is
To this is just the singleton {p}. Thus, with a bit of not very poetic licence, we have an
insertion

S———LS

again at the set level. The three sets S, QS, LS carry topologies, the given topology on
S and the V-modifications on the other two. A couple of simple calculations gives the
following.



1.7 LEMMA. For each Ty space S the two insertions

S———LS QS —— LS
are topological embeddings.

At first sight it looks as though this result can be improved. For each p € S the
saturation p' is compact, so we have an insertion

S——— 9S

(when S is Ty). However, in general, this map is not continuous. Each U € OS gives two
subbasic open sets O(U),d(U) of QS. The inverse image of the second is just U, but the
inverse image of the first is U', the downward closure of U. This need not be open in S.

Every space has a specialization order. In particular, both the spaces QS and LS
carry a comparison which, in general, is not inclusion, as might be expected

1.8 LEMMA. For each space S the specialization order on QS and LS are given by,
respectively,

QCR+<= RCQCR LCM<— MCL"and L C M~
for QR € QS and L, M € LS, where ()=, ()1 are the gadgets of the parent space S.

Proof. Let (-)” be the closure operation on QS (so as not to confuse it with the closure

operation (-)~ of S). Then for @, R € QS we have
QCR<—=QeR

— (VU € 05) {g : éﬁgizg i g(((U]))}
Q meets U=—>R meets U] [Q - R}

QCU=RCU RCQ

to give the required result. At the last step we remember that the saturation of a set is
the intersection of all its open supersets.
For the second part let ()™ be the closure operation on LS. For L, M € LS we have

LCM<«—=—QecR
<:>(VU€OS){

@(VUGOS)[

LedU)=—M € O(U)]

LeOU)=M eO()

L meets U==M meets U} [L C M]
<

:)(VUGOS)[ LCU—MCU MC

to give the required result. |

Later on we will generalize this result.

So far most of this section has been standard material, or at least material that doesn’t
look too strange. However, when first seen the next part seems a bit pointless. In fact,
we will make good use of it in Sections 6 and 7 where we will see that it is not pointless
but is the point-sensitive view of a point-free construction.

We fixed a space S which we may assume to be Tj, and fix some Q) € QS. We use
this to produce an operation on CS. (In fact, we could use any subset @ of S but that
generality is not needed here.)



1.9 DEFINITION. Let S be a space and let QQ € QS. For each X € CS we set
0o(X) =[{(XNU)"|Q CU e 0S}
to produce the ()-derivative on CS. |

Why does anyone want to use this? Be patient and all will be explained. For the time
being let’s look at some of its properties. Trivially we have

Og:CS —CS
and the operation is deflationary and monotone, that is
(X)X 9q(Y) C 0p(X)

for all X,Y € CS with Y C X. The operation has a more important property which
partly explains the terminology ‘derivative’.

1.10 LEMMA. We have
Bo(X UY) = 9g(X) U dg(Y)

forall XY € CS.
Proof. Since the operation is monotone is suffices to show that
Bo(X UY) € dg(X) Udg(Y)
holds. In fact, we prove the contrapositive inclusion. Thus consider any point
p & 9(X)Udo(Y)
(so we want p ¢ do(X UY)). Since we have both
pEag(X)  pé oY)

we have

p¢ (XNUx)” p¢ (Y NUy)”
for some open sets Ux, Uy € OS with Q C Ux N Uy. This gives some Q C U € OS with

pE(XNU)Y  pg(YnU)
(for we may take U = Ux N Uy). But now we have
XNnUnNVx=0=YNUNW
for some open sets Vy, Uy € OS with p € Vx N V4. This gives some p € V € OS with
XNnUunV=0=YnunvV
(for we may take V' = Vx N Vy ). Finally, since

(XUuY)nunvV=(XnUnWV)uynunv)==0
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we have

p¢(XUY)nU)~

to give the required result. ]

You may not recognize these properties, but you have seen them before. Let lim be
the Cantor-Bendixson derivative on the space S. Thus

lim:CS —CS

is the operation which extracts the set lim(X) of limit points of each closed set X. This
operation is deflationary and monotone and, more importantly, we have

ImM(XUY) =Ilim(X)Ulim(Y)

for all X,Y € CS. This derivative is used to attach an ordinal valued rank, the CB-rank,
to a space. This is an important indicator of some of the pathological properties of a
space.

In the same way the ()-derivative can be used to attach a rank to S. A full discussion
of this can be found in [7]. We won’t need this here but we will need the analogue of the
perfect part of a space.

1.11 DEFINITION. Let S be a space and let Q € QS. For each ordinal « let
Q) = 95(5)
that is set
QD) =5 Qa+1)=0(Q) QM) =[{Qa)|a <2}
for each ordinal a and limit ordinal . |
This produces a descending chain of closed sets with
Q C Qo)

for each ordinal . On cardinality grounds the chain eventually stabilizes at some ordinal
oo. It is know that this @-rank can be arbitrarily large. Furthermore, we have

Q™ C Q)
and these can be far apart. In Section 9 we describe a large space S which is T} and sober
and where )~ is a singleton but ()(oc0) is the whole space.
We will see that the behaviour of these ()-chains has a significant impact of the nature
of the various V-modifications of a space.

1.12 DEFINITION. Let S be a space and let Q € QS. For each X € CS we write
QxX

if g(X) = X, that is if
XC(XnNnU)”
for each Q C U € OS. [ |

The sets X € CS with () x X are the analogues of the perfect subsets. We will see that
the pairs (@, X)) where @ x X and X is large enough form the points of a V-modification
of the parent space which, in some ways, is better than those given by Construction 1.2.

7



2 Point-free background

Much of what we do takes place within the category Frm of frames and uses is battery
of gadgets, so a short refresher won’t go amiss.
A frame is a complete lattice

(A, < T, A L\)
for which the distributive law

a/\\/X:\/{a/\x| € X}

holds for each element a € A and subset X C A. In other words, a frame A is a complete
heyting algebra, and so carries an implication (- D -) given by

r<(aDb) <= aNnz<bh

for a,b, x € A.
A frame morphism

A d=1" g

is a monotone function between the frames which preserves the distinguished attributes
<, T,A,L,V. It need not preserve other operations (such as the infimum /\ or the
implication D carried by the frames.)

Each frame morphism f = f*, as above, has a right adjoint

f*
fs

A B

satisfying
() <y =z < fily)

for x € A and y € B. This adjoint f, need not be a frame morphism, but it is a useful
tool at times. When it is important we write f* for the associated morphism, otherwise
we write f (which accounts for the dual naming above).

This sets up the category Frm of frames. It is related to the category Top of topo-
logical spaces via a schizophrenic adjunction.

For each space S the topology OS is a frame (under the obvious set theoretic opera-
tions). For each continuous map

r_ ¢

the inverse image function

os ¢ oT

is a frame morphism. You may like to work out the right adjoint of ¢.
This sets up one half of a contravariant adjunction

O

Top Frm

pt
where the other functor pt is more interesting.

8



2.1 LEMMA. For a frame A the following gadgets are in bijective correspondence.

o Completely prime filters on A, that is filters P such that
VXeP=XnP#0

for each subset X.
e Characters of A, that is from morphisms

T

A

to the 2-element frame.

o Meet-irreducible elemements of A, that is elements p # T such that
TANYSp==2T<porysp
for each z,y € A.

The correspondences are given by
r<p<=m(x)=0 m(z)=1<=zxz€P
forxz € A.

These are the points of A. We may view them in any of the three ways, but it is
usually the A-irreducible elements that provide the clearer picture.

Let S = pt(A) be the set of points of A. Viewing these points as A-irredicible, for
each x € A we extract ®*(x) C pt(A) by

pe@(r)=afp

(for p € S). We find that
0S ={e"(z) |z € A}

is a topology on S, and the assignment x —— ©* (x) is a surjective frame morphism.
We call pt(A) the point space of A, and the morphism ©* is the spatial reflation of A.
As a morphism this spatial reflectyion has a right adjoint

@*

A os

ON

and we find that
©.X)=A\X peX=p<A\X

for X € CS and p € S. We will return to this shortly.

In the usual way of universal algebra, each surjective frame morphism A —— B is
determined up to canonical isomorphism by a congruence on A. For frames there is a
neater way of getting at these.



2.2 DEFINITION. Let A be a frame.
A pre-nucleus on A is a function f : A —— A which is inflationary, monotone, and
preserves meets, that is

v< flz) v<y= fla) < fly) [fl@aAy)=[fz)N[f(y)

for each x,y € A.
A nucleus on A is a pre-nucleus j that is idempotent, that is j? = j. |

We have already met several examples of pre-nuclei (in disguised form). Consider a
space S, some ) € S, and let dg be the asosciated ()-derivative. The dual complement
fo of Og is a pre-nucleus on OS. This is given by

fo(U) = 8o(U")

for each U € OS. Lemma 1.10 converts into the crucial property.
Each frame A carries families of nuclei

Uq Va W,
indexed by a € A, and given by
us(r) =a Ve va(x) = (a D ) we(z) = ((x Da) Da)

for x € A. These are the componenents out of which many nuclei are built.
By setting
J=faof”

each morphism from a frame
f*
e

gives a nucleus on that frame. This is the kernel of the morphism.
Conversely, each nucleus j on a frame A is the kernel of a morphism frame A. We
take

A B

4= j[A] = {r € Al j(a) = 2}
with a fairly obvious structure, to show that

At L4
x ——— j(z)

is a frame morphism with kernel j. You might like to work out the right adjoint of j*.
Let N A be the poset of nuclei on A ordered pointwise. This is a complete lattice with
infima cimputed pointwise. However, suprema are not computed pointwise, and often
involve a hidden ordinal iteration. This lattice N A is itself a frame, and is the assembly
of A.
Let A be a frame with points space S = pt(A). The spatial reflection

@*

A os

ON
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can be used to generate other spatial quotients of A. Let K be any subset of S and view
K as a subspace of S. The embedding of K in S is continuous and so gives a frame
morphism OS5 —— OK which we may adjoin to the spatial reflection

A oS OK
at ©(a) N K

to obtain a quotient of A. This gives us an adjoint pair

k*

-—

k.

A OK

and a nucleus k on A, where
k*(a) = @(a) N K k=k,ok"

(for a € A). We describe the right adjoint &, and the kernel k.

Each £ C K is a subset of S, and hence is a set of elements of A (the A-irreducible
elements that belong to K). In particular we can form the infimum A E in A.

Each open set of K has the form K NU for some U € OS. This gives a closed subset
K —-Uof K.

2.3 LEMMA. Let A be a frame with points space S = pt(A), let K be a subset of S, and

consider the morphism

A OK

as described above. For each open set U € OS and a € A we have
K(KNU) = NKE-U) k@)= Ape K|a<p)
where each infimum is taken in A.

Proof. For each element a € A we have

a4 <k (KNU) = k*(a) CKNU
— (WpeS)peoa)N K =pec KNU]
< (Vpe K)jp € ®a) = peU|
<— (VWeK)pg U= a<p|
= (VpesS)pe(K-U)=a<p = a< \(K-U)

as required.
Using this for each a € A we have

ka) = k.(k"(a) = A\ (K —©(a)) = \{p € K |a < p}

to give the required result. ]

We will need some information about the block structure of a frame. This ought to be
better known but isn'’t.

11



2.4 DEFINITION. Let A be a frame.

(1) An element x € A is admitted by a nucleus j on A if j(z) =T.

(2) For a nucleus j on A the set V(j) of all elements admitted by j is the admitting
filter of 7.

(3) A filter on A is admissible if it has the form V(j) for at least one nucleus 5. W

There are two observations which we will expand on in this section. Firstly, there
may be filters on a frame that are not admissible. Secondly, although each nucleus j
determines an admissible filter V(j), the filter need not determine the parent nucleus.
Although the validity of these observations may not be clear just yet, they will be by the
end of this section.

2.5 EXAMPLES. Let A be any frame.
(a) Each completely prime filter P on A is related to a A-irreducible element p and a
character 7 : A —— 2 of A. In fact

reP<=nmn(r)=qxLp

which, more or less, shows that P is admissible. It can be checked that

[ TifzeP

to show that V(w,) = P.
(b) Each element a € A gives a nucleus v,, and for this we have

reEV(y)<—=(adr)=T<+<=a<z

so that V(v,) is the principal filter above a.

This shows that in any frame each principal filter is admissible.

(c) Now suppose that the frame A is boolean. Consider any admissible filter V(j) on
A. Since A is boolean the parent nucleus j has the form j = v, for some a € A (namely
—(jL)). Thus the filter is principal.

In other words, for a boolean frame the admissible filters are precisely the principal
filters. |

In the next section we will see a larger class of admissible filters that includes all the
completely prime filters.

It is not hard to see that many different nuclei can give the same admissible filter. We
take a closer look at this feature.

2.6 DEFINITION. Let A be a frame. For nuclei j, k on A we say j, k are companions if
V() = V(k).

This puts an equivalence relation on N A, and a block is an equivalence class of this
relation.

A nucleus is alone if it is the only member of its block. |

12



The examples of Subsections 9.2 and 9.3 show that a block can have a quite compli-
cated structure. However, no matter how complicated it is a block always has a special
member.

Consider any family J of nuclei all in the same block with the common admitting
filter V. Then for each z € V we have

ATDz=NzlieTy=N\Tr=T
so that A\ J is also in the same block. This proves the following.

2.7 LEMMA. Fach block of a frame is closed under arbitrary infima. In particular, each
block has a least member.

These least nuclei play a special role in the analysis of frames, so they are given a
special name.

2.8 DEFINITION. A nucleus is fitted if it is the least nucleus in its block. [ |

We are going to spend a little while obtaining various properties of fitted nuclei and
their impact on frames. We begin with a simple example. The proof of the following
result is a routine exercise.

2.9 LEMMA. For a frame A we have
Ve < j <= a€V(j)

for each a € A and nucleus j on A.
In particular, each nucleus v, s fitted.

Not every fitted nucleus is a v-nucleus, but every fitted nucleus is built out of v-nuclei
in a uniform way.
Let V be any filter on the frame A. For a,b € V we have

Vg V Up = Ugpp

so that
Vo ={v,|a € V}

is a directed family of nuclei. Let f = fr be the pointwise supremum of this family V5.

Thus
fl@)=\{@>x)|aeV}

for each x € A, and f is a pre-nucleus. Consider the family
(f“| o an ordinal)

of ordinal iterates of f generated by

Play=z =) )=V @la<}

13



for each ordinal o and limit ordinal A (and = € A). It is easy to check that this is an
ascending chain of pre-nuclei. On cardinality grounds the chain stabilizes at some ordinal
oo, and then

vy = [

Vy — \/ VV
is the supremum of Vg in NA.
We continue with this notation in the proof of the following.

is a nucleus. In fact,

2.10 LEMMA. Let V be a filter on the frame A.
(1) The nucleus vy is the least nucleus which admits each member of V.
(2) The filter V(vy) is the least admissible filter which includes V.
(3) The nucleus vy is fitted.
(4) If V. =N (j) (for some nucleus j) then vy is the least companion of j.

Proof. We use the pre-nucleus f constructed above.

(1) For each a € V we have vy(a) = T, and hence f(a) = T. Thus vy(a) = T, that is
vy admits a. Conversely, suppose j admits each member of V| that is j(a) = T for each
a € V. Consider any a € V and z € A. Let y = v,(z) = (a D ). Then y Aa < x so that

y<jly) =7y ANila) =3y Na) <jx)

to show that v, < j. Thus f < j, and hence vy = f* < j, as required.

(2) Consider any admissible filter V(j) with V. C V(j). As indicated, this second
filter arises from some nucleus j. But this j admits each member of V(j), and hence each
member of V| so that vy < j by part (1). Thus V(vy) C V(j), as required.

(3) Suppose j is a companion of vy. Then j admits each member of V, and hence
vy < j by part (1).

(4) This is another immediate consequence of (1). [

This result gives us a better handle on fitted nuclei.
2.11 COROLLARY. A nucleus j on a frame A is fitted precisely when
i=\/V
for some set V' of v-nuclei.

Proof. Part (4) of the Lemma shows that every fitted nucleus can be decomposed in
this way. Conversely, suppose j = \/ V where

V={ylyeY}

for some subset Y of A. Let V be the filter generated by Y. Thus V is the set of all
elements a € A such that
YA Ayn < a

for some y1,...,y, € Y. For each such selection we have

Vg S Uyypeng, = Uy VooV oy, <

14



so that
v <\/V =}

and the converse comparison is trivial (since Y C V. Thus j is fitted. n

Each filter V on a frame A determines a block within NA. This block has a least
member vy which (because of the ordinal iteration involved) can be quite difficult to
calculate. Furthermore, the structure of the block can be quite intricate. Beginning in
Section 3 we will look at some special kinds of blocks, when the following result will at
least motivate the notation used. You may like to amuse yourself by finding a proof.

2.12 LEMMA. For each frame A and a € A the nucleus w, is the greatest member of its
block.

Each filter V on a frame A gives a fitted nucleus vy on A, and so determines a quotient
Ay = Ay

of A. When V is admissible it can be retrieved from vy (for in that case V = V(vy),
if this isn’t too nablous). Each of A and Ay has a point space and, on general grounds,
there is a continuous map

pt(Av) — pt(A)
induced by the quotient morphism A —— Ay. We locate pt(Ay) as a subspace of pt(A).
2.13 LEMMA. Let A be a frame with S = pt(A). Let V be a filter of A with associated

pre-nucleus f = fg. Then

_[TafpeVv
ﬂp)_{p ifp¢ v
for each p € S.

Proof. We have
f)=\{z>p)lzeV}

so that p < f(p) and f(p) = T if p € V. Suppose p ¢ V, consider any x € V, and let
y = (z D p). We have z Ay < p and = £ p (for otherwise p € V) so that y < p. Letting
x vary through V gives f(p) < p, as required. |

Remember that we can view a point of Ay as a character
Ay — 2
and this gives a character
A—s Ay — 2

of A. This is how the map pt(Ay) — pt(A) comes about. Which points of A arise in
this way? By Lemma 2.13 we have

TiftpeV
pifpgV

for each p € S. Thus each point p of A is either destroyed by sending it to T or preserved
as a point of Ay. This proves the following.

vﬂMZ{
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2.14 LEMMA. Let A be a frame with S = pt(A), and let V be a filter of A. Then
pt(Av) =5-V
where this difference is viewed as a subspace of S.

We are going to develop this theme quite a bit further.

3 The HM result done properly

We have seen that for a space S the family QS of compact saturated subsets is quite
heavily involved in the various point-sensitive V-modifications of S. In this section we
obtain a point-free analogue of QS as well as some other useful gadgets. The original
Hofmann-Mislove results shows that for a sober space S there is a bijective correspondence
between QS and the open filters on OS (where these will be defined shortly). More
generally, for a frame A with point space S, there is a bijective correspondence between
QS and the open filters on A. Each such filter is admissible and so determines a block
within NA. As usual, this block has a least member, but unusually such a block also has
a greatest member. The structure of these blocks is intimately connected with the various
V-modifications we are going to look at.

Before we get to the details of this correspondence it is useful to set down a bit of
general background material.

Let A be a frame with point space S and consider

A oS
a ——— ©(a)

the canonically associated spatial reflection frame morphism. Each subset K of S produces
a surjective morphism

A oS OK
at ®(a) N K

by viewing K as a subspace of S. This situation is discussed in Lemma 2.3. In particular,
the kernel k of this morphism is given by

ka)= N\{peK|a<p}
(for a € A) where this infimum is taken in A. The admitting filter V(K) of k is given by
aeV(K)<=o()NK=K<+= K C®)

(for a € A). In other words V(K) is an indexing of the open neighbourhood filter of K.
Notice that although the set K determines the filter V(A), the filter does not determine
the set. Let K be the saturation of the set K in S. Since open sets are saturated we
have
a € V(K'") <= 1K Co(a) <= K C ®(a) <= a € V(K)

to show that V(K'T) = V(K).
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3.1 LEMMA. For a subset K of the point space S of a frame A we have
pe K« p' ¢ V(K)
for each p € S.

Proof. Remembering that the closure p~ of a point p € S is just the downward closure
of pin S, we have

pd Kl e—=p NK=0+—= KCp ' < p ' €V(K)

to give the required result. |

This result shows that each Q € QS is determined by the filter V(Q), and this is the
filter V(K) for any K C Q with KT = . What kind of filter is V(Q), and is there any
‘canonical’” generating subset K C )7 We can answer both these questions in a nice way.

A filter V on A is a non-empty upper section which is closed under binary meets. The
complement A — V in A is a lower section but need not be closed under binary joins. We
impose a restriction on the complement and so obtain a special class of filters.

3.2 DEFINITION. A filter V on a frame A is (Scott) open if the complement A — V is

closed under directed suprema. [ |
In other words the filter V is open precisely when
\/XEV:>XmeetSV

holds for each directed subset X of A. Intuitively this is some kind of compactness
property, and for once our intuition is correct.

3.3 LEMMA. For a set K of points of a frame A, the filter V(K) is open precisely when
the set K is compact (in the point space).

Proof. Suppose first that V(K) is open, and consider any directed subset X of A
which gives a covering
U={o)|ze X}
of K. Thus
K c|Ju=o(\/X)

so that \/ X € V(K), and hence X meets V(K) at z say, to give K C ©(x).
Conversely, suppose K is compact, and consider any directed subset X of A with
VX € V(K). Then
U={o(zr)|ze X}

is a directed covering of K, which leads to some x € X N V(K). |
This shows that each @ € QS determines and is determined by an open filter V(Q).

But does every open filter arise in this way? Yes it does.
We need to fix a bit of notation.
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Let V be an open filter on the frame A. We look at the complement A — V in A.
Let M be the set of maximal elements of this complement, that is the set of elements
m € A — V such that

m<zeV—m=u=u

holds for each x € A. In general there is no reason to suppose that M is non-empty,
but since V is open we know that A — V is closed under directed suprema, and hence a
application of Zorn’s Lemma give these following.

3.4 LEMMA. Let V be an open filter in the frame A and let M be the mazimal non-
members of V, as above. Then for each a € A —V there is some m € M with a < m.

This is the crucial result from which all the other non-trivial results follow.
Recall that we view the points of A as the A-irreducible members of A. In this way
we convert the open filter V into a set of points.

3.5 LEMMA. For the situation above, each member m of M is a point of A.

Proof. Since T € V we have m # T. Consider elements x,y € A with z Ay < m
and, by way of contradiction, suppose both z £ m and y £ m. Then m < m V z and
m < mVysothat mVz,mVy eV (by the maximality of m). This gives

m=mV(xAy)=mVz)AN(mVy) eV

which is the contradiction. [ |

This associates with the open filter V a set of points M, and hence gives us a second
filter V(M). Or does it?

3.6  LEMMA. For each open filter V on the frame A we have V = V(M) where M s the

set of mazximal non-members of V.

Proof. Consider any a € A. Remembering how the open set ©(a) is constructed we
have
a€e V(M) M Co(a) < (Vm e M)[a £ m)|

so that taking the contrapositive gives
a¢ V(M) AmeM)la<m|<=acA-V
where the last equivalence follows by Lemma 3.4. Thus
A-V(M)=A-V

and hence V = V(M), as required. |

By Lemma 3.3 the set M is compact (in S) and hence so is its saturation Q) = TM,
and we have V = V(Q). At this stage we must remember that the specialization order
C on S is the reverse of the comparison induced by that on A. Thus

pLqg<—q<p
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for p, g € S, that is A-irreducible elements of A. The saturation of M is taken with respect
to C, and hence in terms of < we have

q € Q<= (Im e M)g <m)j

for each g € S.
This more or less finishes the proof of the following variant of the HM result.

3.7 THEOREM. For each frame A there is a bijective correspondence
V>0

between the open filters V on A and the compact saturated subsets ) of the point space S
of A. This is given by
vV =V(Q) RQ=S-V

(where S is viewed as the set of N-irreducible elements of A).

Proof. There are still one or two details to sort out. The main one is the equality
() = S — V. Thus starting from the open filter V let M be the set of maximal members
of A—V and let () be the saturation of M. The characterization of ) in terms of < and
Lemma 3.4 show that Q =S — V. |

Of course, each sober space S determines and is determined by a frame, its topology.
The original HM result is the corresponding spatial case of Theorem 3.7.

3.8 COROLLARY. For each sober space S there is a bijective correspondence between the
open filters V on OS and the members QQ € QS. This is given by

UeV<=QCU Q=(\V
(for U € OS).

We will use the general correspondence V. <— @ for a frame A many times. We will
also use the set M of maximal elements of A — V. Since each m € M isin S (by Lemma
3.5) we have M C Q. Futhermore, we have Q = M and relative to the specialization
order M is the set of minimal members of (). We refer to M as the minimal generating set
of Q.

This construction has another important consequence which was originally proved by
a quite different method. For the open filter V on A, let K be any subset of S with
M C K C @). The admitting filter of the kernel of the surjective frame morphism

A OK
ar—— @(a) N K

is V(K) =V, to give the following.

3.9 COROLLARY. Each open filter on a frame is admissible.
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As mentioned, this result was first proved by a quite different method. That method
can be refined to extract a lot more information about the open filters on a frame. We
don’t need that refinement here, but details can be found in [7].

The open filter V on A is admissible and, as explained in Section 2, determines a block
in N A with least member vy. This gives a two-step quotient

A Ay Opt(Av)

of A, and Lemma 2.14 tells us what the point space is.

3.10 LEMMA. Let A be a frame with point space S. Let ¥V be an open filter on A, and let
Q@ be the corresponding member of QS. The points space of Ay is QQ viewed as a subspace
of S.

Proof. By Lemma 2.14 and Theorem 3.7 we have
pt(dv) =5-V=@Q

as required. [

In general for an admissible filter we can not say much more about the corresponding
block, but open filters are rather special.
Using Lemma 3.10 each open filter V on the frame A determines a chain

A A 0Q OM

of three quotients of A where the new step arises from the subspace M of ). Thus the
three-step quotient is

A OM
ar——>U(a)N M

and its admitting filter is
V(M)=V

the original open filter. This suggest that the corresponding nucleus might be worth
looking at, and we are not disappointed.

3.11 DEFINITION. Let V be an open filter V on a frame A, and let M be the set of
maximal non-member of V. For each a € A let

wv(a):/\{meM\agm}
to obtain a nucleus wy on A. [ |

Because of the special position of M we can expect wy to be in a special position in
its block, but do we expect the following?

3.12 LEMMA. For each open filter V on a frame the associated nucleus wvy is the greatest
member of its block.
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Proof. Consider any companion j of wy, that is any nucleus j on A with V(j) = V.
Consider any m € M. If jm < m then jm € V (by the maximality of m), so that
jm = j(jm) = T, and hence m € V, which is false. Thus jm = m.

Now consider any a € A and m € M with a < m. Then ja < jm = m, so that
ja < ka (since m is arbitrary), as required. |

For a frame A each open filter V on A gives us a bounded block

(v, wy

in NA. We will see from the examples in Section 9 that such a block can be quite
complicated, and its structure is related to the properties of the Vietoris construction.

Notice that the diagram above gives us another member of the block, namely the
nucleus of the quotient to OQ). This is best seen for O.S. We have nuclei

v < [Q] < wg = [M]]

where vg and wq are the extremes of the corresponding block in NOS. The natural
instinct is to think that vy = [@'], but this need not be the case. In fact, [Q)'] can float
about between the two extremes, and we will see examples of this later. What we can say
is that if S is 75 then our instinct is correct, we do have vg = [’]. This will be discussed
in Section 7.

4 The point-free V-modification

We can now begin the main topic of these notes, a description of the point-free approach
to producing a V-modification of a space. In fact, we produce a V-modification of a frame,
and then apply the construction to a topology.

We know as much as we need to about the category Frm of frames. We now modifying
that category by splitting its arrows in two so as to obtain a new category.

4.1 DEFINITION. Let Vrm be the category of V-frames. The objects of this are frames.
However, each arrow is a pair of functions

f<>
A B
fo
satisfying
(A folzAy) = folx) A foly) fa(M) =T

—~

V) VYY) =V lyeY}r  fOL) =1
(m (@) fol@) A fFoly) < fOleny)  (s) folzVy) < fol@) Vv fO>y)

for each pair z,y of elements, each directed subset X, and each subset Y of A. |

)

c)  fo(VX)=V{fol)|rc X}
)
)
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Notice that by taking Y = () the equality f¢(L) = L is a particular case of the general
clause (\/). However, it does no harm to state this explicitly.

We don’t want to confuse the arrows of Vrm with those of Frm. Thus we use a
double shaft to indicate arrows of Vrm. We write

=(f°, fo)= B or A—f—= 1D

to indicate such a Vrme-arrow. On the left we have indicated both components in full.
On the right we have abbreviated this pair.

The ‘right’ component f is a A-semilattice morphism which is (Scott) continuous
(by condition (c)). The ‘left’ component f© is a \/-semilattice morphism. These two
components must interact as in the two mixing conditions (q) and (s). It is routine to
check that these objects and arrows do form a category, that is these arrows are closed
under the obvious composition.

You might question why anyone should be interested in this category. In fact, when
it is describe in this way there does not seem to be a good answer to this question. The
only thing I can say is wait and see what happens. (Some of you might want to prattle
on about power domains, but that is even less convincing.)

There is an obvious forgetful functor

Virm — Frm where ((f)°=f (if)o="f

which simply uses the given frame morphism f as both components of the Vrm-arrow
if. When any forgetful functor arises we should always ponder the existence of an adjoint
on one side or the other. Let’s see what we can make of this.

We pose a problem.

4.2 Problem. Let A be a frame. Take two copies of the elements

O(x) D)
for x € A. Is there a frame generated by these elements satisfying
(A Oz Ay) = 0(x) AD(y) O(m =T

(
() OVX)=V{O)|ze X}

V) o(VY)=V{0lyey} OL)=1

m) (¢ O@)AOY) <O(@Ay) () Ovy) <O@) Voly)

for each pair z,y of elements, each directed subset X, and each subset Y of A? |

There is a silly answer to this, for we can always take the trivial, 1-element, frame.
There are other, more interesting, solutions some of which we have seen in Section 1.

Let S be any space and let LS be any set of compact subsets of S. Consider the topol-
ogy OIS on IS generated by Construction 1.2. This is given by a pair of assignments

O

os OKS

U

and it doesn’t take to long to see the following.
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4.3 LEMMA. For each space S the Construction 1.2 solves Problem 4.2 for the spatial
frame OS.

You should go through the proof of this. It is not very difficult, but you will still learn
something. You will find that all except the continuity condition (c) translate into simple
properties of quantifiers, with ¢ behaving as 3 and [J behaving as V. In particular, the
rather odd looking mixed conditions (m) are just the two obvious ways that the quantifiers
interact.

The continuity condition (c) holds since each K € KS is compact. This is why we
restrict ICS to compact sets.

(The similarity

O ~3 O~V

is why we write the {-component of a Vrm-arrow on top with the [J-component on the
bottom, and refer to these as the ‘left’ component and ‘right’” component, respectively.
Often existential quantification can be seen as the left adjoint of something or other with
universal quantification as the right adjoint.)

As a particular case of this result we have a Vrm-arrow

O0S —= 0LS

from the parent topology to the constructed topology on the space of compact lenses.
We also have an embedding QS —— LS which induces a frame morphism that we can
attach to the Vrm-arrow

O0S ———= 0LS 0os

to produce another Vrm-arrow. This is nothing more than the Vrm-arrow given by the
Construction using 9S.

These examples show that the Problem does have some interesting solutions. However,
what we want is a universal solution. If possible, we wish to attach to a frame A a frame
V A together with a Vrm-arrow

which is universal among such. That is, for each Vrm-arrow
A :(f<>7 fl:’):> B

there is a unique frame morphism

VA

such that the following diagram commutes.

A =—=) B

VA

This can always be done.

23



4.4 THEOREM. For each frame A the Problem 4.2 has a universal solution. In particular,
the forgetful functor é has a left adjoint.

We won’t prove this in full, for we don’t need all the details. The point-free construc-
tion A —— V A proceed in two steps. The first converts A into a certain A-semilattice,
and the second step is a nice example of the coverage technique. In fact, it is one of the
first uses of this technique applied to frames. An account of that technique can be found
in [9] but this particular example is not discussed there.

The end product of the two-step construction is a Vrm-arrow

T —— > O(x)
A=——=VA
r —— ()

from the given frame A to the constructed frame V' A. These two assignments form a
double indexing of a set of generating elements of V' A. It turns out that each element of
V' A is a supremum of elements of the form

D) AO(ya) A= A Oyn)

for z,y1,...,y, € A.

The conditions in Definition 4.1 and in Problem 4.2 can take a bit of getting used to.
The use of the coverage technique helps with this, for several small manipulations have
to be carried out. We don’t do much of that here, but Subsection 9.1 illustrates the kind
of thing that can happen.

As with almost any universal construction, there are some functorial and naturality
aspects hanging around. Some of these are discussed in Section 8.

What has this got to do with V-modifications of a space?

Each frame A has a point space pt(A). It also has a universal V-modification V' A
which in turn has a point space pt(VA). In particular, we may apply the construction
to the topology A = OS of a given space. How are these various spaces related? That
is what we are going to analyse. To do that we do not need the details of VA. The
universality of the construction will do.

5 The V-space of a frame
We have attached to each frame A a second frame V A via a Vrm-arrow

which is a double indexing of the generators. We know also that each frame A has a point
space S = pt(A) where the topology is connected to A

A os

via a surjective frame morphism. What is the connection between the V-modification V' A
and the spatial reflection OS of A? Since V' A is a frame it too has a point space pt(V A)
and we can expect this to have some relationship with S = pt(A). In this section we
begin the analysis of this connection.
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Recall that in general we view the points of a frame A as its A-irreducible elements.
These are in bijective correspondence with the characters

A 2

of A, the frame morphisms from A to the two-element frame 2 = {0, 1}. (They are also in
bijective correspondence with with the completely prime filters on A.) Thus the V-points
of A, that is the points of V' A, are in bijective correspondence with the frame morphisms
VA —— 2. From the universality of the construction these V-points are in bijective
correspondence with the V-characters of A

the Vrm-arrows from A to to 2. For each such V-character, the two component functions
() and [.] must satisfy

(N LAy =11@) AL () [J(T) =1
) HIVX)=V{[](@)|ze X}
V) ONVY)=ViOh@lyeYr  ((L)=0
) (@ [EAQ@ <O @Ay () vy <[1@)v()©)

for each pair x,y of elements, each directed subset X, and each subset Y of A. Since
each value of [.] and (.) is either 0 or 1, we may use (A) and (\/) to obtain a filter V and
element a where

—~

C

(m

reV<<|[](z)=1 r<a<= ()(x)=0

for each x € A. This pair (V,a) determines the Vrm-arrow A== 2. In other words,
the V-points are certain pairs (V,a). The continuity (c) merely says that V is open (that
is, Scott open), but what do the two mixed conditions (q,s) say?

5.1 LEMMA. Consider a pair (V,a) where V is an open filter and a is an element of the
frame A. Then the two mized conditions correspond to

(V-closed) (Vz)[z € V= (z Da)=d] (V-small) (Vz)jaVezeV = zeV]|
respectively.

Proof. We show first that (q) is equivalent to a being V-closed.
Suppose that the mixed condition (q) holds, and consider any = € V. Thus we have

[-](z) =1 and hence
() (W) < () (@Ay)
for each y € A. Consider y = (z D a). Then x Ay < a so that

O <O @Ay <()(a)=0

and hence y < a, as required to show that a is V-closed.
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Conversely suppose that a is V-closed, and consider any z,y € A. If either [.] (x) =0
or () (z Ay) =1 then we are done. Thus we may suppose [-] (z) =1 and () (z Ay) =0,
that is x € V and = Ay < a. This gives y < (z D a) = a since a is V-closed, and hence
(-) (y) = 0, which leads to the required result.

Next we show that (s) is equivalent to a being V-small.
Suppose that the mixed condition (s) holds, and consider any © € A with aVx € V.

Then
[ (@) =[](@)V{)(a) = [](zVa)=1

to give x € V, as required.

Conversely suppose that a is V-small, and consider any z,y € A. If either [-] (zVy) =0
or (-) (y) = 1 then we are done. Thus we may suppose [-| (zVy) =1 and () (y) = 0, that
iszVy e Vand y < a. Since V is a filter these give x Va € V, so that x € V, and hence
[-] (z) = 1, which leads to the required result. |

When is an element V-closed or V-small? To answer this we use the information
about the block structure of A we set down in Sections 2 and 3.

The filter V is open and hence admissible with a smallest nucleus vy and a largest
nucleus wy in its block. This smallest nucleus gives a quotient Ay of A. The nucleus vy
is the closure of the pre-nucleus f where

fw) =\ >y lze v}

for each y € A. The elements of Ay are precisely those elements of A that are fixed by
f. Thus we have the following (which explains the terminology).

5.2 LEMMA. Let V be an open filter of the frame A. Then an element a € A is V-closed
precisely when a € Ay.

Proof. Suppose a is V-closed. Then, using the pre-nucleus f, as above, we have
flay=\/{zda)|zeV}=\/{a|lzeV}=a

to show that a € Ay.
Conversely, suppose a € Ay. Then for each x € V we have

(x2a) < fla)=a

to show that a is V-closed. [ |

This result shows that the bottom value vy (L) is V-closed, in fact it is the least
V-closed element. And there’s a bonus.

5.3 LEMMA. Let V be an open filter of the frame A. Then the element vy (L) is the least
V-closed element, and is V-small.

Proof. As observed above, a = vy (L) is the least V-closed element. To show it is
V-small consider any x € A with a V x € V. Since both

a=vy(l) <vg(x) r < vy(z)
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we have vy (z) € V, to give z € V, as required. [ |

Next we look at the V-small elements and eventually arrive at a companion result to
Lemma 5.3.

As usual, an element a of a frame A is dense if —a = L. In particular an open set
U € OS in a topology is dense (in this sense) exactly when

U'=-U=1
which is when U is topologically dense. The general notion unravels as
(V)lane =1 = o= 1]

which is a form we may dualize. An element is dense if it is large, in a certain sense.
Thus, let us say let us say an element a € A is small if

(Vr)lava=T =z =T]
holds. The V-small condition is a relativized version smallness.

5.4 LEMMA. For an open filter V of a frame A, an element a € A is V-small if and only
if its image in Ay is small (in that quotient).

Proof. Suppose that a is V-small. Consider any x € Ay for which the join in Ay with
vy(a)is T. Thus
vy(vy(a)Va)=T

to give

vy(a) Ve eV
so that

vy(aV ) eV
(since this is a larger element), to give

aVreV
so that
reV

(since a is V-small) and hence (since x € Ay) we have

r=uvy(z)=T

as required.
Conversely suppose vy(a) is small in Ay and consider any x € A with a Vx € V.
Then

vy(vy(a) Vog(z)) =T
and this is the join of vy (a) and vy (x) in Ay. The smallness in Ay gives vy(a) = T, so
that x € V, as required. [ |

Almost trivially, the set of V-small elements of A is a (non-empty) lower section. If
a,b are both V-small then
aVbvVzeV=bVzeV=2xcV
to show that the V-small elements form an ideal. Finally, since V is open, we see that

this ideal is principal.
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5.5 LEMMA. For an open filter V of a frame A, the set of V-small elements form a
principal ideal, and its generator is V-closed.

Proof. Only the last part is not immediate. Consider any element a which is V-small.
We show that vy (a) is also V-small.
Consider x € A with vy(a)Va € V. Since vy (a) Ve < vy(aVz) we have vy (aVr) € V,
and hence
vy(aVr)=vi(aVae)=T

to give a Vo € V. But a is V-small, so that x € V, as required. [ ]

These results show that for each open filter V of A, the elements a € A for which the
pair (V,a) is a V-point form a principal lower section of Ay. There is always a smallest
possible such a, namely vy (L), and there is a largest possible such a. This suggest several
questions. What is this largest possible a? When is there just one possible element a?
Are there any ‘special’” associated elements a?

Let S = pt(A) be the point space of A. The open filter V is controlled by some
Q) € QS. Within the specialization order of S each point ¢ € () sits above a minimal
member m € (). Let M be this set of minimal members, so that

wv(x):/\{meM\a;gm}

gives the largest member of the block associated with V. Of course, this infimum is taken
in A.
As promised, we can now give the companion to Lemma 5.3.

5.6 LEMMA. Let V be an open filter of the frame A. Then the element wy(L) = A M

1s the largest V-small element, and is V-closed.

Proof. Since M C @ = pt(Ay), we see that the infimum A M is a member of Ay
(since an infimum taken in a quotient agrees with that taken in the parent). Thus wy (L)
is V-closed.

To show that wy (L) is V-small, we verify

¢V = wy(L)Var ¢V
(the contrapositive). If © ¢ V then, by Lemma 3.4, we have some x < m € M. But now
wy(L)Ve<m¢V

to give the required result.

Finally, suppose a € A is V-small. Consider any m € M. If a £ m, then m < aVm
and hence aVm € V (by the maximality of m). Thus (since a is V-small) we have m € V,
which is not so. Thus a < m, and hence a < wy(L). [ |

For an open filter V on a frame A the elements which are both V-closed and V-
small form a principal lower section of Ay. The least such element is vy (L) and the
greatest such element is wy (L), the bottom elements of the least and greatest nuclei of
the V-block. Lets gather together this information in one place.
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5.7 THEOREM. For each frame A the V-points are the pairs (V,a) where V is an open
filter on A and a 1s a member of the principal lower section

[vy (L), wy(L)]
of the quotient Ay .

For a fitted frame A we have vy = wy and hence the V-points of A are essentially the
open filters on A. Eventually we will obtain a vast improvement of this observation. We
will also give examples to show that this interval can be very complicated.

We are building up quite a nice picture of the space pt(V A). It’s time we had a look
at the topology.

We know that each V-point corresponds to a pair (V,a) which determines a character

of V.A. The opens of the space pt(V A) are the sets given by
(V,a) € @(a) <= (V,a)(a) =1

where « varies through VA. We don’t know all of these elements «, but we do know a
set of generators, and these will index a subbase of the topology. The generators are

gives the subbase. For later let’s state this as a result.
5.8 LEMMA. For each frame A the subbasic open sets of pt(V A) are given by
(V,a) € [o] () &= 1€V (V,a) € (o) () =2 % a
for x € A and V-points (V,a).
Proof. Each side of the equivalence unravels to
(V,a)@(@) =1 (V,a)(0(x)) =1

respectively. [ |

As always, whenever we construct a space it is worth looking at the specialization
order.

5.9 LEMMA. For each frame A we have
(V,a) C(I[,b) <=V CIl and b < a
for all (V,a), (I1,0) € pt(V A).
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Proof. Unravelling the various definitions we have

(V,a) C (II,b) <= (V,a) € (II,b)"

(V,a) € [o] (z) = (IL b) € [o] ()
e [0 = e o)
reV = (zell VCIl
(:)(vxeA){xﬁa:xﬁb} = {bga}
as required. |

We haven’t had many examples yet, mainly because we are saving them for Section 9.
However, it is worth giving a simple one here, for it clears up what is sometimes a source
of confusion.

5.10 EXAMPLE. For any frame A the whole set V = A is an open filter. This corresponds
to the empty subset of the point space S. Since L € V the corresponding inflator on A
send everything to T. Thus (A, T) is the only V-point associated with A as a filter.

The bottom L gives an open set [o] (L) of pt(V A). But, for each V-point V,a) we
have

(Vya)€o](L)<= L eV V=A

to show that
[o] (L) = (A, T)

and hence (A, T) is isolated in pt(V A).
For this reason A is often discounted as an open filter, and () is often discounted as a
compact saturated set. [

There is a direct comparison between pt(A) and pt(V A).
Consider any p € pt(A) (viewed as a A-irreducible). The associated filter V(p) given
by
reV(p) <= axLp<peco(r)

is open (in fact, completely prime). The corresponding subsets of S = pt(A) are
Q=1p={p} M={p}

where Tp is the saturation in S, that is the set of all ¢ € S with ¢ < p in A. Remember
that the specialization order of S is the reverse of the comparison inherited from A. In
particular, we have

\M =

to give the following.
5.11 LEMMA. For each point p of the frame A the pair (V(p),p) is a V-point.
This sets up an injection

pt(A) — s pt(V A)
p+———= (V(p),p)

and so gives a possible second topology on ptA (the canonical topology and the one
induced by the canonical topology on pt(V A)).
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5.12 LEMMA. The function 6 is an embedding, that is the canonical topology and the
induced topology are the same.

Proof. As x varies through A the sets

0= ([e](x)) 07 ({o) ()
give a subbase of the induced topology. But, for each point p we have
p €607 ([c](z)) <= (V(p),p) € [o](z) <=z € V(p) <= p € ©()
peOI((o)(2) = (V(p)p) € () (x) ==z Lp <= peO(a)

so that

which gives the required result. |

It is tempting to think of pt(V A) as just a space. However, it probably has a more
sophisticated structure, or is the external view of an object in a non-standard universe.
In the last part of this section I will give you just a glimpse of this. (In fact, I haven’t
seen much more myself).

In Section 2 we saw that each frame A has several associated filter spaces. The largest
is the space of all filters and then, as subspaces, all admissible filters, all (Scott) open
filters, and all completely prime filters. This last one, of course, is just the point space
S = pt(A) of A looked at from a different angle. Let’s take a look at the next larger one.

5.13 DEFINITION. For a frame A let dp(A) be the space of all (Scott) open filters with
the canonical topology. |

Each = € A gives a subset D(z) of dp(A) were
VeDx)<—zxzeV
for each open filter V. We easily check that
D(z) N D(y) = D(z Ay)
(for x,y € A) and so, by definition, these sets form the canonical base for the topology
on dp(A).

Each open filter is a component of at least one V-point of A, and we have the expected
result.

5.14 LEMMA. For each frame A the assignment

pt(VA) —— dp(4)
(V,a) ———V

18 @ continuous surjection.
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Proof. We know the assignment is surjective, so it suffices to check that it is continuous.
To this end consider a typical basic open set D(z) of dp(A). A trivial calculations shows
that the inverse image of this is [o] (), which is open in pt(V A). [

This displays pt(V' A) as a bundle over dp(A) to produce a structure which ought to
be investigated.

What are the fibres of this bundle? For each open filter V let Sy be the set of all
V-points of A of the form (V,a). In other words, this is a certain principal lower section
of the quotient Ay of A. This is the fibre over V. Of course, Sy inherits a comparison <
from Ay, and we can expect this to be related to the specialization order on Sy.

5.15 LEMMA. For each open filter V the topology on Sy is the smallest for which each
principal <-upper section is closed. In particular, the specialization order is the opposite
of the comparison inherited from A.

The canonical subbase of Sy is doubly indexed by the elements of A. Thus for z € A
we have
a€lv](z)<= (V,a) €[o](x) <=z €V
a€(v)(z) <= (V,a) € (o) () <=z La

for each a € Sy. In particular, we have

Sy ifx eV

Mw:{@ iforgVv

so we can discount these sets [v] (z). For the other sets (v) () we remember that each
a € Sy is vy-closed. Thus

ad (v)(x) <= r<a<=vy(r)<a

to show that
{(12)| € 5S¢}
is a subbase for the topology on Sy . |

Let’s conclude this section with a simple example which illustrates that the difference
between pt(V A) and pt(VOS) can be quite dramatic.

5.16 EXAMPLE. Suppose A is a compact frame, that is the top T is a compact element,
and so {T} is an open filter. The point space S is compact and is the corresponding
member of QS. The generating subset M of this () = S is the set of maximal element
of A. There may be many of these or few. The infimum m = A\ M (taken in A) may be
quite large or small. Thus there may be many or few V-points ({7}, a).

As a particular example consider a frame B with no points. Form A be adding a new
top to B. Thus A is compact and has just one point, namely the top p of the original
frame B. (This construction is the analogue of the 1-point compactification of a space.)
In this case M = {p}, and the points associated with { T} are in bijective correspondence
with the elements of B. ]

Clearly, there is quite a bit more to be sorted out here, but before we can do that we
need some information about the V-space of a topology.
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6 The V-modifications of a space

In Construction 1.2 we produce various point-sensitive V-modifications of a space S. To
do this we select some set IS of compact subsets of S and then use the parent topology
OS to doubly index a subbase for a topology on K.S. Instinctively the canonical choice for
ICS is QS the set of compact saturated sets of S. However, there are other possibilities,
and perhaps the set LS of compact lenses is a better canonical choice. In this section we
will see that the point-free approach can lead to other spatial V-modifications.

In Sections 4 and 5 we have seen how each frame A has a V-modification VA (as a
frame), and this produces a space pt(V A) which has some connection with the point space
pt(A) of the original frame. We might expect that pt(V A) is some kind of V-modification
of the space pt(A). It is, but not quite of the point-sensitive kind.

In this section we begin to investigate the nature of the space pt(VVA). However,
initially we do not look at the most general situation. For the time being we assume the
parent frame A is spatial. Only later do we look at the general situation.

Put another way, we assume given a space S and compare the space pt(VOS) with
the various direct V-modifications of S. Throughout this section we assume that S is
sober, but there are one or two places where this is not strictly necessary.

Our first job is to describe the points of VOS, or rather to knock them into a point-
sensitive shape.

The V-points of OS are the pairs (V, W) where V is an open filter on OS and W is
a certain associated open set. By Corollary 3.8 (and since S is sober) we may replace V
by its controlling set () € QS. To preserve the symmetry we also replace the associated
open set by its complement. Thus we view the V-points of OS as pairs

(@, X)

where () € QS and X € CS. Of course, X must satisfy a couple of conditions relating to
(. The complement X’ must be V-closed and V-small. Let’s rephrase the conditions in
terms of Q.

The matching pair (V, Q) induces a quotient (OS)y of OS, and the complement X’
must be a member of this quotient. Let us say X must be ()-closed. We have seen this
notion before.

Recall that in Definition 1.9 we attached to each ) € QS a derivative dg on CS. In
Definition 1.12 we introduced a relation Q) X X between @ € QS and X € CS. These are
connected by

QXX <= 0p(X)=X

for each X € CS. In other words () x - picks out the fixed sets of Jy. The matching pair
(V, Q) also gives a pre-nucleus f = fg on OS.

6.1 LEMMA. For each sober space S and matching pair (V,Q), the pre-nucleus fy and
derivative Og are dual complements, that is

0(X) = fo(X")

for each X € CS.
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Proof. We have
doX)=({XnU)y |QcUe0os}  feW)={J{W>oU)|QCUEeO0S}
for each X € CS and W € OS. Passing complements gives the required result. |

A couple more complements gives the following.

6.2 COROLLARY. For each sober space S and Q € QS, a set X € CS is Q-closed
precisely when QQ x X, that is when

QCU=XC(XNU)”
holds for each U € OS.

Continuing with these pleasantries let us say X € CS is @-small if X’ is V-small. To
unravel this notion recall that @) is generated from its set M of minimal members (that
is, minimal in the specialization order). Of course, these need not be minimal members
of the whole space.

6.3 LEMMA. For each sober space S and () € QS, a set X € CS is Q-small precisely
when M C X.

Proof. By a direct translation we find that X is ()-small precisely when
VU e O9[XNQ CU = Q CU]

holds. We show that is equivalent to M C X.

Suppose that X is )-small and consider any point m € M. We have m € M C (@), and
hence @ € m™, to give X NQ ¢ m~'. This produces some point ¢ € QN X with g € m™,
that is with ¢ € @@ and ¢ C m. But m is a minimal member of (), so that m = ¢ € X, as
required.

Conversely, consider any U € OS with X N @Q C U. We have

MCXNQCUeUS

so that Q = MT C U, as required. |
These results combine to give us the characterization we want.

6.4 THEOREM. For each sober space S the V-points of OS are the pairs (Q, X) where
Q€ QS and X € CS and where both

QxX M CXCQ(x0)

hold.
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Proof. The only aspect not covered by Lemmas 6.2 and 6.3 is the inclusion X C Q(o0).
But recall that

Q) = 95(95)

for each ordinal «, so that Q(c0) is the largest @)-closed set. In other words, we have
Qx X=X CQ(x0)

and the inclusion X C Q(o0) could be omitted. [ |

This enables us to exhibit a few of the V-points of OS.

6.5 COROLLARY. For each sober space S and each Q € QS, each of

@ M7) (Q,Q7) (Q,Q(x))
1s a V-point of OS.

The two closed sets
M~ Q(o0)

are nothing more than the complements of the bottom values

wv((Z)) Uv(@)

of the largest and smallest nuclei associated with V. We always have

wy > [Q'] > vy (D)

and ()~ is just the complement of the bottom value of this intermediate nucleus. Of course,
these three V-points need not be distinct. For many spaces S we find that M~ = Q(o0)
for each ) € QS, and so the set of points of VOS is essentially QS. This is the case of
original interest, but we will see that it is not the most interesting case.

Theorem 6.4 gives us the points of VO.S, so we know what we should do next, don’t
we? We must first show that the frame is spatial, and then characterize the associated
topology. Unfortunately, or to put it better, fortunately the frame VOS need not be
spatial. An example of such a space S is referred to in Subsection 9.1.

Even though VOS need not be spatial, it still has a point space pt(VOS) with its
canonical topology. In Lemma 5.8 we described the topology on pt(VA) for a general
frame A. This is given by a subbase which is doubly indexed by the elements of A. For
A = OS each U € OS give a pair of subbasic open set of pt(VOS). Following through
the various rephrasings we obtain the following.

6.6 LEMMA. For each sober space S the doubly indexed families given by
(Q,X) € (o) (U) <= X meets U (Q,X)€[o](U)<=QCU

(for V-points (Q, X) and U € OS) form a subbase of the topology on pt(VOS).
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You should compare this description with that of Construction 1.2 for the particular
case LS = QS. The box condition is the same, but there is a difference in the diamond
condition. In fact, this difference arises because we have produced a larger space.

As always, whenever we set up a space it is worth writing done the specialization
order. We have done this in Lemma 5.9 for the general case pt(V A). More or less the
same proof gives the following.

6.7 LEMMA. For each sober space S we have
(Q,X)C(RY)<=RCQand X CY
for all (Q, X), (R,Y) € pt(VOS).

For each ) € QS the pair (Q, (™) is a V-point, and so we have an insertion, at the
set level, of QS into pt(VOS). Guess what.

6.8 THEOREM. For each sober space S the insertion
QS —— pt(VOS)
Qr——>(Q,Q7)
exhibits the V-modification QS as a subspace of pt(VOS)
Proof. Using Lemma 6.6 we have
(Q,Q7) € (o) (U) <= @~ meets U <= Q meets U <= O(U)
and
(Q,Q7) € (o) (U) <= X meets U <= Q € J(U)
(for each @ € QS and U € OS) to give the required result. [

On seeing this result anyone who still believes in fairies might be tempted to think
that the embedding is a homeomorphism. It isn’t, and we will look at some appropriate
examples in Section 8. What we will do here it to enlarge the space QS to one which is
a much more plausible copy of pt(VOS).

Remember, from Section 1, the set £S5 of compact lenses carries a V-modification
topology and includes Q.S as a subspace.

(Although this result is stated for sober spaces it can be generalized slightly. We will
look at a non-sober variant in Subsection 9.4.)

6.9 LEMMA. For each compact lens L of a sober space S the pair (L', L™) is a V-point.

Proof. Consider a compact lens L = Q N L~ where Q = L' € QS. We show that
X = L™ is Q-closed and Q-small.
Consider any Q) C U € OS. Then

LCXNQCXNU

to give X = L~ C (X NU)™, as required.
Consider any X NQ C U € OS. Then

LCXNECU
to give Q = LT C U, as required. [

With this we have a more interesting version of Theorem 6.8.
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6.10 THEOREM. For each sober space S the insertion

A
LS ——— pt(VOS)
Li—— (L',L7)

exhibits the V-modification LS as a subspace of pt(VOS)

Proof. We show that the inverse image function A~ matches the canonical subbasic
sets of pt(VOS) with those of LS.
For each U € OS and L € LS we have

LeMA o[o)(U)<e= (L, L) e[)(U)= L CU+= LCU < LcOU)

to give
)\(7 O [o] = D
as required.

For each U € OS and L € LS we have

Le (A7 (o)(U) < (L, L7) € (:))(U)
<= L~ meets U
<= L meets U L e Q)

to give
)\H (0] <o> = 0

as required. [ ]

From Lemma 1.7 and Theorem 6.10 we have two composite embeddings

S c LS pt(VOS) QS © LS pt(VOS)
p (',p7) Q1 (@Q,Q7)

where a couple of simple calculations verify these descriptions. In particular, the right-
hand one is that of Theorem 6.8. It is, I suppose, a reasonable to hope that the embedding
A (of Theorem 6.10) may be a homeomorphism. Unfortunately, as we will see, not even
Tinkerbell exist.

Let us now turn to the more general, non-spatial case.

We have attached to each frame A a collection of spaces. Firstly there is the point
space S = pt(A) of A, and we have added to this the point space pt(V A) of the point-free
V-modification of A. The point space space S has two point-sensitive V-modifications, Q.S
and £S. Finally, as we have just seen, the topology OS has a point-free V-modification
which gives yet another space pt(VOS). The last four of these spaces form a three-step
hierarchy

Qs LS — pt(VOS) — pt(V A)

where the first two steps are discussed above. We now consider the last, right-most, step.

The first thing we have to do is set up the assignment. There is an ‘obvious’ way
to do this. Since we have a morphism A —— QS the functorial properties of V' give
a morphism VA —— VOS which we may hit with pt(-) to obtain a continuous map
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pt(VOS) — pt(V A). Although this is the map we want, in this section we construct it
in a more direct fashion. The functorial construction will be analysed in Section 8.
Consider any V-point (@, X) of S. Here @) € QS and, in the usual way, is related to
an open filter V on A by
reV <= Qo)

for € A. The second component of the V-point is a certain closed set X € CS. In
particular, it is a set of A-irreducible elements of A, and so we may form the infimum

a= /\X
(where this is taken in A). On general grounds we know that
peEX<=p<a
forp e S.

6.11 LEMMA. Let A be a frame with S = pt(A). For each V-point (Q, X) of OS the pair
(V,A\X) is a V-point of A (where V is the open filter on A associated with Q).

Proof. As above let a = AX so we must show that a is V-closed and V-small. We
know that M C X C Q(o0) so that

ag/\M

and hence a is V-small.

To show that a is V-closed we use the relationship @ x X.

Consider any = € V, let y = (x D a), so we required y < a. To this end consider any
p € X, so we want y < p. By way of contradiction suppose this is not the case, that is
p € ©(y). Since z € V, we have () C ®(z) and hence

peX C(XNox))”

(since @ x X). This gives
Xno nely) #0

and hence there is a point ¢ such that

geX x£q ytyq

holds. In particular, we have
TNy <a<q

which leads to the required contradiction. |
This gives us an assignment (@, X) — (V,a) from pt(VOS) to pt(VA). From the

way the V determines () and a determines X we see this is an insertion at the set level.
We improve this along the lines of Theorems 6.8 and 6.10.
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6.12 THEOREM. For each frame A with point space S = pt(A), the insertion

pt(VOS) (VA)
(Q,X) (v, \X)

ezhibits pt(VOS) as a subspace of pt(V A).

Proof. We must compare the two topologies. By Lemma 6.6 and 5.8 these are given
by
(Q,X) € (o) (U) = X meets U (V,a) € 0(z) <=z £ a
(Q,X)e6]|(U)<=QCU (V,a) eO(x) <=2 €V
for each (@, X) € pt(VOS), (V,a) € pt(VA),U € OS,x € A.
Each U has the form ®(z) for some x € A. Thus, if (Q, X) — (V,a) then

(@, X) € (o) (@) == 0(z) L X' <=1 £ a < (V,a) € ()
(Q,X) €[] (@) = QCo(r) <= xeV <= (V,a) € O(x)

to give the required result. ]

As far as I am aware not much seems to be known about the relationship between
these two spaces pt(VOS) and pt(V A), though no doubt relevant results can be found in
in odd places.

7 The clans of a space

For each sober space S the V-points of OS have the form (@, X) where Q) € QS and X
is a related closed set. There is always at least one such V-point for each @) € QS, and
there can be many. In this section we fix some @) € QS and consider what the family of
all associated V-points might look like. We do this via the related closed sets X. Let’s
introduce some terminology.

7.1 DEFINITION. For a sober space S and @) € QS the clan 7@ of @ is the collection of
closed sets X € CS such that (@, X) is a V-point of OS. |

In other words the clan @ is the interval
M~ C X CQ(x)

of those closed sets X € CS which satisfy Q x X. The two extremes M~ and Q(oc) are
in 1@, and we know that ()~ is also a member. This member )~ seems to have some
special status, but does not always occur in the same position. We illustrate later that
as () changes it can float about between the two extremes. There is something to be
investigated here, and this section may throw a little light on the problem.

The clan @ is a subspace of pt(VOS). By Lemma 6.7 the specialization order on 1Q
is just inclusion. However, by Lemma 5.15 the clan 7(Q) is not very interesting as a space,
for the topology is the smallest such that for each X € 7Q) the lower set

{YeiQ|Y c X}
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is closed. Nevertheless, as some kind of algebra, the clan can be quite complex.
For the whole space we have two embeddings

QoS © £y pt(VOS)
Li—— (L") L7)
Q1 (@,Q7)

which select certain V-points of the topology. Here we fix () and consider which points are
selected, that is we concentrate on the second component X of the selected pair (Q, X).
The two-step embedding merely selects the spatial member Q~, but the lens embedding
can select many more.

7.2 DEFINITION. For a sober space S and (Q € QS a focal point of 1) is one that arises
from a lens. That is, it has the form L~ for some lens L with LT = Q.
The focal clan Q) of @ is the collection of focal points in tQ). |

Recall that each X € 1@ satisfies ) x X, that is
X=(XnU)"
for each Q C U € OS. The focal points satisfy a similar, but stronger property.

7.3 LEMMA. Let S be a sober space with QQ € QS. A set X € 1Q is a focal point if and
only if X = (QNX)".

Proof. Suppose first that X is a focal point of of {Q). Thus there is some L € LS with
Q = L', X = L. But now, since L is a lens, we have

X=L =L nLh =QnX)”

as required.

Conversely, suppose X = (Q N X)~. We show that L = Q N X is a lens with L' = Q
and L~ = X. The equality L~ = X holds by hypothesis, and the inclusion L C @ gives
L' C Q. The Q-smallness of X gives

LCU=QCU

for each U € OS. For each ¢ € Q we have Q € ¢/, so that L € ¢/, which provides some
p € L with p C ¢, and hence ¢ € L'. Thus Q C L' and hence L' = . Finally

LCL NnLl=XNnQ=L
to give L = L~ N L', and hence L is a lens. |

This characterization helps us to locate some of the focal points of a space.

7.4 LEMMA. Let S be a sober space, and let () € QS.
Both M~ and Q~ are in 1Q).
If X € 1Q) then X C Q™.

40



Proof. We know that M—, Q™ € Q). We have
MCQNM-CM"

and hence M~ = (QNM~)~, to show that M~ € {Q. Trivially we have (QNQ~)” =Q,
to give Q~ € 1Q,
Finally, if X € 1@ then
X=(@QNX)cqQ

as required. [

This result suggests that the focal points on {Q lie towards the lower end. I do not
know the full story, but we do have the following.

7.5 LEMMA. Let S be a sober space, and let ) € QS. For each X € 1@ we have
(QNX)~ € 1Q, and this is the largest focal point below X .

Proof. Consider X € 7@ and set L = @ N X. By Lemma 1.6 this is a lens. Since
M C X we have M C L C (Q and hence LT = M = (Q, to show that

@NX)" =L" €1

as required for the first part.
For the second part consider any Y € 1Q) with Y C X. By Lemma 7.3 we have

Y =(QnY) C(QNX)
as required. (]

At the end of Section 6 we suggested that the embedding A just might be a homeo-
morphism. In general, it is not. In terms of () € QS this is concerned with the difference
between 1) and {@), and this can be extreme.

At this stage it it useful to look at the salient features of a couple of examples. The
full details of these are given in Section 9.

7.6 EXAMPLES. (a) The example of Subsection 9.2 illustrates one extreme of the many
possibilities. We can describe some of the features here, but the full details are dealt with
in that Subsection.

Thus, let A be the real interval [0, 1] viewed as a frame (with bottom 0 and top 1).
This is spatial with point space S = [0,1). Here we will confuse A with OS (for that will
help to give a better impression of the actual situation). Each point m € S gives an open
filter V = (m, 1] on A, and every open filter has this form. The corresponding ) € QS
is the lower section [0,m] (for the specialization order on S is the reverse of the given
comparison). The singleton M = {m} is the minimal generating set of (). We find that
vy = [@'] so here [Q'] is as small as possible. In the terminology of Definition 7.7 (below)
the space is strongly stacked, and so by Lemma 7.10 every V-point is a focal point.

The quotient Ay is the subset [0,m] U {1} viewed as a frame, whereas the quotient
by wy is the two-point frame {m, 1}. This suggests that the block [vy,wy]| is quite large
and, in fact, as in the Example 9.2 we can exhibit a vast array of its members.
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The V-points associated with V are essentially the reals a with 0 < a < m.

(b) The example of Subsection 9.3 illustrates another extreme of the many possibilities.
Again we can describe some of the features here, but the full details are dealt with in that
Subsection.

Consider the set of all words on an uncountable alphabet. These form a tree S of
height w. We adjoint to that a new point and impose a certain topology on S = {x} US.
This gives a space which is T} and sober. (In particular, the comparison on the tree S is
not related to the specialization order of S, for that is just equality.) We use the singleton
Q = {x} = M as the selected member of QS with its minimal generating set.

We have

wy = [M'] = Q]
so here [Q)'] is as large as possible. Note that

wy(®) =Q =§

the original tree. For this @) there is just one focal point, namely that given by @) itself.
The lower end vy of the block is harder to describe, but we do have

Uv(@) = (Z)

and we can exhibit many members of (OS)y in the form of closed set X with @ x X.
Consider any subtree T of S such that for each node x € T there is a lot of splitting.
(This is made precise in the Example.) There are many such subtrees T, and for each one
X = {x} UT satisfies Q x X.
This shows that the clan 7@ is extremely complicated and large. In particular, the
whole space S is in 1(). Even when sober a clan can be pretty nasty. |

In the remainder of this section we discuss a couple of properties which ensure the
clan structure is quite simple. This is also the point where, as mentioned in the preamble,
we see a connection with another piece of point-free gadgetry, the patch assembly of a
frame. We need not go into the details here, they can be found in [7], especially Chapter
8. Let us simple accept that the following two notions come out of that work.

7.7 DEFINITION. Let S be a (sober) space and let Q € QS. We say S is
(Q-stacked (Q-strongly stacked
if, respectively,
OxX=XCQ" QxX=XC(QNX)”

holds for each X € CS.
We say S is
stacked strongly stacked

if, respectively, it is
Q-stacked Q-strongly stacked

for each ) € QS. [ |
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Remember that we always have
Qx X=X CQ(x0)

so that being ()-stacked is a strengthening of this universal property, and being strongly
stacked is a further strengthening.
These properties are defined in this way to emphasize their common aspects. There
is also another way to look at them. Recall that each () € Q.S gives us an open filter V
on OS and a block of nuclei
vy < [Q < [M'] = wy

with indicated least and greatest members. As we have seen in Examples 7.6 the special
member [()'] of the block can occur at either extreme. Each of the three sets

Qo) 2 Q™ DM~

is the complement of the bottom value of the corresponding nucleus.
Being stacked or strongly stacked improves a certain comparison to an equality.

7.8 LEMMA. Let S be a (sober) space and let Q@ € QS. Then S is
Q-stacked Q-strongly stacked
if and only iof

respectively.

Proof. Suppose S is @-stacked. Since @ x Q(o0), we have Q(oc0) C @, and hence
@~ = Q(o0) (since the other inclusion always holds). Conversely, if Q~ = Q(c0) then

QXX =XCQ(x)=0Q"

and hence S is @)-stacked.
We always have

vy < [Q']
and these two nuclei will agree when they fix the same open sets. For a close set X € CS
the open set X' is fixed by either nucleus precisely when

OxX X=(QnX)

respectively. This leads to the required second equivalence. [ |

Clearly, these stacking properties have some impact on the nature of the V-points of
a space. The precise connections are not known, but we do know something.

Recall that in a T} space every compact subset is closed. By extracting a bit more out
of the proof of that we obtain the following.

7.9 LEMMA. Let S be a Ty space. Then
OxX=XCAQ

for each QQ € QS and X € CS. In particular, the space is strongly stacked.
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Proof. Consider @) € @S and X € CS with () x X, consider any p € X, and by way of
contradiction suppose p ¢ Q. Since S is Ty, by the standard covering argument (as used
to show that @ is closed) we have

QCU peV unv =90
for some U,V € OS. But now U~ C V' and hence, since (Q x X, we have
peXC(XNU)-CcU CcV’

which is the contradiction. |

This shows that in Bourbaki’s world nothing very interesting happens as far as V-
points are concerned. In a T space we have vy = wy for each open filter V on the
topology, and each clan is a singleton. (In fact, for this result we can replace Ty be
something much weaker. The details are not needed here, but can be found in [8].)

As often happens, non-T5 spaces are more interesting.

For a space S and Q € QS we say S is (Q-focused if 1Q) = 1Q).

7.10 THEOREM. Let S be a sober space and let Q) € QS.
If S is Q-strongly stacked then it is Q)-focused,
If S is Q-focused then it is ()-stacked.

Proof. Suppose S is Q-strongly stacked and consider any X € 7¢). Then @) x X, and
hence X C (QNX)~ (since S is @-strongly stacked) which, by Lemma 7.3, gives X € 1Q.
Suppose S is Q-focused. Then Q(o0) € 1Q = Q) so that Q(c0) C @, by Lemma 7.4,
and hence S is )-stacked by Lemma 7.8. [

I am not sure if either of these implications can be turned into an equivalence. My
resident expert tells me she beleives there is at least one space that is stacked and not
strongly stacked, but she hasn’t written down the details.

We have seen that in a T, space each clan is a singleton, In fact, for most everyday
spaces the clans and focal clans are quite small.

7.11 THEOREM. Let S be a sober space.
The space S is 11 precisely when 1Q) is a singleton for each () € QOS.
The space S is 11 and stacked precisely when 1Q is a singleton for each Q) € QS.

Proof. Suppose that S is 77, and consider any X € 1Q for Q € QS. We have
M~ C X CQ,but §is T}, and hence M = Q, to give M~ =X =Q~.

Conversely, suppose each Q € QS is uniquely focused, and consider any pair of points
g C pin S. We show that ¢ = p, and hence S'is T1. Let Q@ = Jgand Y =¢ , X =p~. A
simple calculation shows that both X,Y € 1@, so that X =Y, to give p = ¢, as required.

Suppose that S is 77 and stacked, and consider any X € 7). We have M~ C X C
Q(00). But the T property and Lemma 7.8 give M~ = @~ = (), and hence X is this
set.

Conversely, suppose ) € QS carries a unique V-point. Then M~ = @Q(c0), which
leads to the required result. [ ]

There is much that is not known here, and these notions deserve a thorough going
over. The Thesis [7] makes a start at this.
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VA A Ay
@va
Opt(VA)
V(©a) - ©4 gv oQ
Opt(VOSy———
@vos A
VOS oS (0S)v

Yos Fy

Table 1: Various arrows induced by the spatial reflection and an open filter

8 Functorial matters

In this section we collect together various functorial and other properties of the V-
construction. On the whole these are not directly related to the main topic of these
notes and this section could be omitted entirely. However, the results described might be
useful in further work.

Consider the diagram of Table 1 on page 45. Most of this is generated from the spatial
reflection

©a

A os

of a frame A to the topology OS of its point space S = pt(A). This arrow appears
in a downwards direction somewhere near the centre, and so splits the diagram in two.
Everything to the left is induced by ©®@4. The arrows fv, Fy, gv to the right are induced
by an open filter V on A. Of course @) is the member of QS associated with V, and the
two unnamed arrows are the spatial reflections. Our job here is to construct all these
arrows and to show that all the cells commute.

To begin we set up and analyse the left hand part of the diagram, that part which
does not depend on V. We look at the V-part later.

We have already met several of the arrows in this diagram; now we will see how these
fit into the general scheme of things.

We have a pair of categories and a forgetful functor

Vrm Frm

G

via which we may think of Frm as a subcategory of Vrm. Both categories have the
same objects, frames, but Vrm has more arrows. By definition, the object construction
A +— VA (on frames) provides the universal solution to Problem 4.2. On general grounds
this is the object assignment of the left adjoint to the forgetful functor, that is it provides
a reflection from Vrm to Frm.
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Each frame A (thought of as a Virm-object) is furnished with a Vrm-arrow
A———=VA

to its V-modification. This is the unit of the adjunction, and with the universal property
it determines all the other components.
The adjunction is an inverse pair of arrow transposition

b
Virm|A, . B] L’ Frm[V A, B|
Ok
for each pair A, B of frames. For each Vrm-arrow
f<>
A=———= 1B

fo

the transpose

VA (f°, fo)? B

is the frame morphism

f

VA B

given by the universal solution property. Because of the uniqueness of this f the unit has
an epic-like property. Namely, for each parallel pair

g
VA B
h
of frame morphisms, if the two composites

(as Vrme-arrows) agree, then g = h. This is useful when showing that certain squares
commute.

We have the object assignment A — V A of the functor. The arrow assignment is
obtained from the universal property. For each Vrm-arrow

A—f——B

the Frm-arrow

V()

VA B

is the unique frame morphism such that the Vrm-square

(f°. fo) V(f)
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commutes. Notice that we can apply V(-) to any frame morphism (since each is a Virm-
arrow).
We have the unit, but what about the co-unit

VA A

of the adjunction? By general principles this is the (-)*-transpose of the identity Vrm-
arrow on A which, in this case, is the pair

1d
1d

of identity frame morphisms. Thus we have the following.

8.1 LEMMA. For each frame A the co-unit

Ua

VA A

1s the unique frame morphism such that the composite

U

(as a Vrm-arrow) is the identity Vrm-arrow on A.
In other words 94 is the unique frame morphism such that
(Vo Q)(x)=2x (WoO)(z) ==

for each x € A.
There are a couple of useful observations concerning this morphism 9. The first is
nothing more than the naturality of the co-unit in any adjunction.

8.2 LEMMA. For each Vrm-arrow
A=(f° fo)=— B

the Vrm-square

pa_Ua f‘l
V(f) (foﬂfm)
VB W B

commutes.
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Remember also that we can apply this to any frame morphism f, in which case we
obtain a commuting Frm-square. As a particular case of this we may start from the
spatial reflection ®4 of a frame A. In that case we obtain the outer square on the left of
the diagram of Table 1. We will insert into this square several more arrows to obtain four
commuting cells.

The second observation is slightly more interesting since it is not just a general fact.
Remember, by Lemma 5.12, for each frame A we have an embedding

S pt(V A)
pr——(V(p),p)

of the point space S = pt(A) into the point space of the V-modification of A. (In fact,
we have located larger subspaces of pt(V A) but we don’t need those here.)

8.3 LEMMA. For each frame A with point space S = pt(A), the Frm-square

9

VA A

©@va ©a

commautes.

Proof. Because of the epic-like property of the unit A =—= V' A, it suffices to show
that the two paths from VA to OS agree on the generators ¢(z) and O(z) of VA (for
x e A

The defining property of 9 gives

(@a0000)(x) =0@4(z) = (®4 09 00) ()
for each x € A. Also, by definition of (o) and [o], we have
©@pa 0 = (o) ©ya o] = [o]
(as in Section 5). Thus for each z € A and p € S we have

pE (07 0@ya0)(z)
p € (07 0o@yao00)(x)

(V(p),p) € (o) (1) &=z £ p <= p € @a(r)

=
= (V(p),p) € [o](v) &=z £ p < p € @a(x)

where
(V(p).p) € [o](z) =2 € V() =2 £p

is used in the lower sequence of equivalences. This leads to the required result. |

As observed above, each Vrm-arrow
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induces a commuting Vrm-square

T:> VA pt(V A)
(f°, fo) V(f) o(f)
B=——=VB pt(V B)

as on the left. Shortly we will need the two components (f°, fo) of the given Vrm-arrow
f. Since V(f) is a frame morphism, this induces a continuous map ®(f), as on the right.
Let’s get inside this map.

Consider a typical V-point (II, b) of B, Thus II is a certain filter on B and b is a certain
element. This pair encodes a character

VB

of V B, which gives a character

2

of VA, and this is encoded by a V-point (V,a) of A. It is this pair

(V,a) = @(f)(I1,0)

we wish to describe.
The character of V B is determined by a V-character

2
{1ify£b

Oify <b
lifyell
0ify ¢ 11

B——VB
Yy — Oy) ——
y'—>D(y)'—>{

of B. The two components of this are displayed below the arrows.
The required character of VA is determined by the V-character given by the top
compound below.

A VA Vi) VB 2
o
RTINS VB 2
Lif for £b
T fOx O(fox)H{O;fﬁoiEb
1if I1
x| fox D(fux)H{O;fEiZH
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By the commuting square above, this is the same as the second compound. The two
components of this V-character are displayed below the arrows. These components de-
termined the required V-point (V,a) of A, where V comes from the -assignment and a
from {-assignment.

Next remember that fis a A-semilattice morphism, so the inverse image function f5
takes filters into filters. The other component f¢ is a \/-morphism, so has a right adjoint

f<>
f2

A B

where
fer<y<e=a<fly

forr e Aandy € B.
8.4 LEMMA. For each Vrm-arrow

— (£0
Af_<f7fD)B

the induced continuous map

ot(V B) ®(f)

pt(V A)

15 given by O(f) = (fE,ff)

(where f5 acts on open filters and f0 acts on elements).

Proof. Consider any V-point (II, b) of B. From the calculations above we see that the
V-point
(V,a) = &(f)(IL, )

of A is given by
reV<«< fopell x§a<:>f<>:c§b

which leads to the required result. |

Notice that we did not show that the pair (V,a) is a V-point of A. In fact, this is
automatic. However, you will find it instructive to check this directly using the properties
of the pair (f°, fo).

Let’s look at a two particular cases of this result. In each case the parent Vrm-arrow
f is a frame morphism.

For the first particular case we start from a continuous map ¢ between sober spaces

S oS pt(VOS)
|
¢ ¢: ®(p7)
T oT pt(VOT)

as on the left. This gives a frame morphism ¢, as in the centre, which in turn gives a
continuous map, as on the right. We view V-points of OS as pairs (@, X), and V-points
of OT as pairs (R,Y).
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8.5 LEMMA. For each continuous map

T ¢ S
between sober spaces, the induced map
pt(VOT) pt(VOS)

(RY) —— (¢[R]", ¢[Y"]™")
15 obtained by taking modified direct images, as indicated.

Proof. Consider any V-point (R,Y") of OT, and let (@), X) be the resulting V-point
(Q,X) of OS, as given by Lemma 8.4. This correspondence goes via the filters V(Q)
on OS and V(R) on OT given by @ and R, respectively, and the opens X’ € OS and
Y’ € OT. Thus, using Lemma 8.4, for each U € OS we have

UevV(Q) < ¢ (U)eV(R) > RC ¢ (U) <> ¢[R| CU

and hence
QCU<+=UecV(Q) < ¢[R|CU < ¢[R]' CU

to give Q = ¢[U]". Similarly, for each U € OS we have
UCX <= ¢~ (U)CY <= UColY'| <= UCo[Y']°

so that

to give the required result. |

Notice that again we did not show that the result (¢[R], #[Y']™') is a V-point of OS.
However, here this is not automatic, and it is instructive to fill in the missing details.
For the second particular case start from the spatial reflection

A os

of a frame A. Here, as usual S = pt(A), and the parent frame morphism f is ©4. We
view each V-point of OS as a certain pair (Q, X) where ) € QS and X € CS. This will
mean a bit of manipulation to bring this in line with the filter-element view.

By a particular case of Lemma 2.3 the right adjoint of the spatial reflection morphism

@*

A os

ON

is given by
@.(X) = \X

for each X € CS. We have seen the induced continuous map before.
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8.6 LEMMA. For each frame A, the spatial reflection morphism

©

A os

induces the continuous map

pt(VOS) —F pt(VA)
(Q, X) —— (V, \X)

as described in Theorem 6.12.

Proof. Consider any point (@, X) of VOS. To use Lemma 8.4 we view this as a pair
(V(Q), X') where V(Q) is the open filter on OS given by Q). We have

p(Q,X) = 2(0)(V(Q), X') = (0 (V(Q)), @.(X"))

so it suffices to unravel the right hand side.
The filter V(Q) on OS is given by

UeV(Q)«<—=QCU
for each U € O, and the associated filter on A is given by
reV <= QCo(r)
for each x € A. Thus, for x € A, we have
r€® (V(Q)) <= o) eV(Q) <= Q Co(xr) <=2V

which gives the required result for the right hand component.
The result for the left hand component is an immediate consequence of the formula

©.(X’) = A\ X given above. |

We are now in a position to explain the components of the left hand part of the
diagram in Table 1.

We start from the spatial reflection ©4 of A. The outer cell is an instance of Lemma
8.2 where in this case the parent Vrm-arrow f is a frame morphism. Within that square
the left hand cell is an instance of the functorality and naturality properties of the spatial
reflection construction. Here the continuous map

pt(VOS) —2» pt(V A)

is that set up by Lemma 8.6. We combine this with the embeddings

S < 0S < cs pt(VOS) —2+ pt(V A)
p (»'.p")

and let ¢ be the composite embedding from S to pt(VOS), as indicated.
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8.7 LEMMA. In the situation described above we have @ o = 6.

Proof. Consider any p € S. By Lemma 8.6 we have
(pou)(p) = (V, \p)

where V is the open filter on A given by p! € @S, and the infimum Ap~ is taken in A.
This filter is nothing more than V(p).
To compute /\p~ remember that p~ is the set of A-irreducible elements of A above p.
Thus Ap~ =p. [ |

As a consequence of this we see that in the Table the pentagon at the top right of the
square is just the square of Lemma 8.3. Thus the pentagon commutes.
There is one cell within the square left to look at.

8.8 LEMMA. In the diagram of Table 1 the bottom triangle commutes, that is
L~ 0 @yos = Yos
holds.

Proof. By the epic-like property of the unit it suffices to show that both the composites
(as Vrme-arrows)

- 9
L oOvos ng 08 ——s VO35 —295

OS —=VOS os

agree. In other words, we must show that both the function composites from the left
hand side are the identity on OS.

To this end consider any U € OS, making use of Lemma 6.6, for each p € .S we have
both

p€E (1" 00voso0)(U) < (p',p7) € (&) (U) <= p~ meets U <= p e U
<~

p€ (17 0@vosoO)(U) hp)el](U)«= p'CU <«=peU

to give the required result. |
This deals with the left hand part of the diagram. We now turn to the right hand

part, which is induced by an arbitrary open filter V on A.
The open filter V determines a fitted nucleus on A and an associated quotient

L

Ay

which gives the top arrow of the right hand square. The filter also determines an open
filter on OS, namely the open neighbourhood filter of the associated @) € QS. In turn
this determines a fitted nucleus on OS5 and an associated quotient

Fy

0S (0S)y

which gives the bottom arrow of the right hand square.
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Notice the slight abuse of notation here, since we write (OS)y for the quotient of OS
(to remind us of the parent open filter V). By Lemma 3.10 the set @ is the point space
of Ay. As a particular case of this we see that @) is also the point space of (OS)y. Thus
we obtain a diagram

A Ag

©@4 oqQ

0S (08)v

\Y

using the two constructed arrows fy, Fiy. The two unnamed arrows are the spatial reflec-
tions. Both the arrows from A to OQ (via Ay and (OS)y) are

ar— ®(a)NQ

(for a € A), and hence the diagram commutes.
In the remainder of this section we construct a morphism

gv

Ay (0S)v
to make the left hand square (in the small diagram) commute. Since fy is surjective this
will also make the right hand triangle commute.

To produce gy we need to look at the right adjoint of each of the morphisms involved.
Thus before we start the construction proper let’s clean up the notation.

The three known sides of the square give a diagram

f*
A Ay
I+
©*| |©.
F*
0S (08)y
F.

where
f=04 [ =f F*=FIy

and each has the indicated right adjoint. We have dropped the subscripts ‘A’ and ‘V’
since these are fixed throughout. We have to find a fill-in morphism

Ao —7

(0S)v
which makes the morphism square commute. Since each of the three given morphisms is

surjective, there can be at most one fill-in morphism. In fact, there isn’t much choice, but
let’s not rush.
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We need some information about the various components of this diagram. For each
ye Aand V € OS we set

=\{@oylzev} FV)=|J{U>V)|QCU}

to produce inflators f on A and F' on OS. The closures f* and F'*° are the nuclei on A
and OS which produce the quotients Ay and (OS)y. Thus

feof"=[f*  FoF =F%
where the right components are just insertions and
) =r<  FV)=F=V)
forye A,V € OS.

The connection between V and () suggests there is a connection between f and F.

8.9 LEMMA. We have ©®* o f < F o ®*.

Proof. Observe that
@ (z Dy) € (@(z) D@ (y))
for each =,y € A. In particular, if z € V then Q C ©*(x), so that

©(zDy) C(Fo®")(y)

holds. But now, since ©* is a frame morphism, we have

(© o Nw) =" (Ve ol V) =\/{e"(@dy) |z eV} < (Foo)(y)

to give the required result. ]

This comparison between the associated inflators extends to the corresponding nuclei.
8.10 COROLLARY. We have ©* o f* < F* o @*.

Proof. We show that
©* o foz S Fa o @*

for all ordinals .. Of course, we proceed by induction.
The base case, a = 0, is trivial.
For the induction step, a — a + 1, we have

@ofo“"1 @ ofof*Y<Fo@of*<FoF*o®" = = otl 5 o*

using first Lemma 8.9 and then the induction hypothesis.
The induction leap to a limit ordinal is almost immediate. |

What can the required morphism ¢g* be? We know that
G* _ F* o @*
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is a frame morphism, and we require some morphism ¢g* such that

holds. Since both the right adjoints f,, F, are insertion (at the set level) we see that

*

9

Ay (0S)v
y —— G*(y)

is the assignment that will work. In other words, we must show that ¢* = G*|4¢ is the
required morphism.

Certainly this makes the morphism square commute, and it is a A-semilattice mor-
phism, so it suffices to check that it is a \/-morphism. The crunch, of course, is that
suprema on Ay and (OS)y are not computed in the same was as on A and OS; the
appropriate nucleus gets involved. For convenience let us write

for, respectively, the supremum on Ay and (OS)y. Thus

V=r=eV  V=rol
VY:fO@ (\/Y) \7M:F°° (Uu)

for Y C Ay and U C (OS)y. Since G* is a frame morphism we have

G*OVZVOG*

(at the subset level). We need a corresponding result for g*.

that is

8.11 LEMMA. We have g* o \/ = \/ o ¢*.

Proof. In the usual way a comparison

9*0V§\709*

will give the required result. But, remembering that we supply inputs from Ay, we have

where the first two steps unravel the definition of \7 and G*, and the third step uses
Corollary 8.10. Since
F*oF* =F*oF, 0o F*=F*

we have

g*ov SF*O@*O\/:G*O\/ZVOG*:\/OQ*
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using the given property of G*, as required. [

This shows that there is a commuting diagram

AL.AV

@*\ \g*

0§ — (08)s

of surjective frame morphisms associated with each open filter V on a frame A, and so
completes the construction of the diagram of Table 1.

As far as I am aware, there is not much known about the relationship between Ay
and (OS)y (not because it is difficult, but because it hasn’t been looked at great detail).
Let’s finish this subsection with another use of Example 5.16.

8.12 EXAMPLE. Let A be a compact frame, thus V = {T} is an open filter, and we know
that A need not be spatial. The inflator f associated with V is

fly)=(Toy =y

for each y € A, so that

A / Ay
is an isomorphism.
Similarly, @ = S — {T}, and we find that
F*
0s (0OS)v

is an isomorphism. Thus ¢* is agrees with ©*, and this need not be an isomorphism. W

We know that the pair (V, @) watches over a family of V-points of A and of OS. The
fact that g* need not be an isomorphism suggests that these two families need not be the
same. The precise relationship between these two spaces ought to be exposed.

I suspect there is much more to be uncovered here.

9 A selection of examples

In this section I describe a few of the more substantial examples. I have not chosen these
in any systematic fashion, there are merely the ones I had notes on. Thus there may be
some aspects of the general material that are not illustrated here.

9.1 A computational example

The arrows of Vrm look at bit strange, and it is not clear what will happen when we
start to compute with them. This first example uses quite a few of such calculations and,
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in the end, confirms our suspicion that strange things can happen. The example is a
modified version of one used in [3, 4] but I'm not going to tell you which one because that
might spoil the surprise.

Let A, B be a pair of frames. The product

Ax B
in Frm is produced in the obvious way. It is the set of all pairs
(a,b)

where a € A and b € B. The operations are calculated pointwise. Let’s have a look at
the supremum. Thus suppose Z is a subset of A x B and consider the two sets X C A
and Y C B given by

a€ X < (3)|(a,b) € Z] beY < (Ja)[(a,b) € 7]
(for a € A and b € B). We can use his to form a superset
XxY ={(a,b)|lae X,be Y}
of Z. However, for each (a,b) € X x Y there are z € X,y € Y with

(a,b) < (aVaz,bVy)

Vz=\/xx\/Y

to show that even suprema in A X B are easy to handle.
There is an obvious pair of projections

AX B——

and hence

A B

which are frame morphisms, and it is easy to check that this gives a product wedge in
Frm. We won’t name these projections for we are going to concentrate on Vrm-arrows
in the opposite direction (and we need the letters for these).

9.1 LEMMA. For each pair A, B of frames the assignments

o (a,1) (L,b) «— b
p® q°

A Ax B Ax B B
ra qO

a— (a,T) (T,b) —— b

form a pair of Vrm-arrows
A=p® pn)= Ax B Ax B<+=(¢° qo)=B

both to the product.
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Proof. We ought to check that the various conditions of Definition 4.1 hold. These
are straight forward, but it is worth looking at the mixed conditions. We do the p-case.
Thus for a,z € A we have

po(a) Ap®(z) = (a, T)A(z, L) = (a Aw, L) = p®(a A x)
po(a) Vpo(z) =(a, T)V(z,L)=(aVa,T)=polaVz)

so that here we have equalities, not just comparisons. |

Each of these Vrm-arrows can be composed with the canonical Vrm arrow
Ax B—>V(Ax B)
and then the associated universal solution property gives the following.

9.2 LEMMA. For each pair A, B of frames there are Frm-arrows

viA) L viax B L vB)

such that the Vrm-diagram

(po!'pu) p
I

Ax B=—= V(A x B)
N

(qo%;qu) q

commutes.

Of course, we don’t have a full description of p and ¢, but what we can say is that
p(0(a)) = 0(a, L) p(H(a)) =0(a, L) p(O(b)) = O(L,0) ¢(O(b)) =0(L,b)

for each a € A and b € B.

Notice that the arrows p, ¢ seem to go in the wrong direction. Because of the product
involved we might expect arrows in the opposite direction. Perhaps you can guess what
is going to happen.

In the next three results we look at a wedge

V(4)

(>) ¢

v(B) —2

of Frm-arrows where A, B are the frames under consideration and C' is an arbitrary
frame.
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9.3 LEMMA. For each pair A, B of frames and wedge (I>) in Frm, the pair of assignments
ho

Ax B C

ho
given by
ho(a,b) = f(O(a) v g(0()  hala,b) = f(O(a) A g(O(b))
(fora € A and b € B) form a Vrm-arrow.
Proof. We must check the conditions of Definition 4.1. Of these only the mixed

conditions cause any trouble, so let’s sort those out.
(q) For each a,z € A and b,y € B we have

ho(a,b) ARO(z,y) = f(B(a)) A g(D0)) A (f(O(x) V 9(0(»)))
f(@(a)) A g(@0) A f(O(x))

v
F(@(a)) A g(@0)) A g(Oy))
f

O(x)) A g(D(b))

V

a
S
>

9(@0) A O(y)) A f(O(a))
F(Ola A z)) Ag(DUb))

I
/—/h\/—/h\/—/h\/—/h\

< Y,
g(O(bAy)) A f(O(a))
f(Olan))
< Y
g(O(b A Y))
= hO((aAz,bAy)) = h%(a,b) A (z,9))

as required. The fourth step (the first comparison) uses the condition (q) required by The
Problem 4.2.
(s) For each a,x € A and b, y € B we have

ho(a,b) vV hO(z,y) = (b)))\/f( () V g(0(y))

)V g(Oy))
g <>(y))

{fDa )
O(b) v O(y) v f(H(a))

{fDaVﬂ?)) 9(0(y))
> A
(O@ Vv y) v f(E(a)
f[la\/x)
>
{ b\/y
= ho((aAz,bAy)) = ho((a,b) A (z,y))
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as required. The fourth step (the first comparison) uses condition (s) required by The
Problem 4.2. |

When stated and proved like this Lemma 9.3 looks a bit of a trick. However, it can
be set up in a more categorical fashion. You should compare this result with Lemma 9.2.

9.4 LEMMA. For each pair A, B of frames and wedge (t>) in Frm, there is a unique
Vrm-arrow

Ax B :(ho, hg): C

such that the Vrm-diagram

A V(A)

(p<>7p|j) f

Ax B :(ho, h[]):> C

T
(qOHQD) g
B V(B)

commutes. Furthermore, the arrow (h°, hp) is that given by Lemma 9.3.

Proof. Suppose first that we have such an arrow (h®, hg). Then

hop®=fod hgopg=fol
h00q¢? =900  hoogn=golO

and hence

ho(a, L) = (%o p®)(a) = f(0(a))  hola, T) = (hgopo)(a) = f(O(a))
hO(L,b) = (h0q%)(b) = f(O(b)  ho(T,b) = (hooqo)(b) = f(O(b))

for each a € A,b € B. But now

h(a,b) = ho((a, L) v (L,0)) = h®(a, L) v hO(L,b) = f(O(a)) V g(O (b))
ho(a, b) = ho((a, T) A (T,b)) = ho(a, L) A ho( L, b

N~—
I
~
—~
[
~—~
S
SN~—
SN~—
N
L]
~
<
N~—
~—

to show that h°, ho must be the pair given by Lemma 9.3.
Conversely, we must show that this pair makes the various square commute. If we
remember that
O(L) =1 O(m) =T

the the required calculations are straight forward. ]

Have you spotted what is going to happen yet? Somehow the V-modification gets
confused between products and coproducts.
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9.5 THEOREM. For each pair A, B of frames the induced morphisms

vA) L viax B L vB)
(of Lemma 9.2) is a coproduct wedge in Frm

Proof. Consider any wedge (>>) in Frm. We must obtain a mediating arrow

and show that there is only one such.
By Lemma 9.3 the pair (f, g) of morphisms produce a Vrm-arrow

A x B=(h® hp)=C
which, by the universal property, factorizes as

h

Ax B == V(AxB) C

for some frame morphism h. We show this is the required morphism.
Consider the following Vrm-diagram.

A= V(A)

|
>p|j) f

(p®

AxB=—V(AxB)—h—C

ll

o
qa°,q q
i ’

B=———V(B)

By Lemma 9.2 the two left hand square commute. By Lemma 9.4 the two outer cells

commute (the ones from A to C' and B to C'). The two Vrm-arrows

A=——=V(4A) B ——=V/(B)

index the generators of V(A) and V(B), respectively. Thus we find that the two right

hand triangles commute, as required.

This shows that we have found one mediating arrow, and a similar argument shows

that it is the only possible mediating arrow.

In [3, 4] this construction is used to show that for a sober space S the V-modification

VOS need not be spatial. We don’t go into the details of that here.
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9.2 A linear example

Consider the real interval A = [0, 1] as a linearly ordered frame (with top 1 and bottom
0). Much of what we do with this will generalize in some form or other to an arbitrarily
linear frame, although there are a few places where we have to be careful (since there may
be gaps in the linear order).

Because A is linear the implication is easy to handle. A simple calculation gives

Jlity <=z
<y3'z)_{zifz<y
for each y, 2z € A. Using this we find that
o () = zifa<uzx o () = lifm<zx won() = lifm<z
M laif x <m S e ifx <m T Imifr <m
Aifm=1 A ifm=1
m) = m) — 71 m) — .
V(tm) {{1} fap1  Vlom) =l V(W) {(m,l] if a1

for each m,z € A. In particular, for m # 1 the nuclei u,, all have the same admitting
filter, namely {1}.

To help later we need a large stock of nuclei. Consider any interval I = [b,a] of A and,
to avoid some silliness, suppose a # 1. Let

kr = vy A\ uyg

kl(x)_{xifxgé[

aifzecl

to obtain a nucleus with

for each x € A. In particular V(k;) = {1}, and we have a large number of nuclei with
{1} as admitting filter. In fact, the corresponding block is even larger.
Let Z be any set of pairwise disjoint intervals (none of which contain 1), and for each

T € A set
xifx ¢z
arifeelel

kr(x) = \/{ki(z) [T €T} = {

where in the lower clause a; is the top end of the interval I. It is easy to check that k7 is
a nucleus, and is the supremum

\/{k1|]€I}

of the component nuclei. (In particular, in this case the supremum of the nuclei is just
the pointwise supremum, which is not usual.)

For each such family Z we have V(kz) = {1}, which illustrates just how complicated
a block can be. Shortly we will use this complexity in a slightly different way.

What about the V-properties? Consider any filter V on A. This has one of the forms

(Open) V = (m,1] (Closed) V = [m,1]
for some m € A, namely m = A V. But now one of

V(w,) =V V(vy,) =V
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holds, to show that every filter is admissible.

Observe that the filter (Open) is (Scott) open, but the filter (Closed) is not. (For an
arbitrary linearly ordered frame things are not so straight forward. There may be gaps
in the order, and then the difference between open and not open filters is more delicate.
The Hausdorff analysis of the order becomes involved, but that need to worry us here.)

The frame is spatial. The set of points is S = pt(A) = [0,1), the set of non-top
elements. The spatial reflection morphism

49 o5

at+———[0,a)

sends each element to the set of points strictly below it. In particular, the specialization
order on S is the reverse on the given comparison on A. This is a bit of a nuisance, but
in the end there is no way round it. We could work entirely in terms of the space .S, or
entirely in terms of A, but is is more convenient to have the freedom to flit between the
two, and this does illustrate a few things.

Consider an arbitrary open filter V on A. Thus

V= (m,1]

for some 0 < m < 1. This corresponds to some ) € QS, and it isn’t hard to check that
@ = [0,m]. In particular M = {m} is the minimal generating set of Q.

The set QS is in bijective correspondence with S itself, and it doesn’t take too
long to check that, as spaces, these are homeomorphic. In other words the standard
V-modification of S is itself.

What about £S? A compact lens has the form

L=QnNnX =[0,mNla,1] = [a,m]

where 0 < a < m < 1. (Actually, the empty set is also a compact lens.) The open sets
OS are indexed by the z € A, and it is easy to check that

Led(r)<—=a<ux LeO(@@)<—= m<z

give the subbasic opens of £S. Thus here £S is much richer that 9S.

What about the point-free modification of A? Consider a connected connected pair
(V,Q). As above we assume that V = (m, 1] and @ = [0,m] for some 0 < m < 1. The
block has a least and greatest associated nucleus. Almost trivially w,, is the greatest
nucleus, but the least one is a bit more interesting. Consider the inflator f = fyv of A
given by

fl@)=\{ly>x)|yeV}

for z € A. Using the description of - O - we find that

ﬂw:{lﬂm<x

zifz <m

for each x € A, and then
Ly = [
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is the least nucleus vy. However, in this case we find that f2 = f so this is already a
nucleus, and [,, = f. In fact, we have

Ly = Uy AWy

(by an easy calculation).
Since the frame A is spatial we could do all this in terms of the topology OS. We
then have
vy < [Q < wy = [M]]

where each of these is a nucleus on OS. These correspond to nuclei on A which we can
locate by passing to and fro across the spatial reflection isomorphism. Of course

Vy0@®@ =©o0l, Wy 0© = © 0 Wy,

for these are selecting the least and greatest members of the corresponding block. The
interesting question is where [@)'] fits into the algebraic side.

9.6 LEMMA. We have [Q'] 0o @ = ® o ly,, that is vy = [Q'].

Proof. For each x € A we have

S ifm<azx

@1ew) = (@ U.al = (.U m 1 = { 7 50 = ol ()

to give the required result. [ |

In the terminology of Definition 7.7 this shows that the space S is strongly stacked,
and hence by Theorem 7.10 each V-point is a focal point. In other words pt(V A) is
essentially the space £S of compact lenses of S which as we have seen, is much bigger
then the space Q5. We will verify this directly.

What are the V-points of A7 We may represent each open filter V by its ‘open’
generator, so we are looking for pairs (m,a) of elements where

Im(a) =a < w,(0)=m
holds. Remembering the description of [, gives the following.
9.7 LEMMA. The V-points of the frame A are the pairs (m,a) where 0 <a <m <1
A description of the topology is just as easy. From Lemma 5.8 we have the following.
9.8 LEMMA. For the frame A the subbasic open sets of pt(V A) are given by
(m,a) € (o) ()<= a<=x (m,a) € [o](z) = m <z

for x € A and V-points (m,a).
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Finally we can demonstrate just how complicated a block can be. As before consider
a connected pair (V, Q) given by some 0 < m < 1. Let Z be a family of pairwise disjoint

intervals I where
I =1b,a] C[0,m)]

for some 0 < b < a <m < 1. Using the nucleus k7, constructed above, let

1ifm<zx

jr(@) = lu(x) Vkz(z) = \[{ks(x) I €T} = w if x <m 2 ¢ UT
arife<m,xelel

for each x € A. As above, in the lower clause ay is the top end of the interval I. We may
check that jz is a nucleus and V(jz) = V, so we have many nuclei in this block.

By choosing 7 in a suitable fashion it is easy to produce a continuum running through
the block, and a countably infinite family of pairwise disjoint members of the block.
However, I do not know if there is a continuum family of pairwise disjoint members of

the block.

9.3 A tree example

In this subsection we produce a space S which is sober and 77 and in which each compact
set if finite. This space has a special point * and the clan associated with ) = {*} has a
multitude of members, including the whole space S. Since the space is T} the singleton
@ = {*} is closed and is the only member of {x. Thus the example shows there are many
non-focal points associated with ). Notice also that since S € 1@ we have Q(oc0) = S, so
the space is far from being stacked.

The example is taken from [7] (in Chapter 11) where it is used for a slightly different
purpose. We won’t describe all the details of its properties here, but we will certainly
give the immediately relevant ones.

The space has the form

S={x}US

where S is a certain tree (of which x is not a member). In fact many different trees can
be used, but here we will concentrate on what seems to be the canonical example.

9.9 DEFINITION. Let I be an uncountable alphabet, and let S be the set of all words on
I, including the empty word L. Thus each z € S is a list (finite sequence)

x:J_lel

of letters i1,...,4; € I. Here [ is the length of x and [ = 0 is allowed. These words are
partially ordered by extension, thus < y (for words x,y) precisely when

Y=2xi...19

for some sequence iy, ...,4; of letters (and again [ = 0 is allowed). This makes S a well
founded tree.
For each word x

I(x) =A{zi]iel}

is the set of immediate successors of x. Each set I(z) has the same cardinality as /. W
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You may be wondering why we need I to be uncountable. That will be made clear at
the appropriate point.

9.10 DEFINITION. For z € S we say a subset of I(x) is small if it is countable, otherwise
it is large. [

Notice that the whole set I(z) is large. In fact, I(z) can not be covered by countably
many small sets.

It is possible to modify the tree S and the notion of smallness, and still get the
same kind of example, but we do not need those refinements here. However, it is worth
emphasizing that taking I to be countable and small to mean finite will not work.

The tree S carries its partial ordering <, and so we have the usual notion of a lower
section of S. Such a section is itself a tree, but may not have very interesting splitting
properties.

9.11 DEFINITION. A subtree of S is a lower section T. Such a subtree is rampant if for
each x € T the set TN I(x) is large. [

We can generate many different rampant subtrees. Start from the root L, and select
a large subset of I(L). For each z in this large selected set select a large subset of I(x).
Then for each y in each of these large sets select a large subset of I(y). Repeat this process
through all levels of S. One simple way of producing a rampant tree is to nominate a
large subset J C I, and then consider those members of S built up using only the letters
on J. This gives an indication of just how big the collection of rampant trees is.

Eventually we will see that for each rampant tree T the set {x} UT is a member of {x.

We furnish the tagged set

S={x}US

with a topology.
9.12 DEFINITION. Let OS be the family of subsets U C S such that both
x* € U= (Vz €S)[{(z) — U is small] (Vo € S)[x € U= I(z) — U is small]

hold. |

It doesn’t take too long to show that this is a topology on S. Note also that a subset
X C S is closed precisely when both

* ¢ X = (Vx € S)[I(z) N X is small] (Vz € S)[x ¢ X = I(x) N X is small]
hold, or equivalently when both
(Jz € S)[I(x) N X is large]| = x € X (Vz € S)[I(z) N X is large = x € X]

hold.
We need a couple of examples of closed sets.
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9.13 EXAMPLES. (a) For each = € S the upper section
U=Tr={yeSlz <y}

of S is open. By construction x ¢ U, so it suffices to consider those y € U. For such a y
we have I(y) C U so that I(y) — U = () which is certainly small.

(b) Each countable subset X C S is closed in S, since there is no z € X for which
I(z) N X is large. This is a crucial use of the uncountability of I.

(c) For each subtree T of S, the set X = {x}UT is closed. For each = € S, if I(z) N X
is large, then it is non-empty, so that xi € T for some letter ¢, and hence x € T (since T
is a lower section). [ |

By fiddling about with this notion you will begin to see that there are some quite
intricate closed sets.

9.14 LEMMA. The space S is T1 and sober.

Proof. By Examples 9.13(b) each countable subset is closed. In particular, each
singleton is closed, and hence S is T}.

The proof of sobriety is a bit more delicate. A full proof can be found in [7]. We don’t
need the details here. n

Since the space is 17, each subset is saturated and QS is just the family of compact
subsets. We will still make use of the comparison < on S, but this should not be confused
with the specialization order of S (which is just equality).

In any space each finite subset is compact. In this space the converse holds. This is
the crucial place where the uncountability of I is used.

9.15 LEMMA. FEach compact subset QQ of S is finite.

Proof. Let ) be a fixed compact subset. To show that () is finite we first show
something weaker.

Let L be any antichain of S. We show that Q N L is finite.

By way of contradiction suppose () N L is infinite. Thus there is a countably infinite
subset X C @ N L. This set X is closed (by Examples 9.13(b)). Thus, using Examples
9.13(a) we see that

X' U{lz|z e X}

is an open cover of S (since x € X’). The compactness of ) gives
XCQCX' UlrU--- Ul
for some x1,...,x,, € X, and hence
XCLn(zyU---Ulxy)

holds. Consider any y € X. Theny € L and x; <y forsome 1 <:<m. Butx; € X C L
and L is an antichain, so that y = x;. This gives

X C{zy, ..., zm}
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which is the contradiction (since X was suppose to be infinite).
We use this observation for sets L C I(x) for z € S.
Consider any subset H C S and any x € S and let L = H N I(x). By the observation

QNL=QNHNI(x)

is finite and hence small. This shows that () N H is closed. In particular, for each ¢ € @)
the set

X;=QnN {q}/
is closed, and hence
Uq:X;:Q/U{q}
is open. But

{U;lq € Q}

is an open cover of S, so that the compactness of () gives

QCQU{q,. ..,qm}

for some ¢y, ...,qn € Q. Thus
Q g {q1a--'7qm}

as required. [

These results show that, in one sense, the space S is quite nice. It seems to be
approaching a Th-niceness. We will destroy that illusion.
The set @ = {x} is compact (saturated) an so produces a deflator

9, = g

on CS. The clan t* consist of those closed set X with x € X = 0,(X). We will show that
there are many of these.
By definition if X € CS then

I(z)N X large =z € X
holds for all x € S. In fact, we can improve this.
9.16 LEMMA. For each X € CS we have
I(z)N X large = x € 0,(X)
for all x € S.
Proof. Suppose (z) N X is large and consider any x € U € OS. Let
Y=(XnNnU)"

so that we require x € Y.
We have
XNnUunYy' Yy ny =40
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so that
XCU UY

and hence
I()NX C(I(x)NnUYU(I(z)NY)

holds. Since x € U € OS we see that [(z) N U’ is small. By hypothesis I(z) N X is large
(not small), so that I(z) NY is large, and hence z € Y since Y is closed. |

With this we have the result we want.
9.17 THEOREM. For each rampant tree T the closed set X = {x} UT is in the clan fx.
Proof. Since x € X we have x € 0,(X). Consider any other x € X. Then z € T and
Iz)NX =I1(z)NT

and this is large by the choice of T. Thus = € 0,(X) by Lemma 9.16. This shows that
X = 9,(X) which is enough to complete the proof. |

I am not sure if this example is a mere curiosity or whether there is something more
to it. I tend to the latter view. It seems to me that the analysis of the V-points of S is
intimately connected with the combinatorial properties of the tree S. Furthermore, the
same ideas can be extended to many other trees. However, I won’t pursue that idea here.

9.4 A power domain example

As mentioned in the pre-amble when using V-modifications many people mither on about
power domains as though this is the only useful aspect of the constructions. It is not, but
to make sure those people are not left out, in this subsection we look at such an application.
However, even here the whole example could be done without even mentioning power
domains.

Let T be any poset. We fix this throughout this subsection, and use it to generate
several different spaces.

For the first one we view T itself as a space. Thus let A = YT be the Alexandroff
topology, the topology of all upper sections of 7. As a space T is a bit pathological,
but it does have its uses. The given comparison on 7 is the specialization order of the
topology. For each subset E C T the (topological) closure is just the downward closure
E!, the set of all t € T which lies below at least one member of E. As in any space, this
is the smallest closed set that includes E. Unusually for a space, in T' there is a smallest
open set that includes £, namely the upward closure E' of E. This, of course, is just the
saturation of E in the space. In other words, in this space open sets and saturated sets
are the same. Finally, for each ¢ € T" the principal upper section

1t ={t}!

is open, and these sets form a base of the topology.
In general T is not sober, but the spatial reflection

A Opt(A)
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is an isomorphism (since A is spatial), and the canonically induced map

pt(A)

exhibits T" as a subspace of pt(A). The specialization order allows us to view pt(A) as
a poset, and then we see that it is an algebraic domain (algebraic depo). Furthermore,
each algebraic domain can be represented in this way.

By a slight modification of Theorem 6.10 there is an insertion

T

LT

pt(VA)

which exhibits the space of compact lenses of T as a subspace of pt(V A). Here we will
look at a restriction of this to a smaller family of lenses.

Before we describe this family let’s have a look at LT for this space.

In T the closure operation ()~ is just the downward closure operation (-)'. Hence a
subset L C T is a lens precisely when

L=L'"nL!

and for each subset £ C T
L=E"nE!

is a lens. On general grounds for such a generated lens we have we have
ILT= gt It = gl
and there may be many such generating sets F.

9.18 LEMMA. In the space T a lens L is compact precisely when L' = E' for some finite
ECT.

Proof. By Lemma 1.6 the lens L is compact precisely when L' is a compact set.

Each finite set F is compact, as is its saturation E'. Thus if LT = E' for some finite
E C T, then L' and L are compact.

Conversely suppose L is a compact lens. Since

L'=|J{rlteL}
and each Tl is open, we see there is some finite set £ C L with
L' =| [{te|ec E}

and then LT = ET, as required. [ |

This result gives us a way of generating compact lenses within 7. We simply modify
the finite subsets.

9.19 DEFINITION. A lens L of T is finitely generated if it has the form
L=FE"ng!

for some finite £ C T
Let FT be the set of finitely generated lenses of T'. |
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By Lemma 9.18 we have
FT C LT

at the set level (and, as will will see, at the topological level). In general these two families

can be distinct.

9.20 EXAMPLE. Consider the natural numbers N as a linearly ordered set. As an Alexan-
droff space N is compact (for the bottom 0 must be a member of some component of any
open covering on N, and then that component is the whole space). Since NI = N = N},
the whole space is a compact lens, but it is not finitely generated. |

For reasons that will be partly explained shortly, we look at the V-modification of T’
on the set FT'. This furnishes FT' as a subspace of LT'. Thus for U € A =TT we use

LedU) < L meets U LeOU)«<=LCU

(for L € FT') to extract subsets of FT'. These are the subbasic open sets of the topology
on FT.

In general a space obtained by V-modification can be rather complicated, but in this
case it’s a bit pathetic. To see this we first describe the specialization order on F7T'. We
have seen how to do this in Lemma 1.8 for the a more general situation. We use that here
and extract more information for this spatial case. We need to set up a bit of notation.

Consider L € FT. We have
L=E"nE!

for some finite set
E={e,....,enm}

of members of T. These give us several open sets
E Ter -+ Tem
of T" which we may use to obtain an open set
o] =DT(ET) N O(Ter) M-+ N O(Tem)
of FT. We keep this notation in the next result.

9.21 LEMMA. For each pair K, L of finitely generated lenses the following are equivalent
(i) LC K
(ii) K C L and L C K*

(iii) K € [0](E)

where L = E' N EY in part (iii).

Proof. The equivalence (i) < (ii) follows by a slight modification of the proof of
Lemma 1.8.

Now we have
KeOE)e KCE =1L'
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and
K € O(e) <= K meets Te <= e € K*

for each e € E. Thus
Keo)(F)<= KCL'and ECK!'+= K C L' and L' = E' C K!

which leads to the equivalence (ii) < (iii). |

This gives us the specialization order on F7T'. Part (iii) of this result enables us to
describe the topology.

9.22 COROLLARY. The topology of FT is nothing more than the upper section topology
of the poset (FT,C).

Proof. We must show that each C-upper section is saturated. For this it suffices to
show that each principal upper section is saturated. To this end consider the principal
upper section generated by L € FT. By the Lemma this is exactly the open set [0](F)
where E is a generating set of L. |

We wish to modify Theorem 6.10 to exhibit FT" as a subspace of pt(VV A). To do that
we replace A be its isomorphic image Opt(A), but to do that we need a description of the
point space pt(A).

As a rule we view the points of a frame as its A-irreducible elements, but here it is
better to give this a twist.

9.23 DEFINITION. An ideal of the poset T' is a non-empty lower section p which is di-
rected, that is for each x,y € p there is some z € p with z,y < z. [

For each t € T the principal lower section |t is an ideal of T'. More generally, it doesn’t
take too long to see that a lower section p of T' is an ideal precisely when the complement
T — p is a A-irreducible element of the frame A = YT. Thus we may use the set S of all
ideals as the carrier of the point space pt(A).

For each U € A =TT we use

p € ©U) < p meets U

(for p € S) to produce a subset @(U) of S. It is straight forward to check that this
imposes a topology on S such that

©

A oS

is a frame isomorphism (since A is spatial) and, as the notation suggests, this is a slightly

non-standard version of the spatial reflection of A. In particular, the space S is sober. We

will find that in this case this description is more convenient that the standard version.
For instance, the specialization order on S is just inclusion, that is

prEqg<—pCyq

for ideals p,q. This poset S is sometimes called the ideal completion of the poset T', and
the topology on S is the Scott topology.
The correspondence between A =TT and OS can be described in a different way.
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9.24 LEMMA. For X € CS let FF C T be given by
te F<|te X

(fort € T). Then F is a lower section of T and X' = @(F"), that is
peEX<<pCF

forpeS.

Proof. To show that F'is a lower section consider any elements s,t of T'with s <t € F.
Then |s C |t € X, so that |s € X (since X is closed), and hence s € F'.

To prove the equivalence suppose first that p € X and consider t € p, so we must
show that ¢t € F'. But |t C p, so that |t € X, and hence t € F, as required.

Conversely, suppose p C F' and, by way of contradiction, suppose p ¢ X. There is
some upper section U of T' with X’ = ©(U), and then p € ®(U), so that p meets U, at ¢
say. We have

tepCF telU

and hence
lteX lteo®(U)

(by the definition of F' and since |t meets U at t). Since X' = ©(U), this is a patent
contradiction. [

We would like a similar characterization of the () € QS. This is not so easy, unless
() has a special form. Let M be the minimal generating set of (). Thus M is a set of
ideals m. We say @) is principally generated if each m € M is a principal ideal, that is has
the form |t for some ¢t € T'. There is no reason why, in general, () should be principally
generated. For instance, take any ideal m an let Q = {m}'. Then M = {m}, and m need
not be principal.

9.25 LEMMA. For Q € CS let G C T be given by
teG<=|te
(fort € T). Then G is an upper section of T and
p meets G = p € Q
forp e S. If Q is principally generated then this implication is an equivalence.

Proof. To show G is an upper section consider any elements ¢t < s of T" with ¢ € G.
Then [t C |s with [t € @, so that |s € @ (since @ is saturated), and hence s € G.

Suppose the ideal p meets G at t, say. Then |t C p with |t € @, and hence p € )
(since @ is saturated).

For the converse we suppose () is principally generated. For such a () suppose p € )
for some ideal p. Since @) € QS we have some minimal generator m C p. This m has the
form |t for some ¢ € T. But now |t € @), so that t € G. Also t € m C p, to show that p
meets G at t. [

We use this idea in reverse to convert a finite subset of 1" into a member of 9QS.
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9.26 LEMMA. For a finite subset E of T let Q C S be given by
p € Q<= p meets £
(forp € S). Then Q € QS, and Q is principally generated.

Proof. Trivially, () is saturated.
To show that @) is compact consider a covering

Qe |te Ly

where L is a lower section of T'. For each e € E we have |e € (), so there is some t € L
with |e € ©(1t), and hence ¢t < e. Letting e range through E we obtain a finite subset
F C L with E C FT. A few simple calculations shows that

Q< | Jle(tt) |t e F}

to give the required result.

To show that () is principally generated consider any m € M. We have m € @), so
that m meets E, to give some e € F with e C m. But |e € @) (since the ideal meets F
at €), so m = |e by the minimality of m. [ |

By putting these results together we are able to exhibit some V-points.

9.27 THEOREM. For a finite subset E of T let Q,X C S be given by
p € Q <= p meets B! peX << pCE!

(forpe S). Then Q € QS, X € CS, and the pair (Q,X) is V-point of S.

Proof. For p € S we have

p meets B! <= p meets E
so that @ € QS by Lemma 9.26. Similarly
pCE' < pCE

so that X € CS by Lemma 9.24.
Let M be the minimal generating set of (). Thus, as in the proof of Lemma 9.26, we
have

M = {lela"'alel}

for some ey, ...,e; € E. For each such e we have |e C E' so that |e € X. Thus M C X.
It remains to show that Q x X. To this end observe that for each U € A = TT we
have

QCoU) <= (YpeQ)p meets U] <= (Ve € E)[le meets U] <= E C U
and hence E' is the smallest possible U with @ C ®(U). In particular, an inclusion

X C(Xne(Eh)”
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will give the required result.
Consider any p € X and any open neighbourhood ® (V') of p (where V' € A). Then p
meets V at t, say. Since t € p C E! we have t < e for some e € E. Then

lee XNno(E")neV)

(since le C E', and |e meets ET at e, and |e meets V at t) which, since the neighbourhood
©(V) is arbitrary, leads to the required result. [

There is a little bit more in Theorem 9.27. Consider any L € F1'. We have
L=FE'nE' L'=E" L['=E|
for some finite £ C T". Thus
p € Q <= p meets L' peX<<=pCL
(for p € S) produces a V-point (@, X) of S. We use this assignment in the next result.
9.28 THEOREM. For each poset T with ideal completion S, the assignment
FT Y (v os)
L——— (Q,X)
(as described above) is a continuous injection that exhibits FT' as a subspace of pt(VOS).

Proof. Firstly we must show that the assignment is injective. For this we use the
principal ideals [t (for t € T'). Suppose the pair (Q), X) arises from L € FT. Then for
each t € T we have

te Ll < |t meets L' <= |t € Q tell <<= [tC L« |teX
so that LT, L', and L = LT N L' can be retrieved from (Q, X). In other words we have
telL<— [te@dnNX

which is enough to show the required injective property.

Secondly we must show that the inverse image map ¢~ sets up a bijective correspon-
dence between the topology of FT' and that on pt(VOS). In fact, it suffices to show
that ¢~ sets up a bijective correspondence between the canonical subbasic open sets of
the topologies. Thus we begin by describing these. Each is doubly indexed by the opens
UeA=10T.

From earlier in this subsection, just after Example 9.20, for each U € A we use

Le(U) < L meets U LeOU)«<=LCU

(for L € FT) to obtain a pair ¢(U),3(U) of subbasic open sets of FT.
By Lemma 6.6 we obtain the subbasic opens of pt(VOS) by applying (o), [o] to the
opens of OS. These opens have the form ®(U) for U € A. Thus

(@, X) € (o) (@) &= X meets © (U) (@, X) € [](0(V)) = Q C o)
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(for (@, X) € pt(OS)) gives a typical subbasic open sets of pt(VOS).
We use these to set up the required correspondence. Thus for

L<—— (Q,X)

and U € A we have
Leyd™(() (0))) = X € () (o))
<= X meets ® (U)
< (Ipe S)pe X and p e ®@U)]
<= (Ip € S)[p C L' and p meets U]
< (3teT|te L'and t e U]
<= L meets U <~ Le Q)

and
Ley=([](@U)) « Q € [-](eU))
— Q C o)
= (peS)peR=pe o)
<= (Vp € S)[p meets LT = p meets U]
— WVteDtell = teU]
— LI CU <~ Lel{U)

to show that

v ({o) (@) =0(U) ¢~ ([o] (@) =0()
and so give the required result. In each of the series of equivalences the fifth one, the step
between arbitrary p € S and principal |t € S, needs a moment’s thought. [ |

In general the space FT' is not sober. However, its sober reflection must sit inside
pt(VOYS), and in some interesting cases it is exactly pt(VOS). This is analysed in [6].

10 A selection of questions

10.1 For section 1

10.1 Question. The two standard V-modifications of a sober space are based on the sets
QS LS of compact saturated sets and the compact lenses. Does the set of compact and
closed sets form a suitable carrier?

10.2 Question. For a sober space S consider the pair of spaces
Q5 — LS

of Lemma 1.7. It seems that neither of these need be sober. Investigate this and, if
possible, describe the sober reflections. Remember that

LS — pt(VOS)
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so that the sober reflection of each lives inside pt(VOS).
[For me: Is there a similarity with the patch situation here?|

10.3 Question. For each Ty space S the insertion

S——— 0S8
p————1p'

need not be continuous. This requires S to carry a larger topology. We add to OS each
set (U for U € OS to produce a base for the larger topololgy. What is this new topology?
Is it related to other standrad modifications of S? Perhaps a place to start is the Scott
topology on a directed complete poset. [ |

10.2 For section 2

10.4 Question. As far as a know there has been no systematic analysis of the possible
structure of the blocks of a frame. I believe that such an investigation would lead to a
greater understanding of frames and the way they interact with spaces.

10.3 For section 3

10.5 Question. Each block for a frame A corresponds to an admissible filter V on A.
Each block has a least member vy. Some blocj have a largest member, see Lemmas 2.12
and 3.12. What os the structure of the family of all these bounded blocks? If A is fitted,
then this family is essentially the assembly of NA. Can something be said in a more
general situation?

10.4 For section 4

10.6 Question. Need at least one

10.5 For section 5

10.7 Question. Develop the bundle view of pt(V A) describe at the end of Section 5.

10.6 For section 6
10.8 Question. A more detailed analysis of the insertion
pt(VOS) — pt(VA)

should be carried out. Perhaps a few ‘silly’ cases are worth looking at. For instance,
suppose A is quite large but S is a 1-point space. What happens?

10.9 Question. It is know, by example, that for a sober space S the V-modification VOS
need not be spatial. However, it seems that a detailed analysis of this aspect has not been
carried out. Is there a reasonable characterization of the class of spaces S for which VOS
is spatial?
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10.7 For section 7

10.10 Question. At the beginning of Section 7 I assert that for @) € QS the clan 1@ is
not very interesting as a subspace of pt(VOS). Can you prove me wrong?

10.11 Question. Confirm or refute the following. For each sober space S and @) € QS if
X et and X C ()7, then X € 1Q.

10.12 Question. For the two step continuous map

LS —— pt(VOS) — pt(V A)

which points (V,a) € pt(VA) arise from a lens in £57

10.13 Question. Theorem 7.10 gives a pair of implications. Are either of these reversible?
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