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Perspective: Diversity should be natural

Diversity should be a natural consequence of:

1. The loss function

2. The combiner function

and nothing more.



Perspective: Diversity should be natural

Loss function: quadratic
Combiner: linear

h ∈ R

h̄ = 1
T

∑
t ht

(h̄− y)2 =
1
T

∑
t

(ht − y)2 − 1
T

∑
t

(ht − h̄)2︸ ︷︷ ︸
diversity

.



Perspective: Diversity should be natural

Loss function: KL-divergence
Combiner: product rule

h ∈ R

h̄ = Z−1
∏

t h
1
T
t

DKL(y||h̄) =
1
T

∑
t

DKL(y||ht)−
1
T

∑
t

DKL(h̄||ht)︸ ︷︷ ︸
diversity



Perspective: Diversity should be natural

Loss function: 0/1 loss
Combiner: majority vote

ht ∈ {−1,+1}

h̄ = sign
(

1
T

∑
t ht

)
δ(h̄, t) = ....... + .......



Decomposing Majority Vote Error

y, ht ∈ {−1,+1}

H(x) = sign
(

1
T

∑
t ht(x)

)
δ(H(x), y) = 1

2(1− yH(x)) .... 1 if H(x) 6= y, otherwise 0.

∆ = δ(H(x), y)− 1
T

∑
t δ(ht(x), y)

— Boring proof goes here —
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Cut to the Chase

0/1 loss can be re-written:

δ(H, y) =
1
T

∑
t

δ(ht, y)− yH 1
T

∑
t

δ(ht, H)

Integrate over p(x)

∫
x
δ(H, y) =

∫
x

1
T

∑
t

δ(ht, y) −
∫
x(+)

1
T

∑
t

δ(ht, H)

+
∫
x(−)

1
T

∑
t

δ(ht, H)

x(+) ... data subspace where ensemble is correct.
x(−) ... data subspace where ensemble is wrong.
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Good Diversity, Bad Diversity

......−
∫
x(+)

1
T

∑
t

δ(ht, H)︸ ︷︷ ︸
‘good’ diversity

+
∫
x(−)

1
T

∑
t

δ(ht, H)︸ ︷︷ ︸
‘bad’ diversity

Good diversity subtracts error...
- any disagreement on these x increases gain of the ensemble
relative to the average individual error.

Bad diversity adds error...
- any disagreement on these x reduces gain of the ensemble
relative to the average individual error.



A Toy Dataset
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Experimental Protocol

1. Generate pool Φ : 2000 random linear classifiers.

2. The ensemble size T was varied as

T ∈ {1, 3, 5, 9, 13, 19, 31, 51, 71, 101, 201, 501, 1001}.

3. Generate/test 50 ensembles for each value of T :

3.1 Sample T classifiers without replacement from Φ.
3.2 Generate test set of 1000 2-d points.
3.3 Statistics on ensemble and individual performance stored.

4. The stored values were averaged across the 50 runs.



Results

Majority vote error (solid lines). Average individual error (dashed).
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Fig. 2. Majority vote error (solid lines) and average individual error (dotted lines)
versus the ensemble size T . “Random” corresponds to the original classifier pool, where
the individual classifiers are only slightly better than chance. “Selected” corresponds
to the selected pool, engineered to have higher accuracy.

Figure 3 shows the scatter plot of the Good diversity versus Bad diversity
terms. Three values of T were chosen for the illustration, 3, 31, and 1001, shown
with different markers. Each point represents one ensemble, thus there are 50
points for each marker, for each of the 50 trials. The diagonal line corresponds
to when good = bad diversity, in which case they cancel each other out, and
ensemble error is just equal to the individual error. Points above the diagonal
line show ensembles where good diversity is larger than bad diversity, therefore
the ensemble improves on the average individual error. The improvement of the
ensemble with respect to the average individual error can be read off the plot as
the vertical distance from the point to the diagonal line.

The ensembles in subplot (a) are more dispersed than those in plot (b). This
reveals that both good and bad diversities reach larger values for the random pool
than for the selected pool of classifiers for the same ensemble size T . This can
be explained with the fact that higher individual error rate allows for a “weak”
majority, where the ensemble is correct but there are many incorrect votes as
well. This effect is especially visible for T = 3. While the “random” scenario offers
a range of very good and very bad ensembles (scattered far above or below the
diagonal line), the “selected” pool has a modest range of ensembles. For larger
T , both ensemble pools produce compact clusters of points suggesting that the
good-bad diversity ratio stabilises with T . Even though the clusters for T = 1001
are compact, they are positioned differently with respect to the diagonal line.

Random : 2000 random classifiers.
Selected : 2000 best classifiers from 8000 random ones.



Plotting Good vs Bad
132 G. Brown and L.I. Kuncheva
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Fig. 3. Scatterplots of good diversity versus bad diversity terms for the “random” and
the “selected” pools of classifiers for 3 values of T

The ensembles sampled from the “random” pool are further up compared to
these sampled from the “selected” pool, which is mirrored in the larger versus
smaller improvement on the individual errors in the rightmost points in Figure
2. While the improvement on the individual error can be gauged from Figure 2,
the spread of the values of the good and bad diversity cannot.

Interestingly, the points for T = 3 and T = 31 are not shaped as coher-
ent clusters but are rather split into sub-clusters (more visible in subplot (b)).
The group of crosses far above the main cluster in subplot (b) corresponds to
ensembles with dramatic improvement on the individual error rates (close to
the pattern of success). This may give a lead towards creating ensembles that
magnify good diversity while keeping the bad diversity at bay.

5 Conclusions

In this paper we adopted the perspective that a diversity measure should be nat-
urally derived as a direct consequence of two factors: the loss function of interest,
and the combiner function. We presented a decomposition of the classification
error, using the majority vote combiner, into three terms: individual accuracy,
‘good’ diversity, and ‘bad’ diversity. A larger value of the good diversity reduces
the majority vote error, whereas a larger value of bad diversity increases the
error. We showed a direct relation of these concepts to the upper/lower limits
defined on majority voting error [9]. A simulation study illustrated that the di-
versity terms tend to exhibit a large variance in smaller ensembles, and stabilize
with very large ensembles.

Random classifiers (left)
Classifiers selected for good accuracy (right)



Patterns of Success/Failure

Assume T classifiers each with accuracy p.

Pattern of Success: ∀x, votes cast such that exactly T+1
2 correct.

(best gain possible relative to p, no wasted votes!)

Pattern of Failure: ∀x, votes cast such that exactly T−1
2 correct.

(worst gain possible relative to p, just missed it!)

max
{

0, Eind − T−1
T+1(1− Eind)

}
≤ Emaj ≤ p

(
1 + T−1

T+1

)

L. Kuncheva, C. Whitaker, C. Shipp, R. Duin: Limits on the majority vote

accuracy in classifier fusion. Pattern Analysis & Applications 6(1), 22-31 (2003)
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Patterns of Success/Failure

Emaj = Eind −
∫
x(+)

1
T

∑
t δ(ht, H) +

∫
x(−)

1
T

∑
t δ(ht, H)

For each point in x(+), imagine T+1
2 classifiers correct (PoS)

Emaj = max
{

0, Eind − T−1
T+1(1− Eind)

}
.

... recovers exactly the lower bound :-)

For each point x(−), imagine T−1
2 classifiers correct (PoF)

Emaj = p
(

1 + T−1
T+1

)
.

... recovers exactly the upper bound :-)
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Conclusion

I voting error can be decomposed.

I good diversity helps, bad diversity hinders.

I strong relation to PoS/PoF.

I large variance when T small, stabilize with large T

I not a magic solution - how can we make use of it!?

Questions?


