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Definition

Ensemble learning refers to the procedures employed
to train multiple learning machines and combine
their outputs, treating them as a “committee” of deci-
sion makers. The principle is that the decision of
the committee, with individual predictions combined
appropriately, should have better overall »accuracy,
on average, than any individual committee mem-
ber. Numerous empirical and theoretical studies have
demonstrated that ensemble »models very often attain
higher accuracy than single models.

The members of the ensemble might be predict-
ing real-valued numbers, class labels, posterior prob-
abilities, rankings, clusterings, or any other quantity.
Therefore, their decisions can be combined by many
methods, including averaging, voting, and probabilistic
methods. The majority of ensemble learning methods
are generic, applicable across broad classes of model
types and learning tasks.

Motivation and Background

If we could build the “perfect” machine learning device,
one which would give us the best possible answer every
time, there would be no need for ensemble learning
methods - indeed, there would be no need for this
encyclopedia either. The underlying principle of ensem-
ble learning is a recognition that in real-world situa-
tions, every model has limitations and will make errors.

Given that each model has these “limitations,” the aim
of ensemble learning is to manage their strengths and
weaknesses, leading to the best possible decision being
taken overall. Several theoretical and empirical results
have shown that the accuracy of an ensemble can sig-
nificantly exceed that of a single model.

The principle of combining predictions has been
of interest to several fields over many years. Over 200
years ago, a controversial question had arisen, on how
best to estimate the mean of a probability distribution
given a small number of sample observations. Laplace
(1818) demonstrated that the sample mean was not
always optimal: under a simple condition, the sam-
ple median was a better combined predictor of the
population mean. The financial forecasting community
has analyzed model combination for several decades,
in the context of stock portfolios. The contribution of
the machine learning (ML) community emerged in the
1990s — automatic construction (from data) of both the
models and the method to combine them. While the
majority of the ML literature on this topic is from 1990
onward, the principle has been explored briefly by sev-
eral independent authors since the 1960s. See Kuncheva
(2004Db) for historical accounts.

The study of ensemble methods, with model out-
puts considered for their abstract properties rather than
the specifics of the algorithm which produced them,
allows for a wide impact across many fields of study. If
we can understand precisely why, when, and how par-
ticular ensemble methods can be applied successfully,
we would have made progress toward a powerful new
tool for Machine Learning: the ability to automatically
exploit the strengths and weaknesses of different learning
systems.

Methods and Algorithms

An ensemble consists of a set of models and a method
to combine them. We begin this section by assuming
that we have a set of models, generated by any of the
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learning algorithms in this encyclopedia; we explore
popular methods of combining their outputs, for clas-
sification and regression problems. Following this, we
review some of the most popular ensemble algorithms,
for learning a set of models given the knowledge that
they will be combined, including extensive pointers
for further reading. Finally, we take a theoretical per-
spective, and review the concept of ensemble diversity,
the fundamental property which governs how well an
ensemble can perform.

Methods for Combining a Set of Models

There exist numerous methods for model combination,
far too many to fully detail here. The linear combiner,
the product combiner, and the voting combiner are by
far the most commonly used in practice. Though a com-
biner could be specifically chosen to optimize perfor-
mance in a particular application, these three rules have
shown consistently good behavior across many prob-
lems, and are simple enough that they are amenable to
theoretical analysis.

The linear combiner is used for models that output
real-valued numbers, so is applicable for »regression
ensembles, or for »classification ensembles producing
class probability estimates. Here, notation for the latter
case is only shown. We have a model f;(y|x), an estimate
of the probability of class y given input x. For a set of
these, t = {1,..., T}, the ensemble probability estimate
is,

T
folx) = ; wife (y[x)- oy

If the weights w, = 1/T, Vt, this is a simple uniform aver-
aging of the probability estimates. The notation clearly
allows for the possibility of a nonuniformly weighted
average. If the classifiers have different accuracies on the
data, a nonuniform combination could in theory give
a lower error than a uniform combination. However,
in practice, the difficulty of estimating the w param-
eters without overfitting, and the relatively small gain
that is available (see Kuncheva, 2004b, p. 282), have
meant that in practice the uniformly weighted average
is by far the most commonly used. A notable excep-
tion, to be discussed later in this article, is the mixture
of experts paradigm - in MoE, weights are nonuniform,
but are learnt and dependent on the input value x. An

alternative combiner is the product rule:

Fom) = 5 TTAOW™, @

where Z is a normalization factor to ensure f is a
valid distribution. Note that Z is not required to make
a valid decision, as the order of posterior estimates
remain unchanged before/after normalization. Under
the assumption that the class-conditional probability
estimates are independent, this is the theoretically opti-
mal combination strategy. However, this assumption is
highly unlikely to hold in practice, and again the weights
w are difficult to reliably determine. Interestingly, the
linear and product combiners are in fact special cases of
the generalized mean (Kuncheva, 2004b) allowing for a
continuum of possible combining strategies.

The linear and product combiners are applicable
when our models output real-valued numbers. When
the models instead output class labels, a majority (or
plurality) vote can be used. Here, each classifier votes
for a particular class, and the class with the most votes
is chosen as the ensemble output. For a two-class prob-
lem the models produce labels, h;(x) € {-1, +1}. In this
case, the ensemble output for the voting combiner can
be written as

T
H(x) = sign( ; wtht(x)). (3)

The weights w can be uniform for a simple majority
vote, or nonuniform for a weighted vote.

We have discussed only a small fraction of the possi-
ble combiner rules. Numerous other rules exist, includ-
ing methods for combining rankings of classes, and
unsupervised methods to combine clustering results.
For details of the wider literature, see Kuncheva (2004b)
or Polikar (2006).

Algorithms for Learning a Set of Models

If we had a committee of people taking decisions, it is
self-evident that we would not want them all to make
the same bad judgments at the same time. With a com-
mittee of learning models, the same intuition applies: we
will have no gain from combining a set of identical mod-
els. We wish the models to exhibit a certain element of
“diversity” in their group behavior, though still retaining
good performance individually.
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We therefore make a distinction between two types
of ensemble learning algorithms, those which encour-
age diversity implicitly, and those which encourage it
explicitly. The vast majority of ensemble methods are
implicit, in that they provide different random sub-
sets of the training data to each learner. Diversity is
encouraged “implicitly” by random sampling of the
data space: at no point is a measurement taken to
ensure diversity will emerge. The random differences
between the datasets might be in the selection of exam-
ples (the »Bagging algorithm), the selection of fea-
tures (»Random Subspaces, Ho, 1998 or »Rotation
Forests, Rodriguez, Kuncheva, & Alonso, 2006), or
combinations of the two (the Random Forests algo-
rithm, Breiman, 2001). Many other “randomization”
schemes are of course possible.

An alternative is to explicitly encourage diversity,
constructing each ensemble member with some mea-
surement ensuring that it is substantially different from
the other members. »Boosting algorithms achieve this
by altering the distribution of training examples for
each learner such that it is encouraged to make more
accurate predictions where previous predictors have
made errors. The DECORATE algorithm (Melville &
Mooney, 2005) explicitly alters the distribution of class
labels, such that successive models are forced to learn
different answers to the same problem. »Negative cor-
relation learning (see Brown, 2004; Brown, Wyatt, Har-
ris, & Yao, 2005), includes a penalty term when learn-
ing each ensemble member, explicitly managing the
accuracy-diversity trade-off.

In general, ensemble methods constitute a large class
of algorithms - some based on heuristics, and some
on sound learning-theoretic principles. The three algo-
rithms that have received the most attention in the
literature are reviewed here. It should be noted that we
present only the most basic form of each; numerous
modifications have been proposed for a variety of learn-
ing scenarios. As further study the reader is referred to
the many comprehensive surveys of the field (Brown et
al., 2005; Kuncheva, 2004b; Polikar, 2006).

Bagging

In the Bagging algorithm (Breiman, 1996), each mem-
ber of the ensemble is constructed from a different
training dataset, and the predictions combined either
by uniform averaging or voting over class labels. Each

dataset is generated by sampling from the total N
data examples, choosing N items uniformly at random
with replacement. Each sample is known as a boot-
strap; the name Bagging is an acronym derived from
Bootstrap AGGregatING. Since a bootstrap samples N
items uniformly at random with replacement, the prob-
ability of any individual data item not being selected is
p = (1-1/N)". Therefore with large N, a single boot-
strap is expected to contain approximately 63.2% of
the original set, while 36.8% of the originals are not
selected.

Like many ensemble methods, Bagging works best
with unstable models, that is those that produce dif-
fering generalization behavior with small changes to
the training data. These are also known as high vari-
ance models, examples of which are »-decision trees and
»neural networks. Bagging therefore tends not to work
well with very simple models. In effect, Bagging samples
randomly from the space of possible models to make up
the ensemble — with very simple models the sampling
produces almost identical (low diversity) predictions.

Despite its apparent capability for variance reduc-
tion, situations have been demonstrated where Bag-
ging can converge without affecting variance (see Brown
et al., 2005). Several other explanations have been
proposed for Baggings success, including links to
»Bayesian model averaging. In summary, it seems that
several years from its introduction, despite its apparent
simplicity, Bagging is still not fully understood.

Algorithm 1 Bagging

Input: Required ensemble size T
Input: S={(x1,31), (x2,¥2)5- >
(xnoyn)}
fort=1to T do
Build a dataset S;, by sampling N items, randomly

Training  set

with replacement from S.
Train a model 4, using S;, and add it to the ensem-
ble.
end for
For a new testing point (x',y"),
If model outputs are continuous, combine them by
averaging.
If model outputs are class labels, combine them by
voting.
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Adaboost

Adaboost (Freund & Schapire, 1996) is the most well
known of the Boosting family of algorithms (Schapire,
2003). The algorithm trains models sequentially, with a
new model trained at each round. At the end of each
round, mis-classified examples are identified and have
their emphasis increased in a new training set which is
then fed back into the start of the next round, and a new
model is trained. The idea is that subsequent models
should be able to compensate for errors made by earlier
models.

Adaboost occupies somewhat of a special place in
the history of ensemble methods. Though the proce-
dure seems heuristic, the algorithm is in fact grounded
in a rich learning-theoretic body of literature. Schapire
(1990) addressed a question posed by Kearns and
Valiant (1988) on the nature of two complexity classes
of learning problems. The two classes are strongly learn-
able and weakly learnable problems. Schapire showed
that these classes were equivalent; this had the corollary
that a weak model, performing only slightly better than
random guessing, could be “boosted” into an arbitrarily
accurate strong model. The original Boosting algorithm
was a proof by construction of this equivalence, though
had a number of impractical assumptions built-in. The
Adaboost algorithm (Freund & Schapire, 1996) was the
first practical Boosting method. The authoritative his-
torical account of the development can be found in
Schapire (1999), including discussion of numerous vari-
ants and interpretations of the algorithm. The procedure
is shown in Algorithm 2. Some similarities with Bag-
ging are evident; a key differences is that at each round ¢,
Bagging has a uniform distribution D;, while Adaboost
adapts a nonuniform distribution.

The ensemble is constructed by iteratively adding
models. Each time a model is learnt, it is checked to
ensure it has at least ¢; < 0.5, that is, it has performance
better than random guessing on the data it was sup-
plied with. If it does not, either an alternative model is
constructed, or the loop is terminated.

After each round, the distribution D; is updated to
emphasize incorrectly classified examples. The update
causes half the distribution mass of D;,; to be over the
examples incorrectly classified by the previous model.
More precisely, ¥, (x,)+y, De+1(i) = 0.5. Thus, if h, hasan
error rate of10%, then examples from that small 10% will

Algorithm 2 Adaboost
Input: Required ensemble size T
{(xl)yl)) (XZ»yZ)) PRI

Input: Training set § =
(xNn,yNn)}, where y; € {-1,+1}
Define a uniform distribution D;(i) over elements
of S.
fort=1to T do

Train a model h; using distribution D.

Calculate €; = Pp,(h:(x) # y)

If ¢, > 0.5 break

Set oy = %ln(ﬂ)

€t
Update Dt+1(i) _ Di(d) exp(;‘xt)’ihl(xi))
where Z; is a normalization’ factor so that D;,; is a
valid distribution.
end for
For a new testing point (x',y"),
H(x') = sign(¥; ache(x'))

be allocated 50% of the next model’s training “effort,”
while the remaining examples (those correctly classi-
fied) are underemphasized. An equivalent (and simpler)
writing of the distribution update scheme is to multi-
ply D:(i) by 1/2(1 — €;) if h;(x;) is correct, and by 1/2¢;
otherwise.

The updates cause the models to sequentially mini-
mize an exponential bound on the error rate. The train-
ing error rate on a data sample S drawn from the true
distribution D obeys the bound,

Py,.s(yH(x) < 0) < ﬁZ\/et(l - €). (4)

This upper bound on the training error (though not the
actual training error) is guaranteed to decrease mono-
tonically with T, given ¢; < 0.5.

In an attempt to further explain the performance of
Boosting algorithms, Schapire also developed bounds
on the generalization error of voting systems, in terms
of the voting margin, the definition of which was given
in (10). Note that, this is not the same as the geomet-
ric margin, optimized by P»support vector machines.
The difference is that the voting margin is defined using
the one-norm ||wl|; in the denominator, while the geo-
metric margin uses the two-norm |[w]|,. While this is a
subtle difference, it is an important one, forming links
between SVMs and Boosting algorithms - see Rétsch,
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Mika, Scholkopf, and Miller (2002) for details. The
following bound holds with probability 1 -,

PX,yND(H(x) +y) < Pyyns (yH(x) < 9)+O(\ / Niﬂz —In 5), (5)

where the O notation hides constants and logarith-
mic terms, and d is the »VC-dimension of the model
used. Roughly, this states that the generalization error
is less than or equal to the training error plus a term
dependent on the voting margin. The larger the mini-
mum margin in the training data, the lower the testing
error. The original bounds have since been significantly
improved, see Koltchinskii and Panchenko (2005) as a
comprehensive recent work. We note that this bound
holds generally for any voting system, and is not specific
to the Boosting framework.

The margin-based theory is only one explanation of
the success of Boosting algorithms. Mease and Wyner
(2008) present a discussion of several questions on why
and how Adaboost succeeds. The subsequent 70 pages
of discussion demonstrate that the story is by no means
simple. The conclusion is, while no single theory can
fully explain Boosting, each provides a different part of
the still unfolding story.

Mixtures of Experts

The mixtures of experts architecture is a widely inves-
tigated paradigm for creating a combination of mod-
els (Jacobs, Jordan, Nowlan, & Hinton, 1991). The
principle underlying the architecture is that certain
models will be able to “specialize” to particular parts
of the input space. It is commonly implemented with a
neural network as the base model, or some other model
capable of estimating probabilities. A Gating network
receives the same inputs as the component models, but
its outputs are used as the weights for a linear com-
biner. The Gating network is responsible for learning
the appropriate weighted combination of the specialized
models (“experts”) for any given input. Thus, the input
space is “carved-up” between the experts, increasing
and decreasing their weights for particular examples. In
effect, a mixture of experts explicitly learns how to cre-
ate expert ensemble members in different portions of
the input space, and select the most appropriate subset
for a new testing example (Fig.1).

The architecture has received wide attention, and
has a strong following in the probabilistic modeling
community, where it may go under the pseudonym of
a “mixture model” A common training method is the
»expectation-maximization algorithm.

Theoretical Perspectives: Ensemble
Diversity

We have seen that all ensemble algorithms in some way
attempt to encourage “diversity.” In this section, we take
a more formalized perspective, to understand what is
meant by this term.

What is Diversity?

The optimal “diversity” is fundamentally a credit assign-
ment problem. If the committee as a whole makes an
erroneous prediction, how much of this error should be
attributed to each member? More precisely, how much
of the committee prediction is due to the accuracies of
the individual models, and how much is due to their
interactions when they were combined? We would ide-
ally like to reexpress the ensemble error as two distinct
components: a term for the accuracies of the individ-
ual models, plus a term for their interactions, i.e., their
diversity.

It turns out that this so-called accuracy-diversity
breakdown of the ensemble error is not always possi-
ble, depending on the type of error function, and choice
of combiner rule. It should be noted that when “diver-
sity” is referred to in the literature, it is most often
meant to indicate classification with a majority vote
combiner, but for completeness we address the general
case here. In the following sections, the existing work to
understand diversity in three distinct cases is described:
for regression tasks (a linear combiner), and classifi-
cation tasks, with either a linear combiner or a voting
combiner.

Regression Error with a Linear Combination Rule

In a regression problem, it is common to use the squared
error criterion. The accuracy-diversity breakdown for
this case (using a linear combiner) is called the ambigu-
ity decomposition (Krogh & Vedelsby, 1995). The result
states that the squared error of the linearly combined
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Ensemble Learning. Figure 1. The mixtures of experts architecture

ensemble, f(x), can be broken into a sum of two com-
ponents:

T T
(60 =) = o () ) = o 3 () = ().
t=1 t=1
(6)
The first term on the right hand side is the average
squared error of the individual models, while the sec-
ond term quantifies the interactions between the pre-
dictions. Note that this second term, the “ambiguity;”
is always positive. This guarantees that, for an arbitrary
data point, the ensemble squared error is always less
than or equal to the average of the individual squared
errors.

The intuition here can be understood as follows.
Imagine five friends, playing “guess the weight of the
cake” (an old English fairground game): if a player’s
guess is close enough to the true weight, they win the
cake. Just as they are about to play, the fairground man-
ager states that they can only submit one guess. The
dilemma seems to be in whose guess they should submit
- however, the ambiguity decomposition shows us that
taking the average of their guesses, and submitting that,
will always be closer (on average) than choosing a per-
son at random and submitting their guess. Note that this
is qualified with “on average” - it may well be that one

of the predictions will in fact be closer than the average
prediction, but we presume that we have no way of iden-
tifying which prediction to choose, other than random.
It can be seen that greater diversity in the predictions
(i.e., a larger ambiguity term) results in a larger gain
over the average individual performance. However, it is
also clear that there is a trade-off to be had: too much
diversity and the average error is extremely large.

The idea of a trade-off between these two terms
is reminiscent of the P-bias-variance decomposition
(Geman, Bienenstock, & Doursat, 1992); in fact, there
is a deep connection between these results. Taking the
expected value of (6) over all possible training sets gives
us the ensemble analogy to the bias-variance decom-
position, called the »bias-variance-covariance decom-
position (Ueda & Nakano, 1996). This shows that the
expected squared error of an ensemble f(x) from a
target d is:

Ep{(F(x) - d)*} = bias + %W+ (1— ;)W 7)

where the expectation is with respect to all possible
training datasets D. While the bias and variance terms
are constrained to be positive, the covariance between
models can become negative — thus the definition of
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diversity emerges as an extra degree of freedom in the
bias-variance dilemma. This extra degree of freedom
allows an ensemble to approximate functions that are
difficult (if not impossible) to find with a single model.
See Brown et al. (2005) for extensive further discussion
of this concept.

Classification Error with a Linear Combination Rule

In a classification problem, our error criterion is the
misclassification rate, also known as the zero-one loss
function. For this type of loss, it is well known there is
no unique definition of bias-variance; instead there exist
multiple decompositions each with advantages and dis-
advantages (see Kuncheva, 2004Db, p. 224). This gives us
a clue as to the situation with an ensemble - there is also
no simple accuracy-diversity separation of the ensem-
ble classification error. Classification problems can of
course be addressed either by a model producing class
probabilities (where we linearly combine), or directly
producing class labels (where we use majority vote).
Partial theory has been developed for each case.

For linear combiners, there exist theoretical results
that relate the correlation of the probability estimates
to the ensemble classification error. Tumer and Ghosh
(1996) showed that the reducible classification error
(i.e., above the Bayes rate) of a simple averaging ensem-
ble, e,ye, can be written as

6(T -
€ave = eadd(H(Tl))x (8)

where e,qq is the classification error of an individual
model. The § is a correlation coefficient between the
model outputs. When the individual models are iden-
tical, the correlation is § = 1. In this case, the ensemble
error is equal to the individual error, e,ye = €444- When
the models are statistically independent, § =0, and the
ensemble error is a fraction 1/T of the individual error,
€ave =1/ Txe,q4. When & is negative, the models are neg-
atively correlated, and the ensemble error is lower than
the average individual error. However, (8) is derived
under quite strict assumptions, holding only for a local
area around the decision boundary, and ultimately rest-
ing on the bias-variance-covariance theory from regres-
sion problems. Further details, including recent work to
lift some of the assumptions (Kuncheva, 2004b).

Classification Error with a Voting Combination Rule
The case of a classification problem with a majority
vote combiner is the most challenging of all. In general,
there is no known breakdown of the ensemble classi-
fication error into neat accuracy and diversity compo-
nents. The simplest intuition to show that correlation
between models does affect performance is given by
the Binomial theorem. If we have T models each with
identical error probability p = P(h,(x) # y), assuming
they make statistically independent errors, the follow-
ing error probability of the majority voting committee
holds,

T

P(H(x)#y)= ),

T _
(()rra-p. o
k>(T/2)

For example, in the case of T = 21 ensemble mem-
bers, each with error p = 0.3, the majority voting error
will be 0.026, an order of magnitude improvement over
the individual error. However, this only holds for sta-
tistically independent errors. The correlated case is an
open problem. Instead, various authors have proposed
their own heuristic definitions of diversity in majority
voting ensembles. Kuncheva (2004b) conducted exten-
sive studies of several suggested diversity measures; the
conclusion was that “no measure consistently correlates
well with the majority vote accuracy.” In spite of this,
some were found useful as an approximate guide to
characterize performance of ensemble methods, though
should not be relied upon as the “final word” on diver-
sity. Kunchevas recommendation in this case is the
Q-statistic (Kuncheva, 2004b, p. 299), due to its simplic-
ity and ease of computation.

Breiman (2001) took an alternative approach, deriv-
ing not a separation of error components, but a bound
on the generalization error of a voting ensemble,
expressed in terms of the correlations of the models. To
understand this, we must introduce concept of voting
margin. The voting margin for a two-class problem, with
y € {-1,+1}, is defined,

m = Yt Zthl wihy(x)

(10)
Zthl [ wi

= yH(x).

If the margin is positive, the example is correctly classi-
fied, if it is negative, the example is incorrectly classified.
The expected margin s = Ep {m} measures the extent to
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which the average number of votes for the correct class
exceeds the average vote for any other class, with respect
to the data distribution D. The larger the voting mar-
gin, the more confidence in the classification. Breiman’s
bound shows,

5 2

Po(H(x) +y) = Po(y(x) <0) < P25y
Here p is the average pairwise correlation between the
errors of the individual models. Thus, the generalization
error is minimized by a small p, and an s as close to 1 as
possible. The balance between a high accuracy (large s)
and a high diversity (low p) constitutes the tradeoff in
this case, although the bound is quite loose.

Summary

In summary, the definition of diversity depends on the
problem. In a regression problem, the optimal diversity
is the trade-off between the bias, variance and covari-
ance components of the squared error. In a classification
problem, with a linear combiner, there exists partial
theory to relate the classifier correlations to the ensem-
ble error rate. In a classification problem with a voting
combiner, there is no single theoretical framework or
definition of diversity. However, the lack of an agreed
definition of diversity has not discouraged researchers
from trying to achieve it, nor has it stalled the progress
of effective algorithms in the field.

Conclusions & Current Directions

in the Field

Ensemble methods constitute some of the most robust
and accurate learning algorithms of the past decade
(Caruana & Niculescu-Mizil, 2006). A multitude of
heuristics have been developed for randomizing the
ensemble parameters, to generate diverse models. It
is arguable that this line of investigation is nowa-
days rather oversubscribed, and the more interesting
research is now in methods for nonstandard data.
» Cluster ensembles (Strehl & Ghosh, 2003) are ensem-
ble techniques applied to unsupervised learning prob-
lems. Problems with nonstationary data, also known
as concept drift, are receiving much recent attention
(Kuncheva, 2004a). The most up to date innovations are
to be found in the biennial International Workshop on
Multiple Classifier Systems (Roli et al., 2000).

Recommended Reading

Kuncheva (2004b) is the standard reference in the
field, which includes references to many further rec-
ommended readings. In addition, Brown et al. (2005)
and Polikar (2006) provide extensive literature surveys.
Roli et al. (2000) is an international workshop series
dedicated to ensemble learning.
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