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Abstract. This paper presents a general method for proving termina-
tion of tableaux-based procedures for modal-type logics and related first-
order fragments. The method is based on connections between filtration
arguments and a general blocking technique. The method provides a
general framework for developing tableau-based decision procedures for
a large class of logics. In particular, the method can be applied to many
well-known description and modal logics. The class includes traditional
modal logics such as S4 and modal logics with the universal modality, as
well as description logics such as ALC with nominals and general TBoxes.
Also contained in the class are harder and less well-studied modal logics
with complex modalities and description logics with complex role op-
erators such as Boolean modal logic, and the description logic ALBO.
In addition, the techniques allow us to specify tableau-based decision
procedures for related solvable fragments of first-order logic, including
the two-variable fragment of first-order logic. This solves a long-standing
open problem.

1 Introduction

This research is motivated by the absence of general decision procedures in
automated reasoning for tableaux and instantiation-based methods. Although
tableau and instantiation-based methods are popular and various general theo-
rem provers exist, so far not much research has been undertaken in using these
approaches as decision procedures for solvable first-order classes. This contrast
with the situation of resolution, where a good understanding exists of turning
resolution procedures into decision procedures and most of the standard solv-
able classes of first-order logic have been shown to be decidable by resolution.
Tableau methods are however successfully used for developing decision proce-
dures in the area of description and modal logic. A crucial ingredient of tableau
decision procedures for description and modal logics is blocking. Blocking is used
to detect repetitions in the generated models, and different blocking techniques
have been developed for different logics.

The second motivation for this research is to provide theoretical founda-
tions for a platform in which tableau decision procedures can be engineered in



a uniform way for different logics and different applications. However the non-
uniformity of the different blocking mechanisms for different logics is problematic
for the incorporation into such a platform.

In this paper we present a general method for proving termination of tableau-
based procedures for modal-type logics and related first-order fragments. Block-
ing in our method is based on a general blocking technique introduced in [3]
which was further developed in [4] to give the first tableau-based decision pro-
cedure for the description logic ALBO. ALBO is an expressive description logic
with complex roles. The presence of role negation in ALBO distinguishes it
from mainstream description logics which form the basis of standard web ontol-
ogy languages, and significantly extends the expressivity of decidable description
logics.

A close connection between the unrestricted blocking mechanism of [4] and
filtration arguments, which are standard in logic and algebra for proving com-
pleteness results and finite model property results, is central to our method. The
method can be applied to many description and modal logics, as well as first-
order fragments. For illustration purposes we discuss in detail how the method
can be applied to two description logics. In particular, we we apply it to the
description logic ALCO with transitive roles which corresponds to the (multi-
modal version) of the modal logic S4 with nominals (S4 is the modal logic of
pre-orders). We also apply the method to the description logic ALBO and show
how it can be used to develop two different tableau decision procedures for it.
These can be viewed as improvements of the tableau procedures defined in [4].

The paper is structured as follows. Section 2 describes the general framework
of the method and identifies general properties sufficient to turn existing tableau
calculi into decision procedures. This also gives an abstract formalisation of
a class of logics decidable by tableau methods. The subsequent sections are
devoted to showing in detail how the method can be used. Section 3 gives some
preliminary definitions. In Section 4 we then show how the method can be applied
to ALCO with transitive roles, referred to also as SO. Section 5 discusses the
case of ALBO in some detail. Other applications, consequences and possibilities
are discussed in Section 6.

We assume the reader has basic familiarity with description logics and modal
logic.

2 General framework

This section describes the general method of our framework. Let L denote an
abstract description logic. The aim is to formulate general conditions under
which terminating tableau procedures exist for L.

Syntax. In this paper it is assumed that L is an extension of the description
logic ALCO with role operators ρ0, ρ1, . . .. Formally, L is defined over a sig-
nature which is a triple (O,C,R) of three disjoint alphabets: the alphabet of
symbols for individuals (or objects) O = {`0, `1, . . .}, the alphabet of concept
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symbols C = {p0, p1, . . .}, and the alphabet of role symbols R = {r0, r1, . . .}.
The logical connectives are: ¬ (negation), t (union), ∃ (existential concept re-
striction), and the role connectives ρ0, ρ1, . . .. The role connectives are assumed
to have finite arities µ0, µ1, . . ., respectively. Concept expressions (or concepts)
and role expressions (or roles) are defined as follows:

C,D
def= p | {`} | ¬C | C tD | ∃R.C,

R,Ri
def= r | ρ0(R1, . . . , Rµ0) | ρ1(R1, . . . , Rµ1) | . . . ,

where p denotes an atomic concept in C, ` denotes and individual in O, and r
denotes an atomic role in R.

Standard defined operators are the top and bottom concept, intersection,
and the universal restriction operator: > def= p t ¬p, ⊥ def= p u ¬p for some atomic
concept p, C uD

def= ¬(¬C t ¬D), and ∀R.C
def= ¬∃R.¬C.

Concepts of the form {`} are called singleton concepts, or nominals. Concept
expressions, role expressions and individuals are collectively referred to as L-
expressions.

Semantics. Let C0, C1, . . . be an enumeration of all concepts and R0, R1, . . .
an enumeration of all roles in the signature of L. An L-model I (or an L-
interpretation) of an L-signature Σ is a tuple (∆I , CI

0 , . . . , `I0 , . . . , RI
0 , . . .), where

∆I is a non-empty set, each CI
i is a subset of ∆I , `Ii ∈ ∆I , and each RI

0 is a
binary relation over ∆I . Further, any expressions of Σ the following conditions
must be satisfied:

{`}I = {`I}, (¬C)I = ∆I \ CI , (C tD)I = CI ∪DI ,

(∃R.C)I = {x | ∃y ∈ CI (x, y) ∈ RI}, and

some additional semantic conditions for each of the role operators of L.

We say I is a (full) L-model if it is an L-model of the signature consisting of all
L-expressions.

Closure operator. Let sub be an (expression) closure operator over sets of L-
expressions, i.e. for every set S of L-expressions, sub(S) is a set of L-expressions
containing the set S. We define sub(E1, . . . , En) def= sub({E1, . . . , En}) for any
finite sequence of expressions E1, . . . , En. We say sub is finite if sub(E1, . . . , En)
is finite for any expressions E1, . . . , En. An L-signature is a set Σ of L-expressions
closed under sub.The closure operator sub is adequate to the semantics of L if
every L-model of an arbitrary signature Σ can be transformed to a full L-model
preserving interpretations of any expressions from the signature. In the sequel,
we always assume that sub is adequate to the semantics of the considered logic.

Finite filtration. Let ∼ be an equivalence relation on an L-model I and let [x] def=
{y ∈ ∆I | x ∼ y}. Let I = (∆I , CI

0 , . . . , `I0 , . . . , RI
0 , . . .) be a structure which

satisfies the following conditions: ∆I = {[x] | x ∈ ∆I}, CI = {[x] | x ∈ CI}
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for every concept C, `I = [`I ] for every ` ∈ O, and ([x], [y]) ∈ RI whenever
∃x′ ∼ x∃y′ ∼ y (x′, y′) ∈ RI for every role R. A structure I for which these
conditions hold is called a ∼-filtration of I.

We say that L admits finite filtration iff for every finite L-signature Σ and
every L-model I of the signature Σ there exists an equivalence relation ∼ on I
such that there is a ∼-filtration I of I which is a finite L-model of the signa-
ture Σ.

Theorem 1. Let L be a logic and sub be a finite expression closure operator. If
L admits finite filtration then L has the finite model property.

Proof. Let C be an L-concept, I be a model for C, and Σ
def= sub(C). Then there

exists a finite filtration I of I which is an L-model of the signature Σ. C is
satisfied in I by definition of filtration.

Tableau calculus. It is convenient to let the tableau calculus operate on labelled
concept expressions, which are statements of the form ` : C, where ` denotes an
individual and C denotes a concept expression. Our language of tableau calculi
is therefore a suitable extension of the language of L. So is the semantics. In
particular, the semantics of labelled concept expressions is specified by:

(` : C)I =

{
∆I , if `I ∈ CI ,
∅, otherwise,

where I denotes any L-model.
In general, a tableau inference rule1 is a relation

`1 : C1, . . . , `n : Cn

`11 : D1
1, . . . , `1k1

: D1
k1
| · · · | `m

1 : Dm
1 , . . . , `m

km
: Dm

km

,

where n ≥ 1, m ≥ 0, each ki ≥ 1, and all atomic concepts and atomic roles oc-
curring below the (horizontal) line in the concepts, also occur in some concept(s)
above the line. If an individual ` occurs in the statements below the line but not
in statements above it then ` is assumed to be a newly chosen individual. In
this case the rule is called individual generating and we usually specify the new
individuals to be generated in the side conditions on the right of the rule. A
tableau closure rule is a tableau inference rule with m = 0. In this case we use
the standard notation

`1 : C1, . . . , `n : Cn

⊥
to distinguish it from other tableau rules.

A tableau calculus is a set of tableau inference rules. Inference steps in a
tableau calculus are performed in the usual way. A rule is applied to a set
of statements in a branch of a tableau, if the statements are instances of the
premises of the rule. Then, in the case of a non-branching rule, the corresponding
1 as implemented in MetTeL system [5]
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(⊥):
` : C, ` : ¬C

⊥ (¬¬):
` : ¬¬C

` : C

(¬t):
` : ¬(C tD)

` : ¬C, ` : ¬D
(t):

` : (C tD)

` : C | ` : D

(sym):
` : {`′}
`′ : {`} (¬sym):

` : ¬{`′}
`′ : ¬{`} (mon):

` : {`′}, `′ : C

` : C
(id):

` : C

` : {`}

(∃):
` : ∃R.C

` : ∃R.{`′}, `′ : C
(`′ is new) (¬∃):

` : ¬∃R.C, ` : ∃R.{`′}
`′ : ¬C

Fig. 1. Tableau calculus TALCO for ALCO.

instances of the conclusions of the rule are added to the branch. A branching
rule splits the branch into several branches and adds the corresponding instances
of the conclusions to each branch.

Let T denote a tableau calculus and C a concept. We take an arbitrary
individual ` which does not occur in C. We denote by T (C) a finished tableau
built using the rules of T , starting with the concept ` : C as input. That is, we
assume that all branches in the tableau are expanded and all applicable rules
of T have been applied in T (C). As usual we assume that all the rules of the
calculus are applied non-deterministically to a tableau. A branch of a tableau is
closed if a contradiction has been derived in this branch, otherwise the branch
is called open. The tableau T (C) is closed if all its branches are closed and T (C)
is open otherwise. We say that T is terminating iff for every concept C either
T (C) is finite whenever T (C) is closed or T (C) has a finite open branch if T (C)
is open. T is sound iff C is unsatisfiable whenever T (C) is closed for all concepts
C. T is complete iff for any concept C, C is satisfiable (has a model) whenever
T (C) is open.

Let TL be a tableau calculus for L. We assume that the calculus includes
at least the rules for ALCO given in Figure 1.2 TL includes in addition tableau
rules to handle the role operators ρ0, ρ1, . . . of L. For simplicity, in this paper
we assume that (∃) is the only individual generating rule in TL. We also require
that, in TL, if an individual ` occurs in some concept in a branch then ` : {`} is
also appears in the branch.

For every open branch B in a TL-tableau we define the following equiva-
lence relation ∼B: `∼B `′

def⇐⇒ ` : {`′} ∈ B for any individuals ` and `′ in the
branch B. That ∼B is indeed an equivalence relation follows from the presence
of the rules (id), (sym), and (mon). Let ‖`‖ def= {`′ | `∼B `′}.

A tableau TL is called constructively complete for L iff (i) it is complete and
(ii) for any satisfiable concept C and any open branch B in TL(C) there is an
L-model I(B) satisfying C such that ∆I(B) = {‖`‖ | ` : {`} ∈ B},

– ` : D ∈ B implies ‖`‖ ∈ DI(B), and
– ` : ∃R.{`′} ∈ B implies (‖`‖, ‖`′‖) ∈ RI(B).

2 It can be proved that TALCO is sound, complete, and terminating.
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We say TL is compatible with sub iff for any concept C if a statement ` : D
appears in the tableau TL(C) then either D ∈ sub(C), D = {`′}, D = ¬{`′},
D = ∃R.{`′}, or D = ¬∃R.{`′}, for some role R from sub(C) and an individual `′.

Blocking. We add the following unrestricted blocking rule from [4] to the calculus.

(ub):
` : {`}, `′ : {`′}

` : {`′} | ` : ¬{`′}

We require the same conditions as in [4] to be satisfied. These use an ordering
on individuals which reflects the order in which the individuals are introduced
during the derivation by the individual generating rules. Specifically, let < be
an ordering on individuals in the branch which is a linear extension of the order
of introduction of the individuals during the derivation in TL, i.e. let ` < `′,
whenever the first appearance of individual `′ in the branch is strictly later than
the first appearance of individual `.

The conditions that blocking must satisfy are:

(c1) As usual any inference rule is applied at most once to the same set of
premises.

(c2) The (∃) rule is applied only to expressions of the form ` : ∃R.C, when C
is not a singleton, i.e. C 6= {`′′} for some individual `′′.

(c3) If ` : {`′} appears in a branch and ` < `′ then all further applications of
the (∃) rule to expressions of the form `′ : ∃R.C are not performed within
the branch.

(c4) In every open branch there is some node from which point onwards before
any application of the (∃) rule all possible applications of the (ub) rule
have been performed.

General termination. By TL + (ub) we denote the calculus comprising of the
rules of TL and the unrestricted blocking rule (ub). It is further required that
the calculus satisfies the conditions (c1)–(c4), above.

The main result of the paper is follows.

Theorem 2. Let L be an extension of the description logic ALCO. TL + (ub)
is sound, complete, and terminating tableau calculus for L, if the following con-
ditions all hold:

1. sub is a finite closure operator for L-expressions.
2. L is a logic which admits finite filtration.
3. TL is a sound and constructively complete tableau calculus for L and is com-

patible with sub.

The theorem says that adding blocking as described above to any sound and
complete tableau calculus for L turns it into a terminating calculus, when the
properties stated in the theorem are true. This calculus can then provide the
basis for a tableau-based decision procedure for L.

The rest of this section is devoted to proving the theorem. In Sections 4 and 5
we show how the theorem can be applied to obtain tableau decision procedures
for two description logics.
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Proof. The blocking requirements (c1)–(c4) are sound in the sense that they
cannot cause an open branch to become closed. The (ub) rule is sound in the
usual sense. This implies adding the blocking rule together with the requirements
preserves soundness and (constructive) completeness. Hence TL + (ub) is sound
and constructively complete.

Since TL + (ub) is compatible with sub the reason for non-termination is the
possible infinite introduction of individuals in a branch. Because the (∃) rule
is the only rule that introduces new individuals (by assumption), limiting the
application of this rule limits the length of derivations. This is what the next
lemma says.

Lemma 1. Let #∃(B) denotes the number of applications of the (∃) rule in a
branch B. If #∃(B) is finite then B is finite.

Let C now be a fixed concept and suppose B is the leftmost open with respect
to (ub) branching in the tableau TL(C). Let I(B) be an L-model of this branch;
I(B) exists by constructive completeness of TL + (ub).

Lemma 2. ∆I(B) is finite.

Proof. Because L admits finite filtration there is an equivalence relation ∼
on ∆I(B) and a ∼-filtration I(B) of I(B) which is a finite L-model. Let ‖`‖
and ‖`′‖ be any elements of I(B) such that ‖`‖ ∼ ‖`′‖. Let `0 and `′0 be the first
individuals from the equivalence classes ‖`‖ and ‖`′‖, respectively, to which the
rule (ub) has been applied. Let S be a segment of the branch B consisting of all
concepts of the branch B strictly before the tableau node where the rule (ub) has
been applied to these individuals. It can be shown that S∪{`0 : {`′0}} is satisfiable
in I(B). Indeed, `

I(B)
0 = [‖`‖] = [‖`′‖] = `′0

I(B). Because TL + (ub) is construc-
tively complete, if ` : D ∈ S then `I(B) ∈ DI(B) and, hence, `I(B) ∈ DI(B).
We can see that compatibility of TL + (ub) with sub implies that I(B) is a
model of the signature sub(S). By the completeness of TL +(ub) this means that
there is an open left branch from the tableau node where the rule (ub) has been
applied to `0 and `′0, and, hence, by the choice of B, coincides with B. That is,
`0 : {`′0} ∈ B and ‖`‖ = ‖`′‖. Therefore, ∆I(B) = ∆I(B) is finite.

Lemma 3. Let ‖`‖ ∈ ∆I(B) be arbitrary, and let #∃(‖`‖) denote the number
of applications of the (∃) rule to concepts of the form `′ : ∃R.D with `′ ∈ ‖`‖.
#∃(‖`‖) is finite for every ‖`‖ ∈ ∆I(B).

Proof. Suppose not, i.e. suppose #∃(‖`‖) is infinite. Since TL+(ub) is compatible
with sub the number of concepts of the form ∃R.D such that ` : ∃R.D for
some ` ∈ O is in the branch is finitely bounded by the size of sub(C). By
requirements (c1) and (c2) there is a sequence of individuals `0, `1, . . . such that
every `i ∈ ‖`‖ and the (∃) rule has been applied to concepts `0 : ∃R.D, `1 :
∃R.D, . . . for some ∃R.D ∈ sub(C). However, such a situation is impossible
because of requirements (c4) and (c3). For, without loss of generality we can
assume that ` < `0 < `1 < · · · . Then, by requirement (c4), starting from some
node of B, as soon as `i appears in B, it is detected that `i ∈ ‖`‖ before any
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next application of the rule (∃) and, hence, `i is immediately blocked for any
application of the rule (∃), by requirement (c3).

We have that #∃(B) ≤ max{#∃(‖`‖) | ‖`‖ ∈ ∆I(B)} × Card(∆I(B)). Hence,
because ∆I(B) is finite and by Lemma 3 we obtain that #∃(B) is finite whenever
B is the leftmost open branch with respect to the rule (ub) of a TL+(ub)-tableau.

Termination is an immediate consequence. For, every closed branch of a TL +
(ub)-tableau is trivially finite and the length of the leftmost open branch with
respect to the rule (ub) is finite, too.

This completes the proof of Theorem 2.

3 Preliminaries for applications

For the purpose of defining equivalence relations for filtrations in the next two
sections we introduce the notions of unary and binary types. A (unary) type of
an element x of an L-model I of a given signature of Σ, denoted by τΣ(x), is
a set of all concept of the signature which interpretations in I contain x, i.e.,
τΣ(x) def= {C ∈ Σ | x ∈ CI}. A (binary) type of an pair (x, y) of elements of a
L-model I of a signature of Σ, denoted by τΣ(x, y), is a set of all roles of the
signature Σ which interpretations in I contain (x, y), i.e. τΣ(x, y) def= {R ∈ Σ |
(x, y) ∈ RI}.

4 A mainstream description logic with transitive roles

In this section we show how the method can be applied to the description
logic SO, i.e. ALCO in which roles can be transitive.

The syntax and semantics of SO is thus a suitable extension of the syntax
and semantics of ALCO in which a subset Trans of the atomic roles are transitive.
The semantics of transitive roles is defined as expected: For every s ∈ Trans, in
every SO-model I, and for every x, y, z ∈ ∆I , (x, y) ∈ sI and (y, z) ∈ sI implies
(x, z) ∈ sI .

In the case of SO we let sub be the subconcept closure operator, i.e. for any
set of concepts S, sub(S) consists of all concepts D such that D is a subconcept
of some concept in S. sub is trivially finite.

It is not difficult to see (or one can refer to standard filtration arguments for
the multi-modal logic S4(m), cf. e.g. [1]) that SO admits finite filtration with

respect to the equivalence ∼ defined by x ∼ y
def⇐⇒ τΣ(x) = τΣ(y) for every

x, y ∈ ∆I , for a fixed finite signature Σ and a SO-model I of the signature. An
interpretation of every role r in the required finite ∼-filtration I of I is defined
by ([x], [y]) ∈ rI iff y ∈ CI implies x ∈ (∃r.C)I for every ∃r.C ∈ Σ.

A tableau calculus sound and complete for SO, is the calculus comprising
the ALCO rules of Figure 1 and the following rule, for each s ∈ Trans:

` : ∃s.{`′}, `′ : ∃s.{`′′}
` : ∃s.{`′′}

.
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We use the notation TSO to refer to this calculus. TSO is not yet terminating;
the concept ∃s.p u ¬∃s.¬∃s.p with s ∈ Trans gives a counter-example.

Now, it is not difficult to prove soundness in the usual way. The standard way
of proving completeness also establishes constructive completeness of TSO. It can
be seen that TSO is compatible with sub. Each of the conditions of Theorem 2
hold therefore. As a consequence we get:

Theorem 3. The calculus TSO + (ub) is sound, complete, and terminating.

This states that TSO plus the unrestricted blocking rule is a terminating tableau
and provides a decision procedure for SO.

5 A description logic with Boolean role operators

In this section we consider the description logic ALBO. Finding the necessary
constructions and giving the necessary proofs in order to establish the conditions
of Theorem 2 is more involved than for SO in the previous section.

Syntax and semantics. ALBO extends ALCO with role operators, namely the
Boolean operators (union and negation) and also role inverse. That is, roles are
no longer just atomic roles, but are defined by this production rule:

R,S
def= r | R−1 | ¬R | R t S.

As before r ranges over the set of atomic roles R.
The semantics of ALBO is given by a model (interpretation) as before which

is a tuple I = (∆I , CI
0 , . . . , `I0 , . . . , RI

0 , . . .), except that the following additional
conditions must hold:

(R−1)I = (RI)−1, (¬R)I = (∆I ×∆I) \RI , (R t S)I = RI ∪ SI .

If I satisfies all the these conditions but possibly not (¬R)I ⊆ (∆I ×∆I) \RI ,
then we call I a quasi-model. In other words, in any quasi-model, the inclusion
(¬R)I ⊇ (∆I ×∆I) \RI still holds but the reverse inclusion may fail. Clearly
if I is a model then I is completely determined by interpretations of signature
symbols in it. In what follows we use this observation to define models by giving
only such interpretations of basic symbols.

The presence of role negation makes ALBO different to mainstream de-
scription logics. It also makes it very expressive [4]. All Boolean operators on
roles are definable, namely, the top role O, the bottom role M, role intersec-
tion. It allows the definition of the universal modality �C

def= ∀O.C, the image
operator ∃−1R.C

def= ∃R−1.C, the sufficiency operator ∀R.C
def= ¬∃¬R.C (also

referred to as window operator in modal logic). In ALBO the usual distinc-
tion between ABoxes, TBoxes and RBoxes is no longer necessary. ABox state-
ments, i.e. concept and role assertions, can be expressed as concept expressions:
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` : C
def= ∃O.({`} u C) and (`, `′) : R

def= ` : ∃R.{`′}. TBox and RBox state-
ments, i.e. concept and role inclusion axioms, are definable as concept expres-
sions: C v D

def= ∀O.(¬C t D) and R v S
def= ∀O.∃¬(¬R t S).⊥. We can even

express Boolean combinations of arbitrary mixtures of inclusion and assertion
statements in ALBO. This is not possible in any of the mainstream description
logics.

In what follows, we prove that ALBO is complete with respect to the se-
mantics of models as well as quasi-models, and define two sound, complete, and
terminating tableau calculi for ALBO. One calculus generates models, the other
one generates quasi-models.

Closure operator. Let ≺ be the smallest transitive ordering on the set of all
ALBO expressions (concepts and roles) satisfying:

(s1) C ≺ ¬C,
(s2) C ≺ C tD,
(s3) D ≺ C tD,
(s4) ¬C ≺ ¬(C tD),
(s5) ¬D ≺ ¬(C tD),

(s6) C ≺ ∃R.C,
(s7) R ≺ ∃R.C,
(s8) ¬C ≺ ¬∃R.C,
(s9) R ≺ ¬∃R.C,

(s10) R ≺ R t S,

(s11) S ≺ R t S,
(s12) R ≺ R−1,
(s13) R ≺ ¬R.

One can prove that ≺ is a well-founded ordering. Let � be the reflex-
ive closure of ≺. For every set of concepts S we define sub(S) def= {E | E �
C for some C ∈ S}. Because ≺ is well-founded, sub is a finite closure operator.

Nice filtration. Let Σ be a finite signature with respect to sub. Let ∼ be an
equivalence relation on ∆I satisfying the following: for any x, y, x′, y′ ∈ ∆I

(f1) if x ∼ y then τΣ(x) = τΣ(y), and
(f2) if x ∼ y and x′ ∼ y′ then τΣ(x, x′) = τΣ(y, y′).

Let I be the∼-filtration of I satisfying RI = {([x], [y]) | ∃x′ ∼ x∃y′ ∼ y (x′, y′) ∈
RI} for every role R. It follows from (f2), that RI = {([x], [y]) | (x, y) ∈ RI}
for every R ∈ Σ. By induction on the ordering ≺ it can be proved that all the
conditions to be an ALBO-model of the signature Σ are satisfied for I.

Thus, in order to prove that ALBO admits finite filtration we only need to
give a definition of an equivalence which satisfies conditions (f1) and (f2) and
results in a finite filtration I. However, because of condition (f2), it is not imme-
diate how one could define the equivalence ∼ with a finite number of equivalence
classes in the original model I.

Example 1. Let the relation ∼= is defined on I by

x ∼= y
def⇐⇒ τΣ(x) = τΣ(y) and

τΣ(x, z) = τΣ(y, z) and τΣ(z, x) = τΣ(z, y) for all z ∈ ∆I .

Then it is easy to see that the equivalence relation ∼= satisfies conditions (f1)
and (f2). Let C

def= ∃r.p, ∆I def= ω (the set of natural numbers), pI
def= ∆I , and

10



rI
def= {(n, m) ∈ ω2 | m < n}. Then the number of equivalence classes in I with

respect to ∼= is infinite. Let n and m be distinct numbers in ω and assume m < n,
say. Then τC(n, m) 3 r but τC(m,m) 63 r.

Standard filtration. Suppose now that the equivalence ' is an equivalence rela-
tion which satisfies only the condition (f1), i.e. x ' y implies τΣ(x) = τΣ(y).
The equivalence class bxc for the element x from ∆I is defined as usual: bxc def=
{y ∈ ∆I | x ' y}. We define a '-filtration I of I which is a quasi-model by

RI def= {(bxc, byc) | ∃x′ ' x∃y′ ' y (x′, y′) ∈ RI}.

It can be checked that I is a quasi-model. In general, it is not a standard model
however.

Conflict elimination process. Next, we define a process of repairing of a quasi-
model obtained by the standard filtration argument and turn it into a standard
model. This process is a modification of the conflict elimination process for
Boolean Modal Logic introduced by Gargov, Passy, and Tinchev [2]. Let I and
I ′ be two quasi-models of a signature Σ. Let f : I ′ −→ I be a mapping satisfying
the following conditions, for all roles R, atomic concepts p and singleton concepts
{`} from Σ:

– (x, y) ∈ RI′ implies (f(x), f(y)) ∈ RI ;
– if (f(x), y) ∈ RI then there is y′ ∈ ∆I′ such that f(y′) = y and (x, y′) ∈ RI′ ;
– pI

′
= f−1(pI);

– f(`I
′
) = `I .

A mapping which satisfies these conditions is called a p-morphism (with respect
to Σ) from I ′ to I. The basic result about p-morphism can be stated as follows.

Fact. If f is a p-morphism with respect to Σ from I ′ onto I then DI′ =
f−1(DI) for every concept D from Σ.

Assume now that Σ is finite and does not contain expressions with individual
symbols. That is, we focus first on ALB. Suppose that I is a quasi-model of the
signature Σ. It can be seen that I is a model if and only if there is no pair (x, y)
of elements in ∆I and a role R such that (x, y) ∈ RI ∩ (¬R)I . We refer to a
triple (x, y, R) with (x, y) ∈ RI ∩ (¬R)I as a conflict in I. We say the role R is
in conflict in I, and the pair (x, y) is a conflict pair in I.

We construct a model I ′ and define a mapping f from I ′ onto I such that
f is a p-morphism with respect to Σ.

For every role symbol r and i = 0, 1 we use the following notation

ri def=

{
r, if i = 1,
¬r, if i = 0.

That is, r0 is the negative literal and r1 is the positive literal associated with r.
Let r1, . . . , rn be all the role symbols such that ri ∈ Σ (i = 1, . . . , n). Any role

11



ri1
1 u · · · u rin

n u (rj1
1 )−1 u · · · u (rjn

n )−1 ({i1, . . . , in, j1 . . . , jn} ⊆ {0, 1}) is called a
basic role (with respect to Σ). Let m = 22n and assume {S1, . . . , Sm} is the set
of all possible basic roles over Σ.

Now we are in a position to define I ′ and f . Let ∆1, . . . ,∆m be disjoint copies
of ∆I and g1, . . . , gm be the bijections from ∆I onto ∆1, . . . ,∆m respectively.
Let ∆I′ def= ∆1 ∪ · · · ∪∆m and f

def= g−1
1 ∪ · · · ∪ g−1

m , i.e.

f(x) =


g−1
1 (x), if x ∈ ∆1,
...

g−1
m (x), if x ∈ ∆m.

Let pI
′ def= f−1(pI) for every p ∈ C.

Now we define interpretations of the basic roles in I ′. Let Sk1 , . . . , Skµ
be an

ordering of all the basic roles such that (x, y) ∈ SIkν
(ν = 1, . . . , µ). We suppose

that if Sk′1
, . . . , Sk′µ is an ordering of all the basic roles such that (y, x) ∈ SIk′ν

then Sk′ν ≡ S−1
kν

for each ν = 1, . . . , µ. It is not hard to see that orderings of basic
roles for (x, y) and (y, x) which correlate in this way exist. For every ν = 1, . . . , µ
and i, j = 1, . . . ,m we set

(gi(x), gj(y)) ∈ SI
′

kν

def⇐⇒ ((i− 1) + (j − 1)) (modµ) = (ν − 1).

It follows from our choice of the orderings for (x, y) and (y, x) that for every
ν = 1, . . . , µ and i, j = 1, . . . ,m

(gi(x), gj(y)) ∈ SI
′

kν
⇐⇒ (gj(y), gj(x)) ∈ SI

′

k′ν
,

where Sk′ν ≡ S−1
kν

. Thus, the inverse operator is well-defined on basic roles.
For every R such that R ≡ M we let RI′ def= ∅. Let R be a role such that

R 6≡ M. If R ∈ Σ then R ≡ Sk1 t · · · t Skλ
for some λ ≤ m. In this case we let

RI′ def= SI
′

k1
∪ · · · ∪ SI

′

kλ
. In the case that R /∈ Σ, we define its interpretation RI′

by induction on its length by:

– if R = r then RI′ is arbitrary subset of ∆I′ ×∆I′ ;
– if R = Q0 tQ1 then RI′ def= QI′

0 ∪QI′
1 ;

– if R = ¬Q then RI′ def= (∆I′ ×∆I′) \QI′ ;
– if R = Q−1 then RI′ def= (QI′)−1.

Lemma 4. For all basic roles S, S′

– If S 6= S′ then SI
′ ∩ S′I

′
= ∅;

– If (x, y) ∈ SI then for every i = 1, . . . ,m there is a j ∈ 1, . . . ,m such that
(gi(x), gj(y)) ∈ SI

′
.

Proof. The first statement is trivial by the definition of interpretations of S and
S′ in I ′. To prove the second statement suppose (x, y) ∈ S and fix i = 1, . . . ,m.
Then S has a number ν0 in the ordering Sk1 , . . . , Skµ of all basic roles such that
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(x, y) ∈ SIkν
, ν = 1, . . . , µ. Let j

def= min{µ·l+(ν0−i)+1 | µ·l+(ν0−i) ≥ 0, l ∈ ω}.
It is easy to see that 1 ≤ j ≤ m. Indeed, if j > m then j′

def= j − µ < j which
contradicts the minimality of j. Finally, (gi(x), gj(x)) ∈ SI

′

kν0
= SI

′
because

((i− 1) + (j − 1))(modµ) = (ν0 − 1).

It is easy to prove the following lemma.

Lemma 5. For any roles R and Q, (R−1)I
′
= (RI′)−1 and (R tQ)I

′
= RI′ ∪

QI′ .

Lemma 6. I ′ does not contain any conflicts, i.e. (¬R)I
′
= (∆I′ ×∆I′) \ RI′

for any role R.

Proof. It is clear that, in I ′, all roles R such that ¬R /∈ Σ are not in conflict.
Let ¬R ≡ Sk1 t · · · t Skλ

and R ≡ Sk′1
t · · · t Sk′

λ′
. Then Skν 6= Sk′

ν′
for every

ν = 1, . . . , λ and ν′ = 1, . . . , λ′. By Lemma 4 we have SI
′

kν
∩ SI

′

k′
ν′

= ∅ for these

ν and ν′. Hence RI′ ∩ (¬R)I
′
= (SI

′

k1
∪ · · · ∪ SI

′

kλ
) ∩ (SI

′

k′1
∪ · · · ∪ SI

′

k′
λ′

) = ∅.

Corollary 1. I ′ is an ALB-model.

Lemma 7. f is a p-morphism with respect to Σ from I ′ onto I.

Proof. Let R ∈ Σ and R 6≡ M. Then we have R ≡ Sk1t· · ·tSkλ
for some λ ≤ m.

Suppose (x, y) ∈ RI′ . This means that x = gi(f(x)) and y = gj(f(x)) for
some i, j = 1, . . . ,m. It follows from the definition of RI′ that RI′ = SI

′

k1
∪ · · · ∪

SI
′

kλ
. Hence (x, y) ∈ SI

′

kν
for some ν = 1, . . . , λ. It is clear from the definition

of SI
′

kν
that (gi(f(x)), gj(f(y))) ∈ SI

′

kν
implies (f(x), f(y)) ∈ SIkν

. Therefore
(f(x), f(y)) ∈ SIkν

⊆ RI .
Let now (f(x), y) ∈ RI . Then there is a ν = 1, . . . , λ such that (f(x), y) ∈

SIkν
. Also, we have that x = gi(f(x)) for some i = 1, . . . ,m. By Lemma 4 there is

a j = 1, . . . ,m such that (gi(f(x)), gj(y)) ∈ SI
′

kν
. It is also clear that f(gj(y)) = y.

Corollary 2. D is satisfiable in I iff D is satisfiable in I ′ for any D ∈ Σ.

Summing up, we obtain the following theorem.

Theorem 4. If C is a concept in the language of ALB and C is satisfiable in a
quasi-model then it is satisfiable in a model. Furthermore, if C is satisfiable in
a finite quasi-model then C is satisfiable in a finite model.

Proof. Σ
def= sub(C) is finite. If I is a quasi-model of the signature Σ satisfying C

then I ′ is a model of the signature Σ satisfying C. If I is finite then I ′ is finite,
too.

Corollary 3. ALB is complete with respect to the class of all ALB-quasi-mo-
dels.
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Corollary 4. ALB admits finite filtration over the class of all ALB-quasi-mo-
dels.

Theorem 5 (Finite Model Property of ALB). ALB has the finite model
property, i.e., if an ALB-concept C is satisfiable, then it has a finite model.

Proof. Let Σ
def= sub(C). It is clear that Σ is finite. Let I be a model of the

signature Σ for a concept C and ' is an equivalence relation on ∆I defined
by x ' y iff τΣ(x) = τΣ(y). Then, by the standard filtration argument, C is
satisfied in a '-filtration I of I such that I is a quasi-model of the signature
Σ. Moreover the domain of I is finite because the number of unary Σ-types in
every model is finite. Applying Theorem 4 we obtain that C is satisfiable in a
finite model I ′.

Finite nice filtration. Again, let Σ be a finite signature which does not contain
any individuals. Having a finite model I ′ for concept C , we can define an
equivalence ∼ on I which satisfies conditions (f1) and (f2) so that the ∼-filtrated
model I is finite. Indeed, for all x, y ∈ ∆I we define

x ∼ y
def⇐⇒ x ' y and for all i, j = 1, . . . m and for all z ∈ ∆I′

τΣ(gi(bxc), z) = τΣ(gj(byc), z) and τΣ(z, gi(bxc)) = τΣ(z, gj(byc)).

Because ∆I′ is finite and number of unary types of a finite signature is finite,
the number of equivalence classes with respect to ∼ in ∆I is finite.

Lemma 8. ∼ satisfies conditions (f1) and (f2).

Proof. Clearly, ∼ satisfies (f1) because ' satisfies it. Let x ∼ y and x′ ∼ y′.
Suppose R ∈ Σ and (x, x′) ∈ RI . Then (bxc, bx′c) = (byc, by′c) ∈ RI . By the
construction of RI′ , there are i, j = 1, . . . ,m such that (gi(byc), gj(by′c)) ∈ RI′ .
Thus, (gi(byc), gk(by′c)) ∈ RI′ for every k = 1, . . . ,m.

Assume that (y, y′) /∈ RI , i.e. (y, y′) ∈ (¬R)I . Hence, (byc, by′c) ∈ (¬R)I .
Then, it follows from Lemma 4 and the definition of (¬R)I that there is k =
1, . . . ,m such that (gi(byc), gk(by′c)) ∈ (¬R)I

′
. This is a contradiction. There-

fore, (y, y′) ∈ RI and because R was chosen arbitrarily we obtain τC(x, x′) =
τC(y, y′).

Corollary 6. ALB admits finite (nice) filtration (over the class of all ALB-
models).

Adding individuals. Now we extend the results to ALBO. It is trivial that if pI

is a singleton set (i.e Card(pI) = 1) for some atomic concept p then pI is also a
singleton set. This allows us to use the construction above to prove that ALBO
admits finite filtration. Let {`0}, . . . , {`k} be all the singleton concepts occurring
in concept C. Take concept symbols q0, . . . , qk which do not occur in C and let
Cq be a concept obtained from C by replacing every singleton concept {`i} with
the corresponding qi. Cq is an ALB-concept. Next, let Iq be the model which
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coincides with I except for the interpretation of the qi which are interpreted like
the singleton concepts they represent, i.e. ∆Iq def= ∆I , RIq def= RI for every role
R, `I

q def= `I for every individual `, and

pI
q def=

{
{`Ii }, p = qi for some i = 0, . . . , k,
pI , otherwise

If C is satisfiable in I then Cq is satisfiable in Iq. Thus, Cq is satisfiable in the
finite model (Iq)′ (which is an ALB-model but not an ALBO-model). Then it
also follows that Cq is satisfiable in a nice ∼-filtration Iq of Iq which is an ALB-
model. The model Iq is finite and every atomic concept which had a singleton
interpretation in Iq is also interpreted as a singleton in Iq. In particular, all the
interpretations of q0, . . . , qk are singletons in Iq. Let I be the following extension
of Iq for the language ALBO: ∆I def= ∆Iq

, RI def= RIq

for every role R, pI
def= pI

q

fro every atomic concept p, `I is an arbitrary element of I for every individual
` 6= `0, . . . , `k, and `Ii

def= ai, where qI
q

i = {a}. Clearly, I is an ALBO-model.
Finally, by induction on the length of C, we can prove that C is satisfiable in I.
Thus, the following theorem holds.

Theorem 6.

1. ALBO is complete with respect to the class of all ALBO-quasi-models.
2. ALBO admits finite (standard) filtration over the class of all ALBO-quasi-

models.
3. ALBO admits finite (nice) filtration (over the class of all ALBO-models).

Finally, from Lemma 1 we obtain the finite model property for ALBO.

Theorem 7 (Finite Model Property of ALBO). ALBO has the finite model
property, i.e., if a concept C is satisfiable, then it has a finite model.

Tableau calculi. Because ALBO admits finite filtrations over both the class
of ALBO-models and the class of ALBO-quasi-models, there are two ways of
formulating a tableau calculus for ALBO. Let TALBO be the calculus which
extends the calculus TALCO (see Figure 1) with the rules listed in Figure 2.
Let T q

ALBO be the calculus consisting of all the rules of TALBO but without the
rule (∃¬). (The ‘q’ in the name of T q

ALBO refers to quasi-models.)
The additional rules in Figure 2 are rules for decomposing complex role

expressions. They can be divided into in two groups: rules for positive existential
role occurrences (on the left) and rules for negated existential role occurrences
(on the right). The rules can be seen to be reflections of the semantics of the
main premise, which is the left premise in each case. Observe that the rules for
positive existential role occurrences are limited to role assertions. This is justified
because of the presence of the (∃) rule.

Tableau derivations are constructed as usual. Suppose C is a given concept
and we are interested in the satisfiability of C. First, preprocessing is performed
on C in order to move the role inverse operator inwards so that they occur
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(∃t):
` : ∃(R t S).{`′}

` : ∃R.{`′} | ` : ∃S.{`′} (¬∃t):
` : ¬∃(R t S).C

` : ¬∃R.C, ` : ¬∃S.C

(∃−1):
` : ∃R−1.{`′}
`′ : ∃R.{`} (¬∃−1):

` : ¬∃R−1.C, `′ : ∃R.{`}
`′ : ¬C

(∃¬):
` : ∃¬R.{`′}
` : ¬∃R.{`′} (¬∃¬):

` : ¬∃¬R.C, `′ : {`′}
` : ∃R.{`′} | `′ : ¬C

Fig. 2. Role decomposition rules in the tableau calculus TALBO for ALBO.

immediately in front of atomic roles, based on these equivalences from left to
right.

(¬R)−1 = ¬(R−1), (R t S)−1 = R−1 t S−1, (R−1)−1 = R.

The tableau rules are then applied to the ` : C ′, where ` is a new individual
and C ′ is the transformed concept.

Soundness and completeness. We turn to proving soundness and completeness of
the calculi. Because every rule preserves the satisfiability of concept assertions,
it is easy to see that TALBO and T q

ALBO are both sound for ALBO.
For proving completeness of the calculi, suppose that a tableau TALBO(C),

resp. T q
ALBO(C), has been constructed for the given concept C. Suppose it is

an open tableau, and B is an open branch in it. A quasi-model I(B) for the
satisfiability of C can be constructed as follows. Recall that `∼B `′ iff ` : {`′} ∈ B
and ‖`‖ = {`′ | `∼B `′}. For every concept D, define DB def= {‖`‖ | ` : D ∈ B}.
For every role R, define RB def= {(‖`‖, ‖`′‖) | ∃`0∼B ` ∃`′0∼B `′ `0 : ∃R.{`′0} ∈ B}.
The rules (sym), (mon), and (id) ensure that the definition of I(B) does not
depend on representatives of the equivalence classes. For any ` ∈ O, p ∈ C, and
r ∈ R we set

∆I(B) def= {‖`‖ | ` : {`} ∈ B}, `I(B) def=


‖`‖, if ` : {`} ∈ B,

‖`′‖, for some ‖`′‖ ∈ ∆I(B),

otherwise,

pI(B) def= pB, rI(B) def= rB.

The interpretations of any concept D and role R are defined inductively on the
ordering ≺ by:

(D0 tD1)I(B) def= (D0 tD1)B ∪D
I(B)
0 ∪D

I(B)
1

(¬D)I(B) def= (¬D)B ∪ (∆I(B) \DI(B)),

(R0 tR1)I(B) def= (R0 tR1)B ∪R
I(B)
0 ∪R

I(B)
1 ,

(¬R)I(B) def= (¬R)B ∪ (∆I(B) \RI(B)),

(R−1)I(B) def= (R−1)B ∪ (RI(B))−1.
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The following lemma can be proved by induction on the ordering ≺.

Lemma 9. I(B) is an ALBO-quasi-model. Moreover, if B is an open branch in
TALBO then I(B) is an ALBO-model.

The constructive completeness of the calculi is an immediate consequence of this
lemma.

Theorem 8.

1. TALBO is sound and constructively complete with respect to ALBO-models.
2. T q

ALBO is sound and constructively complete with respect to ALBO-quasi-
models.

Applying Theorem 2 together with Theorems 6 and 8 we obtain two sound,
complete, and terminating calculi for ALBO.

Theorem 9. TALBO +(ub) and T q
ALBO +(ub) are sound, complete, and termi-

nating tableau calculi for ALBO.

The difference between the two calculi is that the calculus with the (∃¬) rule
returns standard models while the other calculus returns only quasi-models.

6 Discussion

In this paper we have introduced a general method for turning ground semantic
tableau calculi into decision procedures, and illustrated it with two examples.
The case of SO (ALCO with transitive roles) required a standard filtration ar-
gument which can be found in many modal logic textbooks, and the formulation
of a sound and constructively complete tableau calculus which also does not
pose any problems. We remark that in our calculus the additional rules cap-
ture transitivity directly. It is however possible to use the method to prove all
the necessary results for calculi based on propagation rules which tend to be
favoured in mainstream description logic and are a common alternative in the
modal logic literature.

The case of ALBO was more complicated. As should be expected, the most
problematic part was to construct a finite filtration. In order to do this, we ap-
plied a ‘simple’ filtration argument to an ALBO-model I which gave us a quasi-
model which we then repaired using a modification of the method of Gargov,
Passy, and Tinchev [2]. This produces a finite ALB-model I ′. Using the obtained
ALB-model I ′, we defined a filtration of the original ALBO-model which turns
out to be finite because I ′ is finite. As a side effect we obtained completeness
of ALBO with respect to quasi-models. The formulation of tableau rules which
simply follow the semantics of the connectives in ALBO was not difficult. Nei-
ther was obtaining the soundness and completeness results of the two tableau
calculi, TALBO and T q

ALBO. The really hard part would have been to turn the
calculi into decision procedures and prove that the procedures are indeed ter-
minating. Fortunately, Theorem 2 covers both cases, thus limiting the difficult
part to the filtration argument.

17



The paper provides the theoretical background for one of engineering solu-
tions which have been set as basic paradigms of the MetTeL system [5] in the
very beginning of its implementation: the observation that the blocking mecha-
nisms in tableau calculi for description and modal logics and filtration arguments
for such logic are closely connected. The solution which is implemented in the
tableau core of the MetTeL system can handle blocking of derivation in a very
wide class of tableaux for description and modal logics. However, a scientific for-
malisation of such a connection between blocking in tableaux and filtrations and
a description of a class of logics to which blocking mechanisms can be applied to
obtain a terminating decision procedure was problematic due to non-uniformity
of blocking mechanisms for different logics. Recent results on a general blocking
mechanism provided by the unrestricted blocking rule [4] allowed to formalise
the approach.

This work builds on our previous work in [4], where we described a tableau-
based decision procedure for ALBO. In the current paper we have refined the
techniques and presented a general method for proving the finite model property
and developing tableau decision procedures with unrestricted blocking. At the
same time we have improved the results in a number of ways. The tableau calculi
for ALCO and ALBO relative to standard models are almost identical to the
tableau calculi of [4]; the only essential3 difference is that the calculi in [4] include
this additional congruence rule:

(bridge):
` : ∃R.{`′}, `′ : {`′′}

` : ∃R.{`′′}

The results is this paper show however that this rule is superfluous for com-
pleteness of TALCO and T q

ALBO, but by the results in [4] the rule is admissible in
both. Decidability is not harmed by the inclusion of the bridge rule. New in the
current paper is the tableau calculus T q

ALBO, which shows that the (∃¬) rule is
not needed for completeness or decidability.

It is interesting to note that the calculus TALCO for ALCO (without any
form of blocking) is already a decision procedure for testing the satisfiability
of concepts (also modulo a background theory of labelled concept expressions,
i.e. concept and role assertions over ALCO).

The main contribution of the paper is a description of a class of logics for
which the blocking mechanism by means of the unrestricted blocking rule can be
applied to provide termination of their tableau procedures. The conditions given
in Theorem 2 cover almost all known decidable description logics, modal logics,
and first-order fragments and hybrid logics which correspond to such logics. For
instance, because ALBO subsumes the two-variable fragment of the first-order
logic the tableau calculi for ALBO presented in this paper can be transformed
into ground tableau calculi for this fragment. This solves a longstanding open
problem because so far it has not been known how to use tableau methods to
solve the two-variable fragment.
3 In [4] the definition of ALBO is slightly different but definitionally equivalent and

accordingly there is a small variation in the calculus.
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Our method is not restricted to particular connectives of the logic, it can
handle most familiar role constructors including union, intersection, composi-
tion, inverse, etc. Since the method is formulated for logics with individuals it
can be applied to description logics with ABoxes. The main result also covers
logics with general TBoxes and RBoxes. Implicit in our definitions is the as-
sumption that connectives additional to those of ALCO must include only role
constructors with role arguments, but this is not essential. The assumption was
only made for reasons of simplicity. In particular, the method can be easily
extended to logics with arbitrary additional role and concept constructors in-
cluding operators in which concepts and roles interact. Examples that come to
mind are: test operator, image operator, sufficiency operators, universal modal-
ity, cross product, domain and range restriction; in fact most of these are already
expressible in ALBO, cf. [4].

The tableau rules are formalised in a generic way to cover most of the labelled
and hybrid tableau formalisms. The restriction that (∃) is the only individual
generating rules can be omitted and would then require an appropriate reformu-
lation of conditions (c2), (c3), and (c4) of the blocking mechanism. In fact, the
tableau calculus for the given logic can contain arbitrary individual generating
rules. The specific kind of tableau rules used in the paper is not essential. It is
possible to use other kinds of rules and tableau approaches, provided these satisfy
the conditions of Theorem 2. For instance, the results transfer also to labelled KE
tableau, ground hyperresolution with splitting, ground hypertableaux, and other
bottom-up model generation procedures. More broadly we expect the techniques
to be useful for developing decision procedures using other kinds of deduction
approaches and for a much wider class of logics and first-order fragments.
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