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Abstract. This paper presents a method for synthesising sound and
complete tableau calculi. Given a specification of the formal semantics
of a logic, the method generates a set of tableau inference rules which can
then be used to reason within the logic. The method guarantees that the
generated rules form a calculus which is sound and constructively com-
plete. If the logic can be shown to admit finite filtration with respect to a
well-defined first-order semantics then adding a general blocking mecha-
nism produces a terminating tableau calculus. The process of generating
tableau rules can be completely automated and produces, together with
the blocking mechanism, an automated procedure for generating tableau
decision procedures for logics. For illustration we show the workability
of the approach on propositional intuitionistic logic and the description
logic ALCO.

1 Introduction

In this paper we are interested in the problem of automatically generating a
tableau calculus for a logic. We assume that the logic is defined by a high-level
specification of the formal semantics. Our aim is to turn this into a set of inference
rules that provide a sound and complete tableau calculus for the logic. For a
decidable logic we want to generate a terminating calculus. In previous work
we have described a framework for turning sound and complete tableau calculi
into decision procedures [7]. The prerequisites for this to work are that the logic
admits an effective finite model property shown by a filtration argument, and
that (i) the tableau calculus is sound and constructively complete, and (ii) a
weak form of subexpression property holds for tableau derivations. Constructive
completeness is a slightly stronger notion than completeness and means that for
every open branch in a tableau there is a model which reflects all the expressions
(formulae) occurring on the branch. The subexpression property says that every
expression in a derivation is a subexpression of the input expression with respect
to a finite subexpression closure operator.

In order to be able to exploit the ‘termination through blocking’ results in [7],
in this paper, our goal is to produce tableau calculi that satisfy the prerequi-
sites (i) and (ii). It turns out that provided that the semantics of the logic is
well-defined in a certain sense, the subexpression property can be imposed on
the generated calculus. Crucial is the separation of the syntax of the logic from
the ‘extras’ in the meta-language needed for the semantic specification of the
logic. The process can be completely automated and gives, together with the



unrestricted blocking mechanism and the results in [6, 7], an automated proce-
dure for generating tableau decision procedures for logics, whenever they have
an effective finite model property with respect to a well-defined first-order se-
mantics.

That the generated calculi are constructively complete has the added advan-
tage that models can be effectively generated from open, finished branches in
tableau derivations. This means that the synthesised tableau calculi can be used
for model building purposes.

The method works as follows. The user defines the formal semantics of the
given logic in a many-sorted first-order language so that certain well-definedness
conditions hold. The method automatically reduces the semantic specification of
the logic to Skolemised implicational forms which are then rewritten as tableau
inference rules. Combined with some default closure and equality rules, this pro-
vides a sound and constructively complete calculus for the logic. Under certain
conditions it is then possible to refine the rules. If the logic can be shown to ad-
mit finite filtration, then the generated calculus can be automatically turned into
a terminating calculus by adding the unrestricted blocking mechanism from [6].

The method is intended to be as general as possible, and cover as many logics
as possible. Our main applications are non-classical logics and description log-
ics. As case studies we consider the application of the method to propositional
intuitionistic logic (e.g. [4]) and the description logic ALCO [1]. Intuitionistic
logic provides a nearly perfect example because the semantics of the logical con-
nectives is not Boolean and the semantics is restricted by a background theory.
In addition, the logic is simple. ALCQO is the extension of the description logic
ALC with individual concepts (or nominals).

The paper is structured as follows. Section 2 defines the apparatus for specify-
ing the semantics of the logic of interest. Section 3 is about synthesising tableau
rules. In Section 4 we prove that the generated rules form a sound and construc-
tively complete calculus for the logic. Section 5 discusses ways of refining the
rules in order to reduce branching and redundancy in the syntax of the calcu-
lus. In Section 6 the approach is applied to intuitionistic logic and ALCO. We
conclude with a discussion of the method.

2 Specifying the Semantics of the Logic

For the sake of generality we assume the logic for which we want to develop a
tableau calculus is a many-sorted logic.

Let Sorts = {0,1,...,N} be an index set of sorts and Conn a countable
set of the logical connectives of the logic. Every connective o in Conn is as-
sociated with a tuple (i1,42,...,%m+1) € Sorts(™ 1) where m > 0. The last
argument 4,,4+1 is the sort of the expression obtained by applying ¢ to expres-
sions of sorts 41,13, ..., %m, respectively. We say that o is an m-ary connective
of sort (2'17 ig, . 7im+1)-

By L we denote an abstract sorted language defined over an alphabet given
by a set of sorts Sorts, a set of connectives Conn, a countable set of variable



symbols {p; | i € Sorts,j € w}, and a countable set of constant symbols {q; |
i € Sorts,j € w}. L is defined as a set of expressions over the alphabet closed
under the connectives in Conn. More formally, let £ = Uiesores £+ where each £
denotes a set of expressions of sort i defined as the smallest set of expressions
satisfying the following conditions:

— All variables p§ and all constants q§ in the alphabet belong to L.

— For every connective o € Conn of sort (i1,42...,im+1), 0(E1,..., En) be-
longs to £im+1, whenever Ey, ..., E,, are expressions of sorts iy, ...,4,, and
belong to £, ..., L™, respectively.

Symbols, expressions and connectives in £ are also referred to as £-symbols,
L-expressions and L-connectives. We usually refer to expressions in £° as indi-
viduals, expressions in L' as concepts, and expressions in £2 as roles.

For an L-expression F, the notation E(p1,...,pm,) indicates that p1,...,pm

are variables in the expression E. E(F1,...,E,,) denotes the expression ob-
tained by uniformly substituting FE; into p;, for all ¢ = 1,... m. Similarly, if
X is a set of L-expressions depending on variables p1,...,p.,, we indicate this

as X(p1,...,pm) and denote by X(Fi,...,FE,,) the set of expressions which
are instances of expressions from X under uniform substitution of expressions
FEy, ..., Ey into py, ..., pm, respectively.

Let < be any transitive ordering < on L-expressions, F an L-expression, and
X a set of L-expressions. We define

subL(E) = {E'|E' < E} and suby(X) = [ subL(E).
EeX

We usually write sub<(E4, ..., Ey,) rather than subo({E1,..., En}).

The language in which the semantics of the given logic is specified, is a
sorted first-order language with equality, denoted by FO(L). Formally, FO(L)
is an extension of the language £ with: one additional sort, additional sym-
bols, the usual connectives and quantifiers of first-order logic, and the equality
predicate. The sorts of FO(L) are SortsU {N + 1} = {0,...,N,N + 1}. We
call the additional sort NV 4 1 the designated sort, and symbols that operate on
this sort, designated symbols. The additional symbols comprise of a countable
set of variable symbols {x,y, z, xo, Yo, 20, - - . } of the designated sort, a countable
set of constants {a,b,c,ag,bo,co, ...} of the designated sort, function symbols
{f,9,h, fo, 90, ho, ...} mapping argument terms to terms of sort N + 1, and
a countable set of constant predicate symbols {P,Q, R, Py, Qo, Ry, ...} of the
designated sort (i.e., argument terms are required to be terms of sort N + 1).
In addition, FO(L) contains intersort symbols denoted by vy, ...,vN, i.€., one
for each sort in Sorts. The intersort symbols are used to define the semantics
of the connectives of the logic. In particular, vy is a unary function symbol
of sort (0, N 4+ 1), and each of the remaining v; is a predicate symbol of sort
(t,N+1,...,N + 1), with arity ¢ + 1. Furthermore, for every sort we assume
the presence of a binary predicate symbol functioning as equality predicate for



that sort. For reasons of simplicity, we use one symbol, namely =, for each of
the equality predicates.

We fix some more common notation. w denotes a sequence of first-order vari-
ables: W = wy, ..., w,. Similarly, Vo denotes the universal quantifier prefix on all
variables wy, ..., wy: YO = Y, - - - Vw,. For any set S of formulae, VS denotes
the universal closure of S, i.e., the set VS = {V@w ¢(w) | $(w) € S}. For every
first-order formula v we let

def {wl7 1/1 = ﬂ%

V= —), otherwise.

Formulae of FO(L) in which all occurrences of the L-variables p’ (of sorts
0,...,N) are free are called L-open formulae. Similarly, any L-open formula
is an L-open sentence if it does not have free occurrences of variables of the
designated sort N + 1.

For any set S of L-open formulae in FO(L) and a set X of L-expressions, let
STX be the set of substitution instances of formulae in S under substitutions
into the variables of £ which do not contain expressions outside X. Formally,

SIX E {¢(E1,....,En) | ¢p1,...,pm) €S and
all L-expressions occurring in ¢(F1, ..., E,,) belong to X }.

The semantics of £ is specified in FO(L) as follows. Each expression in £
is interpreted as a term in FO(L). In particular, each variable symbol pz in £°
is interpreted as a variable of sort ¢ in FO(L), each constant symbol q§ in £ is
interpreted as a constant of sort 7 in FO(L), and every connective o is interpreted
as a function of the same sort as o.

An L-structure is a tuple 7 = (L0 ... N AT E vkt P
where A7 is a non-empty set, v5(£)Z € AT for every individual ¢ € L0, v C
L7 x (AT for 0 < n < N. a € AT and PT C (AT)™, where m is the arity
of P. Observe that an L-structure Z is a first-order model (interpretation) of the
language FO(L). For simplicity we omit the sets £°,...,£Y and simply write
IT=(AT ¢, .. vk e, ... PT ...

A waluation in 7 is a mapping ¢ from the set of variables and constants
of FO(L) to £ U AT such that L(p}),L(q;) € L% and (x;),t(a;) € AT. We say
that a valuation ¢ in an L-structure is canonical if every variable and constant
of any sort 2 =0, ..., N is interpreted by itself, that is, L(p;) = p§ and L(q;:) = q;-
for every variable p; and constant qj- of the language L. This means that a
canonical valuation of every term of any sort ¢ = 0,..., N is the term itself. It is
not difficult to see that any L-open formula ¢ is satisfiable in an L-structure iff it
is satisfiable in an L-structure under a canonical valuation. We write S |=. S’ for
sets of formulae S and ', if, for every L-structure Z and a canonical valuation ¢
inZ,Z,. = Simplies Z,: = S’. Similarly, we write Z |=. S iff there is a canonical
valuation ¢ such that Z,: = S.



vV (z =~ x) VaVy (e =y — y = x) VaVyVz (= yANy~z — x = 2)
Vay - VeuVys (P(x1,...,20) Axs R Yys — P(21,. .. Tim1, Yi, Tit1, Tn))
VpVz1 - Ve VY (Wn(DyZ1, ... Zn) AT R Ys — Un(Dy T, -« . Tie1, Yiy Tit1, Tn))

Vp1 - VoV - xnVyi (o =y —

f(ply"'7pm7m17"'7$n) ~ f(p17"'7pm7x17"'xi—lzyi7mi+17"'7xn))

Fig. 1. Equality axioms in FO(L).

We say that a concept C' is satisfiable in T if there is an a € AT such that
(C,a) € vi, or equivalently Z =, 3z v1(C,z). A concept C is valid in T if
T = Vo1 (Cx).

Let S be a set of L-open sentences in FO(L). A formula ¢° in the language
of S defines the connective o with respect to S if it does not contain ¢ and the
following holds:

(%) VS EVp1.. .Vom VT (Vn(o(p1, -, 0m),T) = &7 (P1y- -+, Pm, T))-

Here p1,...,pmn are variables of appropriate sorts which match the signature
of o, and n is the result sort of o (for T = (21,...,2,)). We also say S defines
0. The L-open sentence VT (v, (a(p1, ..., Dm),T) = ¢°(P1, ..., Pm,T) is said to
be a o-definition (in S).

By definition, a (first-order) semantic specification of L is a set of L-open
sentences in FO(L) that defines the connectives of £. Given a semantic specifi-
cation S, we use the notation S° for the subset of £L-open sentences defining the
connectives of L.

For the sake of generality, we always include the usual equality axioms, listed
in Figure 1, in a semantic specification. This ensures that ~ is a congruence on
every sort in any first-order interpretation of FO(L).

We consider a semantic specification S to be normalised if it consists of three
disjoint parts. More specifically, S = St U S~ U S°, where S*, S—, and S° are
disjoint sets of sentences satisfying the following:

(nl1) ST is a set of L-open sentences £¥ of the form:
f g vz (Vn(E(pla s apm)af) - ¢£(p1, s apmai))v
(n2) S~ is a set of L-open sentences ¢ of the form:

gf g i(d)?(pl?"'?p'fn?j)HV”L(E(pl?""pm)’f))?

(n3) None of the L-open sentences in the set S® contain complex £-expressions.

In this definition, we suppose that multiple sentences of the form (nl) (resp. (n2))
for the same expression F in ST and S~ are all equivalently reduced to a single



sentence ff (resp. £F). The intuition is that S* and S~ define the semantics of
the connectives. ST defines it for positive occurrences of expressions E (with free
variables p1, ..., pm), while S~ defines it for negative occurrences of expressions
E. We refer to S® as the background theory of the semantics S (for £).

It can be seen that the set S° U S’ is a semantic specification which can
be turned into normalised form by decomposing each connective definition in S°
into two implications. In fact, S® and STUS ™ play the same role in axiomatising
L-connectives in FO(£) modulo the background theory S°.

For every L-expression F, let

of = (o"(Fy,...,E,,7) | E = F(EB,...,Ey,) for some 55@1"“”)”) from S},
of = (pF(Ey,... En,T) | E=F(E,...,E,) for some ff(pl""’pM) from S}.

Thus, &% (resp. %) is the set of instantiations of succedents (resp. antecedents)
of positive (resp. negative) specifications in S, where the antecedents (resp. succe-
dents) are unifiable with the given expression E.

The expression specifications in any normalised semantics S induce an order-
ing < on expressions as follows. Let < be the smallest transitive ordering satis-
fying: E' < F whenever there is a sentence 55(1’1""””") or a sentence ff(m"”’p’")
such that £ = F(F,..., Ey,), for some L-expressions FE1,..., E,, and E’ oc-
curs in qu(El, oty Ep,T) or ¢F (B4, ..., E,,, T), respectively. The reflexive clo-
sure of < is denoted by <. Because we can assume that S° is also a normalised
semantic specification, it similarly induces an ordering <y which is assumed to
be well-founded.

Usually the semantics is defined by induction in terms of definitions of the
semantics of the connectives and the primitives in the logic which is lifted to
arbitrary L-expressions. This is equivalent to assuming a well-founded ordering
on expressions of L. For any reasonable definition such a well-founded ordering
exists. Thus, although it is not difficult to imagine formulae ¢ such that <
is not well-founded, we assume that the ¢° are chosen in such a way that it
is possible to lift the semantics of L-primitives to all L-expressions, i.e., <q is
well-founded.

Recall that S° denotes the set of £-open sentences that define the £-connec-
tives. A semantic specification S is well-defined iff

(wdl) ¥S9,VS" |= v,
(wd2) the ordering < is well-founded, and
(wd3) for every expression E = o(F1,..., En),
VS0, StlsubL (E) k=, W((/\@f — ¢°(En, .. .7Em,f)) A

(qﬁ”(El,...,Em,f) - V¢§)>.



It is not difficult to see that condition (wd3) follows from the following first-order
condition:

(waz)  ¥S%, St Isub<(0(p) o Vo (ALY — 67 (5,7)) A
(¢” @7 —\/ @i@)).

There are different semantic specifications which describe the same class of
L-structures. As we have just noted, some semantic specifications already allow
the lifting of the semantics from atomic expressions to all L-expressions. We
assume that S U S is such a specification and implicitly accommodates £-
connectives. According to this definition, a well-defined semantics S is equivalent
to SYUS® modulo the background theory S°. This is ensured by condition (wd1)
and the assumption that S defines all £-connectives in S°. Further, through
condition (wd2), S imposes its own inductive structure on L-expressions. Finally,
condition (wd3) specifies a correlation between S and S° on instances of L£-
expressions. It can be seen that S° U S? is a well-defined semantic specification
itself.

A (propositional) logic L over the language L is a subset of concepts in £
which is closed under arbitrary substitutions of primitive symbols with complex
expressions of the same sorts. A logic L is first-order definable iff there is a
semantic specification Sy such that L coincides with the set of all concepts
that are valid in all £-structures satisfying VS, ie., L = {C € L1 | VS E.
Vo vy (C,x)}.

For a fixed semantic specification Sy, of logic L, if 7 is an L-structure satis-
fying S, then by definition 7 is a model of L or simply a L-model (with respect
to SL)

The following are examples first-order definable logics and all have a nor-
malised semantic specification according to the above definitions:

— most description logics, including ALCO, ALBO [6], SHOZQ [2];
— most propositional modal logics, including K, S4, KD45;

— propositional intuitionistic logic [4];

— the logic of metric and topology [3].

3 Synthesising a Tableau Calculus

A tableau calculus is a set of tableau inference rules. In general, a tableau infer-
ence rule is a rule of the form

X
X1 || Xm'

where both the numerator X and all denominators X; (m > 0) are finite sets of
atomic formulae or negated atomic formulae in the language FO(L). The formu-
lae in the numerator are called premises, while the formulae in the denominators
are called conclusions. The numerator and all the denominators are non-empty,



but m may be zero, in which case the rule is a closure rule. Closure rules are
also written X/L. If m > 1, the rule is a branching rule.

Inference steps are performed as usual. A rule is applied to a set of (ground)
literals in a branch of a tableau derivation, if the literals are instances of the
premises of the rule. Then, in the case of a non-branching rule, the corresponding
(ground) instances of the conclusions of the rule are added to the branch. In
the case of a branching rule the branch is split into several branches and the
corresponding (ground) instances of the conclusions are added to each branch.

Let T denote a tableau calculus and C a concept. We take an arbitrary
constant a of the designated sort which does not occur in the rules of 7.! We
denote by T(C) a finished tableau derivation built by starting with the formula
v1(C, a) as input and applying the rules of T. That is, all branches in the tableau
derivation are fully expanded and all applicable rules of T" have been applied in
T(C). As usual we assume that all the rules of the calculus are applied non-
deterministically in a tableau derivation. A branch of a tableau derivation is
closed if a closure rule has been applied, otherwise the branch is called open.
The tableau derivation T'(C) is closed if all its branches are closed and T'(C) is
open otherwise. The calculus T is sound iff for any concept C, C' is unsatisfiable
whenever T'(C) is closed. T is complete iff for any concept C, C' is satisfiable (has
a model) whenever T(C) is open. T is said to be terminating if every finished
open tableau derivation in 7" has a finite open branch.

Let L be a first-order definable propositional logic over £ and S; a well-
defined semantic specification of L. We now describe how tableau rules can
be synthesised from Sp. If Sp is not already normalised we first normalise it.
Thus assume Sy = Sf usS, u Sb. Now take a positive specification §f in Szr.
Eliminate quantifiers using Skolemisation and equivalently rewrite ff into the
following implicational form

J Kj
Vn(E(plv"'apm)axlw"axn)4’ \/ /\wjka
j=1k=1

where each 15, denotes a literal. This is always possible. The implication is now
turned into the rule:

p (é.E) def Vn(E(pla"'7pm)7x17"-7-7;77,)7 Y1 R Y1y, vy Ys T Ys
+ - )
* Y, ooy iy | | Yo, o, Yk,
where y1,...,ys denote the free variables in 1;; which are not among the vari-
ables x1,...,x,. Essentially, the antecedent of the implication has become the

main premise in the nominator and the succedent was appropriately turned into
the denominators of the rule. We say the rule corresponds to ff . Analogously
a tableau rule is be generated for each negative specification ¢# in S;. The
corresponding rules have the form

d:ef "Vn(E(plw"upm)u$17"'7xn)7 Y1 R Y1y, vy Ys T Ys
wlly ey ¢1K1|"'|¢J17 DR ¢JKJ

! @ is a Skolem constant for the FO(L)-formula 3z v, (C, )

p-(&7)



This is obtained by Skolemising the contrapositive of ¢£ and then equivalently
rewriting it to an implication of the form

ke

J
Va(E@1, - pm) @15 xn) =\ /\ Uik
j=1k=1

k

where each 1), denotes a literal. We refer to the rules p_(¢E) and p_(¢F) as
decomposition rules.

For example, the generated decomposition rules for the existential restriction
operator in the description logic ALC are:

vi1(3r.p, ) —vy(3r.p, )
va(r,z, f(p,z)), vi(p, f(p,x))’ —wa(r,x,y) | ~vi(p,y)

These are not the familiar rules used in standard description logic tableau sys-
tems, but in Section 5 we see how to get those.

The sentences in the background theory of Sy, are turned into rules by first
equivalently transforming them into Skolemised disjunctive normal form. More
specifically, let ¢ be an arbitrary sentence in S%. It is first equivalently rewritten
to

J Kj
(**) \/ /\ 1/ij7
j=1k=1

where each 1), denotes a literal, and is then turned into the corresponding rule,
namely

P(é) def P1=pP1, -y Pm T Pm, T1RT1, ..., Tp Ty
Yin, ooy Y1k | | Yo, o Yk,
The p1,...,Pm,21,...,2T, are the variables that are free in (x*). Rules corre-

sponding to sentences in Sg are called theory rules.

The equality axioms in the background theory are treated slightly unusually.
In our formalisation the equality predicate(s) are also used as domain predi-
cate(s) to keep track of the ground terms that occur in the tableau branches.
The equality rules are the rules listed in Figure 2. The rules on the left ensure
that expression(s) t &~ t are treated as domain predicate(s) and appear in every
branch of a tableau for every term ¢ in the branch. They also state reflexivity of
the equality predicate(s). The rules in the right column ensure that = is a con-
gruence relation for predicates on terms occurring in a branch. The last rule is a
congruence rule for function symbols f occurring in a branch including Skolem
function symbols.

We use T, to denote the generated calculus. In summary, it consists of these
rules.

(t1) The decomposition rules pG (§) and pZ(n) corresponding to all positive
specifications & in SZ‘ and all negative specifications 7 in S} .



P(x1,...,%n) Ty
TR T, ..., Tp N Tp y=x
—P(z1,...,%n) TRY, YRz
T1 R Ty, ooy Ty "Tn Tr= z
Un(D, T1,- .., Tn) P(x1,...,xpn), T =y,
PRD, T1RTL, ..., Tn S Tn P(x1,...,@i—1,Yi, Tit1,. -, Tn)
(D, T1,...,Zn) Un(D, @1, ., ZTn), Ti X Ys
PRp, T1IRTL, ..., Tpn " ITn Vn(p,$17-~~7mi717yi7xi+17~~~7$n)
PL= Py, «-vy Pm " Pm, T1IXRTl, «v., Tix"Yiy .., Tpn T Yn

f(pla <oy Pm, X1y - '717”) ~ f(p17' <oy Pm, X1, - - 'xiflayhx’i‘i’hx’ﬂ)

Fig. 2. Equality congruence rules for predicates and functions occurred in St.

(t2) The theory rules p(¢) corresponding to all sentences ¢ in the background

theory S.
(t3) The equality rules of Figure 2.
(t4) The closure rules (for every n = 1,..., N, and every constant predicate
symbol P in Sp,):
Un(p,T), —wn(p,T) P(z), —~P(T)
1 ’ 1 '

Note for each connective there are exactly two decomposition rules in the
calculus T, one for unnegated occurrences and one for negated occurrences.

4 Ensuring Soundness, Subexpression Property, and
Constructive Completeness

It is not difficult to see that the generated tableau T, has the following subex-
pression property which is a necessary condition for termination of the calculus
enhanced by the unrestricted blocking rule mechanism [6,7]. Let < be a reflex-
ive and transitive ordering of L-expressions. Following [7], we say that a tableau
calculus T is compatible with sub< (or has subexpression property with respect to
<) iff for every concept C, all L-expressions occurring in the tableau derivation
T(C) belong to sub<(C'). Since every rule of Tj, is monotone with respect to
<, i.e., every expression in any conclusion of a rule is not greater with respect
to < than L-expressions in the premises of the rule, we can conclude that 77,
has subexpression property with respect to the reflexive closure of the ordering
<. Thus, the subexpression property holds automatically for the calculus T,
generated from a well-defined semantics Sy,.

It is possible to prove that every rule of the generated calculus 17, preserves
satisfiability of FO(L)-formulae. That is, if all premises of a rule are true in an
L-model 7 (under a canonical valuation) then the conclusions of some branch
are also true. This is not difficult to see because the definitions of the rules mimic
the specified semantics. Hence, the following soundness theorem holds.

10



Theorem 1 (Soundness). T}, is sound for L, i.e., every concept satisfiable in
an L-model has an open Ty, tableau.

Now, we prove constructive completeness of T7,. Let B denote an arbitrary
branch in a T -tableau derivation. We define the following relation ~p with
def

respect to B: t~gt’ <= t ~ t' € B, for any ground terms ¢ and t' of the
designated sort N +1 in B. Let ||| £ {#' | t ~;t'} be the equivalence class of an
element ¢t. The presence of the rules of Figure 2 ensure that ~z is a congruence
relation on all designated ground terms in 5.

We say a model Z, under a (canonical) valuation ¢, reflects an expression E

occurring in a branch B iff for every ground terms t4,...,t,

— (B, u(t1),...,u(tn)) € vI whenever v, (E,t1,...,t,) € B, and
— (B, u(t1),...,t(tn)) & v whenever —w,,(E,t1,...,t,) € B.

Similarly, Z reflects predicate constant P from B under a (canonical) valuation ¢
in Z iff for every ground terms tq,...,%,

— (t(t1), ..., u(tn)) € PT whenever P(ty,...,t,) € B, and
= (t(t1),...,t(tn)) ¢ PT whenever =P(t,...,t,) € B.

A model Z reflects branch B under a valuation ¢ if Z reflects all predicate con-
stants and expressions occurring in B under ¢.

A tableau calculus T7, is said to be constructively complete (for L) iff for
any given concept C' that is satisfiable, if B is an open branch in the tableau
derivation T, (C) then there is an L-model Z such that:

(m1) The domain A of T is the set of the equivalence classes ||t|| for each
ground term t¢ occuring in B.

(m2) 7 reflects B under the canonical projection valuation m defined by 7 (t) =
||t]|, for every ground term ¢ occuring in B.

It is clear that if T}, is constructively complete then T}, is complete for L.
Suppose now that Sy, is a semantic specification and <q is a well-founded
ordering on L-expressions induced by the set S? of the definitions of the con-
nectives of the form () with respect to Sy,.
Let B be an open branch in a finished tableau derivation in T7,. Define inter-
pretations of predicate symbols in Z(B) by induction on < as follows:

— For every n-ary constant predicate symbol P in Sy,
PTE = {([[tll,- - tnll) | PCtrs.- - t0) € B}

— For every n = 1,..., N the interpretation VE(B) of the v, symbols is defined
as the smallest subset of £ x (ATB))" satisfying both the following, for every
variable or constant p of the sort n, every connective o, and any expressions
E17 . ,Eml

(pa ||t1||77||t7LH) S V%—(B) — Vn(pvtla'- 7tn) € Ba
(O (Br, s B talls - [ta]) € ™
= I(B) e ¢°(Erye v Emy il ltal)-

11



In what follows, we say thatZ(B) reflects an expression E (a predicate P, or a
branch B) if Z(B) reflects E (P, or B, respectively) under the canonical projection
valuation 7, and usually omit any explicit reference to .

A consequence of the definition of Z(B) is that the definitions of the connec-
tives are valid in Z(B):

Lemma 1. Z(B) E VSY.

Lemma 2. Let X be any set of expressions which occur in B. Suppose I(B)
reflects all the expressions from X. Then Z(B) = S 1X.

Proof. Consider any ¢ € S? and suppose

J Kj
&P,y pm) =V -V, \/ /\¢jk(p1,...,pm,xl,...,xn).
j=1k=1

Let Fr,...,FE, be any expressions from X and ¢,...,t, any ground terms
of sort N 4+ 1 occurring in B. By rule p(§), there is a j = 1,...,J such that
all literals ;i (E1, ..., En,t1,...,tn), for k = 1,..., K;, are in the branch B.
Since S% does not contain complex expressions of the language £ we have that
I(B) e Yik(Er, ..., Ep, |lt1ll,-- -, |Itn]]) by the assumptions of the lemma for
every k =1,..., K. This implies that Z(B) f=c £&(E1,..., Em, |t1],- -, [[tal])-

Corollary 1. Z(B) . Sb.

Proof. Immediately from the definition of Z(B) and the closure rules we get that

P(ty,...,ty,) € B implies (||t1]],...,|[tal]) € PZB), =P(ty,...,t,) € B implies
. . B

(Utalls- - ltnl) & PT® wy(p,ty, ... ta) € Bimplies (p, [[ta]],- .., |tal]) € v ™,

and —wy(p,t1,...,t,) € B implies (p, [[t1]],. .., ||tnl]) ¢ vE® for every constant

predicate symbol P, n =0, ..., N, and primitive p of sort n. Thus, by Lemma 2
I(B) b= S.

Lemma 3. Z(B) reflects the branch B.

Proof. By simultaneous induction on the well-founded ordering < we show that
foralln=1,...,N, for every E, and all designated ground terms t¢1,...,%, (of
sort N 4+ 1) in B, we have that

— (E, Itall-- -, Ital) € qu(B) whenever v, (E, t1,...,t,) € B, and
— (B |lt1ll, - tnl) € vE® whenever —wy (B, t, ... t,) € B.

E = p. This case follows from the definition of Z(B).

E=0(Ey,...,Ey). Suppose v,(E,ty,...,t,) € B. Let Sf be such that F =
F(Fy,...,F,) for some Fy,..., F, and the Skolemised form of correspond-
ing qﬁi is as follows

qbi(plaapm) =

J
Jj=1

K;
A Gskr, s pm)-
k=1

12



Then by rule pi(¢¥) there is a j = 1,...,J such that all the literals
Yig(Fu, ..., Fp,t1, ... ty) for K = 1,...,K; are in B. Further, for every
expression E'(Fi,..., F,,) which occurs in ¢ (F1,...,Fp,t1,...,tn), k =
1,...,Kj, we have E'(F\,...,F,) < F(F1,...,Fy) = E. Thus, by the in-
duction hypothesis Z(B) ¢ ¥ju(Fr, ... Fo, It - -, |[ta]]) for every k =
1,...,K;. Consequently, Z(B) =, qbi(Fl, cos s lltally - - -5 llEn]]) and, hence,
I(B) e ®E(|t1]],--.,|ltall)- By Lemma 2, Z(B) k. S%[subL(E). Since
I(B) = V¥SY, we obtain Z(B) =. ¢°(E1, ..., Em, |t1ll,- - -, [ta]]) and, there-
fore, by the definition of Z(B), we have (E, ||t1],-.., |[tnl]) € i ®,
The second implication for negative literals is proved similarly.

As a consequence we obtain the following theorem.

Theorem 2 (Constructive completeness). T, is constructively complete.

Proof. We only need to prove that Z(B) = VSL. However, this follows from
VSS9, VSt =Sy since Z(B) = VS? by Lemma 3 and Lemma 2.

5 Refining the Synthesised Calculus

In order to get inference rules that have better properties, in this section we
introduce two refinements.

The first refinement reduces the number of branches of a rule by constraining
the rule with additional premises rather than deriving new conclusions. Sup-
pose r is a tableau rule of a sound and constructively complete tableau calculus
TL:

r = X
Xy | X
For some ¢ € {1,...,m} suppose X; = {¢1,...,¢r}. Without loss of generality
we can assume that ¢ = 1. Consider the rules r; with j =1,...,k defined by
r; o X U {~1;} '
Xo [ | Xm

Let T} be the tableau calculus obtained from T}, by replacing rule r by the rules
T1,...,7%. 1t is clear that T} is sound and has the subexpression property. In
general, T} is not constructively complete. However analysis of the proofs of
Lemma 3 and Lemma 2 shows that the following theorem is true.

Theorem 3. Let B be an open branch in a T} -tableau. Assume that for every
set'Y of L-expressions the following holds.

If all expressions from Y are reflected in Z(B) then for every Eq,...,E; €Y,

() X(Ei,...,E;t1,...,t,) C B implies
I(B) E Xi(Er,....EyLltill, - |tall) for somei=1,...,m.

13



Then, B is reflected in Z(B).

Corollary 2. If the condition of Theorem 3 holds for every open branch B of
any T} -tableau then T} is constructively complete.

The condition () follows by the same induction argument from the following
condition:

if X(Ey,....Epty,. .. tn) © B and Z(B) = Xq(Ev, ... By ltall, - (It )
then X;(E1,...,Ety,...,t,) C B, for some i =2,...,m.

(1)
Generalising this refinement to moving up more than one conclusion is not
difficult. The formulation of Theorem 3 does not change in this case.
Consider the generated rule for negative occurrences of the existential re-
striction operator given on p. 9. In most description logics it can be transformed
to the more often seen rule:

—\1/1(37’.]), ZL’), VQ(T.vxay)
ﬁVl(pa y)

In order to preserve constructive completeness, condition (1) is usually proved
by induction on < which in its turn inductively implies condition (f).

The rules for equality used in Section 3 (given in Figure 2) are already in
refined form. The rules that would be produced from the semantic specification
of equality in Figure 1 have a different form. For example, the congruence rule

vn(D,T), @ =y
l/n(Pal“h sy Li—1,Yiy Tty - - - 75En)

is refined from the following rule (without sacrificing constructive completeness):

LTy, vy Tp "By, Yi TY;

(P, T) | i B yi | va(DyT1, s T 1, Uiy Tig 1y e - -5 Tn)

Another example of a generated rule and a refinement are (for a transitive
role constant R):

“R(z,y) | ~R(y,2) | R(z,2)’ R(z,2)

Condition (t) holds in this case since, by definition of Z(B), Z(B) reflects all
atomic predicate constants in the branch B.

The second refinement we describe exploits the expressivity of the logic.
Suppose that the language £ of the logic L is expressive enough to represent
its own semantics. That is, assume that for every n = 0,..., N and every n-
ary predicate constant P occuring in Sy, there are concepts C;F(p, l1,...,4,),
Cy(p, 1,y 0n), D51, .. 4y,), and Dp(fq,...,4,), depending on variable p

14



of sort n and variables ¢1,..., ¢, of sort 0, such that

VSL E Vz (Vl(C:(p,ﬁl,...,En),x — vn(p, VO(El),...,VO(En))) ,
VS EVz (l/l(C’;( Ay ), ) — v (p,vo(fh), .- .,Vo(én))) ,
VSL = Va (i (DE (... 6),2) — P(ro(th), ..., vo(ln)))

VSL = Vo (r1(Dp(b, ... 0y),2) — =Pro(lr), ..., v0(ly))) -

It is worth noting that because the equality theory is included in the semantics,
St, we have the following:

VSL ): YV (Vl(D:(fl,fg),,f) — l/()(gl) ~ Vo(fg)) s
VSL ): Vo (ul(D;(él,Eg),x) — VO(EI) 7% Vo(gg)) .

In this case we are able to express all tableau rules for L in the language £
itself. We only need to replace every positive occurrence of v, (E, x1,...,z,) in
Ty, with CT(E, £y,...,£,), every (negative) occurrence of =y, (E, x1,...,x,) in
Ty, with C,, (E, ¢1,...,¢,), and, similarly, all the predicate constants P need to
be replaced with occurrences of D,t or D depending on the polarity of P. In
fact, the sort N + 1 of FO(L) can be reflected in the sort 0.

A slight difficulty is caused by Skolem functions in FO(L) occurring in the
tableau calculus, since for them there could be no corresponding function sym-
bols in L. It can be solved by introducing new connective f; into the language
L for every (Skolem) function and constant g of FO(L) in a way that for every
(P1y - Pms by o )y fg(P1s s Dmy bas .- €y) is a term of the sort 0 and its
semantics is defined by

VO(fg(plv e 7pm7€13 cee 7£n)) d:ef g(pla <oy Pm, 1/0(61), <. '7VO(€n))~

An alternative is to introduce unique, new individual names (for every p1, . .., pm,
ly,...,¢,) instead of new connectives.

For example, in the description logic ALCO with the full support of indi-
viduals, the expressions C5 (r,01,4s), Cy (r,¢1,¢3) for any atomic role r, and
DXL (¢1,02), DZ (41, 0s) for individual equality are:

CF (r,01,05) = £y : 3r{ly}, DI(l1,65) = 01 : {0y},
Cy (1, 01,65) = £y : =3r{ly}, DZ(l1,05) = 0y - —{ls).

Thus, the language of the tableau calculus can be significantly simplified. For
instance, the (refined) rules for the existential restriction operator become:

£:3r.p £:—=Frp, £:Fr{l'}
C:3r{f(r,p,0)}, f(ryp,l):p’ 0 —p

6 Case studies

As illustration of the synthesis method this section presents two case studies.
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Connective definitions
Vo (n(L,z) = 1)
Yz (1/1 (p1 A p2,x) = v1(p1, z) A vi(pe, x))
Va (v1(p1 V p2, ) = vi(p1,z) V vi(p2, x))
Va (vi(p1 — p2,x) =Vy (R(z,y) — (n1(p1,y) = ni(p2,y)))
Background theory of a partial ordering R and v4
Vz R(z,x)
VaVy (R(z,y) A R(y,z) — x ~ y)
VaVyVz (R(z,y) A R(y, z) — R(z, 2))
Vavy (vi(p, =) A R(z,y) — v1(p,y))

Fig. 3. Specification of semantics of intuitionistic logic.

6.1 Synthesising Tableaux for Intuitionistic Logic

Intuitionistic logic is an example of a logic where v, cannot be expressed in
the language of the logic. It also provides an example of a logics for which a
background theory is an essential part of the definition of the semantics.

The language of intuitionistic logic is a one-sorted language defined over a
countable set of propositional symbols p},pl, ..., and the standard connectives
are —, V, A, L. The semantic specification in FO(L) is given in Figure 3 (cf. [4]).
R is the designated predicate symbol representing the partial ordering of the
background theory. For intuitionistic logic the orderings <y and < coincide.
The ordering < on subexpressions induced by the semantic definition of the
connectives is the smallest ordering satisfying: Fy < EF1oFs and Ey < Ej0F>,
for each 0 € {—,V, A} and all intuitionistic formulae E; and Es.

The tableau rules generated by our approach are those listed in Figure 4. The
rules are compatible with the ordering <. Together with the equality rules, they
form a calculus which is sound and constructively complete for propositional
intuitionistic logic. This is an immediate consequence of Theorems 1 and 2.
Refining the generated rules yields the rules listed in Figure 5. Using Theorem 3
we conclude that these rules together with the equality rules provide a sound
and constructively complete tableau calculus for intuitionistic logic.

A tableau decision procedure is obtained if the calculus is enhanced with the
blocking mechanism of [6, 7]. This follows from the results in [7], the soundness
and constructive completeness of the calculus, the subexpression property and
the fact that intuitionistic logic admits finite filtrations.

6.2 Synthesising Tableaux for ALCO

The syntax of ALCO is defined over the sorts £°, £, and L2, i.e., over the
sorts of individuals, concepts, and roles, respectively. A (minimal) set of logical
connectives for ALCO consists of the following symbols: {-} (singleton) of sort
(0,1), = (negation) of sort (1,1), U (union) of sort (1,1,1), and 3 (existential
concept restriction) of sort (2, 1,1). We follow traditional notation for the concept
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Decomposition rules:

vi(L, ) vi(p1 A p2, ) —vi(p1 A p2, )
1 vi(p1,2), vi(p2,2) —v1(p1, ) | ~v1(p2, @)
v (L, ) vi(p1Vp2, ) —vi(p1V p2, )
-1 vi(p1,2) | vi(p2, ) —v1(p1,x), —wi(p2, )

vi(p1 — p2, @)
~R(z,y) | ~v1(p1,y) | vi(p2,y)
—vi(p1 — p2, )
R(m,f(pl,pz,.’lf)), Vl(plvf(p17p27x))7 _'Vl(p%f(pl:p?wr))

Theory rules:
TRT TR, YRy TR, YRY, ZRZ
R(z, ) “R(z,y) | ~R(y,2) | 2~y  ~R(z,y) | ~R(y,2) | R(z,2)
pP=p, =z, Y=y
—v(p,z) | =R(z,y) | vi(p,y)

Closure rules:

vi(p,x), —wi(p,x) R(z,y), —R(z,y)
1 L

Fig. 4. Generated tableau rules for intuitionistic logic.

erpressions, i.e., every concept expression C' has one of the following forms:
C=p | {t:} | -C | CuD | 3r.C.

p; is a propositional variable in the set £, /; is a (individual) variable in £°, and
7; is a (role) variable in £2. The semantics of ALCO is defined in Figure 6. As
can be seen, the background theory of the ALCO-semantics is empty. As in the
case of intuitionistic logic, <==( and the ordering is the usual subexpression
ordering defined as the smallest transitive ordering satisfying: £ < {¢}, C < =C,
C < (CuD),D < (CuD), and C < 3r.C for all expressions ¢, C, and D of
appropriate sorts.

The tableau rules generated by our approach are those listed in Figure 7. The
generated calculus also includes the equality congruence rules and by Theorem 2,
it is sound and constructive complete.

Further, the rule

-1 (3r.p, x)

—va(r,x,y) | —vi(p,y)

can be refined to
gl (37".}?, x)v V2(T7 €, y)
-1 (pa y)
without any damage to constructive completeness, by using Theorem 3. This is
because the condition (f) can be proved by induction on the ordering < for the
refined calculus.
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Decomposition rules:

vi(L, ) vi(p1 A p2, ) —vi(p1 A p2, )
1 vi(p1,2), vi(p2,2) —v1(p1, ) | ~v1(p2, @)
vi(p1Vp2, ) —vi(p1 V p2, x) vi(p1 — p2,2), R(z,y), vi(p1,y)
vi(p1,2) | vi(p2,z)  —wi(p1, @), —vi(p2, ) vi(p2,y)

~wi(p1 — p2, @)
R(a:,f(pl,pg,x)), Vl(plaf(p17p25x))7 _\Vl(p27f(plap27x))

Theory rules:

TR R(z,y), R(y,x) R(z,y), R(y,2) vi(p,z), R(z,y)
R(z,z) TRy R(z, z) vi(p,y)

Closure rules:

vi(p,z), —wvi(p,x)
1

Fig. 5. Refined tableau rules for intuitionistic logic.

Connective definitions
Vo (n({f},z) = w(l) = )
Vo (1/1 (=p,x) = —vi(p,x)
Va (v1(p1 Up2,z) = vi(p1,z) V vi(p2, x))
Yz (1/1 Frp,z) =Jy (Vg(rl, Z,y) A Vl(pl,y)))

Fig. 6. Specification of semantics of ALCO.

Decomposition rules:

n({fhe)  on{fhr) nlpr) onlop )

v(l) =~z vo(l) % x -1 (p, x) vi(p, )
vi(p1Vp2, @) —v1(p1 V p2, )
vi(p1,z) | vi(p2,z) —v1(p1,x), —wi(pz2, )

v1(3r.p, x) —w1(3r.p, x)

va(r, @, f(r,p,z)), vi(p, f(r,p,z)) e (r,z,y) | ~vi(p,y)
Closure rule:

vi(p,x), —wvi(p,x)
1

Fig. 7. Generated tableau rules for ALCO.

Finally, we enrich the language of the logic by the colon : connective of the
sort (0,1,1) with the definition:

Vo (r1(4: p,z) = 11(p,vo(0))),
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Decomposition rules:

£:—p £ (p1Upo) £:—(p1 Upo)
0:p C:ipr | £:p2 £:=p1, £:-p2
£:3rp £:=3rp, £:3Ir{l'}
3 {f(r,p,0)}, f(r,p,€):p 0 =p
Closure rule:
L:p, £L:—p
1

Fig. 8. Refined tableau rules for ALCO.

and also introduce connectives which correspond to Skolem function symbols
into the language of the logic. This allows us to find the expressions for defining
predicates =, 11 and 15 in the language of the logic:

CHp,t) Z 0:p,  CFf(r0,6s) = 01:3r{l}, DIL(l1,0) = £1:{ly},
Cr(p, ) £ :=p, Cy(rily,ly) = 1 :=3r{ly}, Dz(l1,bs) = £ :—{ly}.

Thus, we can simplify the notation of the tableau calculus and obtain the more
usual looking labelled tableau calculus given in Figure 8.

Assuming that the given input concept is C, the refined tableau starts with
the concept £ : C for ¢ a fresh individual constant which corresponds to the
Skolem constant introduced for the existential quantifier in 3z v4(C, z).

Similarly to intuitionistic logic, because ALCO admits finite filtrations, a
tableau decision procedure for ALCQO is obtained if the calculus is enhanced
with the blocking mechanism of [6, 7].

7 Discussion and Conclusions

The method introduced in this paper automatically produces a sound and con-
structively complete tableau calculus from a semantic first-order specification
of a many-sorted logic. The method is directly applicable to many non-classical
logics and covers many types of ground tableau calculi commonly found in the
literature. These include two types of tableau calculi for relations satisfying ex-
tra theory conditions which can be accommodated either by structural rules or
propagation rules.

The results of the paper can be regarded as a mathematical formalisation and
generalisation of tableau development methodologies. Our formalisation is based
on and provides the basis for the implementation of tableau decision procedures
for various modal and description logics in the METTEL system [8]. The formal-
isation separates the creative part of tableau calculus development which needs
to be done by a human developer and the automatic part of the development
process which can be left to an automated (currently first-order) prover and
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an automated tableau synthesiser. The creative part is the specification of the
logic so that the conditions of well-foundness of the orderings <o and < hold.
The automatic part deals with verification of the first-order conditions (wdl)
and (wd3’), and the generation of tableau rules from the well-defined semantics
provided by a developer. Then, the developer can transform the generated rules
to optimised form by applying Theorem 3.

For known modal and description logics conditions (wdl) and (wd3) are
simple to check, even trivial in many cases. In fact, a developer usually implicitly
formalises the logic’s semantics S in such way that S = S° U Sb. This is the
case for almost all of known logics. If the specification of the semantics satisfies
S = 5% U S? then conditions (wdl) and (wd3) hold trivially and the orderings
<o and < coincide. This means the ordering used for the specification of the
semantics of the logical connectives (which is usually well-founded), is enough
for tableau synthesis.

This paper also presents a general method for proving (constructive) com-
pleteness of tableau calculi. In addition, the generated rules can be transformed
to an optimal form provided that the special condition (1) has been proven by
induction on the ordering < for the refined calculus.

With enough expressivity for representing the basics of the semantics within
the logic it is possible to simplify the language of the tableau. In this case, the
obtained calculus is similar to tableau calculi for description logics with full sup-
port of individuals, hybrid modal logic, and labelled tableau calculi. Otherwise,
the calculus has the same flavour as the standard tableau calculus for intuition-
istic logic, where every node of a tableau is characterised by two complementary
sets of true and false formulae (concepts).

As case studies we considered tableau synthesis for propositional intuitionistic
logic and the description logic ALCO with the full support for individuals and
the colon : operator. We believe the approach is also applicable to most known
first-order definable modal and description logics.

The tableau calculi generated are Smullyan-type tableau calculi, i.e., ground
semantic tableau calculi. We believe that other types of tableau calculi can be
generated using the same techniques. Exploiting the known relationships to other
deduction methods and the underlying ideas of [5] we expect synthesis of non-
tableau approaches is possible as well, but this is future work. In [5] we have
shown that it is possible to synthesise tableau calculi for modal logics by transla-
tion to first-order logic and first-order resolution. In this framework the semantic
specification of a logic is transformed into clausal form and then a set of infer-
ence rules. Soundness and completeness of the generated calculus follows from
the soundness and completeness of the simulating resolution refinement used.
This approach has several advantages, but in this paper we have taken a differ-
ent, more direct approach. Rather than proceeding via simulation by resolution
we have shown that tableau rules can be generated directly from the specification
of the logic.
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Our future goal is to further reduce human involvement in the development

of calculi by finding appropriate automatically verifiable conditions for optimal
calculi to be generated.
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