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We investigate the proof stru
ture and models of theories of 
lasses, where 
lasses are`
olle
tions' of entities. The theories are weaker than set theories and arise from a studyof type 
lasses in programming languages, as well as 
omprehension s
hemata in
ategories. We introdu
e two languages of proofs, one a simple type theory and the otherinvolving proof environments for storing and retrieving proofs. The relationship betweenthese languages is de�ned in terms of a normalisation result for proofs. We use thisresult to de�ne a 
ategori
al semanti
s for 
lasses and establish its 
oheren
e. Finally, weshow how the formal systems relate to type 
lasses in programming languages.1. Introdu
tionThe 
lasses of the title are 
olle
tions of entities. We 
hoose this term as more neutralthan sets, as we have a pre
ise idea of the rather primitive theory we wish to explorewhi
h is quite distant from a set theory. The theory fo
uses on the extent (or extensionor abstra
tion) or, as we shall say, the 
omprehension of a predi
ate �, by whi
h we meanthe 
lass of entities of 
lass K whi
h satisfy �, a 
lass whi
h we write, using a fairlystandard notation, as fx : K j �g where x is a variable possibly o

urring in formula �.The formal systems we present arise from two sour
es. One sour
e is the notion oftype 
lasses in programming languages. Type 
lasses were introdu
ed in [Wadler, Blott89℄ and provide a systemati
 treatment of impli
it 
onversion between stru
tures usingoperator overloading. Type 
lasses have been in
orporated in fun
tional languages su
has Haskell (Hudak, Wadler 1990) and Gofer (Jones 1992). The reader need not know oftype 
lasses to understand this paper, but should be aware that the theory we presentis a reformulation of (and extension of) the theory of type 
lasses des
ribed in (Hilken,Rydeheard 1992). There we des
ribed a primitive fun
tional language with type 
lassesand gave a semanti
s in 
ategory-theoreti
 terms. A major part of the work lay in showingthat this semanti
s was properly de�ned, needing a so-
alled 
oheren
e result. The presentpaper attempts a re
onstru
tion of a language of type 
lasses as a language of proofs ofa simple logi
. In this way, we extend the propositions-as-types 
orresponden
e (see, forexample, (Girard et al. 1989)) to 
over type 
lasses. However, in doing so we deviate fromy The work des
ribed here was funded by EPSRC and the EU Types and CLICS-II proje
ts.



B.P. Hilken and D.E. Rydeheard 2standard methods of presenting logi
s and the formulation here is 
loser to a programminglanguage in that it in
ludes `environments' as well as 
ontexts.The other sour
e for this theory of 
lasses is the notion of a 
omprehension s
hemaintrodu
ed into 
ategory theory in (Lawvere 1970). Lawvere formulates a 
omprehensions
hema as an adjoint in an indexed 
ategory and shows how su
h s
hemata 
apture the`extent' of a predi
ate. We des
ribe 
omprehension s
hemata later in the paper and usethis link to 
ategories to provide models for the formal systems of 
lasses.There is a super�
ial resemblan
e between the formal systems presented in this paperand set theories, espe
ially those in Natural Dedu
tion form as in (Fit
h 1952), (Prawitz1965) and (Halln�as 1988). However, what we present di�ers from these set theories inthat, in the systems in this paper, (1) there are no variables ranging over 
lasses, and (2)there is no membership predi
ate, so that in the expression fx : K j �g, the proposition� does not in
lude membership. Instead of membership there are judgements of the form� ` t : K, in whi
h a term t is assigned to a 
lass K in 
ontext �. As a result, 
lasses asdes
ribed here are quite di�erent from sets. For instan
e, we 
annot formulate paradoxessu
h as Russell's paradox. Set theories in Natural Dedu
tion form may admit proofs ofparadoxes but these proofs fail to normalise under a proof rewriting system. For thesimpler formal systems in this paper, proof rewriting is strongly normalising.1.1. OverviewTo analyse 
lasses we introdu
e three formal systems and examine the relationship be-tween them. We begin with a simple system C whi
h deals with 
lasses, terms 
lassi�edby 
lasses, and formulae. The 
lass 
omprehension rules are in su
h a form that the usual
orresponden
e between terms and proofs of their well-formedness 
annot be obtaineddire
tly. However, in a version of the system where terms are expli
itly enri
hed withsome proof information, we may re
onstru
t a proof of the well-formedness of a termfrom its syntax. For the judgements of the resulting system CDer, equality is introdu
edand axiomatised. A de
ision pro
edure for this equality is given in terms of a normalform for judgements (the `long ��-normal form').As an alternative, to 
ope with proofs in the original system C, another formal system,CEnv, is introdu
ed, where the extra proof 
omponents are stored, not in the terms, but inthe 
ontext, in a `proof environment'. It is this system that we 
onsider to be a languageof `type 
lasses' in a way that is explained towards the end of the paper (Se
tion 6).The systems CEnv and CDer are then related by providing translations from derivationsand judgements of CEnv to judgements of CDer. It is shown that the two translations are
onsistent with ea
h other, and so the translation of the resulting judgement given as thetranslation of its derivation is a
tually independent of the derivation. This in turn is usedto prove a 
oheren
e result, whi
h 
an be used to de�ne maps on derivable judgementsof CEnv by indu
tion on their derivation. These results rely on the de
ision pro
edure forequality in CDer.As an appli
ation, we 
onsider a model theory for the systems. For the �rst order systemCDer, models in stri
t indexed 
ategories with 
omprehension s
hemata are formalised(based upon (Lawvere 1970)), a semanti
s of judgements in su
h models is given, and



A Theory of Classes 3a soundness theorem is proved (
ompleteness holds as well). This provides a basis for asemanti
s of CEnv, given straightforwardly using the 
oheren
e result. Finally, we showhow this relates to type 
lasses in programming languages.2. A formal system of 
lassesWe begin by des
ribing a �rst order system C whi
h in
orporates a notion of 
omprehen-sion. The system is presented as a sequent 
al
ulus in a Natural Dedu
tion style (Prawitz1965). It 
onsists of terms t whi
h are 
lassi�ed by what we 
all 
lasses K, and we writet : K. Properties of terms are des
ribed by propositional formulae � whi
h may have freevariables for whi
h terms may be substituted.A note about terminology: Type theory and proof theory ea
h 
ome with their ownterminology, whi
h, in the systems we present 
an lead to 
onfusion. In t : K, we wouldnormally 
allK the type of t. But as a type theory, t itself is a type andK, whi
h 
lassi�estypes, is often 
alled a kind. To prevent 
onfusion, we avoid speaking of `types' and 
allt a term and K its 
lass.We �rst des
ribe the system and then explain why it is as it is. We begin with the
ontexts and judgements of C. Contexts are of two forms:Class 
ontexts � ::= x1 : K1; : : : ; xn : KnFormula 
ontexts � ::= �1; : : : ; �nfor n � 0. In 
lass 
ontexts x1 : K1; : : : ; xn : Kn the variables xi are all distin
t. Empty
ontexts may be omitted in judgements.There are four forms of judgement:`K 
lass means that K is a well-formed 
lass. For 
ontext � = x1 : K1; : : : ; xn : Kn, wewrite ` � 
lass for the list of judgements ` K1 
lass; : : : ;` Kn 
lass.� ` � propmeans that � is a well-formed propositional formula with free variables de-
lared in 
ontext �. We write � ` �1; : : : ; �n prop to abbreviate the list of judgements� ` �1 prop; : : : ;� ` �n prop.� ` t : K means that t is a well-formed term of 
lass K with free variables de
lared in �.�;� ` � means that the formulae � entail � in a 
ontext with free variables de
lared in�.As a vo
abulary for C we introdu
e a signature, �, of symbols and axioms (stri
tlyspeaking we should write C� and will do so when required):1 a 
olle
tion of 
lass symbols (metavariable A ranging over them);2 a 
olle
tion of predi
ate symbols, ea
h with a given (possibly empty) 
lass of argu-ments, thus if PK1;:::;Kn is a predi
ate symbol of (well-formed) 
lassesK1; : : : ;Kn andti is a term of 
lass Ki (for i = 1; : : : ; n), then PK1;:::;Kn(t1; : : : ; tn) is a well-formedformula;3 a 
olle
tion of symbols for forming terms, ea
h with a result 
lass and possibly argu-ment 
lasses, thus if kK1;:::;Kn!K is su
h a symbol with argument 
lasses K1; : : : ;Knand result 
lassK and ti is a term of 
lassKi (for i = 1; : : : ; n) then kK1;:::;Kn!K(t1; : : : ; tn)is a well-formed term of 
lass K (if there are no argument 
lasses, we write kK : Kand kK itself is a well-formed term of 
lass K); and �nally,



B.P. Hilken and D.E. Rydeheard 4� ` �1; : : : ; �n prop ( prop Ass; n � 1; 1 � j � n)�;�1; : : : ; �n ` �j` K1 
lass � � � ` Kn 
lass ( 
lass Ass; n � 1; 1 � j � n)x1 : K1; : : : ; xn : Kn ` xj : Kj` K1 
lass ` K2 
lass (� Form)` K1 �K2 
lass� ` t1 : K1 � ` t2 : K2 (� Intro)� ` ht1; t2i : K1 �K2 � ` t : K1 �K2 (� Elim; j = 1; 2)� ` �jK1;K2(t) : Kjx : K ` � prop (fg Form)` fx : K j �g 
lass� ` t : K x : K ` � prop �;` �[t=x℄ (fg Intro)� ` t : fx : K j �g� ` t : fx : K j �g (fg Elim1)� ` t : K � ` t : fx : K j �g � ` � prop (fg Elim2)�;� ` �[t=x℄Fig. 1. The rules of system C.4 a 
olle
tion of axioms of form �;� ` � for given �, � (possibly empty) and �. Theinferen
e rule for axioms ensures that axioms are derivable (assertable) only when` � 
lass, and � ` �; � prop are derivable.For forming 
lasses, we introdu
e produ
ts of 
lasses as well as 
lass 
omprehension.At the level of propositions there are only atomi
 propositions 
onstru
ted by applyingpredi
ates to terms. Later, we show how to extend this system to in
lude propositionallogi
 (Se
tion 3.3). The syntax of C is therefore:Classes K ::= A j K1 �K2 j fx : K j �gFormulae � ::= PK1;:::;Kn(t1; : : : ; tn)Terms t ::= x j kK1;:::;Kn!K(t1; : : : ; tn) j ht1; t2i j �1K1;K2(t) j �2K1;K2(t)Remarks. We explain why system C is as it is. Firstly, it is a type system withoutdependent types. Equivalently, it is a simple �rst order system 
orresponding to the basi
stru
ture of an indexed 
ategory. This determines the forms of judgement, in parti
ularex
luding the judgement form �;� ` t : K where well-formedness of term t may dependupon the variables in �. The rules for 
omprehension in Figure 1 require 
omment.These rules are an obvious 
hoi
e for a restri
ted form of 
lass 
omprehension, yet theirstru
ture is fairly intri
ate. Noti
e that the form of the Elim1 rule means that terms 
an
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lass ` � 
lass � ` t1 : K1 � � � � ` tn : Kn (n � 0)� ` PK1;:::;Kn(t1; : : : ; tn)prop` � 
lass � ` t1 : K1 � � � � ` tn : Kn ` K 
lass (n � 0)� ` kK1;:::;Kn!K(t1; : : : ; tn) : KFor an axiom x1 : K1; : : : ; xm : Km;�1; : : : ; �n ` �, (m;n � 0), in �, we have rule:` � 
lass � ` t1 : K1 � � � � ` tm : Km� ` �; � prop �;� ` �1[t1=x1; : : : ; tm=xm℄ � � � �;` �n[t1=x1; : : : ; tm=xm℄�;� ` �[t1=x1; : : : ; tm=xm℄Fig. 2. The � rules of C.
belong to more than one 
lass. In type theory, there are good reasons for avoiding thismultiple 
lassi�
ation of terms, whereas, for 
lasses viewed as sets and for fun
tionalprogramming, it is a natural requirement. The well-formedness of formula � is ne
essaryin the Intro rule, as the only other o

urren
e of � is a substitution instan
e of it. Stri
tlyspeaking, the Intro rule should be viewed as s
hemati
 over the well-formedness 
ondition,that is, for ea
h � su
h that x : K ` � prop there is an Intro rule without the well-formedness 
ondition. In presenting formal systems, this distin
tion is not usually drawnso that well-formedness 
onditions be
ome hypotheses of rules. However, in a 
ategori
altreatment (Se
tion 5) this distin
tion be
omes 
lear. This explains the absen
e of anelimination rule to produ
e the 
on
lusion x : K ` � prop. In the expression fx : K j �g,x is bound and there are no other free variables in �. More generally, we may wish to
onsider a higher-order 
lass stru
ture in whi
h 
lasses are parameterised. This wouldextend the present notion of type 
lasses in programming and, when we 
ome to 
onsidermodels, ne
essitate a further level of indexing of 
ategories. Logi
al systems whi
h in
ludeparameterised 
omprehension forms have been investigated by Halln�as (Halln�as 1988)amongst others. The additional formula 
ontext � in the se
ond elimination rule makesweakening admissible in the system.Example. Here is a simple example of derivations in C. We shown that we may derivez : fx : A j PA(x)g from z : fy : fx : A j PA(x)g j PA(y)g. We give two derivations of thisresult. The derivations di�er in substan
e in a way we make pre
ise in the next se
tion.Let � be the 
ontext z : fy : fx : A j PA(x)g j PA(y)g. The following is a derivation treeof z : fx : A j PA(x)g from �.



B.P. Hilken and D.E. Rydeheard 6... D� ` z : fy : fx : A j PA(x)g j PA(y)g� ` z : fx : A j PA(x)g� ` z : A ` A 
lass ` A 
lassx : A ` x : Ax : A ` PA(x) prop ... D� ` z : fy : fx : A j PA(x)g j PA(y)g�;` PA(z)� ` z : fx : A j PA(x)gwhere the missing derivation D is
` A 
lass ` A 
lassx : A ` x : Ax : A ` PA(x) prop` fx : A j PA(x)g 
lass

` A 
lass ` A 
lassx : A ` x : Ax : A ` PA(x) prop` fx : A j PA(x)g 
lassy : fx : A j PA(x)g ` y : fx : A j PA(x)gy : fx : A j PA(x)g ` y : Ay : fx : A j PA(x)g ` PA(y) prop` fy : fx : A j PA(x)g j PA(y)g 
lass� ` z : fy : fx : A j PA(x)g j PA(y)gThe following is a simpler derivation of the same result.... D� ` z : fy : fx : A j PA(x)g j PA(y)g� ` z : fx : A j PA(x)gwhere D is as above. The key to the di�eren
e between these two derivations lies in thetwo o

urren
es of PA in the 
ontext, ea
h of whi
h may be used to 
onstru
t the result(see Se
tion 3.2.1 for an explanation of this).The remainder of the paper is devoted to an analysis of system C, beginning withlanguages for the derivations in C and then models for these languages and, �nally,relating them to languages with type 
lasses.3. A 
al
ulus of proofs (I)We begin the analysis of system C by examining the stru
ture of its derivations. In doingso, not only do we provide proof-theoreti
 results, but also we set up ma
hinery forde�ning semanti
s later (Se
tion 5).Our starting point is fairly standard: we introdu
e a language CDer of derivations in C.This language is a type theory whose judgements are in bije
tive 
orresponden
e to thederivations in C. In this type theory, we view 
lass 
omprehension as a form of strongsum type.
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h inferen
e rule in C, we introdu
e a form of expression building proofs of the
on
lusion of the rule from proofs of the hypotheses. Here are some of the points involved:1 Some of the rules in C already en
ode their proofs. This applies to all formation rulesfor 
lasses and most for propositional formulae. However, there are no expressions forderivations of propositional 
onsequen
e �;� ` �. To remedy this, we follow standardpro
edure and in
lude variables in the 
ontext � and terms � 
oding the proofs. Inthis 
ase, proofs are 
onstru
ted from axioms for whi
h we introdu
e axiom symbols(ranged over by a).2 The 
lass 
omprehension rules require spe
ial treatment. The introdu
tion rule,� ` t : K x : K ` � prop �;` �[t=x℄� ` t : fx : K j �gdoes not re
ord in its 
on
lusion the proofs of the se
ond and third hypotheses. We,therefore, modify the language of terms to in
orporate the additional proofs. Thatis, we repla
e term t in the 
on
lusion of the above rule with a term [t; �℄(x:K)�where � is a proof of �;` �[t=x℄. The subs
ript (x : K)� 
aptures the 
ontent ofthe se
ond hypothesis of the rule. In this expression x may o

ur freely in � but isbound in the overall expression. The two elimination rules 
orrespond to extra
tingthe two 
omponents of this term using proje
tions �1 and �2. This is, therefore, a
lass indexed sum of propositional formulae yielding, not a formula, but a 
lass.The syntax of CDer is:Classes K ::= A j K1 �K2 j fx : K j �gFormulae � ::= PK1;:::;Kn(t1; : : : ; tn)Terms t ::= x j kK1;:::;Kn!K(t1; : : : ; tn) j ht1; t2i j �1K1;K2(t) j �2K1;K2(t)j [t; �℄(x:K)� j �1(x:K)�(t)Proofs � ::= v j aK1;:::;Km;�1;:::;�n!�(t1; : : : ; tm;�1; : : : ; �n) j �2(x:K)�(t)The 
ontexts � are as previous. The formula 
ontexts � now in
lude variables v rangingover proofs, so are of the form v1 : �1; : : : vn : �n with the v's distin
t. The only form ofjudgement to 
hange is that for propositional entailment whi
h be
omes �;� ` � : � andmeans that proof � establishes that � entails � in a 
ontext with free (term) variablesde
lared in � and free propositional variables in �.The inferen
e rules (Figures 3 and 4) are un
hanged from those of C ex
ept those forpropositional 
onsequen
e and those for 
lass 
omprehension.Example. As an example, we give an expression in CDer for the two derivations inC in Example 2.1 in whi
h, from z : fy : fx : A j PA(x)g j PA(y)g, we derived z : fx :A j PA(x)g. Corresponding to the �rst derivation is the rather unwieldy expression:� ` [�1(x:A)PA(x)(�1
(z)); �2
(z)℄(x:A)PA(x) : fx : A j PA(x)gwhere � is z : fy : fx : A j PA(x)g j PA(�1(x:A)PA(x)(y))g and the subs
ript 
 is (y : fx :A j PA(x)g)PA(�1(x:A)PA(x)(y)). This dire
tly en
odes the Intro and Elim stru
ture of theoriginal derivation. For example, it ends with a fg-Intro of a term built from a judgement



B.P. Hilken and D.E. Rydeheard 8� ` �1; : : : ; �n prop (prop Ass; n � 1; 1 � j � n)�; v1 : �1; : : : ; vn : �n ` vj : �j` K1 
lass � � � ` Kn 
lass ( 
lass Ass; n � 1; 1 � j � n)x1 : K1; : : : ; xn : Kn ` xj : Kj` K1 
lass ` K2 
lass (� Form)` K1 �K2 
lass� ` t1 : K1 � ` t2 : K2 (� Intro)� ` ht1; t2i : K1 �K2 � ` t : K1 �K2 (� Elim; j = 1; 2)� ` �jK1;K2(t) : Kjx : K ` � prop (fg Form)` fx : K j �g 
lass� ` t : K x : K ` � prop �;` � : �[t=x℄ (fg Intro)� ` [t; �℄(x:K)� : fx : K j �g� ` t : fx : K j �g (fg Elim1)� ` �1(x:K)�(t) : K � ` t : fx : K j �g � ` � prop (fg Elim2)�;� ` �2(x:K)�(t) : �[�1(x:K)�(t)=x℄Fig. 3. The rules of system CDer.` A 
lass ` � 
lass � ` tj : Kj (j = 1; : : : ; n) (n � 0)� ` PK1;:::;Kn(t1; : : : ; tn) prop` � 
lass ` K 
lass � ` tj : Kj (j = 1; : : : ; n) (n � 0)� ` kK1;:::;Kn!K(t1; : : : ; tn) : K` � 
lass � ` ti : Ki (i = 1; : : : ;m)� ` �; � prop �;� ` �j : �j [~t=~x℄ (j = 1; : : : ; n) (m;n � 0)�;� ` aK1;:::;Km;�1[~t=~x℄;:::;�n[~t=~x℄!�[~t=~x℄(t1; : : : ; tm;�1; : : : ; �n) : �[~t=~x℄where [~t=~x℄ is [t1=x1; : : : ; tm=xm℄ and the following is an axiom:x1 : K1; : : : ; xm : Km; v1 : �1; : : : ; vn : �n ` aK1;:::;Km;�1;:::;�n!�(x1; :::; xm; v1; :::; vn) : �Fig. 4. The � rules of CDer.



A Theory of Classes 9� ` �jK1;K2(ht1; t2i) : Kj = � ` tj : Kj (j = 1; 2)� ` h�1K1;K2(t); �2K1;K2(t)i : K1 �K2 = � ` t : K1 �K2� ` �1(x:K)�([t; �℄(x:K)�) : K = � ` t : K�;� ` �2(x:K)�([t; �℄(x:K)�) :  = �;� ` � :  � ` [�1(x:K)�(t); �2(x:K)�(t)℄(x:K)� : fx : K j �g = � ` t : fx : K j �gFig. 5. The equations of system CDer.� ` �1(x:A)PA(x)(�1
(z)) : A, a judgement x : A ` PA(x) prop and a proof of satisfa
tion�2
(z).The se
ond derivation of z : fx : A j PA(x)g from z : fy : fx : A j PA(x)g j PA(y)g 
orre-sponds to the simple judgement:� ` �1
(z) : fx : A j PA(x)gwhere � and 
 are as above.We 
omplete the des
ription of CDer by introdu
ing a relationship of equality betweenjudgements. This equality allows us to:1 link derivations and judgements in systems of 
lasses in su
h a way that we 
an de�nemaps on derivable judgements by de�ning maps on derivations, in parti
ular de�ningsemanti
s of systems of 
lasses, and2 examine the notion of `essentially distin
t' derivations and 
ount them.Results of this form are 
alled `
oheren
e' results and have been extensively studied in
ategory theory (see (Ma
 Lane 1982) for example) and in proof theory (see (Curien1990) and (Curien, Ghelli 1990) for example).The appropriate equality (Figure 5) arises as a des
ription of equivalen
e of proofsunder `inversion prin
iples' (Prawitz 1965). It in
ludes both the usual �-rules, wherean introdu
tion is followed by an elimination, and also �-rules, where an elimination isfollowed by an introdu
tion. Equality is at the level of judgements rather than at the levelof 
onstituents of judgements (su
h as terms). This is for
ed by the dependen
y betweenthe syntax of 
lasses, propositional formulae, terms and proofs, so that an equality onsyntax of one of these indu
es equality on the others. The equations for the symbols inthe signature � (Figure 6) assert that if a symbol o

urs in � with a given `type', then italso o

urs at any equal `type'. The equational theory is generated from the equations inFigures 5 and 6 using the rules of symmetry and transitivity, together with the rules of
ongruen
e, i.e. the rules of CDer adapted for equations. For example, the 
lass formationrule for equations is:` K 
lass = ` K 0 
lass x : K ` � prop = x : K 0 ` �0 prop` fx : K j �g 
lass = ` fx : K 0 j �0g 
lassAs in �-
al
ulus, it is possible (though rather unintuitive) to present the system entirelyin terms of equations. Derivability of judgement J is then the derivability of J = J .
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lass = ` A 
lass` � 
lass = ` �0 
lass � ` tj : Kj = �0 ` t0j : K0j (j = 1; : : : ; n) (n � 0)� ` PK1;:::;Kn(t1; : : : ; tn)prop = �0 ` PK01;:::;K0n(t01; : : : ; t0n) prop` � 
lass = ` �0 
lass ` K 
lass = ` K0 
lass� ` tj : Kj = �0 ` t0j : K0j (j = 1; : : : ; n) (n � 0)� ` kK1;:::;Kn!K(t1; : : : ; tn) : K = �0 ` kK01;:::;K0n!K0(t01; : : : ; t0n) : K0` � 
lass = ` �0 
lass � ` ti : Ki = �0 ` t0i : K0i (i = 1; : : : ; m)� ` � prop = �0 ` �0 prop�;� ` �j : �j [~t=~x℄ = �0; �0 ` �0j : �0j [~t0=~x℄ (j = 1; : : : ; n) (m;n � 0)�;� ` aK1;:::;Km;�1[~t=~x℄;:::;�n[~t=~x℄!�[~t=~x℄(t1; : : : ; tm;�1; : : : ; �n) : �[~t=~x℄ =�0; �0 ` aK01;:::;K0m;�01[~t0=~x℄;:::;�0n[~t0=~x℄!�0[~t0=~x℄(t01; : : : ; t0m;�01; : : : ; �0n) : �0[~t0=~x℄where [~t=~x℄ is [t1=x1; : : : ; tm=xm℄, and the following is an axiom:x1 : K1; : : : ; xm : Km; v1 : �1; : : : ; vn : �n ` aK1;:::;Km;�1;:::;�n!�(x1; :::; xm; v1; :::; vn) : �Fig. 6. The � equations of CDer.We give, in the next two propositions, some standard properties of formal systems asthey apply to CDer. The �rst deals with the four forms of substitution in CDer.Proposition 3.1.1 If x1 : K1; : : : ; xn : Kn ` � prop and � ` t1 : K1 � � � � ` tn : Kn are derivable in CDerthen so is � ` �[t1=x1; : : : ; tn=xn℄ prop,2 If x1 : K1; : : : ; xn : Kn ` t : K and � ` t1 : K1 � � � � ` tn : Kn are derivable in CDerthen so is � ` t[t1=x1; : : : ; tn=xn℄ : K,3 If x1 : K1; : : : ; xn : Kn; � ` � : � and � ` t1 : K1 � � � � ` tn : Kn are derivable inCDer then so is �;�[t1=x1; : : : ; tn=xn℄ ` �[t1=x1; : : : ; tn=xn℄ : �[t1=x1; : : : ; tn=xn℄,4 If �; v1 : �1; : : : ; vn : �n ` � : � and �;� ` �1 : �1 � � � �;� ` �n : �n are derivable inCDer then so is �;� ` �[�1=v1; : : : ; �n=vn℄ : �.Proposition 3.2.1 Well-formedness. If � ` t : K = �0 ` t0 : K 0 in CDer, then ` � 
lass = ` �0 
lassand ` K 
lass = ` K 0 
lass in CDer. Likewise for the 
omponents of other forms ofjudgement.2 Substitution. If x1 : K1; : : : ; xn : Kn ` t : K = x1 : K 01; : : : ; xn : K 0n ` t0 : K 0 and� ` tj : Kj = �0 ` t0j : K 0j for j = 1; : : : ; n in CDer then� ` t[t1=x1; : : : ; tn=xn℄ : K = �0 ` t0[t01=x1; : : : ; t0n=xn℄ : K 0in CDer. Likewise for the other forms of substitution.



A Theory of Classes 113 Generation. If ` fx : K j �g 
lass = ` fx : K 0 j �0g 
lass then ` K 
lass = `K 0 
lass and x : K ` � prop = x : K 0 ` �0 prop in CDer. Likewise for other judgements.4 Repla
ement. If � ` � prop is derivable and ` � 
lass = ` �0 
lass in CDer, thenthere is a �0 su
h that �0 ` �0 prop is derivable and � ` � prop = �0 ` �0 prop.Analogous results hold for the other forms of judgement.Proof. Ea
h 
ase of Proposition 3.1 is established by stru
tural indu
tion on the �rstjudgement. For Proposition 3.2, parts (1), (2) and (3) are established by indu
tion on thederivation of equality. (4) is by stru
tural indu
tion on the judgement and the derivationof equality.3.1. Solving a word problem for CDerThis se
tion 
ontains the analysis on whi
h mu
h of the remainder of the paper relies.We solve a `word problem' for CDer by presenting a de
ision pro
edure for equality inCDer, a pro
edure whi
h, given two derivable judgements J1 and J2 in CDer, will de
idewhether or not they are equal under the equations of CDer. The link between de
isionpro
edures and `
oheren
e' results is well-known (see for example (Curien, Ghelli 1990),(Curien 1990)) and will be illustrated later in the paper (Se
tion 4).The de
ision pro
edure operates by 
onverting expressions to a `
anoni
al form', su
hthat expressions are equal in CDer i� their 
anoni
al forms are synta
ti
ally identi
al.Be
ause of the presen
e of both �- and �-rules, 
anoni
al forms 
annot be 
omputed byrewriting terms to a normal form under a simple rewrite system. A more deli
ate notionof 
anoni
al form is ne
essary in whi
h the 
lass of a term has a role as well as the formof the term itself. The de�nition of 
anoni
al form that we give is an adaptation of the`long ��' normal forms of �-
al
ulus (see (Huet 1976) and (Jay 1991)).We �rst de�ne the appropriate notion of 
anoni
al form and then des
ribe a pro
edurefor 
onverting judgements into this form. For judgements � ` t : K 
anoni
al formsare �-expanded versions of t a

ording to the form of 
lass K. In the remaining 
ases,
anoni
al forms are �-redu
ed (hen
e we introdu
e redu
ed forms), ex
ept at predi
ate,term and axiom symbols, when further �-expansion is ne
essary.De�nition 3.1. We de�ne when a well-formed judgement is 
anoni
al.| � ` t : K is 
anoni
al when � and K are redu
ed and t : K is 
anoni
al, as de�nedbelow,| ` K 
lass is 
anoni
al when K is redu
ed,| � ` � prop is 
anoni
al when � and � are redu
ed,| �;� ` � : � prop is 
anoni
al when �, �, � and � are all redu
ed.Here t : K is de�ned to be 
anoni
al by stru
tural indu
tion on K as follows:| ht1; t2i : K1 �K2 is 
anoni
al when ti : Ki are 
anoni
al,| [t; �℄(x:K)� : fx : K j �g is 
anoni
al when t : K is 
anoni
al and �, K and � areredu
ed| t : A is 
anoni
al when t is redu
ed (where A is a 
lass symbol in �).



B.P. Hilken and D.E. Rydeheard 12We de�ne when an expression is redu
ed as follows:| variable x is redu
ed,| ht1; t2i is redu
ed when t1 and t2 are redu
ed,| �jK1;K2(t) is redu
ed when t is redu
ed and not of the form ht1; t2i,| [t; �℄(x:K)� is redu
ed when �, t, K and � are redu
ed,| �1(x:K)�(t) is redu
ed when t is not of form [t0; �0℄
 and �, t, K, and � are redu
ed,| kK1;:::;Kn!K(t1; : : : ; tn) is redu
ed when tj : Kj (j = 1; : : : ; n) is 
anoni
al and K isredu
ed,| 
lass A is redu
ed,| K1 �K2 is redu
ed when K1 and K2 are redu
ed,| fx : K j �g is redu
ed when K and � are redu
ed,| PK1;:::;Kn(t1; : : : ; tn) is redu
ed when t1 : K1 through to tn : Kn are 
anoni
al,| variable v is redu
ed,| aK1;:::;Km;�1;:::;�n!�(t1; : : : ; tm;�1; : : : ; �n) is redu
ed when t1 : K1 through to tm :Km are 
anoni
al and the �'s and �'s are redu
ed,| �2(x:K)�(t) is redu
ed when K, � and t are redu
ed and t is not of the form [t0; �0℄
Proposition 3.3.1 Canoni
al forms are equal in CDer i� they are synta
ti
ally identi
al,2 For ea
h derivable judgement J of CDer there is a (derivable) 
anoni
al form C(J)with C(J) = J and su
h that J1 = J2 in CDer i� C(J1) � C(J2), where � is synta
ti
equality.Proof. We use indu
tion on the derivation of equality to prove (1). Suppose the deriva-tion is one of the generating equations. It 
annot be a �-rule sin
e then the judgementswould not be in 
anoni
al form. If it is a produ
t or 
omprehension �-rule, then the 
om-ponents are 
anoni
al and so we use stru
tural indu
tion. If the derivation of equality isvia inferen
e rules then we use the indu
tion hypothesis immediately for Intro-rules andfurther stru
tural indu
tion for Elim-rules.For (2), we des
ribe a pro
edure C to 
onvert judgements to 
anoni
al form. For judge-ments � ` t : K we �-expand t a

ording to the form of K and then, when no further



A Theory of Classes 13expansion is possible, we �-redu
e the result using 
onversion R. This is the 
ontent ofthe following de�nition.C(� ` t : K) = R(�) ` C(t : K)where C(t : K) is de�ned by stru
tural indu
tion on K as follows:C(t : K1 �K2) = ht01; t02i : K 01 �K 02 where t0j : K 0j = C(�jK1;K2(t) : Kj)C(t : fx : K j �g) = [t0;R(�2(x:K)�(t))℄(x:R(K))R(�) : fx : R(K) j R(�)gwhere t0 : K 0 = C(�1(x:K)�(t) : K)C(t : A) = R(t) : AOn other forms of judgement C is de�ned dire
tly in terms of R:C(` K 
lass) = ` R(K) 
lassC(� ` � prop) = R(�) ` R(�) propC(�;� ` � : �) = R(�);R(�) ` R(�) : R(�)The 
onversion R is de�ned on terms by:R(x) = xR(ht1; t2i) = hR(t1);R(t2)iR(�jK1;K2(t)) = let t0 = R(t) in if t0 � ht1; t2i then tj else �jR(K1);R(K2)(t0)R([t; �℄(x:K)�) = [R(t);R(�)℄(x:R(K))R(�)R(�1(x:K)�(t)) = let t0 = R(t) in if t0 � [t00; �00℄
 then t00 else �1(x:R(K))R(�)(t0)R(kK1;:::;Kn!K(t1; : : : ; tn)) = kK01;:::;K0n!R(K)(t01; : : : ; t0n) where t0j : K 0j = C(tj : Kj)Here � is synta
ti
 identity used in pattern mat
hing. On other expressions, R is de�nedsimply in terms of their stru
ture, ex
ept again using �-expansion when symbols of �are en
ountered and �-redu
tion for the proje
tion �2:R(A) = AR(K1 �K2) = R(K1)� R(K2)R(fx : K j �g) = fx : R(K) j R(�)gR(PK1;:::;Kn(t1; : : : ; tn)) = PK01;:::;K0n(t01; : : : ; t0n) where t0j : K 0j = C(tj : Kj)R(v) = vR(aK1;:::;Km;�1;:::;�n!�(t1; : : : ; tm;�1; : : : ; �n)) =aR(K1);:::;R(Km);R(�1);:::;R(�n)!R(�0)(t01; : : : ; t0m;R(�1); : : : ;R(�n))where t0j : K 0j = C(tj : Kj)R(�2(x:K)�(t)) = let t0 = R(t) in if t0 � [t00; �00℄
 then �00 else �2(x:R(K))R(�)(t0)Despite the interplay of �-expansion and �-redu
tion, the termination of this on derivablejudgements is not diÆ
ult to establish. The �-redu
tion is that of proje
tions for produ
tsand 
omprehension and so does not involve substitution (as it does in �-
al
ulus). �-redu
tion by itself therefore terminates. For uniformity, let us 
hange notation and writeC(e; �) for R(e), and view the above as a rewriting system. We order C(e; T ) as the lexi
alprodu
t of the following orders:1 C(e; T ) < C(e0; T 0), when T is a (stri
t) subterm of T 0, or T � � (and T 0 does not),2 C(e; T ) < C(e0; T 0) when e is a �-redu
ed form of e0,3 C(e; T ) < C(e0; T 0) when e and e0 are the same ex
ept that some o

urren
es of C inthe term stru
ture of e0 are lower in the term stru
ture of e or absent.To handle the dupli
ation arising in the rule for C(t : K1 �K2), for example, we make



B.P. Hilken and D.E. Rydeheard 14the termination order � the multiset order of the above lexi
al produ
t. Then � iswellfounded and, for ea
h of the above rules, RHS � LHS.Now, to 
omplete the proof, we have C(J) = J in CDer sin
e 
onversion steps arise fromthe equations of CDer. That C(J) is 
anoni
al is by 
onstru
tion (by indu
tion on thetermination order). Finally, if J1 = J2 then C(J1) = J1 = J2 = C(J2) and thus (using(1)) C(J1) � C(J2).Remark. The 
anoni
al forms des
ribed here are 
anoni
al for both the produ
t and
omprehension stru
ture. There is a looser notion of 
anoni
al form whi
h is 
anoni
alfor the 
omprehension stru
ture alone. A fg-
anoni
al form is de�ned as above (in
lud-ing the �-expansion at produ
t type) but �jK1;K2(t) is de�ned to be redu
ed simplywhen t is redu
ed. The 
onversion to 
anoni
al form is likewise modi�ed: R(�jK1;K2(t)) =�jR(K1);R(K2)(R(t)). Then judgements are equal in CDer i� their fg-
anoni
al forms areequal in E(�), where E(�) is the equational theory generated by the � and � rules forprodu
ts: � ` �jK1;K2(ht1; t2i) : Kj = � ` tj : Kj j = 1; 2� ` h�1K1;K2(t); �2K1;K2(t)i : K1 �K2 = � ` t : K1 �K23.2. Relating C and CDerBe
ause of the way that the system CDer is set up, (1) ea
h derivable judgement determinesits unique derivation, and (2) derivations in C and judgements in CDer are notationalvariants: there is a map D from judgements in CDer to derivations in C and an inverseD�.On judgements, there is a map J taking derivable judgements in CDer to judgements inC whi
h `drops proof information':J(` K 
lass) = ` K 
lassJ(� ` � prop) = � ` � propJ(� ` t : K) = � ` t : KJ(�;� ` � : �) = �;� ` �where v1 : �1; : : : ; vn : �n = �1; : : : ; �nwhere e is de�ned on 
lasses, propositional formulae and terms by:x = x[t; a℄(x:K)� = t�1(x:K)�(t) = tht1; t2i = ht1; t2i�jK1;K2(t) = �jK1;K2(t)kK1;:::;Kn!K(t1; : : : ; tn) = kK1;:::;Kn!K(t1; : : : ; tn)A = AK1 �K2 = K1 �K2fx : K j �g = fx : K j �gPK1;:::;Kn(t1; : : : ; tn) = PK1;:::;Kn(t1; : : : ; tn)
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t properly: A derivation D in C is a derivation of J(D�(D)) (proof:simple stru
tural indu
tion onD) and hen
e, for judgement J in CDer, D(J) is a derivationof J(J) in C and so, for all derivable J in CDer, J(J) is derivable.If we introdu
e an equational theory of judgements in C, we 
an further establish: Forderivations D1 and D2 in C, if D�(D1) = D�(D2) in CDer, then J(D�(D1)) = J(D�(D2))in C. Here the equational theory of C is that generated from the � and � rules for produ
t
lasses: � ` �jK1;K2(ht1; t2i) : Kj = � ` tj : Kj (j = 1; 2)� ` h�1K1;K2(t); �2K1;K2(t)i : K1 �K2 = � ` t : K1 �K23.2.1. Coheren
e: Counting derivations This se
tion is an aside from the main devel-opment of the paper and may be omitted by the reader. We des
ribe the relationshipbetween equality in CDer and the derivations in C, giving a `
oheren
e' result whi
h allowsus to 
ount the number of distin
t derivations of a judgement in C. We give a brief outlineof results, motivating them with examples.The example to bear in mind here is the two derivations of the same judgement givenin Example 2.1. They di�er be
ause the predi
ate symbols on the right of the turnstileare derived from di�erent o

urren
es in the 
ontext. To 
apture this, we follow standardtreatment of su
h 
oheren
e results (see (Ma
 Lane 1982)) and introdu
e an appropriatenotion of a graph whi
h links o

urren
es of symbols.For simpli
ity, we begin with a mu
h redu
ed form of system C. We drop produ
t
lasses and, amongst the symbols in �, admit only 
lass symbols A and predi
ate symbolsPK1;:::;Kn (no term formation symbols or axioms).For ea
h 
lass expression in this redu
ed system, we extra
t the tree of its predi
atesymbols as follows:kfx3 : fx2 : fx1 : A j PA(x1)g j Qfx1:A j PA(x1)g(x2)g j Rfx1:A j PA(x1)g(x3)gk= [PkAk; Qkfx1:A j PA(x1)gk; Rkfx1:A j PA(x1)gk℄= [P[℄; Q[PkAk℄; R[PkAk℄℄= [P[℄; Q[P[℄℄; R[P[℄℄℄We are interested in whi
h trees 
orrespond to well-formed 
lasses. Su
h trees havethe property that, at ea
h node, the predi
ate symbols of the 
hildren of the node are asele
tion (in
luding repetition) of those predi
ate symbols that o

ur as siblings to theleft of the node. Thus, in the above example, the PA whi
h o

urs as a 
hild of R o

ursalso to the left of R at the same level as R in the tree. In general, 
hild nodes mayo

ur several times to the left of the node, in whi
h 
ase ea
h 
hoi
e 
orresponds to adistin
t derivation. We thus label o

urren
es of predi
ate symbols with their \justifying"o

urren
e. In the above example, the PA whi
h o

urs as a 
hild of R is labelled with 1to indi
ate that it derives from the �rst sibling of R.De�nition 3.2. A graph (for this redu
ed system) is a tree of predi
ate symbols, ea
hpredi
ate symbol P not at the root being labelled with a natural number n su
h that,if (P; n) is a 
hild of a node, then P o

urs as the n-th sibling of the node (from left toright) and this sibling is to the left of the node. Moreover, for ea
h predi
ate symbol P ,the subtrees at all o

urren
es of P are identi
al.
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ondition says that predi
ate symbols 
ome with �xed 
lasses of argument.From a tree whi
h supports a graph stru
ture, we may 
onstru
t a unique (to within�-
onversion and 
hoi
e of 
lass symbols) well-formed 
lass expression: the tree T =[P 1T1 ; P 2T2 ; : : : ; PmTm ℄ giving the 
lasseT = fxm : f� � � fx2 : fx1 : A j P 1fT1(x1)g j P 2fT2(x2)g � � �g j PmfTm(xm)g:For a judgement J = x1 : K1; : : : ; xn : Kn ` xj : K; (1 � j � n) to be well-formed (i.e.derivable) the predi
ate symbols in K must be drawn from those in Kj in exa
tly thesame way that predi
ate symbols are linked in a graph. Thus if we introdu
e a spe
ialpredi
ate symbol � to stand from the turnstile, then a graph for J is a graph on the treekfxj : Kj j �K(xj)gk.That su
h a graph exists for derivable judgements, is a 
onsequen
e of the following.Proposition 3.4. For this redu
ed form of system C, there is a bije
tive 
orresponden
ebetween graphs for a derivable judgement J in C and fg-
anoni
al forms C su
h thatJ(C) � J .Note that this says that the number of distin
t derivations of judgement J in C (equa-tional 
lasses of judgements J 0 in CDer su
h that D(J 0) = J) is the number of graphs forJ .The 
onstru
tion of a 
anoni
al form pro
eeds by stru
tural indu
tion on judgement Jin C. Conversely, the 
onstru
tion of a graph from a 
anoni
al form pro
eeds by stru
turalindu
tion on the 
anoni
al form. We illustrate here the exa
t 
orresponden
e betweengraphs and 
anoni
al forms. In Example 2.1, the �rst derivation ofz : fy : fx : A j PA(x)g j PA(y)g ` z : fx : A j PA(x)g � (�)in C 
orresponds to the 
anoni
al form:� ` [�1(x:A)PA(x)(�1
(z)); �2
(z)℄(x:A)PA(x) : fx : A j PA(x)g � (1)where � is z : fy : fx : A j PA(x)g j PA(�1(x:A)PA(x)(y))g and the subs
ript 
 is (y : fx :A j PA(x)g)PA(�1(x:A)PA(x)(y)).The other derivation of (�) is not in 
anoni
al form (it ends with a proje
tion but isof 
omprehension 
lass) but equals the following 
anoni
al form:� ` [�1(x:A)PA(x)(�1
(z)); �2(x:A)PA(x)(�1
(z))℄(x:A)PA(x) : fx : A j PA(x)g � (2)The two graphs 
orresponding to these 
anoni
al forms are, for (1)[P[℄; P[℄;�[(P[℄;2)℄℄and for (2), [P[℄; P[℄;�[(P[℄;1)℄℄di�ering only in the index of the third o

urren
e of P indi
ating whi
h of the twoprevious o

urren
es is the justifying o

urren
e.The link between 
anoni
al forms and graphs lies in the proje
tions � whi
h indi
atewhi
h o

urren
es of predi
ate symbols are being used. In more detail, ea
h o

urren
e of�1 under a �2 moves the justifying o

urren
e to the left one pla
e. Thus no �1 means that
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lass (> Form)� ` >prop � ` �1 prop � ` �2 prop (^ Form)� ` �1 ^ �2 prop� ` � prop (> Intro)�;� ` � : >�;� ` �1 : �1 �;� ` �2 : �2 (^ Intro)�;� ` h�1; �2i : �1 ^ �2 �;� ` � : �1 ^ �2 (^ Elim; j = 1; 2)�;� ` �j�1;�2(�) : �jFig. 7. The rules for > and ^.the justifying o

urren
e is immediately to the left of the node, one o

urren
e meansthat the justifying o

urren
e is two pla
es to the left of the node, et
. This observation
an be turned into a des
ription of a bije
tive 
orresponden
e.To extend this result to in
lude produ
ts we 
onsider multiple graphs with sharedsubstru
ture and Proposition 3.4 is modi�ed so that J(C) is not identi
al to J but isequal in the equational theory of produ
ts E(�). Term 
onstru
tor symbols and axiomsea
h set up a 
orresponden
e between predi
ate symbols whi
h �xes part of the graphstru
ture. We then 
ount only graphs varying over this �xed substru
ture. A full a

ountof this would be out of pla
e here but will appear elsewhere.3.3. Propositional logi
We now explain how to extend the above formal systems to in
lude propositional logi
.We introdu
e logi
al 
onstants, inferen
e rules and an equality on proofs of propositionsbased on �- and �-rules. The key idea is that we do not 
hange the de
ision pro
edure toa

ommodate these new equations. Thus the pro
edure yields 
anoni
al forms whi
h areno longer unique for ea
h equational 
lass, but are unique only to with the equationaltheory of propositional proofs. A de
ision pro
edure for this equational theory, whi
hmay well be available, would then provide a full de
ision pro
edure. However, this is notwhat is required for 
oheren
e: it introdu
es too �ne a distin
tion. Perhaps we labour thepoint here but su
h stru
tural independen
e properties (`extensibility' and `modularity'results) are important in the in
remental design of programming languages.To illustrate these ideas we we 
hoose a fairly minimal propositional logi
 
ontainingonly 
onstants > (true) and ^ (
onjun
tion). We add the standard inferen
e rules for >and ^ (Figure 7) to CDer to de�ne CDer(>;^).The �- and �-rules for > and ^ are:�;� ` � : > = �;� ` � : >�;� ` �j�1;�2(h�1; �2i) : �j = �;� ` �j : �j j = 1; 2�;� ` h�1�1;�2(�); �2�1;�2(�)i : �1 ^ �2 = �;� ` � : �1 ^ �2We add these equations to those of CDer for the equational theory of CDer(>;^). The



B.P. Hilken and D.E. Rydeheard 18equational theory generated from the above equations alone we denote by E(>;^). Weuse essentially the same de�nition of 
anoni
al form, only in
luding the 
lauses:> is redu
ed, and �1 ^ �2 is redu
ed when �1 and �2 are redu
ed,� is redu
ed,h�1; �2i is redu
ed when �1 and �2 are redu
ed,�j�1;�2(�) is redu
ed when �1, �2 and � are redu
ed.Then Proposition 3.3 be
omes:Proposition 3.5.1 Canoni
al forms are equal in CDer(>;^) i� they are equal in E(>;^),2 For ea
h derivable judgement J in CDer(>;^) there is a 
anoni
al form C(J) withC(J) = J in CDer(>;^) and su
h that J1 = J2 in CDer(>;^) i� C(J1) = C(J2) inE(>;^).The 
onversion to 
anoni
al form C is de�ned as previously but in
orporating the abovenotion of redu
ed form for the new expressions. Noti
e that there is no �-expansion forexpressions of type > or �1 ^ �2.Following this example, other logi
al 
onstants su
h as � (impli
ation), _ (or) and? (false) as well as quanti�
ation may be added. Impli
ation introdu
es a �-
al
ulus ofproofs �v : �:�. We may also 
onsider adding re
ursion to this system. Of 
ourse, wewill need to modify the notion of model to 
ope with these additional 
onstru
ts. For �,_, ? and quanti�
ation, the relevant 
ategori
al stru
ture is well-known (see (Lawvere1970), for example).4. A 
al
ulus of proofs (II)We now present an alternative language, whi
h we 
all CEnv, of derivations in the systemof 
lasses C. In the previous system CDer, the judgements are judgements of C modi�edwith suÆ
ient proof information to enable us to re
onstru
t a unique derivation. Thisadditional proof information resides in the expressions of the modi�ed language. As analternative, we keep the language as 
lose as possible to C and store the required proofinformation not in the expressions but in the 
ontext, in what we 
all proof environments.This is a rather radi
al departure from a logi
al viewpoint but is a very natural idea forprogramming languages. Indeed, it is this system CEnv that is a `language of type 
lasses'and a major purpose of the paper is to analyse type 
lasses by referen
e to the underlyinglogi
al system C (see Se
tion 6).Let us begin by looking again at the introdu
tion rule for 
lass 
omprehension in C:� ` t : K x : K ` � prop �;` �[t=x℄� ` t : fx : K j �gWhat is missing from the 
on
lusion is the proof � of satisfa
tion �;` �[t=x℄. Instead ofmodifying the term t to in
lude �, we extend the 
ontext to in
lude proofs of satisfa
tiontogether with a means of a

essing the 
orre
t proof for any assertion that a term belongsto a 
lass.



A Theory of Classes 19This idea is familiar from programming where we bind names to expressions for lateruse. Sequen
es of named expressions are 
alled environments (sometimes de�nitions,stores, states or bindings). For example, in a �-
al
ulus we might have an environmentx = 3; f = (�x : int:x+ 1):We 
all the de�ned 
onstants x and f operators (a terminology re
e
ting their use intype 
lasses). In this environment, we may form judgements su
h asx = 3; f = (�x : int:x+ 1) ` f(3) = x+ 1:Environments di�er from 
ontexts whi
h de
lare variables. In the above, x and f arenot variables standing for hypotheti
al values whi
h may be substituted with a
tualterms. However, we may substitute like for like, so that x may be repla
ed with 3 inf(3) = x + 1. Neither are environments general equational theories: We need a

essto unique o

urren
es of the operators. This uniqueness does not forbid some re-use ofoperators. For example,f [int℄ = (�x : int:x+ 1); f [bool℄ = (�x : bool:not(x))` (if f [bool℄(true) then f [int℄(0) else f [int℄(1)) = 2or, with impli
it typing,f [int℄ = (�x : int:x+ 1); f [bool℄ = (�x : bool:not(x))` (if f(true) then f(0) else f(1)) = 2In the latter 
ase, we 
an disambiguate the operator f at ea
h o

urren
e using the typeinformation.We now apply these ideas to the des
ription of proofs. We �rst introdu
e proof envi-ronments, �. A proof environment is a sequen
e of entries of the form o[t℄ = � where ois an operator (simply a name), t a term and � a proof of a propositional formula �[t=x℄.Thus, � is the proof that t satis�es �. It is this proof that is required for the Intro rule for
lass 
omprehension and it may be a

essed in a proof environment by operator o. Thisproof � has no free proof variables (there is no formula 
ontext � in the third hypothesisin the Intro rule).Previously, for a term to belong to a 
lass we wrotet : fx : K j �gThis will no longer suÆ
e. We modify the assertion so that we 
an a

ess the proofof satisfa
tion �[t=x℄ in a given proof environment. Just as the formulae � ranges overpossible terms t in the 
lass, so does the proof of satisfa
tion. We thus write,t : fx : K j o : �gwhere o is an operator, and the proof of satisfa
tion is found as o[t℄ in a given environment.



B.P. Hilken and D.E. Rydeheard 20The syntax of this formal system, whi
h we 
all CEnv, is as follows:Classes K ::= A j K1 �K2 j fx : K j o : �gFormulae � ::= PK1;:::;Kn(t1; : : : ; tn)Terms t ::= x j kK1;:::;Kn!K(t1; : : : ; tn) j ht1; t2i j �1K1;K2(t) j �2K1;K2(t)Proofs � ::= v j aK1;:::;Km;�1;:::;�n!�(t1; : : : ; tm;�1; : : : ; �n) j o[t℄The 
ontexts � are as previous. The formula 
ontexts � again in
lude variables vranging over proofs, so are of the form v1 : �1; : : : vn : �n. Proof environments � aresequen
es of entries of the form o[t℄ = �. What is meant by the unique o

urren
e ofentries o[t℄ in a 
ontext �;�? We must ensure that there is unique o

urren
e of entries in� but, in addition, we must take a

ount of entries in �. For instan
e, in x : fy : K j o : �gthere is an implied presen
e of o[x℄. We thus de�ne: o[t℄ o

urs in �;� a

ording to thestru
ture of t and �;� as follows.o[t℄ o

urs in o[t℄ = �,o[x℄ o

urs in x : fy : K j o : �g,o[x℄ o

urs in x : fy : K j o0 : �g with o 6= o0, if o[x℄ o

urs in x : K, and �nally,o[�jK1;K2(x)℄ o

urs in x : K1 �K2 if o[y℄ o

urs in y : Kj , where y is a new variable (j = 1; 2).Neither terms t nor proofs of satisfa
tion � in o[t℄ = � 
ontain free proof variables v,hen
e it makes sense to order the 
ontexts and environments as �;�;�. Thus the formsof judgement, modi�ed from those of CDer, are:`K 
lass means that K is a well-formed 
lass,�;� ` � prop means that � is a well-formed propositional formula with free variablesde
lared in 
ontext �, and operators de�ned in the proof environment �,�;� ` t : K means that t is a well-formed term of 
lass K with free variables de
lared in� and and operators de�ned in the proof environment �,�;�;� ` � : � means that � is a proof that � entails � in a 
ontext with free variablesde
lared in � and operators de�ned in the proof environment �.In the inferen
e rules for CEnv, we avoid introdu
ing well-formedness 
ondition for
ontexts �;�. Instead, we ensure that whenever an item in � is exhibited, the well-formedness of its 
onstituents is ensured. A general assumption rule, involving a well-formed �;�, is repla
ed by rules of ex
hange, weakening and a spe
ial assumption rule.These stru
tural rules (Figure 8) are routine { they are in
luded here for 
ompletenessof the des
ription. The remainder of the rules (Figure 9) are those of CDer (modi�ed toin
lude proof environments) ex
ept those for 
omprehension where the operators o givea

ess to proofs of satisfa
tion and the �rst elimination rule reverts to an analogue ofthat in C. The rules for the symbols in � are those of CDer ex
ept that proof environmentso

ur in the 
ontexts.Example. Let us look at a derivation in this system to see how proof environmentswork. We present a derivation of a judgement that 
orresponds to the �rst derivation inC in Example 2.1. Let � be the 
ontextz : fy : fx : A j o1 : PA(x)g j o2 : PA(y)gWe show that from � we may derive z : fx : A j o : PA(x)g in a proof environment whi
h



A Theory of Classes 21�;� ` � prop (Ex
hange1)�; ~� ` � prop �;� ` t : K (Ex
hange2)�; ~� ` t : K �;�;� ` � : � (Ex
hange3)�; ~�;� ` � : �where, in ea
h 
ase, ~� is a permutation of �.�;� ` �0 prop �;� ` t : K �;�;` � : � (Weakening1)�;�; o[t℄ = � ` �0 prop�;� ` t0 : K0 �;� ` t : K �;�;` � : � (Weakening2)�;�; o[t℄ = � ` t0 : K0�;�;� ` �0 : �0 �;� ` t : K �;�;` � : � (Weakening3)�;�; o[t℄ = �; � ` �0 : �0�;� ` t : K �;�;` � : � (� Ass)�;�; o[t℄ = �;` o[t℄ : �where, in the four rules above, o[t℄ does not o

ur in �;�.Fig. 8. The proof environment rules of system CEnv.
in
ludes the de�nition o[z℄ = o2[z℄ (there is a derivation of the same result whi
h useso[z℄ = o1[z℄). ... D�;` z : fy : fx : A j o1 : PA(x)g j o2 : PA(y)g�;` z : fx : A j o1 : PA(x)g�;` z : A�; o[z℄ = o2[z℄ ` z : A ` A 
lass ` A 
lassx : A;` x : Ax : A;` PA(x) prop ... D0�; o[z℄ = o2[z℄ ` o[z℄ : PA(z)�; o[z℄ = o2[z℄ ` z : fx : A j o : PA(x)gwhere derivation D is:



B.P. Hilken and D.E. Rydeheard 22�;� ` �1 prop � � ��;� ` �n prop (prop Ass; n � 1; 1 � j � n)�;�; v1 : �1; : : : ; vn : �n ` vj : �j` K1 
lass � � � ` Kn 
lass ( 
lass Ass; n � 1; 1 � j � n)x1 : K1; : : : ; xn : Kn;` xj : Kj` K1 
lass ` K2 
lass (� Form)` K1 �K2 
lass�;� ` t1 : K1 �;� ` t2 : K2 (� Intro)�;� ` ht1; t2i : K1 �K2 �;� ` t : K1 �K2 (� Elim; j = 1; 2)�;� ` �jK1;K2(t) : Kjx : K;` � prop (fg Form; where o does not appear in K or �:)` fx : K j o : �g 
lass�;� ` t : K x : K;` � prop �;�;` o[t℄ : �[t=x℄ (fg Intro)�;� ` t : fx : K j o : �g�;� ` t : fx : K j o : �g (fg Elim1)�;� ` t : K �;� ` t : fx : K j o : �g �;� ` � prop (fg Elim2)�;�;� ` o[t℄ : �[t=x℄Fig. 9. The proposition and 
lass rules of system CEnv.

` A 
lass ` A 
lassx : A;` x : Ax : A;` PA(x) prop` fx : A j o1 : PA(x)g 
lass
` A 
lass ` A 
lassx : A;` x : Ax : A;` PA(x) prop` fx : A j o1 : PA(x)g 
lassy : fx : A j o1 : PA(x)g;` y : fx : A j o1 : PA(x)gy : fx : A j o1 : PA(x)g;` y : Ay : fx : A j o1 : PA(x)g;` PA(y) prop` fy : fx : A j o1 : PA(x)g j o2 : PA(y)g 
lass�;` z : fy : fx : A j o1 : PA(x)g j o2 : PA(y)gand D0 is:



A Theory of Classes 23... D�;` z : fy : fx : A j o1 : PA(x)g j o2 : PA(y)g�;` z : fx : A j o1 : PA(x)g�;` z : A ... D�;` z : fy : fx : A j o1 : PA(x)g j o2 : PA(y)g�; ;` o2[z℄ : PA(z)�; o[z℄ = o2[z℄;` o2[z℄ : PA(z)�; o[z℄ = o2[z℄ ` o[z℄ : PA(z)4.1. Relating the formal systemsWe now 
onsider the relationship between the system of proof environments CEnv andthat of expli
it proofs CDer. In what sense is the formal system of proof environments CEnva des
ription of derivations in C? It may be imagined that we 
an re
onstru
t a derivation(a judgement in CDer) from a judgement in CEnv by simply repla
ing operators with theproofs to whi
h they are asso
iated in the environment. Ea
h derivable judgement inCEnv has suÆ
ient proofs in the proof environment for su
h a re
onstru
tion, but howthese proofs are to be assembled into an a
tual proof is not uniquely determined by thejudgement.In this se
tion, we give a 
onstru
tion of judgements in CDer from judgements in CEnv.This 
onstru
tion K is de�ned on derivable judgements in CEnv and yields 
anoni
al judge-ments in CDer (as de�ned in Se
tion 3.1). To show that the 
onstru
tion is de�ned onderivable judgements we introdu
e a further 
orresponden
e, E, this time from derivationsin CEnv to judgements in CDer. The 
anoni
al nature of the results of the �rst 
orrespon-den
e allows us to show that the two 
orresponden
es `
ohere' in a way we make pre
isebelow.We de�ne the map K from judgements in CEnv to judgements in CDer. The key idea isas follows: For judgements �;� ` t : fx : K j o : �g, we 
onstru
t a judgement in CDerwhose term is of the form [t0; �0℄(x:K0)�0 where �0 is derived from a proof named as o[t℄ inthe 
ontext �;�. The de�nition follows 
losely that of the 
onversion to 
anoni
al form(Se
tion 3.1). Note that o[t℄ may be de�ned in � or, in the 
ase where t is a variable y,may o

ur in an item y : fx : K j o : �g in the 
ontext �. The map K is a partial fun
tion,there may not be suÆ
ient information in a judgement of CEnv to 
onstru
t a judgementin CDer, in parti
ular, a look-up via an operator may fail. We will show that K is de�nedon derivable judgements.De�nition 4.1. On judgements of the form �;� ` t : K, the translation K is de�nedby:K(�;� ` t : K1 �K2) = �0 ` ht01; t02i : K 01 �K 02where �0 ` t0j : K 0j = K(�;� ` �jK1;K2(t) : Kj)K(�;� ` t : fx : K j o : �g) = �0 ` [t0; �0℄(x:K0)�0 : fx : K 0 j �0gwhere �0 ` t0 : K 0 = K(�;� ` t : K)and x : K 0 ` �0 prop = K(x : K;` � prop)and �0;` �0 : �00 = K(�;�;` o[t℄ : �[t=x℄)K(�;� ` t : A) = S(�;� ` t : A)



B.P. Hilken and D.E. Rydeheard 24where S(�;� ` t : K) is de�ned by:S(�;� ` x : K) = K(�) ` x : K(K)S(�;� ` ht1; t2i : K1 �K2) = �0 ` ht01; t02i : K 01 �K 02where �0 ` t0j : K 0j = S(�;� ` tj : Kj)S(�;� ` �jK1;K2(t) : Kj) =if S(�;� ` t : K1 �K2) � �0 ` ht1; t2i : K 01 �K 02then �0 ` tj : K 0j else �0 ` �jK01;K02(t0) : K 0jwhere �0 ` t0 : K 01 �K 02 = S(�;� ` t : K1 �K2)S(�;� ` kK1;:::;Kn!K(t1; : : : ; tn) : K) = �0 ` kK01;:::;K0n!K0(t01; : : : ; t0n) : K 0where �0 ` t0j : K 0j = K(�;� ` tj : Kj)and ` �0;K 0 
lass = K(` �;K 
lass)On other forms of judgement K is de�ned 
omponentwise, as follows:K(` A 
lass) = ` A 
lassK(` K1 �K2 
lass) = ` K 01 �K 02 
lasswhere ` K 0j 
lass = K(` Kj 
lass)K(` fx : K j o : �g 
lass) = ` fx : K 0 j �0g 
lasswhere x : K 0 ` �0 prop = K(x : K;` � prop)K(�;� ` PK1;:::;Kn(t1; : : : ; tn) prop) = �0 ` PK01;:::;K0n(t01; : : : ; t0n) propwhere �0 ` t0j : K 0j = K(�;� ` tj : Kj)and ` �0 
lass = K(` � 
lass)K(�;�;� ` v : �) = �0; �0 ` v : �0where �0 ` �0; �0 prop = K(�;� ` �; � prop)K(�;�;� ` aK1;:::;Km;�1;:::;�n!�(t1; : : : ; tm;�1; : : : ; �n) : �)= �0; �0 ` aK01;:::;K0m;�01;:::;�0n!�0(t01; : : : ; t0m;�01; : : : ; �0n) : �0where �0 ` t0j : K 0j = K(�;� ` tj : Kj)and �0; �0 ` �0j : �0j = K(�;�;� ` �j : �j)and �0 ` �0; �0 prop = K(�;� ` �; � prop)Judgements of the form �;�;� ` o[t℄ : � are a spe
ial 
ase, for whi
h the 
onversion Kis de�ned by indu
tion on the form of the 
ontexts. This des
ribes how hypotheti
al andstored proofs are retrieved, and follows the above de�nition of an o

urren
e of o[t℄ in�;�.K(�;�1; o[t℄ = �;�2; � ` o[t℄ : �) = K(�;�1; o[t℄ = �;�2; � ` � : �)K(�1; x : fy : K j o : �g;�2; �;� ` o[x℄ : �) = �0; �0 ` �2(y:K0)�0(x) : �0[�1(y:K0)�0(x)=y℄where �0 ` x : fy : K 0 j �0g = S(�1; x : fy : K j o : �g;�2; � ` x : fy : K j o : �g)and �0 ` �0 prop = K(�1; x : fy : K j o : �g;�2; � ` � prop)K(�1; x : fy : K j o0 : �g;�2; �;� ` o[x℄ : �) =K(�1; x : fy : K j o0 : �g; z : K;�2; �;� ` o[z℄ : �)K(�1; x : K1 �K2;�2; �;� ` o[�jK1;K2(x)℄ : �) =K(�1; x : K1 �K2; z : Kj ;�2; �;� ` o[z℄ : �)Here z is a new variable and o 6= o0. We show below that K is de�ned on derivablejudgements in CEnv.Finally, we introdu
e a 
orresponden
e E between derivations in CEnv and judgementsin CDer.



A Theory of Classes 25De�nition 4.2. De�ne E by stru
tural indu
tion on the derivations in CEnv. Most of therules for CEnv are those of CDer modi�ed with proof environments and the de�nition of E isimmediate for these rules. Only the rules for proof environments and 
lass 
omprehensionneed spe
ial attention. We de�ne E on these rules as follows. For the assumption rule forproof environments, D1�;� ` t : K D2�;�;` � : ��;�; o[t℄ = �;` o[t℄ : �where o[t℄ does not o

ur in 
ontext �;�, and D1 and D2 are derivations of �;� ` t : Kand �;�;` � : � respe
tively, the 
orresponding judgement in CDer for this derivation issimply E(D2).For the 
lass introdu
tion rule:D1�;� ` t : K D2x : K;` � prop D3�;�;` o[t℄ : �[t=x℄ (fg Intro)�;� ` t : fx : K j o : �gthe 
orresponding judgement in CDer is�0 ` [t0; �0℄(x:K0)�0 : fx : K 0 j �0gwhere �0 ` t0 : K 0 = E(D1), x : K 0 ` �0 prop = E(D2) and �0;` �0 : �00 = E(D3).Similarly, for the two elimination rules,D1�;� ` t : fx : K j o : �g (fg Elim1)�;� ` t : KD1�;� ` t : fx : K j o : �g D2�;� ` � prop (fg Elim2)�;�;� ` o[t℄ : �[t=x℄the 
orresponding judgements in CDer are, for the �rst rule:�0 ` �1(x:K0)�0(t0) : K 0where �0 ` t0 : fx : K 0 j �0g = E(D1), and for the se
ond rule:�0; �0 ` �2(x:K0)�0(t0) : �0[�1(x:K0)�0(t0)=x℄where �0 ` t0 : fx : K 0 j �0g = E(D1) and �0 ` �0 prop = E(D2).The following proposition des
ribes the requisite properties of the 
onversions K fromjudgements and E from derivations.Proposition 4.1. If derivation D establishes judgement J in CEnv, then judgement K(J)is de�ned and C(E(D)) � K(J) (synta
ti
ally identi
al), where C is the 
onversion to
anoni
al form (Se
tion 3.1).



B.P. Hilken and D.E. Rydeheard 26Proof. Note that the proposition says that K(J) is in 
anoni
al form and is equal toE(J) in the equational theory of CDer.The proof pro
eeds by stru
tural indu
tion on the derivation D. The key ideas 
an beillustrated with an example. Suppose that D 
on
ludes with an Elim1-rule for 
ompre-hension, so that D looks like: D1�;� ` t : fx : K j o : �g�;� ` t : Kwhere D1 is a derivation of �;� ` t : fx : K j o : �g.By the de�nition of E, E(D) = �0 ` �1(x:K0)�0(t0) : K 0where �0 ` t0 : fx : K 0 j �0g = E(D1).The indu
tion hypothesis gives that K(�;� ` t : fx : K j o : �g) is de�ned and identi
alto C(E(D1)). By the de�nition of K, this is�00 ` [t00; �00℄(x:K00)�00 : fx : K 00 j �00gwhere �00 ` t00 : K 00 = K(�;� ` t : K)and x : K 0;` �00 prop = K(x : K;` � prop)and �00;` �00 : �0 prop = K(�;�;` o[t℄ : �[t=x℄)But C(E(D1)) = E(D1) in CDer. The rules for equality now give that�0 ` �1(x:K0)�0(t0) : K 0 = �00 ` �1(x:K00)�00([t00; �00℄(x:K00)�00) : K 00The RHS is equal in CDer to �00 ` t00 : K 00 whi
h is K(�;� ` t : K). Moreover, by De�nition3.1 (the de�nition of 
anoni
al form), be
ause �00 ` [t00; �00℄(x:K00)�00 : fx : K 00 j �00g is
anoni
al, then so is �00 ` t00 : K 00. Hen
e,C(E(D)) � K(�;� ` t : K)as required.We are now in a position to give a general 
oheren
e result for CEnv. We phrase this inthe form of a prin
iple for the well-de�nedness of fun
tions on CEnv.Corollary 4.1. If � is a map from derivations in CEnv whi
h fa
tors asDer(CEnv) CDer
S
E� �0- �����AAAAUwhere E : Der(CEnv) ! CDer is de�ned in De�nition 4.2 above, and �0 respe
ts equality(i.e. J1 = J2 in CDer implies �0(J1) = �0(J2) in S), then the map � is independent ofderivation in the sense that, if D1 and D2 are both derivations of judgement J in CEnv,
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t, �(D) = �0(K(J)), where K is the map from judgementsin CEnv to those in CDer de�ned above.Proof. Let derivation D establish judgement J in CEnv. Now, by Proposition 4.1,E(D) = K(J) in CDer and so �0(E(D)) = �0(K(J)) in S (as �0 respe
ts equality). Thus�(D) = �0(K(J)) in S.We now use this method for de�ning maps to give a semanti
s of the system CEnv viaa semanti
s of CDer.5. ModelsWe begin by de�ning 
ategori
al models for the system CDer. There is a standard inter-pretation of �rst order logi
s in indexed 
ategories and �brations (see, for example, (Pitts1987) or (Ja
obs 1990)), where terms denote arrows in the base 
ategory and proofs (orentailment relations) denote arrows in the �bres. We extend this to in
lude 
lass 
ompre-hension using 
omprehension s
hemata in indexed 
ategories. We present here a simpleform of the semanti
s using stri
t indexed 
ategories (i.e. fun
tors p : C op ! Cat). It ispossible to remove the stri
tness requirement so that the indexed 
ategory is fun
torialonly up to isomorphism (as in (Lawvere 1970)), or 
onsider 
omprehension s
hemata in�brations as in (Ja
obs 1990), (Ja
obs 1991). The language CDer may be interpreted inthese models, some of the equations being interpreted as isomorphisms.5.1. Indexed 
ategories and 
omprehensionA stri
t indexed 
ategory is a fun
tor p : C op ! Cat. For indexed 
ategory p : C op !Cat, C is the base 
ategory and p(K) the �bre over K. For arrow s in the base, we writes� for the fun
tor p(s) when p is understood. The 
omposition of arrows in 
ategories iswritten as `;' in diagrammati
 order.We introdu
e a simple form of 
omprehension s
hema:De�nition 5.1. Let p : C op ! Cat be an indexed 
ategory su
h that ea
h �bre p(K)has a terminal obje
t >K preserved under the fun
tors s�. A 
omprehension s
hemain p 
onsists of1 for ea
h obje
t L of C a fun
tor taking obje
ts  in p(L) to obje
ts fL j  g in C andtaking arrows � :  !  0 to arrows fL j �g : fL j  g ! fL j  0g. For ea
h L and  there is an arrow 
L; : fL j  g ! L su
h that fL j �g; 
L; 0 = 
L; ,2 for ea
h s : K ! L, a natural bije
tion between arrows� : >K ! s�( )in the �bre p(K) and arrows h : K ! fL j  g su
h that the following 
ommutes.
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hs 
L; - �����AAAAUIn brief, a 
omprehension s
hema is a fun
tor fL j g : p(L)! C =L for ea
h obje
t L ofC and a natural family of bije
tions,p(K)(>K ; s�( )) ' (C =L)(s; fL j  g)where C =L is the sli
e 
ategory over L.Comprehension s
hemata in an indexed 
ategory are unique to within an isomorphism.For examples and properties of 
omprehension s
hemata see (Lawvere 1970).An arrow � : >K ! s�( ) in the �bre p(K), where s : K ! L, indu
es, under thebije
tion, an arrowK ! fL j  g, whi
h we denote by � (s; �), so that � (s; �); 
L; = s.In the other dire
tion, the image under the bije
tion of an arrow h : K ! fL j  g, su
hthat s = h; 
L; , is denoted ��L; (h) : >K ! s� . Naturality of the bije
tion in s : K ! Lis the following equation. h; � (s; �) = � (h; s; h��) (1)Naturality in  is the following, for any � :  !  0 in p(L):� (s; �); fL j �g = � 0(s; �; s�(�)) (2)The 
orresponding equations for �� are:��L; (h; g) = h�(��L; (g)) (3)��L; 0(g; fL j �g) = ��L; (g); s�� (4)whi
h are equivalent to (1) and (2) given that � and �� are inverse.5.2. A semanti
s of CDerModels for the interpretation CDer are to be stri
t indexed 
ategories with a 
omprehen-sion s
hema and �nite produ
ts in the base 
ategory and in the �bres, those in the �bresbeing stri
tly preserved by the fun
tors s�. The terminal obje
t in the base is denoted 1with terminal arrows 1K : K ! 1 and the binary produ
t in the base is �. In ea
h �brep(K), the terminal obje
t is denoted >K with terminal arrows > :  ! >K and binaryprodu
t is denotes ^. In the base 
ategory and in the �bres, produ
t pairing is h ; i andproje
tions are �jK1;K2 (j = 1; 2).For a signature �, a �-stru
ture in su
h an indexed 
ategory p 
onsists of an inter-pretation for ea
h symbol in �. In detail, (1) ea
h 
lass symbol A denotes an obje
t[[A℄℄ in the base 
ategory, (2) ea
h predi
ate symbol PK1;:::;Kn denotes an obje
t [[P ℄℄ inthe �bre p([[K1℄℄� � � � � [[Kn℄℄), (3) ea
h term 
onstru
tor kK1;:::;Kn!K denotes an arrow



A Theory of Classes 29[[k℄℄ : [[K1℄℄� � � � � [[Kn℄℄! [[K℄℄ and, �nally (4) ea
h axiom�; v1 : �1; : : : ; vn : �n ` aK1;:::;Km;�1;:::;�n!�(x1; : : : ; xm; v1; : : : ; vn) : �denotes an arrow [[a℄℄ : [[� ` �1 prop℄℄ ^ � � � ^ [[� ` �n prop℄℄ ! [[� ` � prop℄℄ in the �brep([[K1℄℄� � � � � [[Km℄℄) where � = x1 : K1; : : : ; xm : Km. The semanti
s [[J ℄℄ of judgementJ is then de�ned by stru
tural indu
tion as follows.The semanti
s of judgement ` K 
lass is an obje
t [[K℄℄ of C de�ned as:[[A℄℄ = [[A℄℄[[K1 �K2℄℄ = [[K1℄℄� [[K2℄℄[[fx : K j �g℄℄ = f[[K℄℄ j [[x : K ` � prop℄℄gThe semanti
s of a 
ontext x1 : K1; : : : ; xn : Kn is given by[[x1 : K1; : : : ; xn : Kn℄℄ = [[K1℄℄� � � � � [[Kn℄℄:Judgements of the form � ` � prop are interpreted as obje
ts in the �bre over [[�℄℄ asfollows: [[� ` PK1;:::;Kn(t1; : : : ; tn) prop℄℄ = h[[� ` t1 : K1℄℄; : : : ; [[� ` tn : Kn℄℄i�[[P ℄℄The semanti
s of judgement � ` t : K is an arrow from [[�℄℄ to [[K℄℄ in the 
ategory C :[[x1 : K1; : : : ; xn : Kn ` xj : Kj ℄℄ = �j[[K1℄℄;:::;[[Kn℄℄[[� ` kK1;:::;Kn!K(t1; : : : ; tn) : K℄℄ = h[[� ` t1 : K1℄℄; : : : ; [[� ` tn : Kn℄℄i; [[k℄℄[[� ` ht1; t2i : K1 �K2℄℄ = h[[� ` t1 : K1℄℄; [[� ` t2 : K2℄℄i[[� ` �jK1;K2(t) : Kj ℄℄ = [[� ` t : K1 �K2℄℄;�j[[K1℄℄;[[K2℄℄[[� ` [t; �℄(x:K)� : fx : K j �g℄℄ = �[[x:K`� prop℄℄([[� ` t : K℄℄; [[�;` � : �[t=x℄℄℄)[[� ` �1(x:K)�(t) : K℄℄ = [[� ` t : fx : K j �g℄℄; 
[[K℄℄;[[x:K`�prop℄℄A 
ontext �; v1 : �1; : : : ; vn : �n is interpreted as an obje
t [[� ` �1 prop℄℄ ^ � � � ^ [[� `�n prop℄℄ in the �bre over [[�℄℄. Finally, a judgement �;� ` � : � is interpreted as an arrowfrom [[�;�℄℄ to [[� ` � prop℄℄ in the �bre over [[�℄℄ de�ned as follows.[[�; v1 : �1; : : : ; vn : �n ` vj : �j ℄℄ = �j[[�`�1 prop℄℄;:::;[[�`�n prop℄℄[[�;� ` aK1;:::;Km;�1;:::;�n!�(t1; : : : ; tm;�1; : : : ; �n) : �℄℄ = h�1; : : : ; �ni; (hs1; : : : ; smi�[[a℄℄)where si = [[� ` ti : Ki℄℄and �i = [[�;� ` �i : �i[t1=x1; : : : ; tm=xm℄℄℄[[�;� ` �2(x:K)�(t) : �[t=x℄℄℄ = >[[�;�℄℄; ��[[K℄℄;[[x:K`�prop℄℄([[� ` t : fx : K j �g℄℄)Proposition 5.1.1 If J is a derivable judgement in CDer, then [[J ℄℄ is de�ned in all �-stru
tures,2 If J1 = J2 is an equational judgement in the equational theory of CDer, then [[J1℄℄ = [[J2℄℄in all �-stru
tures.Example. (1) is by stru
tural indu
tion on the derivation. (2) follows from the fa
t that
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tures, and the following substitutionlemmas hold.[[� ` �[t1=x1; : : : ; tn=xn℄ prop℄℄ =h[[� ` t1 : K1℄℄; : : : ; [[� ` t1 : K1℄℄i�[[x1 : K1; : : : ; xn : Kn ` � prop℄℄[[� ` t[t1=x1; : : : ; tn=xn℄ : K℄℄ =h[[� ` t1 : K1℄℄; : : : ; [[� ` t1 : K1℄℄i; [[x1 : K1; : : : ; xn : Kn ` t : K℄℄[[�;�[t1=x1; : : : ; tn=xn℄ ` �[t1=x1; : : : ; tn=xn℄ : �[t1=x1; : : : ; tn=xn℄ prop℄℄ =h[[� ` t1 : K1℄℄; : : : ; [[� ` t1 : K1℄℄i�[[x1 : K1; : : : ; xn : Kn; � ` � : �℄℄[[�;� ` �[�1=v1; : : : ; �n=vn℄�℄℄ =h[[�;� ` �1 : �1℄℄; : : : ; [[�;� ` �1 : �1℄℄i; [[�; v1 : �1; : : : ; vn : �n ` � : � prop℄℄This semanti
s is also 
omplete { we may 
onstru
t a 
lassifying model p : C op ! Catfrom the syntax of CDer in a standard way, as long as we add �nite produ
ts of propositionsand a terminal 
lass 1 and asso
iated rules (or 
hange the syntax for 
lasses to be f� j �gor even f� j �g). Obje
ts in C are 
onstru
ted from derivable judgements ` K 
lass underCDer-equality. Arrows from ` � 
lass to ` K 
lass are derivable judgements � ` t : Kunder CDer-equality. Obje
ts in the �bre over ` � 
lass are 
onstru
ted from derivablejudgements � ` � prop under CDer-equality. Arrows in the �bre from � ` � prop to� ` � prop are derivable judgements �;� ` � : � under CDer-equality. The results inPropositions 3.1 and 3.2 ensure that this is well-de�ned. Class 
omprehension in CDerde�nes a 
omprehension s
hema in this indexed 
ategory.5.3. A semanti
s of CEnvAfter this rather lengthy exposition, we are now in a position to give a semanti
s of CEnv.To do so, we use the relationship of CDer to CEnv, the 
oheren
e result for de�ning mapsfrom CEnv, and the above semanti
s of CDer. De�ne the semanti
s of a derivation D of ajudgement J in CEnv to be [[E(D)℄℄. The soundness of the semanti
s (Proposition 5.1) andthe 
oheren
e result (Corollary 4.1) establish that [[E(D)℄℄ is independent of the 
hoi
e ofderivation D and in fa
t [[E(D)℄℄ = [[K(J)℄℄.An equational theory for the language CEnv has no role in the development. We 
ouldhowever, formulate su
h an equational theory { it would be useful, for example when 
om-paring an operational semanti
s of CEnv with this denotational semanti
s. The equationaltheory 
ould in
lude �- and �-rules as well as the equations in the proof environments.Soundness for these equations follows from the soundness of the semanti
s of CDer andthe treatment of proof environments in CEnv.One of the starting points for this paper was an attempt to give a semanti
s forlanguages of type 
lasses in terms of 
omprehension s
hemata in 
ategories. Any su
h at-tempt requires formalising a language of type 
lasses and a 
oheren
e result to show thatthe semanti
s is properly de�ned. In (Hilken, Rydeheard 1992), we de�ned a semanti
sdire
tly, starting with a language with unusual features whi
h were diÆ
ult to justifyex
ept by 
omparison with existing languages. The 
oheren
e was established throughrewriting 
ategori
al expressions. Whilst 
oheren
e results are often treated 
ategori
ally,
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ase the proof looked opaque. Here, the treatment is more elaborate: we intro-du
e an underlying logi
al system C and an intermediate language of derivations CDer.This enables us to give some justi�
ation for the form of the language of type 
lassesand provides a medium, CDer, in whi
h to state and prove 
oheren
e using more familiarnormalisation methods.6. Type 
lassesWe now show how the above analysis applies to languages with type 
lasses, in parti
ularwe show that CEnv is itself su
h a language. To do so, a shift of perspe
tive is needed:What we have previously 
alled propositions are to be interpreted as types, proofs ofpropositions are now terms, 
lasses are indeed type 
lasses (or produ
ts of them), andwhat we previously 
alled terms are now type s
hemata. For referen
e, this is set out inthe following table:Logi
al systems Fun
tional languages� Proofs of propositions Terms (programs)� Propositional formulae TypesK Classes Kinds - (produ
ts of) type 
lassest Terms Type s
hemataFor this 
orresponden
e to make sense, we 
onsider systems with a distinguished 
lass
 (to be thought of as the 
lass of all types) and a bije
tive rule between judgements� ` t : 
 and judgements � ` t : prop, or, indeed, drop judgements of the form � ` � :prop altogether as in (Hilken, Rydeheard 1992). This follows the standard treatment ofprogramming languages as �rst order systems and so 
alled \hyperdo
trine models" (see(Pitts 1987), for example).Following this interpretation, CEnv is a language of type 
lasses with the same basi
type stru
ture as introdu
ed in (Wadler, Blott 1989) and implemented in Haskell (Hudak,Wadler 1990) and Gofer (Jones 1992). To illustrate this, we revisit the running example ofthe paper (Example 2.1) and give a 
orresponding fragment of Haskell. Re
all (Example4.1) that we gave a derivation in CEnv of the judgement:z : fy : fx : A j o1 : PA(x)g j o2 : PA(y)g; o[z℄ = o2[z℄ ` z : fx : A j o : PA(x)gCorresponding to this judgement (setting A = 
 and PA(x) = x) is the Haskellprogram:
lass C1 x where o1 :: x
lass (C1 y) => (C2 y) where o2 :: y
lass C x where o :: xinstan
e (C2 z) => (C z) where o = o2.
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ing the last line withinstan
e (C2 z) => (C z) where o = o1.The syntax di�ers from that in a formal system. In the program, we in
rementallybuild 
lasses in terms of previous 
lasses, naming the 
lass built at ea
h stage. ThusC1 
orresponds to the 
lass fx : A j o1 : PA(x)g. The 
lass C2, whi
h is built fromC1, 
orresponds to fy : fx : K j o1 : PA(x)g j o2 : PA(y)g and C 
orresponds tofx : A j o : PA(x)g. The instan
e de
laration in the program shows how any type z of
lass C2 may be 
onsidered to be of 
lass C by de�ning the operator o in in terms of o1.This 
orrespond to the above judgement in CEnv.In (Jones 1992), there is a detailed analysis of fun
tional languages with type 
lasses.A proof is given of the 
orre
tness of a 
ompiler { a translation from a language withimpli
it `eviden
e' to one with expli
it `eviden
e'. A 
oheren
e result is required and, tothis end, an equational theory of judgements is introdu
ed with both �- and �-rules. Theanalysis is, in overall stru
ture, that of the relationship between CEnv and CDer in thispaper, although details di�er. (Jones 1992) is somewhat more general, espe
ially in thetreatment of parametri
 polymorphism, but la
ks the underlying logi
al systems of thispaper.Other related work in
ludes (Curien, Ghelli 1990) whi
h examines 
oheren
e for lan-guages with expli
it subtyping; (Bailey 1996) whi
h introdu
es impli
it type 
onversionsinto the type system LEGO and (Nipkow, Snelting 1990) whi
h deals with the overloadingme
hanism in type 
lasses using order-sorted algebra.
7. Con
lusionsThis has been a fairly lengthly exer
ise in understanding a feature of programming lan-guages from a logi
al viewpoint. The treatment revolved around an underlying logi
alsystem C and a 
orresponden
e between its derivations and programs in a (prototype)programming language. Be
ause the language has a form of polymorphism in whi
h typesmay belong to more than one 
lass, this 
orresponden
e involves a `
oheren
e' result.There is 
learly more to do using this approa
h. The language CEnv is rather rudimen-tary as a programming language. It has neither fun
tion abstra
tion nor re
ursion (butsee Se
tion 3.3). Although it has type variables, it la
ks ML-style polymorphism and 8type quanti�
ation. To introdu
e this polymorphism requires a modi�ed de�nition of thewell-formedness of proof environments as des
ribed in (Jones 1992). Other extensionsin
lude adding 
lassi�
ations of type 
onstru
tors, as in (Jones 1996). This involves alambda 
al
ulus of types: in the 
ategori
al treatment, a 
artesian 
losed base 
ategory.Other interesting avenues to explore in
lude linear versions of 
lasses, and, more spe
-ulatively, languages of re
ords and variants, and features of obje
t-oriented languages,viewed from this proof-theoreti
 perspe
tive.
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