
Towards a Proof Theory of Rewriting:The Simply-Typed 2�-Cal
ulusBarnaby P. Hilken�November 26, 1999Abstra
tThis paper des
ribes the simply-typed 2�-
al
ulus, a language withthree levels: types, terms and rewrites. The types and terms arethose of the simply-typed �-
al
ulus, and the rewrites are expressionsdenoting sequen
es of �-redu
tions and �-expansions. An equationaltheory is imposed on the rewrites, based on 2-
ategori
al justi�
ations,and the word problem for this theory is solved by �nding a 
anoni
alexpression in ea
h equivalen
e 
lass.The 
anoni
al form of rewrites allows us to prove several propertiesof the 
al
ulus, in
luding a strong form of 
on
uen
e and a 
lassi�
a-tion of the long-��-normal forms in terms of their rewrites. Finallywe use these properties as the basi
 de�nitions of a theory of 
at-egori
al rewriting, and �nd that the expe
ted relationships between
on
uen
e, strong normalisation and normal forms hold.1 Introdu
tionIn the theoreti
al 
omputer s
ien
e 
ommunity re
ently there has been mu
hinterest in proof theory: the study of logi
s not in terms of their 
onsequen
erelations, but in terms of their proofs. The point of interest is not just whetherpropositions are provable, but how they are proved, and what mathemati
alstru
ture 
an be given to proofs. This raises the question of whi
h proofsshould be 
onsidered equivalent, and whi
h are distin
t. Traditional prooftheory answers this with the notions of 
ut elimination (for sequent 
al
ulus)�This work was 
arried out as part of a SERC-funded proje
t while the author was atthe University of Man
hester. The paper was 
ompleted while the author was a SERCpostdo
toral fellow at the University of Cambridge.1



and proof normalisation (for natural dedu
tion), whi
h identify proofs by
ertain synta
ti
 rules. Typi
ally, the introdu
tion followed by immediateelimination of a 
onne
tive is equated with a trivial proof. This kind ofsynta
ti
 rule is really justi�ed by the fa
t that it works: we are left with thesuspi
ion that there might be another way to do it.Categori
al logi
 provides an alternative, more mathemati
al, approa
hto the same problem, at least for intuitionisti
 logi
. Here the propositionsand proofs of a logi
 are taken to be the obje
ts and arrows of a 
ategoryrespe
tively, and two proofs are equal if, and only if, the 
orresponding ar-rows are for
ed to be equal by the axioms of 
ategory theory. In other words,the logi
 is identi�ed with a free 
ategory of a 
ertain form, depending onthe 
onne
tives of the logi
. The 
onne
tives are given universal proper-ties: 
onjun
tion as produ
t, disjun
tion as 
oprodu
t and impli
ation asexponential, for example. Sin
e universal properties 
hara
terise obje
ts upto isomorphism, this gives a more 
onvin
ing reason for identifying proofs.Categori
al proof theory arises from the observation that the identi�
ationsjusti�ed by the 
ategory theory are the same as the traditional synta
ti
ones.The aim of this work is to develop a proof theory for rewriting. Our anal-ogy is this: the elements (terms, strings, et
.) of a rewrite system 
orrespondto the propositions of a logi
, and the rewrite relation t !� s (t rewrites inzero or more steps to s) 
orresponds to the 
onsequen
e relation. The ana-logue of a proof we 
all a rewrite, and we write � : t) s when � is a rewritewhose e�e
t is to transform t into s. Just as proofs say how propositions areproved, so the rewrite � says how t is rewritten to get s. We 
an think of � asan algorithm|perhaps as simple as a sequen
e of instan
es of rewrite rules|whi
h expresses the ne
essary 
omputational information. The questions wewish to study are: what form do su
h algorithms take, what mathemati
alstru
ture do they have, and when are two of them equal?The re
exivity and transitivity of the relation !� suggest that we pushour analogy further, and try to develop 
ategori
al rewriting. We take theelements and rewrites of a rewrite system to be the obje
ts and arrows ofa 
ategory respe
tively. Composition of arrows is sequential 
ompositionof rewrites, 
orresponding to the transitivity of !�, and identity arrowsare \zero-step" rewrites, 
orresponding to re
exivity. We 
an then look for
ategori
al justi�
ation of identi�
ations between rewrites. In parti
ular, wewould hope that Seely's des
ription of �-redu
tion and �-expansion as unitand 
ounit of an adjun
tion [16℄ would �t this framework.In this paper we study one parti
ular rewrite system, the simply-typed �-
al
ulus, in some detail. We de�ne the types and terms in the usual way, andgive a language for rewrites generated from �-redu
tion and �-expansion by2



sequential and parallel 
omposition. We then introdu
e equations betweenrewrites whi
h are motivated by 
ategori
al 
onsiderations similar to thoseof Seely. These equations lead to a simple 
anoni
al form for rewrites, whi
hsolves the word problem, and allows us to prove several results about oursystem.Generalising from this example, we then de�ne 
ategori
al rewriting bywhi
h we mean a theory of rewriting whi
h 
on
erns not just the relation!�but the rewrites themselves. Our intention is to axiomatise those 
ategorieswhi
h behave like the theory of rewriting 
onsidered earlier, independentlyof the parti
ular syntax of the �-
al
ulus. Of 
ourse we do not want merelyto re
apture the usual notions of normal forms, 
on
uen
e and normali-sation, but rather to say when these notions intera
t well with the prooftheory of the rewrites. We show that our main example has extremely goodproof-theoreti
 properties, and 
hara
terise Huet's long-��-normal forms [11℄purely 
ategori
ally.1.1 Related WorkThis work brings together several strands of re
ent resear
h in theoreti
al
omputer s
ien
e. The author's own introdu
tion was via \2-
ategori
alrewriting" [15, 16℄ whi
h studies the relationship between rewriting and termstru
ture. By 
on
entrating on one parti
ular system (the �-
al
ulus) thispaper shows that this te
hnique 
an lead to greater understanding of impor-tant languages.The main 
ontent of the paper is the notion of equivalen
e betweenrewrites. Previous work on \strongly equivalent redu
tions" [14℄, summarisedin [2, 
hapter 12℄, introdu
ed an equivalen
e between �-redu
tion sequen
eswith rather di�erent motivation. In fa
t our equivalen
e agrees with the def-inition of strong equivalen
e on �-redu
tions, and extends it to �-expansionsas well.Re
ently there has been mu
h interest in typed �-
al
uli with �-expansion[1, 5, 6, 7, 12, 13℄, whi
h seems to have mu
h better 
on
uen
e propertiesthan �-
ontra
tion. [7℄ provides a valuable histori
al survey in
luding olderreferen
es. Of 
ourse, the problem with �-expansion is how to avoid thein�nite sequen
es whi
h arise. Our method is most 
losely related to that of[13℄, whi
h advo
ates that 
ertain \loops" should be \
ut". Our work 
anbe interpreted as giving an algebrai
 method for determining pre
isely whi
hloops should be 
ut, and whi
h represent genuine nontermination.
3



1.2 The PaperIn se
tion 2 we de�ne the simply-typed 2�-
al
ulus: its types, terms andrewrites. There are several forms of substitution, and we prove the basi
synta
ti
 properties. In se
tion 3 we introdu
e the equations on rewrites ofthe theory 2-�. We give an axiomatisation and a 
ategori
al semanti
s, anduse the syntax to 
onstru
t the free model.In se
tion 4 we solve the word problem for the theory 2-� by 
hoosing aunique 
anoni
al rewrite from ea
h equivalen
e 
lass. This is the fundamentalresult of this paper; unfortunately the proof is long and intri
ate with a greatmany 
ases. The high points are a form of \
ut-elimination" for rewrites,and the asso
iativity of this \
ut" operation.In se
tion 5 we investigate the relationship between the equational theory2-� and the properties of the �-
al
ulus as a rewrite system. We show thatthe theory 2-� agrees with the notion of \strongly equivalent redu
tions" on�-rewrites, and extend the \strong Chur
h-Rosser" theorem to our system.Next we prove a new property we 
all \melli
uen
e", and we 
hara
terise thelong-��-normal forms by a property of their rewrites.Finally in se
tion 6 we take the properties we have proved of the 2�-
al
ulus as the basi
 de�nitions of a 
ategori
al theory of rewriting. Weshow that in any melli
uent 
ategory, we 
an de�ne notions 
losely relatedto (strong) 
on
uen
e, (long) normal forms, weak and strong normalisation,su
h that weak normalisation implies existen
e of normal forms, and 
on
u-en
e implies their uniqueness up to isomorphism.2 The Simply-Typed 2�-Cal
ulusThe simply-typed 2�-
al
ulus is a language of three synta
ti
 
lasses, 
alledtypes, terms and rewrites. Ea
h term has a 
ontext whi
h gives the typesof free variables whi
h might appear in the term, and a type. Ea
h rewritehas a sour
e term and a target term, whi
h share a 
ommon 
ontext andtype. These well-formedness 
onditions are expressed by two judgements:� � ` t : X means that t is a well-formed term of type X in 
ontext �.� � ` 
 : t ) u : X means that 
 is a well-formed rewrite with sour
e tand target u, where t and u are well-formed terms of type X in 
ontext�.The intended interpretation of the language is that the types and termsare those of the simply-typed �-
al
ulus, and the rewrites are algorithms4



whi
h des
ribe a sequen
e of �-redu
tions and �-expansions whi
h 
an beapplied to a term.2.1 SyntaxLet B be a set of \basi
 types", with typi
al element B. The language isde�ned indu
tively as follows, where (in order to simplify several points)DeBruijn notation (see [4℄ or [2, Appendix C℄) is used for variables.Types X ::= B j X ! XSin
e this is a simply-typed 
al
ulus, a type is built up from basi
 types usingthe ! (fun
tion spa
e) 
onstru
tor.A 
ontext � is just a list of types X1; : : : ; Xn.Terms X1; : : : ; Xn ` j : Xj (1 � j � n) (variable)X;� ` t : Y� ` �t : X ! Y (lambda)� ` t : X ! Y � ` u : X� ` t u : Y (apply)A term t is a term of the simply-typed �-
al
ulus, in DeBruijn notation.

5



Rewrites X1; : : : ; Xn ` j : j ) j : Xj (1 � j � n) (id)X;� ` 
 : t) t0 : Y� ` �
 : �t) �t0 : X ! Y (lambda)� ` 
 : t) t0 : X ! Y � ` Æ : u) u0 : X� ` 
 Æ : t u) t0 u0 : Y (apply)� ` 
 : t) t0 : X � ` Æ : t0 ) t00 : X� ` 
; Æ : t) t00 : X (
ompose)� ` t : X ! Y� ` �t : t) �(t1 1) : X ! Y (eta)X;� ` t : Y � ` u : X� ` �t;u : (�t) u) t[u℄ : Y (beta)Rewrites are built up from �-redu
tion and �-expansion by sequential andparallel 
omposition. By a simple indu
tion, for any term � ` t : X there isa rewrite � ` t : t) t : X, whi
h we 
all an identity rewrite. The notationst1 and t[u℄ are de�ned below.2.2 SubstitutionFor de�niteness, we give our notation for substitution in some detail. Thereader who is unfamiliar with DeBruijn notation should read this 
arefully,noting how variable 
apture and other problems are dealt with.TermsFirstly, tn is t with all free variables greater than or equal to n in
rementedby one: jn = (j + 1 if j � n;j otherwise(t u)n = tn un(�t)n = �tn+1The e�e
t of this operation on terms in 
ontext shows that it is a form ofweakening: If X1; : : : ; Xm ` t : Y , 1 � n � m + 1 and X is a type, thenX1; : : : ; Xn�1; X;Xn; : : : ; Xm ` tn : Y .6



Next, t[v1; v2; : : : ℄ is t with vj substituted for j:j[v1; v2; : : : ℄ = vj(t u)[v1; v2; : : : ℄ = t[v1; v2; : : : ℄ u[v1; v2; : : : ℄(�t)[v1; v2; : : : ℄ = �t[1; v11; v12; : : : ℄for brevity we write t[u℄ for t[u; 1; 2; : : : ℄. The e�e
t of this on terms in
ontext shows that it is a form of 
ut: If X1; : : : ; Xn ` t : Y and � ` uj : Xjfor j = 1; : : : ; n, then � ` t[u1; : : : ; un℄ : Y .Lemma 1. Some basi
 properties of substitution:1. The identity substitution: t[1; 2; : : : ℄ = t.2. Asso
iativity of term substitution:t[u1; u2; : : : ℄[v1; v2; : : : ℄ = t[u1[v1; v2; : : : ℄; u2[v1; v2; : : : ℄; : : : ℄3. t2[1℄ = t.4. (t[u1; u2; : : : ℄)1 = t1[1; u11; u12; : : : ℄.Proof. These results (and the weakening and 
ut properties above) are allstraightforward stru
tural indu
tions.RewritesThe operation of in
rementing variables extends to rewrites in a straightfor-ward way: jn = (j + 1 if j � n;j otherwise(
 Æ)n = 
n Æn(�
)n = �
n+1(
; Æ)n = 
n; Æn�nt = �tn�nt;u = �tn+1;unIts e�e
t on rewrites in 
ontext is as expe
ted: If X1; : : : ; Xm ` 
 : t) u : Y ,1 � n � m+1 andX is a type, thenX1; : : : ; Xn�1; X;Xn; : : : ; Xm ` 
n : tn )un : Y . 7



Substitution extends to rewrites as two distin
t operations. Substitutionof rewrites into terms is de�ned by:j[
1; 
2; : : : ℄ = 
j(t u)[
1; 
2; : : : ℄ = t[
1; 
2; : : : ℄ u[
1; 
2; : : : ℄(�t)[
1; 
2; : : : ℄ = �t[1; 
11 ; 
12 ; : : : ℄giving a 
ut rule: If X1; : : : ; Xn ` t : Y and � ` 
j : uj ) u0j : Xj for j =1; : : : ; n, then � ` t[
1; : : : ; 
n℄ : t[u1; : : : ; un℄) t[u01; : : : ; u0n℄ : Y .Substitution of terms into rewrites is de�ned byj[v1; v2; : : : ℄ = vj(
 Æ)[v1; v2; : : : ℄ = 
[v1; v2; : : : ℄ Æ[v1; v2; : : : ℄(�
)[v1; v2; : : : ℄ = �
[1; v11; v12; : : : ℄(
; Æ)[v1; v2; : : : ℄ = 
[v1; v2; : : : ℄; Æ[v1; v2; : : : ℄�t[v1; v2; : : : ℄ = �t[v1;v2;::: ℄�t;u[v1; v2; : : : ℄ = �t[1;v11 ;v12 ;::: ℄;u[v1;v2;::: ℄giving a 
ut rule: If X1; : : : ; Xn ` 
 : t ) t0 : Y and � ` uj : Xj for j =1; : : : ; n, then � ` 
[u1; : : : ; un℄ : t[u1; : : : ; un℄) t0[u1; : : : ; un℄ : Y .Note that there are three interpretations of t[u1; u2; : : : ℄ as a rewrite: theidentity on t[u1; u2; : : : ℄, the substitution of [u1; u2; : : : ℄ into the identity on tand substitution of identities on [u1; u2; : : : ℄ into t. A simple indu
tion showsthat these three are equal, so there is no ambiguity.Lemma 2. Basi
 properties of substitution of rewrites:1. Identity substitution: 
[1; 2; : : : ℄ = 
.2. Asso
iativity of term-term-rewrite substitution:t[u1; u2; : : : ℄[
1; 
2; : : : ℄ = t[u1[
1; 
2; : : : ℄; u2[
1; 
2; : : : ℄; : : : ℄3. Asso
iativity of term-rewrite-term substitution:t[
1; 
2; : : : ℄[v1; v2; : : : ℄ = t[
1[v1; v2; : : : ℄; 
2[v1; v2; : : : ℄; : : : ℄4. Asso
iativity of rewrite-term-term substitution:
[u1; u2; : : : ℄[v1; v2; : : : ℄ = 
[u1[v1; v2; : : : ℄; u2[v1; v2; : : : ℄; : : : ℄5. (t[
1; 
2; : : : ℄)1 = t1[1; 
11 ; 
12 ; : : : ℄.6. 
2[1℄ = 
.7. (
[u1; u2; : : : ℄)1 = 
1[1; u11; u12; : : : ℄.Proof. Again, these are straightforward stru
tural indu
tions.8



3 The Theory 2-�The theory 2-� is an equational theory on the rewrites of the 2�-
al
ulus.We write it as a judgement:� � ` 
 = Æ : t ) u : X means that 
 and Æ are equivalent in the theory2-�, where 
 and Æ are well-formed rewrites with sour
e t and target u,of type X in 
ontext �.The intention is to axiomatise not when two rewrites have the same e�e
t|after all, we are only 
onsidering equations between rewrites with 
ommonsour
e and target|but when two rewrites might be implemented identi
ally;for example, a parallel rewrite might be implemented on a sequential ma
hinein either order. This is an attempt to say when two rewrites represent thesame algorithm.3.1 The Axiomatisation of 2-�.The �rst axioms need no explanation, they merely formalise what might be
alled a 2�-theory: an equivalen
e whi
h respe
ts the synta
ti
 stru
ture.� ` 
 : t) t0 : X� ` 
 = 
 : t) t0 : X (re
exivity)� ` 
 = Æ : t) t0 : X� ` Æ = 
 : t) t0 : X (symmetry)� ` 
 = Æ : t) t0 : X � ` Æ = � : t) t0 : X� ` 
 = � : t) t0 : X (transitivity)X;� ` 
 = 
0 : t) t0 : Y� ` �
 = �
0 : �t) �t0 : X ! Y (�-subst)� ` 
 = 
0 : t) t0 : X ! Y � ` Æ = Æ0 : u) u0 : X� ` 
 Æ = 
0 Æ0 : t u) t0 u0 : Y (app-subst)� ` 
 = 
0 : t) t0 : X � ` Æ = Æ0 : t0 ) t00 : X� ` 
; Æ = 
0; Æ0 : t) t00 : X (;-subst)The parti
ular axioms whi
h de�ne the theory 2-� are as follows. Rewritesj a
t as left and right identities of 
omposition:� ` 
 : j ) t : X� ` j; 
 = 
 : j ) t : X (id-l)� ` 
 : t) j : X� ` 
; j = 
 : t) j : X (id-r)9



Abstra
tion and appli
ation distribute over 
omposition:X;� ` 
 : t) t0 : Y X;� ` Æ : t0 ) t00 : Y� ` �
;�Æ = �(
; Æ) : �t) �t00 : X ! Y (�-dist)� ` 
 : t) t0 : X ! Y � ` 
0 : t0 ) t00 : X ! Y� ` Æ : u) u0 : X � ` Æ0 : u0 ) u00 : X� ` (
 Æ); (
0 Æ0) = (
; 
0) (Æ; Æ0) : t u) t00 u00 : Y (app-dist)Composition is asso
iative:� ` 
 : t) t0 : X � ` Æ : t0 ) t00 : X � ` � : t00 ) t000 : X� ` 
; (Æ; �) = (
; Æ); � : t) t000 : X (asso
)� and � 
ommute with rewrites of their subs
ripts:� ` 
 : t) t0 : X ! Y� ` �t;�(
1 1) = 
; �t0 : t) �(t01 1) : X ! Y (�-nat)X;� ` 
 : t) t0 : Y � ` Æ : u) u0 : X� ` (�
) Æ; �t0;u0 = �t;u; 
[u℄; t0[Æ℄ : (�t) u) t0[u0℄ : Y (�-nat)�-expansion followed by �-redu
tion 
an
els out:X;� ` t : Y� ` ��t;��t2;1 = �t : �t) �t : X ! Y (triangle1)� ` t : X ! Y � ` u : X� ` �t u; �t1 1;u = t u : t u) t u : Y (triangle2)Lemma 3. Basi
 properties of the theory, relating the equations to substi-tution:1. Substitution into equations: If X1; : : : ; Xn ` 
 = Æ : t ) t0 : Y and� ` uj : Xj for j = 1; : : : ; n, then� ` 
[u1; : : : ; un℄ = Æ[u1; : : : ; un℄ : t[u1; : : : ; un℄) t0[u1; : : : ; un℄ : Y2. Substitution of equals for equals: If X1; : : : ; Xn ` t : Y and � ` 
j =Æj : uj ) u0j : Xj for j = 1; : : : ; n, then� ` t[
1; : : : ; 
n℄ = t[Æ1; : : : ; Æn℄ : t[u1; : : : ; un℄) t[u01; : : : ; u0n℄ : Y3. Composition with identities: If � ` 
 : t ) u : X then � ` t; 
 =
 : t) u : X and � ` 
; u = 
 : t) u : X.10



4. Distributivity of substitution: If X1; : : : ; Xn ` t : Y , � ` 
j : uj )u0j : Xj and � ` Æj : u0j ) u00j : Xj for j = 1; : : : ; n, then� ` t[
1; Æ1; : : : ; 
n; Æn℄ = t[
1; : : : ; 
n℄; t[Æ1; : : : ; Æn℄: t[u1; : : : ; un℄) t[u001; : : : ; u00n℄ : Y5. The inter
hange law: If X1; : : : ; Xn ` 
 : t ) t0 : Y and � ` Æj : uj )u0j : Xj for j = 1; : : : ; n, then� ` 
[u1; : : : ; un℄; t0[Æ1; : : : ; Æn℄ = t[Æ1; : : : ; Æn℄; 
[u01; : : : ; u0n℄: t[u1; : : : ; un℄) t0[u01; : : : ; u0n℄ : YProof. Yet more stru
tural indu
tions.3.2 The Categori
al Des
ription of 2-�In this paragraph we present the author's original motivation for the theory2-�, whi
h justi�es the equations of se
tion 3.1. It is based on Seely's de-s
ription of the �-
al
ulus as a 2-
ategory [16℄. This motivation uses somefairly deli
ate notions from the theory of 2-
ategories. The reader who is un-familiar with this material 
an safely skip the rest of this se
tion, as neitherthe results nor the methods will be used in the rest of the paper.The 2-
ategori
al obje
ts whi
h o

ur here are either stri
t or lax, butnot pseudo. We will therefore sti
k to the \Australian" terminology, whereeverything is preserved on the nose unless otherwise quali�ed, and the wordstri
t is used only for emphasis.The theory of 2-
ategories has several notions of adjun
tion (see, for ex-ample, [10℄) of whi
h we shall need the following:De�nition. A 2-natural adjun
tion 
onsists of the following data:� Two 2-
ategories C and D,� Two (stri
t) 2-fun
tors F;G : C ! D,� Two 2-natural transformations � : F ) G and � : G) F , and� Two modi�
ations � : 1F ! �� and � : �� ! 1G,satisfying the triangle laws: �� Æ �� = 1��� Æ �� = 1�In this 
ase we say that � is naturally left adjoint to � .11



De�nition. Let F : C ! D be a 2-fun
tor. A lax right adjoint to Fassigns to ea
h obje
t Y of D the following:� An obje
t G(Y ) of C and� Two 2-natural transformations �(Y ) : C( ; G(Y ))) D(F ( ); Y ) and�(Y ) : D(F ( ); Y )) C( ; G(Y )),su
h that �(Y ) is naturally left adjoint to �(Y ).De�nition. Let C be a 2-
ategory with �nite produ
ts (in the enri
hedsense). We say C has lax exponentials if for ea
h obje
t X the 2-fun
torX � : C ! C has a lax right adjoint.Lemma 4. Let C be a 2-
ategory with �nite produ
ts, and X;X 0 be obje
tsof C. If X � and X 0 � have lax right adjoints, then so does X �X 0 � .Proof. Let X � have lax right adjoint GX ; �X ; �X et
. ThenGX�X0(Y ) = GX0(GX(Y ))�X�X0(Y )Z = �X(Y )X0�Z�X0(GX(Y ))Z�X�X0(Y )Z = �X0(GX(Y ))Z�X(Y )X0�Zde�nes a lax right adjoint to X �X 0 � .This 2-
ategory theory is related to the theory 2-� by a 2-
ategori
alversion of the Lambek-Lawvere 
orresponden
e. We asso
iate a 2-
ategorywith 2-� as follows:De�nition. The 2-
ategory � is de�ned by� The obje
ts are 
ontexts �.� The arrows are lists of terms [t1; : : : ; tn℄ : � ! X1; : : : ; Xn, where � `tj : Xj.� The 2-
ells are lists of equivalen
e 
lasses of rewrites[
1; : : : ; 
n℄ : [t1; : : : ; tn℄) [u1; : : : ; un℄ : �! X1; : : : ; Xnwhere � ` 
j : tj ) uj : Xj;� Two rewrites 
 and Æ : t) u : �! X are equivalent i� � ` 
 = Æ : t)u : X. 12



� Horizontal 
omposition of [t1; : : : ; tn℄ : �! E and [u1; : : : ; um℄ : �! �is [t1[u1; : : : ; um℄; : : : ; tn[u1; : : : ; um℄℄ : �! E� Verti
al 
omposition of [
1; : : : ; 
n℄ : [t1; : : : ; tn℄) [u1; : : : ; un℄ and[Æ1; : : : ; Æn℄ : [u1; : : : ; un℄) [v1; : : : ; vn℄ is[
1; Æ1; : : : ; 
n; Æn℄ : [t1; : : : ; tn℄) [v1; : : : ; vn℄Proposition 5. � is a 2-
ategory with �nite produ
ts and lax exponentials.Proof. That � is a 2-
ategory amounts to 
he
king various axioms, all ofwhi
h are either immediate or appear in lemmas 1{3.Produ
ts are de�ned by 
on
atenation of 
ontexts, proje
tions are vari-ables and universal arrows are given by 
on
atenations of lists.In view of lemma 4, it is enough to give a lax right adjoint to X� . Thisis de�ned by GX(Y1; : : : ; Ym) = X ! Y1; : : : ; X ! Ym�X(Y1; : : : ; Ym)�([t1; : : : ; tm℄) = [t11 1; : : : ; t1m 1℄�X(Y1; : : : ; Ym)�([t1; : : : ; tm℄) = [�t1; : : : ; �tm℄�X(Y1; : : : ; Ym)�([t1; : : : ; tm℄) = [�t1 ; : : : ; �tm ℄�X(Y1; : : : ; Ym)�([t1; : : : ; tm℄) = [�t21;1; : : : ; �t2m;1℄Again, all the work has been done in the lemmas.Theorem 6. � is the universal (free) 2-
ategory with �nite produ
ts andlax exponentials on the set B of basi
 types.Proof. Let C be a 2-
ategory with �nite produ
ts and lax exponentials, thelax right adjoint to X � being given by GX , �X , �X , �X and �X . For ea
hB 2 B let BC be an obje
t of C. We 
onstru
t a 2-fun
tor F : �! C whi
hpreserves �nite produ
ts and lax exponentials as follows:F(X1; : : : ; Xn) = F(X1)� � � � � F(Xn)F(X ! Y ) = GF(X)(F(Y ))F(B) = BCF [t1; : : : ; tn℄ = hF(t1); : : : ;F(tn)iF(j) = �jF(�t) = �F(X)(F(Y ))F(�)(F(t)) where X;� ` t : YF(t u) = �F(X)(F(Y ))F(�)(F(t)) Æ hF(u); 1i where � ` t : X ! Y13



F [
1; : : : ; 
n℄ = hF(
1); : : : ;F(
n)iF(j) = 1�jF(�
) = �F(X)(F(Y ))F(�)(F(
)) where X;� ` 
 : t) t0 : YF(
 Æ) = �F(X)(F(Y ))F(�)(F(
)) Æ hF(Æ); 1iwhere � ` 
 : t) t0 : X ! YF(
; Æ) = F(
);F(Æ)F(�t) = �F(X)(F(Y ))F(�)(F(t)) where � ` t : X ! YF(�t;u) = �F(X)(F(Y ))F(�)(F(t)) Æ hF(u); 1i where � ` t : X ! YIt is straightforward to 
he
k that this is well-de�ned. Uniqueness is imme-diate be
ause ea
h of the 
lauses above must be true if F is to preserve �niteprodu
ts and lax exponentials.4 The Canoni
al Form of RewritesThis se
tion is the heart of the paper. By analogy with proof theory, we viewthe 
omposition (;) of rewrites as a 
ut rule, and prove a kind of ;-eliminationtheorem. This operation of ;-elimination preserves the equations of the theory2-�; we show that 
onversely, it maps equated rewrites to identi
al ones.Although this pro
ess of ;-elimination does not remove all ;s, it does mapall rewrites to a synta
ti
ally simple kind we 
all 
anoni
al form. Thissolves the word problem for 2-�: two rewrites are equated in 2-� if, and onlyif, they have the same 
anoni
al form. This result is parti
ularly useful whenproving properties of the theory.De�nition (Canoni
al Form). In order to de�ne the 
anoni
al form, weidentify three spe
ial 
lasses of rewrites. Let A be de�ned indu
tively asfollows:� Every identity rewrite is in A.� If � ` �1 : t1 ) �t : X ! Y and � ` �2 : t[u℄ ) t2 : Y are in A, then� ` �1 u; �t;u;�2 : t1 u! t2 : Y is in A.let E be de�ned indu
tively by:� Every identity rewrite is in E .� If � ` �1 : t1 ) t : X ! Y and X;� ` �2 : 1 ) t2 : X and X;� `�3 : t1 t2 ) t3 : Y are in E , then � ` �1; �t;�(t1 �2; �3) : t1 ) �t3 : X ! Yis in E . 14



and let G be de�ned indu
tively by:� If � ` � : t ) j : X is in A and � ` � : j ) u : X is in E then � `�; j; � : t) u : X is in G.� If � ` � : t ) �t1 : X ! Y is in A, � ` � : �u1 ) u : X ! Y is in Eand X;� ` 
 : t1 ) u1 : Y is in G then � ` �;�
; � : t ) u : X ! Y isin G.� If � ` � : t ) t1 u1 : Y is in A, � ` � : t2 u2 ) u : Y is in E , and� ` 
 : t1 ) t2 : X ! Y and � ` Æ : u1 ) u2 : X are in G, then� ` �; 
 Æ; � : t) u : Y is in G.A rewrite is in 
anoni
al form when it is in G.The notation 
1; 
2; 
3 is shorthand for (
1; 
2); 
3. (Of 
ourse, the 
hoi
e ofleft rather than right bra
keting is arbitrary, as long as we are 
onsistent.)This 
anoni
al form is not meant to have anything to do with eÆ
ien
yof implementation, nor should it be understood as an evaluation strategy: itis simply a formal devi
e for studying the theory 2-�. Nonetheless, we 
anmake some attempt to des
ribe it informally.� A rewrite in A is a sequen
e of �-redu
tions at the top level. However,the �rst term of a �-redex must be a �-abstra
tion: a sequen
e oftop-level �-redu
tions to this term will a
hieve this.� A rewrite in E is a sequen
e of �-expansions at the top level. However,�-expansions 
reate new subterms, whi
h 
an themselves be expanded.� A rewrite in G takes the form: �rst all the top-level �-redu
tions, lastall the top-level �-expansions, and in between, all the rewrites of thesubterms.Lemma 7. The following results are no more than observations; they arere
orded here so that we 
an use them without further 
omment.1. Every rewrite in G is of the form �; Æ; �, where � 2 A, � 2 E and Æ iseither j, �
1 or 
1 
2.2. If � ` � : t ) t0 : X in A is not an identity rewrite, then t = t1 t2 forsome t1, t2.3. If � ` � : t ) t0 : X in E is not an identity rewrite, then t0 = �t1 forsome t1. 15



4. If � ` 
 : 1) t : X is in G then 
 = 1; 1; � for some � ` � : 1) t : X inE .In general, identity rewrites are not members of G. The following de�ni-tion des
ribes those 
anoni
al rewrites whi
h play the role of identities.De�nition. For ea
h term t we de�ne I(t) indu
tively as follows:I(j) = j; j; jI(�t) = �t;�I(t);�tI(t u) = t u; I(t) I(u); t uThis de�nition is justi�ed by the following lemma.Lemma 8. If � ` t : X then1. � ` I(t) : t) t : X is in G2. � ` I(t) = t : t) t : X.Proof. Stru
tural indu
tion.Substitution of rewrites in G takes a di�erent form from either of thesubstitutions of rewrites de�ned so far.De�nition. If � ` Æj : uj ) u0j : Xj for j = 1 : : : n, then:(�; j; �)[Æ1; : : : ; Æn℄ = �[u1; : : : ; un℄; ; Æj; ; �[u01; : : : ; u0n℄(�;�
; �)[Æ1; : : : ; Æn℄ = �[u1; : : : ; un℄;�(
[1; Æ11; : : : ; Æ1n℄); �[u01; : : : ; u0n℄(�; 
1 
2; �)[Æ1; : : : ; Æn℄ = �[u1; : : : ; un℄; 
1[Æ1; : : : ; Æn℄ 
2[Æ1; : : : ; Æn℄; �[u01; : : : ; u0n℄The relationship of this form with the other two is given by the followinglemma.Lemma 9. Let X1; : : : ; Xn ` 
 : t ) t0 : X and � ` Æj : uj ) u0j : Xj forj = 1 : : : n be rewrites in G. Then1: � ` 
[Æ1; : : : ; Æn℄ : t[u1; : : : ; un℄) t0[u01; : : : ; u0n℄ : X is in G2: � ` 
[Æ1; : : : ; Æn℄ = 
[u1; : : : ; un℄; t0[Æ1; : : : ; Æn℄: t[u1; : : : ; un℄) t0[u01; : : : ; u0n℄ : X3: � ` 
[Æ1; : : : ; Æn℄ = t[Æ1; : : : ; Æn℄; 
[u01; : : : ; u0n℄: t[u1; : : : ; un℄) t0[u01; : : : ; u0n℄ : XProof. Stru
tural indu
tion. 16



The heart of the proof of the 
anoni
al form theorem is the de�nition ofsequential 
omposition of rewrites as a binary operation on G. The 
omposi-tion of rewrites in E and A is straightforward; we use the symbol `; ;' de�nedas follows, with the 
onvention that � 2 A, � 2 E and �; Æ; � 2 G.t; ;� = � where t is an identity(�1u; �t;u;�2); ;� = �1u; �t;u; (�2; ;�)�; ; t = � where t is an identity�; ; (�1; �t;�(t1 �2; �3)) = (�; ; �1); �t;�(t1 �2; �3)�; ; (�0; Æ; �) = (�; ;�0); Æ; �(�; Æ; �0); ; � = �; Æ; (�0; ; �)Note that ; ; is asso
iative (in every possible way) and that identities in Aand E are identities of ; ;.De�nition. If 
1 and 
2 are rewrites in G, their 
omposition 
1 y 
2 isde�ned by synta
ti
 
ases:�; j; j y j; j; � = �; j; ��;�
1;�t y �t;�
2; � = �;�(
1 y 
2); ��; 
11 
12; t u y t u; 
21 
22; � = �; (
11 y 
21) (
12 y 
22); �
1; �t1 ;�(t11 �11; �12) y �t2;�
2; �2 =8>>><>>>:
1 y 
3; �t3 ;�(t13 �31; �32); ; �2if t11 1; I(t11) (1; 1; �11); �12 y 
2 = t11 1; 
13 (1; 1; �31); �32
1 y �3;�
3; �2if t11 1; I(t11) (1; 1; �11); �12 y 
2 = �13 1; �t3;1; 
3�1; 
11 
12; t21 t22 y �21 t22; �t23;t22 ; 
2 =8>>><>>>:�1; ;�3 t12; �t3;t12 ; 
3[
12℄ y 
2if 
11 y �21;�I(t23);�t23 = �3;�
3;�t23�1; 
3 (
12; ; �31[t22℄); �32[t22℄ y 
2if 
11 y �21;�I(t23);�t23 = 
3; �t3 ;�(t13 �31; �32)17



This de�nition is not easy to motivate intuitively, although we will showformally that it is 
orre
t. The following lemma shows that y is the operationwhi
h �nds the 
anoni
al form of the sequential 
omposition 
1; 
2 of two
anoni
al rewrites 
1 and 
2. By analogy with proof theory, this should bethought of as the `elimination' of the ; (whi
h is analogous to a 
ut).Lemma 10. If � ` 
1 : t1 ) t2 : X and � ` 
2 : t2 ) t3 : X are in G, then1. 
1 y 
2 is well-de�ned and � ` 
1 y 
2 : t1 ) t3 : X is in G,2. � ` 
1 y 
2 = 
1; 
2 : t1 ) t3 : X.Proof. (1) That the 
lauses de�ning y are exhaustive follows from lemma 7.The well-foundedness of the re
ursion is slightly more 
ompli
ated than thesimple stru
tural indu
tions 
onsidered so far; we de�ne a measure j
jG onG and j�jA on A as follows:j�; j; �jG = j�jA + 1j�;�
; �jG = j�jA + j
jG + 1j�; 
 Æ; �jG = j�jA + j
jG + jÆjG + 1jtjA = 0j�1 u; �t;u;�2jA = j�1jA + jI(t)jG + j�2jA + 1and use the indu
tive hypothesis on n that:� 
1 y 
2 is well de�ned for all 
omposable 
1; 
2 2 G su
h that j
2jG < n,and� If j
2jG < n then j(t 1; I(t) (1; 1; �1); �2)y
2jG < n for all �1; �2 2 E whi
hmake the 
omposition de�ned.The proof is then straightforward.(2) This is a fairly straightforward indu
tion, whi
h amounts to justifyingthe 
lauses in the de�nition of y using the rules (id-l{triangle2) of se
tion3.1.Lemma 11. Basi
 fa
ts relating the various operations on G.1. The 
ompositions ; ; and y agree: If � ` � : t1 ) t2 : X is in A, and� ` 
1 : t2 ) t3 : X and � ` 
2 : t3 ) t4 : X are in G, then�; ; (
1 y 
2) = (�; ; 
1) y 
218



2. Similarly: If � ` 
1 : t1 ) t2 : X and � ` 
2 : t2 ) t3 : X are in G, and� ` � : t3 ) t4 : X is in E , then(
1 y 
2); ; � = 
1 y (
2; ; �)3. Rewrites I(t) are identities for y: If � ` 
 : t) u : X is in G thenI(t) y 
 = 
 = 
 y I(u)4. The inter
hange law for y: If X1; : : : ; Xn ` 
 : t ) t0 : X andX1; : : : ; Xn ` 
0 : t0 ) t00 : X and � ` Æj : uj ) u0j : Xj and � ` Æ0j : u0j )u00j : Xj are in G for j = 1 : : : n, then(
 y 
0)[Æ1 y Æ01; : : : ; Æn y Æ0n℄ = 
[Æ1; : : : ; Æn℄ y 
0[Æ01; : : : ; Æ0n℄Proof. Straightforward indu
tions, using the 
omplexity measure j
jG oflemma 10.The �nal result we need before proving the 
anoni
al form theorem is theasso
iativity of y:Proposition 12. If � ` 
1 : t1 ) t2 : X and � ` 
2 : t2 ) t3 : X and � `
3 : t3 ) t4 : X are in G, then (
1 y 
2) y 
3 = 
1 y (
2 y 
3).The proof of this proposition is long and te
hni
al, with a large numberof 
ases. It has been moved to an appendix.Using y, we now formally de�ne the 
anoni
al form of a general rewrite.De�nition. If � ` 
 : t ) u : X is any rewrite, we de�ne � ` C(
) : t )u : X in G as follows:C(j) = j; j; jC(�
) = �t;�C(
);�u where X;� ` 
 : t) u : YC(
1 
2) = t1 t2; C(
1) C(
2); u1 u2 where � ` 
j : tj ) uj : XjC(
1; 
2) = C(
1) y C(
2)C(�t) = I(t); ; t; �t;�(t1 1; t1 1)C(�t;u) = (�t) u; �t;u; t[u℄; ; I(t[u℄)This de�nition is justi�ed by the following proposition.Proposition 13. If � ` 
 : t) u : X then1. � ` C(
) : t) u : X is in G 19



2. � ` C(
) = 
 : t) u : X.Proof. Straightforward indu
tion. The work has already been done in lem-mas 8{10.Finally, we show that C preserves the equalities of the theory 2-�.Proposition 14. If � ` 
 = Æ : t) u : X then C(
) = C(Æ).Proof. By indu
tion on the length of the derivation of � ` 
 = Æ : t) u : X.The hard 
ases have already been done in lemmas 11{12.Theorem 15 (The Canoni
al Form Theorem). The set G 
ontains ex-a
tly one member of ea
h equivalen
e 
lass of the rewrites quotiented by thetheory 2-�.Proof. This follows immediately from the last two results.Corollary 16. The theory 2-� is 
onsistent, in the sense that it does notidentify everything possible.Proof. By the theorem, it suÆ
es to give two distin
t elements of G with thesame sour
e and target. We give two di�erent examples:� If X;� ` t : Y then� ` �(�t2 1);�C(�t2;1);�t; ��t;�(�t2 1;�t2 1): �(�t2 1)) �(�t2 1) : X ! Yis in G, but it is not equal to I(�(�t2 1)).� Let I = �1. ThenX ` I (I 1); I(I) C(�1;1); I 1: I (I 1)) I 1: Xand X ` C(�1;I 1) : I (I 1)) I 1: Xare both in G, but they are not equal.
20



5 The 2�-Cal
ulus as a Rewrite SystemIn this se
tion we use the 
anoni
al form of rewrites to investigate the 2�-
al
ulus as a rewrite system. First we investigate the relationship betweenequality of rewrites in 2-� and `strongly equivalent' redu
tions of the �-
al
ulus. Next we generalise the `strong Chur
h-Rosser' theorem to our set-ting, and prove a related property we 
all `melli
uen
e'. Finally we 
har-a
terise the long-��-normal forms in terms of the properties of the rewritesstarting from them. These results provide eviden
e for the 
laim that the2�-
al
ulus is not just a formalism for talking about rewrites, but also hassomething to say about the pro
ess of redu
tion.From this point on, we 
onsider rewrites up to equivalen
e. The formalismof the �rst part of the paper has done its job, and we no longer need the notionof synta
ti
 equality. We 
an assume that any rewrite is in G even thoughwe will use the rules of 2-� to reason about them, and write �t;u instead of�t u; �t;u; t[u℄; ; I(t[u℄) and 
; Æ instead of 
 yÆ. The more pedanti
 reader 
aninsert C at every appropriate point.5.1 Strongly Equivalent Redu
tionsThe theory 2-� is 
losely related to L�evy's notion of strongly equivalentredu
tions, de�ned as follows (see [14℄ or [2, 
hapter 12℄).Two sequen
es of �-redu
tions � and � in the �-
al
ulus from thesame term are strongly equivalent if the residuals �=� and �=�are both empty.This de�nition does not extend to an equivalen
e relation in the presen
e of�-expansion, sin
e �t=�t = �(�t1 1)so the relation is not re
exive. However, for �-redu
tions, the two theoriesagree, as we now demonstrate.Proposition 17. The �-redu
tions of the simply-typed �-
al
ulus, quo-tiented by strong equivalen
e, are in bije
tive 
orresponden
e with thoserewrites in G whi
h 
ontain no �s.Proof. In [2, 
hapter 12℄ it is shown that every �nite �-redu
tion is stronglyequivalent to a unique standard redu
tion. Therefore we need only show abije
tion between standard redu
tions and 
anoni
al forms.21



A standard redu
tion is one in `leftmost-outermost' order. We de�ne amap S from 
anoni
al forms with no �s to standard redu
tions (using thenotation of [2℄) as follows:S(�; j; j) = S(�)S(�;�
;�t) = S(�) + �S(
)S(�; 
1 
2; t0 u0) = S(�) + (S(
1) u) + (t0 S(
2))S(t) = ;S(�1 u; �t;u;�2) = (S(�1) u) + �t;u + S(�2)This is 
learly a bije
tion: it just sequentialises the redu
tions in a standardway.The theory 2-� 
an therefore be seen as a way of extending the notionof strong equivalen
e to the �-
al
ulus with �-expansion. The triangle laws(triangle1) and (triangle2) mean that it is not just a simple-minded adapta-tion of L�evy's de�nition, but has rather more stru
ture.5.2 Strong Con
uen
eThe most important 
on
ept of rewriting theory is that of 
on
uen
e/theChur
h-Rosser theorem/the diamond property: that if 
1 : t) u1 and 
2 : t)u2 are two rewrites with a 
ommon sour
e then there exist Æ1 : u1 ) v andÆ2 : u2 ) v with 
ommon target. This is proved for the �-
al
ulus with�-expansion in [13℄. The de�nition of strongly-equivalent redu
tions in the�-
al
ulus gives rise to the strong Chur
h-Rosser theorem/
ommuting dia-mond property: that Æ1 and Æ2 
an be 
hosen so that 
1; Æ1 and 
2; Æ2 arestrongly equivalent (see [2, 
hapter 12℄). In this se
tion we extend this resultto the 2�-
al
ulus.The �rst lemma we prove says that if two rewrites in A have a 
ommonsour
e, one is a pre�x of the other:Lemma 18. If �1 : t ) u1 and �2 : t ) u2 are in A then either there exists�3 : u1 ) u2 in A su
h that ` �1;�3 = �2 or vi
e versa.Proof. By indu
tion on the stru
ture of �1 and �2.
ase 1: �1 = t. Then u1 = t, take �3 = �2.
ase 2: �2 = t. Then u2 = t, take �3 = �1.22




ase 3: �j = �j1 t2; �vj ;t2 ;�j2 where t = t1 t2, �j1 : t1 ) �vj.Apply the indu
tive hypothesis to �11; �21 to get (without loss of gen-erality) �31 : �v1 ) �v2. But any rewrite in A with sour
e a �-term isidentity, so v1 = v2 and �11 = �21. The result then follows by applyingthe indu
tive hypothesis to �12 : v1[t2℄) u1 and �22 : v2[t2℄) u2.Next we turn our attention to rewrites in E : they 
ommute with anyother rewrite:Lemma 19. If � : t ) u1 is in E and 
 : t ) u2 then there exist 
0 : u1 ) vand �0 : u2 ) v in E su
h that ` �; 
0 = 
; �0.Proof. By indu
tion on the stru
ture of �.
ase 1: � = t. Then u1 = t, take 
0 = 
 and �0 = u2.
ase 2: � = �1; �w;�(w1 �2; �3), where �1 : t) w, �2 : 1) x and �3 : w1 x) y.Apply the indu
tive hypothesis to �1 and 
 to get �01 and 
1, then applyit to �3 and 
11 x to get 
2 and �03. We then have�;�
2 = �1; �w;�(w1 �2; �3);�
2= �1; �w;�(w1 �2; �3; 
2)= �1; �w;�(w1 �2; 
11 x; �03)= �1; 
1; �w0;�(w01 �2; �03)= 
; �01; �w0;�(w01 �2; �03)so take 
0 = �
2 and �0 = �01; �w0;�(w01 �2; �03).A �nal lemma to say how rewrites in E intera
t with �-redu
tions:Lemma 20. If � : �t ) u and �0 : u s ) v are in E then there exist w,
 : v ) w and 
0 : t[s℄) w su
h that ` � s; �0; 
 = �t;s; 
0.Proof. By indu
tion on the stru
ture of �.
ase 1: � = �t. Then u = �t; apply lemma 19 to �0 and �t;s.
ase 2: � = �1; �x;�(x1 �2; �3), where �1 : �t) x, �2 : 1) r and �3 : x1 r ) y.Apply lemma 19 to �0 and �y;s to get 
1 : v ) w1 and �00 : y[s℄ ) w1,then apply the indu
tive hypothesis to �1 and �3[s℄; �00 to get 
2 : w1 ) w
23



and 
3 : t[r[s℄℄) w. We then have� s; �0; 
1; 
2 = �1 s; �x s;�(x1 �2; �3) s; �y;s; �00; 
2= �1 s; x �2[s℄; �3[s℄; �00; 
2= �t �2[s℄; �1 r[s℄; �3[s℄; �00; 
2= �t �2[s℄; �t;r[s℄; 
3= �t;s; t[�2[s℄℄; 
3so take 
 = 
1; 
2 and 
0 = t[�2[s℄℄; 
3.We are now in a position to prove 
on
uen
e. For this (and another)proof, some more sophisti
ated well-foundedness is needed: the usual proofof 
on
uen
e of the �-
al
ulus depends upon `�niteness of developments' [2,
hapter 11℄. Rather than set up all that ma
hinery here, we use the fa
t thatthe simply-typed �-
al
ulus (with �-redu
tion) is strongly normalising. Wewrite jjtjj for the length of the longest ��-redu
tion path starting from t.Proposition 21. If 
1 : t ) u1 and 
2 : t ) u2 then there exist 
01 : u1 ) vand 
02 : u2 ) v su
h that ` 
1; 
01 = 
2; 
02.Proof. By indu
tion on jjtjj, the 
omplexity of their 
ommon sour
e term.Let (�j; Æj; �j) = 
j for j = 1; 2. Then �1 and �2 have the same domain;by lemma 18 there exists �3 su
h that (without loss of generality) �2 = �1;�3.
ase 1: Æ1 = j. Apply lemma 19 to �1 and (�3; Æ2; �2).
ase 2: Æ1 = �
11, �3 = �t1 and Æ2 = �
21. Apply the indu
tive hypothesis to
11 and 
21 to get 
12 and 
22; two appli
ations of lemma 19 then givethe answer.
ase 3: Æ1 = 
11 
12 and �3 = t1 t2. Similar to 
ase 2.
ase 4: Æ1 = 
11 
12 and �3 = �31 t2; �t3;t2;�32.Apply the indu
tive hypothesis to 
11 : t1 ) v1 and �31 : t1 ) �t3 toget 
3 : v1 ) w1 and 
4 : �t3 ) w1, and lemma 19 to �1 and 
3 v2 toget 
5 and �3. The domain of 
4 is a lambda term, so it is of the form(�t3;�
41; �4). Apply lemma 20 to �4 and �3 to get 
6 and 
7.Now 
onsider the terms 
41[
12℄; 
7 and �32; Æ2; �2. They have 
ommonsour
e t3[t2℄, whi
h is stri
tly simpler than the sour
e of �3, so we 
an
24



apply the indu
tive hypothesis to get 
8 and 
9. We then have:
2; 
9 = �1;�31 t2; �t3;t2 ;�32; Æ2; �2; 
9= �1;�31 t2;�
41 
12; �t4;v2 ; 
7; 
8= �1;�31 t2;�
41 
12; �4 v2; �3; 
6; 
8= �1; 
11 
12; �1; 
5; 
6; 
8= 
1; 
5; 
6; 
8so take 
01 = 
5; 
6; 
8 and 
02 = 
9.5.3 Melli
uen
eThe 2�-
al
ulus has another property, related to strong 
on
uen
e, whi
hhas not been investigated in the �-
al
ulus. In se
tion 6 we use this propertyto relate 
on
uen
e, strong normalisation and normal forms. In this se
tionwe show that every rewrite is melli
uent, where:De�nition. A rewrite 
 : t ) u is melli
uent if whenever Æ1; Æ2 : u ) vsatisfy 
; Æ1 = 
; Æ2, there exists 
0 : v ) w su
h that Æ1; 
0 = Æ2; 
0.Lemma 22.1. Any rewrite in A is melli
uent.2. If 
1 and 
2 are melli
uent, then 
1; 
2 is melli
uent.3. If 
1; 
2 is melli
uent, then 
2 is melli
uent.Proof. Straightforward.Lemma 23. If 
 : t) u is melli
uent, then �
 : �t) �u is melli
uent.Proof. Let 
1; 
2 : �u ) v satisfy �
; 
1 = �
; 
2. Then 
j = (�u;�
j1; �j)so �
; 
j = (�t;�(
; 
j1); �j) whi
h is in 
anoni
al form, so �1 = �2 and
; 
11 = 
; 
21. But 
 is melli
uent, so there exists 
3 satisfying 
11; 
3 =
21; 
3. Now by lemma 19 there exist 
4 and �4 satisfying �
3; �4 = �j; 
4, and
1; 
4 = 
2; 
4 so �
 is melli
uent.The next lemma des
ribes a property of rewrites in E :Lemma 24. If � : �t ) u in E then u = �u0 and there exist 
1 : t ) v and
2 : u0 ) v su
h that �;�
2 = �
1.Proof. By indu
tion on the stru
ture of �.25




ase 1: � = �t. Then u0 = t; take 
1 = 
2 = t.
ase 2: � = �1; �u1 ;�(u11 �2; �3)Apply the indu
tive hypothesis to �1 to get u1 = �u2, 
3 : t ) v1 and
4 : u2 ) v1. We now have u11 �2; �3 : u11 1) u0 and �u22;1; 
4 : u11 1) v1;apply 
on
uen
e to get 
5 and 
6. We then have:�;�
6 = �1; �u1 ;�(u11 �2; �3);�
6= �1; �u1 ;�(�u12;1; 
4);�
5= �1;�
4;�
5= �(
3; 
5)so take 
1 = 
3; 
5 and 
2 = 
6.From this it follows that �-expansion is melli
uent:Lemma 25. The rewrite �t : t) �(t1 1) is melli
uent.Proof. Let 
1; 
2 : �(t1 1)) v satisfy �t; 
1 = �t; 
2. Then
j = (�(t1 1);�
j1; �j)where �j : �uj ) v. By lemma 24, there exist 
j2; 
j3 su
h that �j;�
j3 =�
j2; apply 
on
uen
e to 
13 and 
23 to get 
14 and 
24. We will take 
3 =�(
13; 
14) = �(
23; 
24), and prove that 
1; 
3 = 
2; 
3.If 
j5 = 
j1; 
j2; 
j4, then �t;�
15 = �t;�
25 and 
j; 
3 = �
j5. Let
j5 = (�j; Æj; �j1), and pro
eed by 
ases of �j:
ase 1: �1 = �2 = t1 1. Then Æj = 
1j6 (1; 1; �j2), and�t;�
j5 = 
j6; �w;�(w1 �j2; �j1)whi
h is in 
anoni
al form. Therefore, 
16 = 
26, �12 = �22 and �11 = �21,so 
15 = 
25.
ase 2: �j = �1j1 1; �w;1;�j2. Then �t;�
j5 = (�j1;�(�j2; Æj; �j1);�z) whi
h isin 
anoni
al form; mat
hing up as before gives 
15 = 
25.
ase 3: One of ea
h. This 
ase is impossible, sin
e the two 
anoni
al forms
annot mat
h.Finally:Proposition 26. All the rewrites of the 2�-
al
ulus are melli
uent.26



Proof. By indu
tion on jjujj, where 
 : t) u.Let 
 = (�; Æ; �). By lemma 22, it is suÆ
ient to prove that Æ : t0 ) u0and � : u0 ) u are melli
uent; note that jju0jj � jjujj. First 
onsider �:
ase 1: � = t. This is identity, therefore melli
uent.
ase 2: � = �1; �v;�(v1 �2; �3). Then v1 �2; �3 : v1 1 ) u2 where �u2 = u sojju2jj < jjujj so by the indu
tive hypothesis, v1 �2; �3 : v1 1 ) u2 ismelli
uent, and by lemma 23, �(v1 �2; �3) is melli
uent. Also, �1 : u0 )v, and jjvjj < jj�(v1 1)jj � jjujj so by the indu
tive hypothesis, �1 ismelli
uent. Finally, �v is melli
uent by lemma 25, so � is melli
uent.Next we 
onsider Æ : t0 ) u0:
ase 1: Æ = j. This is identity, therefore melli
uent.
ase 2: Æ = �
1. This is melli
uent by the indu
tive hypothesis and lemma23.
ase 3: Æ = 
1 
2. Then t0 = t1 t2 and u0 = u1 u2. Let 
3; 
4 : u0 ) v satisfyÆ; 
3 = Æ; 
4 and pro
eed by 
ases of 
3 and 
4:
ase 3.1: 
j = (u1 u2; 
j1 
j2; �j) for j = 3; 4. ThenÆ; 
j = (t0; (
1; 
j1) (
2; 
j2); �j)whi
h is in 
anoni
al form, so �3 = �4 and 
k; 
3k = 
k; 
4k for k =1; 2. By the indu
tive hypothesis, there exist 
5k satisfying 
3k; 
5k =
4k; 
5k, and by 
on
uen
e there exist 
6; �6 satisfying 
51 
52; �6 = �j; 
6.Then 
3; 
6 = 
4; 
6, so Æ is melli
uent.
ase 3.2: 
j = (�j u2; �vj ;u2 ; 
j1) for j = 3; 4. Then �3 = �4 and v3 = v4by lemma 18, so Æ; 
j = (Æ;�j u2; �vj ;u2); 
j1. But Æ;�j u2; �vj ;u2 : t1 )vj[u2℄ and jjvj[u2℄jj < jj�vj u2jj � jju0jj, so by the indu
tive hypothesisit is melli
uent, and there exists 
5 satisfying 
31; 
5 = 
41; 
5. Then
3; 
5 = 
4; 
5, so Æ is melli
uent.
ase 3.3: 
3 = (u0; 
31 
32; �3) and 
4 = (�4 u2; �v4;u2; 
41), or vi
e versa. This
ase 
annot arise sin
e Æ; 
4 and Æ; 
3 then have di�erent 
anoni
alforms.
27



5.4 Long Normal FormsThe 2�-
al
ulus (thought of na��vely as a rewrite system) has unrestri
ted�-expansion, whi
h is 
learly non-terminating. Nonetheless, it does have
ertain terms, the `long-��-normal forms,' whi
h play the rôle of normalforms in several treatments [1, 5, 6, 7, 11, 12, 13℄. These long normal formsavoid in�nite expansion paths by stopping �-expansion when the stru
tureof the term mat
hes its type.In this se
tion we investigate these long-��-normal forms, and show thatany rewrite whose sour
e is of this form has a very spe
ial property. Notonly is su
h a rewrite reversible (in the sense that there is a rewrite ba
kthe other way) but the 
omposition of the rewrite with its reversal is equalto the identity in the theory 2-�. Furthermore, we show that this propertypre
isely 
hara
terises the long-��-normal forms.First we de�ne the ne
essary 
on
epts.De�nition.� A rewrite 
 : t ) u is split moni
 if there exists Æ : u ) t su
h that
; Æ = t.� A term t is essentially normal if every rewrite 
 : t) u is split moni
.� Re
all that long-��-normal forms and redu
ed forms are de�nedindu
tively by{ t : X ! Y is in long-��-normal form i� t = �t0 where t0 : Y is inlong-��-normal form.{ t : B is in long-��-normal form i� t is in redu
ed form.{ j is in redu
ed form.{ t1 t2 is in redu
ed form i� t1 is in redu
ed form and t2 is in long-��-normal form.{ �t is not in redu
ed form.We will prove that the rewrites from long-��-normal forms are splitmoni
. This involves studying the rewrites from redu
ed forms, whi
h satisfythe following.De�nition. Let P be the smallest set of rewrites su
h that:� All identity rewrites are in P.� If 
 2 P then 
; � 2 P, for all � in E .28



� If 
1; 
2 2 P then 
1 2 P.Note that we have de�ned P for ea
h type independently. In parti
ular,for base types B, the se
ond 
lause does not apply, and 
 2 P i� 
 is splitmoni
.The following lemma des
ribes a 
losure property of P whi
h relatesrewrites of di�erent type:Lemma 27. If 
1 : t1 ) u1 : X ! Y 2 P and t2 : X is essentially normal,then for any 
2 : t2 ) u2, the appli
ation 
1 
2 is in P.Proof. We prove that this property is preserved by the three 
lauses de�ningP. � If 
1 is identity then 
1 
2 is split moni
, so a member of P.� If 
1 has this property then we prove that 
1; � does by stru
turalindu
tion on �.
ase 1: � = u1. Then 
1; � = 
1.
ase 2: � = �1; �u;�(u1 �2; �3). Then(
1; �) 
2; �v;u2 = (t1; (
1; �1) (
2; �2[v℄); �3[v℄)whi
h, by indu
tive hypothesis, is a member of P. Therefore 
1; � 2 Pas required.� If 
1; 
3 2 P has this property, then (
1 
2); (
3 u2) = (
1; 
3) 
2 is amember of P, so 
1 
2 2 P as required.We are now ready to prove half our theorem:Proposition 28.� If 
 : t) u and t is in long-��-normal form, then 
 is split moni
.� If 
 : t) u and t is in redu
ed form, then 
 2 P.Proof. By stru
tural indu
tion on t. We pro
eed by 
ases:
ase 1: t : X ! Y is in long-��-normal form. Then t = �t1 where t1 is inlong-��-normal form, and 
 = (t;�
1; �). By lemma 24, there exist
2 : u1 ) v and 
3 : u2 ) v s.t. �;�
3 = �
2. Then 
1; 
2 : t1 ) v andby indu
tive hypothesis, has a left inverse 
4. Now �(
3; 
4) is a leftinverse for 
. 29




ase 2: t : B is in long-��-normal form. Then t is in redu
ed form, and by these
ond indu
tive hypothesis, 
 2 P. As remarked above, this means 
is split moni
.
ase 3: t = j is in redu
ed form. Then 
 = (j; j; �) whi
h is 
ertainly in P.
ase 4: t = t1 t2 is in redu
ed form. Then 
 = (t; 
1 
2; �) by a simple indu
-tion. By indu
tive hypothesis 
1 2 P, and t2 is essentially normal, so
1 
2 2 P by lemma 27. Therefore 
 2 P as required.The next lemma tells us more about the rewrites in P:Lemma 29. Every 
 2 P is of the form (t; Æ; �) where Æ satis�es one of thefollowing:� Æ = j� Æ = �
1 and 
1 2 P� Æ = 
1 
2 where 
1 is in P and 
2 is split moni
.Proof. We prove that this property is preserved by the three 
lauses de�ningP. It is 
lear that all identities are of this form, and that it is preserved by
omposition with rewrites in E . It remains to prove that if 
1; 
2 2 P is ofone of the three forms above, then so is 
1. The proof is by indu
tion onj
2jG.Let 
j = (�j; Æj; �j); it is 
lear from the de�nition of y that �1 = t. Wepro
eed by 
ases of �1 and �2:
ase 1: �1 = �2 = u. There are three sub
ases, depending on the form of Æj:
ase 1.1: Æj = i. Then 
1 is of the required form.
ase 1.2: Æj = �
j1. Then 
1; 
2 = (t;�(
11; 
21); �2) and 
11; 
21 2 P, so
11 2 P and 
1 is of the required form.
ase 1.3: Æj = 
j1 
j2. Then 
1; 
2 = (t; (
11; 
21) (
12; 
22); �2) and 
11; 
21 2P, 
12; 
22 is split moni
. Then 
11 2 P and 
12 is split moni
, so 
1 isof the required form.
ase 2: �2 = u, �1 6= u. Then 
1; 
2 = (t; Æ1; v); (�1; 
2) and by indu
tivehypothesis, (t; Æ1; v) is of the required form. Therefore 
1 is also.
ase 3: �1 = u, �2 = �21 t2; �t1;t2 ;�22. Then Æ1 = 
11 
12, and we pro
eed by
ases of 
11 y �21: 30




ase 3.1: 
11;�21 = (�3;�
3;�t1). Then 
1; 
2 = (�3 v; �w;v; : : : ), 
ontradi
t-ing the hypothesis that it is of the given form.
ase 3.2: 
11;�21 = (
3; �w;�(w1 �31; �32)). Then
1; 
2 = t; 
3 (
12; �31[u℄); �32[u℄); (�22; Æ2; �2)By indu
tive hypothesis, 
3 2 P and 
12; �31[u℄ is split moni
, so 
11 2 Pand 
12 is split moni
, as required.We 
an now prove the other half of the theorem:Proposition 30. Let t be a term. Then� If every 
 : t) u is split moni
, then t is in long-��-normal form.� If every 
 : t ) u is in P, and t is not of the form �t1, then t is inredu
ed form.Proof. By stru
tural indu
tion on t. We pro
eed by 
ases:
ase 1: t : X ! Y and every 
 : t ) u is split moni
. Then in parti
u-lar, �t : t ) �(t1 1) is split moni
, and its inverse 
 has the form(�(t1 1);�
0; �). Then t = �t1. Let 
1 : t1 ) u1. Then �
1 : t ) �u1 issplit moni
, with inverse (�u1;�
2; �2), say. Then �
1; (�u1;�
2; �2) =(�t1;�(
1; 
2); �2) and 
1 is split moni
. By indu
tive hypothesis, there-fore, t1 is in long-��-normal form, and so is t.
ase 2: t : B and every 
 : t) u is split moni
. Then every su
h 
 is in P, andsin
e t 
annot be a lambda term, t is in redu
ed form by the se
ondindu
tive hypothesis. Therefore t is in long-��-normal form.
ase 3: t = j. Then t is in redu
ed form.
ase 4: t = t1 t2 and every 
 : t ) u is in P. If t1 = �t11, then �t11;t2 : t )t11[t2℄, 
ontradi
ting lemma 29.Let 
1 : t1 ) u1. Then 
1 t2 : t ) u1 t2 is in P, and by lemma 29 
1 isin P. By indu
tive hypothesis, therefore, t1 is in redu
ed form.Let 
2 : t2 ) u2. Then t1 
2 : t ) t1 u2 is in P, and by lemma 29
2 is split moni
. By the �rst indu
tive hypothesis, therefore, t2 is inlong-��-normal form, so t is in redu
ed form.Putting this together with proposition 28, we have provedCorollary 31. A term is in long-��-normal form i� it is essentially normal.31



We need one more property of split moni
 arrows, related to melli
uen
e:Lemma 32. If 
 : t ) u and �1; �2 : u ) v satisfy 
; �1 = 
; �2 where �1; �2are split moni
, then �1 = �2.Proof. It is 
onvenient to de�ne a set Q of rewrites whose 
anoni
al formsare built up entirely from rewrites in E :� If � : j ) t is in E then j; j; � 2 Q� If � : �t) u is in E and � : s) t is in Q, then �s;��; � is in Q.� If � : t1 t2 ) u is in E and �1 : s1 ) t1 and �2 : s2 ) t2 are in Q, thens1 s2; �1 �2; � is in Q.By lemma 29, P � Q, so every split moni
 rewrite is in Q. A straightforwardindu
tion shows that the 
omposition of two rewrites in Q is in Q. We provethe stronger 
ondition that the lemma is true for all �1; �2 in Q.The proof is by indu
tion on j�jjG. Let (�; Æ; �) be the 
anoni
al form of
, and (tj; �j; �j) that of �j. There are three 
ases of �1 and �2:
ase 1: �1 = �2 = i. Then � = i and Æ = i so 
; �j = (�; i; �j). Mat
hing
anoni
al forms gives �1 = �2, so �1 = �2 as required.
ase 2: �j = ��j1. Pro
eed by 
ases of �:
ase 2.1: � = u. Then Æ = �
1 and 
; �j = (�;�(
1; �j1); �j), so �1 = �2 and
1; �11 = 
1; �21. By indu
tive hypothesis, �11 = �21 so �1 = �2 asrequired.
ase 2.2: � = �3; �x;�(x1 �4; �5). Then (x1 1; x1 �4; �5); �j1 is in Q, so equals(x1 1; �1j2 �j1; �j2) for some �j2 in Q. Therefore
; �j = (�; Æ; �3); (�j2; �y;�(y1 �j1; �j2); �j)and by indu
tive hypothesis, �12 = �22, �11 = �21, �12 = �22 and �1 = �2.Therefore (x1 1; x1 �4; �5); �11 = (x1 1; x1 �4; �5); �21, and by the indu
tivehypothesis �11 = �21. So �1 = �2 as required.
ase 3: �j = �j1 �j2. Then � = u1 u2 and Æ = 
1 
2 so
; �j = (�; (
1; �j1) (
2; �j2); �j)Therefore 
1; �11 = 
1; �21, 
2; �12 = 
2; �22 and �1 = �2. By indu
tivehypothesis, �11 = �21 and �12 = �22, so �1 = �2 as required.32



6 General ResultsIn this se
tion we take the results we have proved about the 2�-
al
ulus andgeneralise: we aim for a theory whi
h 
an be applied to many di�erent rewritesystems. Of 
ourse it is dangerous to generalise from one example, and thede�nitions of this se
tion must be taken as tentative. Nonetheless, the resultsdo 
larify the relationships between the properties proved in se
tions 4 and5. We assume a rewrite system to 
onsist of elements with rewrites a
tingbetween them. These rewrites are multi-step: in parti
ular, there is a zero-step rewrite on ea
h element, and rewrites to and from any element 
an be
omposed. This immediately leads us to the idea that a rewrite system formsa 
ategory, and we take this as the basi
 de�nition.An important example is given by any set of elements together with aset of one-step rewrites between them, i.e. a graph. The 
ategori
al rewritesystem is then given by the path 
ategory of the graph: the obje
ts arethe elements, and the arrows are the sequen
es of one-step rewrites. Thisexample provides important intuition, even when the 
ategory is far fromthis form. In parti
ular, we always interpret the identity on an element asa zero-step operation, whi
h is never a
tually performed, so takes no time.Similarly, we always interpret 
omposition in the 
ategory as 
on
atenationof rewrite sequen
es, even when the result is shorter than the sum of theparts.The example whi
h forms the subje
t of this paper we will 
all `the 
at-egory 2-�'. Its obje
ts are the terms (in 
ontext) of the 2�-
al
ulus, and itsarrows are equivalen
e 
lasses of rewrites, under the equivalen
e de�ned bythe theory 2-�. Identities are as expe
ted, and 
omposition is `;'.This leads to a subtle form of 
onditional rewriting, the full impli
ationsof whi
h have not been explored. For example, the �-expansion�t u : t u! �(t1 1) u
an be followed by the �-redu
tion�(t1 1);u : �(t1 1) u! t uand the 
omposition is the zero-step rewrite. This redu
tion path 
annottherefore be followed by any legitimate strategy, as the resulting 
ompositionis supposed to take no time to exe
ute. We must dis
ard the idea of anabstra
t ma
hine whi
h `pi
ks a rewrite at random' to exe
ute, and 
ontinuesuntil there are none left.A full understanding of these points requires a formal de�nition of a`legitimate strategy' for an abstra
t ma
hine. There is no spa
e to develop33



this here; indeed the author must 
onfess to having no 
ompletely satisfa
toryde�nition. Nonetheless, this approa
h is related to Jay and Ghani's ideaof `
utting loops' [13℄, and is more algebrai
 than Di Cosmo and Kesner's`simulated expansions' [7℄. We hope the reader �nds it stimulating.In the following development, one property re
urs in almost every proof:the melli
uen
e of se
tion 5.3. Sin
e it is needed so often, and its signi�
an
eto rewriting is un
lear, we assume it as an axiom of rewrite systems.De�nition. A 
ategory is melli
uent if the following holds for all arrowsf , g and h:� If f : x ! y and g; h : y ! z are su
h that f ; g = f ; h then there existsk : z ! w su
h that g; k = h; k.We proved the melli
uen
e of the 
ategory 2-� in proposition 26. Thepath 
ategory on any graph is 
learly melli
uent, sin
e the hypothesis of theaxiom only holds when g = h.An intuitive understanding of melli
uen
e is not easy. It is something like\If the di�eren
e between g and h is invisible from x, then it doesn't matterin the long run." The author dis
overed this property when trying to provethe results of this se
tion.If the only rewrite from an element is the identity, that element is 
learlyin normal form. Furthermore, if every rewrite from an element is a pre�x ofthe identity, the informal arguments about legitimate strategies imply thatthis, too, is a normal form. We take this as the de�nition.De�nition.� An obje
t x of a rewriting 
ategory is normal if every arrow f : x! yis split moni
, i.e. there exists g : y ! x su
h that f ; g = 1x.� An obje
t y is weakly normalising if there exists f : y ! x for somenormal x. In this 
ase we 
all x a normal form of y.� A rewriting 
ategory is weakly normalising if every obje
t is weaklynormalising.Corollary 31 states that the normal forms of the 
ategory 2-� are pre
iselythe long-��-normal forms. Sin
e every term of the simply typed �-
al
ulushas a long-��-normal form, the 
ategory 2-� is weakly normalising.In the path 
ategory of a graph, an obje
t is normal i� there are no edgesfrom that obje
t in the original graph. An obje
t is weakly normalising i�there is a path to a normal obje
t. 34



Lemma 33.1. Any arrow between normal obje
ts is an isomorphism.2. If f : x! y then any normal form of y is a normal form of x.3. Let x be a normal obje
t in a melli
uent 
ategory, and f : x! y. Thenthe map g : y ! x satisfying f ; g = 1x is unique.Proof. (1) Let x and y be normal obje
ts, and f : x ! y. Then be
ause xis normal, there exists g : y ! x su
h that f ; g = 1x. Similarly, be
ause yis normal, there exists h : x ! y su
h that g; h = 1y. Now, f = f ; (g; h) =(f ; g); h = h, so it is iso.(2) If g : y ! z with z normal then f ; g : x! z.(3) Let g1; g2 : y ! x both satisfy f ; gj = 1x. Then by melli
uen
e, thereexists h : x ! z su
h that g1; h = g2; h. But h must be moni
 be
ause x isnormal, so g1 = g2.Perhaps the most obvious de�nition of 
on
uen
e is the diamond prop-erty: that any span has a 
ospan. However, this de�nition 
ompletely ignoresthe equalities between rewrites, and relies instead on equality between ob-je
ts. We reje
t this de�nition as `un
ategori
al' and regard diamonds whi
hdo not 
ommute as `fortuitous'. The 
ommuting diamond property has amu
h better theory:De�nition.� An obje
t x of a rewriting 
ategory is 
on
uent if for all pairs f1 : x !y1 and f2 : x ! y2 there exist z, g1 : y1 ! z and g2 : y2 ! z su
h thatf1; g1 = f2; g2.� A rewriting 
ategory is 
on
uent if every obje
t is 
on
uent.Proposition 21 states that the 
ategory 2-� is 
on
uent. The path 
ate-gory of a graph is 
on
uent i� there is at most one edge from ea
h node inthe graph. This means that in many 
ases the path 
ategory is not the right
ategory to study: equations between paths must be imposed whi
h renderthe 
ompletions of 
riti
al pairs 
ommuting.Note that 
on
uen
e and melli
uen
e are pre
isely the 
onditions for a
al
ulus of fra
tions [8℄. This means that we 
an 
al
ulate the free groupoidon a 
on
uent rewriting 
ategory in a parti
ularly simple way. This groupoid
an be interpreted as the equational theory generated by the rewrite system.Lemma 34. Let x be an obje
t in a melli
uent 
ategory. Then35



1. If x is 
on
uent and f : x! y then y is 
on
uent2. If x is normal then x is 
on
uent3. If x is 
on
uent and f : x ! y then any normal form of x is a normalform of y4. If x is 
on
uent then all its normal forms are isomorphi
.Proof. (1) Let g1 : y ! z1 and g2 : y ! z2. Then f ; g1 : x! z1 and f ; g2 : x !z2 so by 
on
uen
e of x there exist h1 : z1 ! w and h2 : z2 ! w su
h thatf ; g1; h1 = f ; g2; h2. Now by melli
uen
e there exists k : w ! v su
h thatg1; h1; k = g2; h2; k so two arrows whi
h 
omplete the 
ommuting diamondare h1; k and h2; k.(2) Let f1 : x! y1 and f2 : x! y2. Sin
e x is normal there exist g1 : y1 !x and g2 : y2 ! x su
h that f1; g1 = 1x = f2; g2. But this shows that x is
on
uent.(3) Let g : x ! z where z is normal. Sin
e x is 
on
uent there existh1 : y ! w and h2 : z ! w su
h that f ; h1 = g; h2. But z is normal, so thereexists k : w ! z su
h that h2; k = 1z. Now h1; k : y ! z (and f ; h1; k = g).(4) By part (3), if x has two normal forms, then there is an arrow betweenthem. But by lemma 33, this arrow is iso.Strong normalisation is the property that every rewrite sequen
e from anelement is �nite. This is 
learly false in any 
ategory, as there are alwaysin�nite sequen
es of identities. Nonetheless, we 
an 
apture the idea that an!-sequen
e is a sequen
e of pre�xes of a �xed (�nite) rewrite, by saying thatthere is a 
o
one over the 
orresponding !-
hain.In order to develop a good theory, we strengthen this idea in two ways.Firstly we generalise !-
hains to �ltered diagrams; se
ondly we demand thatthe 
o
one is separating. The �rst allows us to �nd a 
o
one not just overa parti
ular !-
hain, but over a 
lass of equivalent 
hains. The se
ond is ate
hni
al 
ondition, but 
an be thought of as 
hoosing a 
o
one at whosevertex there are no sudden ambiguities.De�nition.� Let D be a diagram in a 
ategory. We 
all a 
o
one � : D ! x overD separating if for any other 
o
one � : D ! y there is at most onearrow f : x! y su
h that �; f = �.� An obje
t x of a rewriting 
ategory is strongly normalising if every�ltered diagram 
ontaining x has a separating 
o
one.36



� A rewriting 
ategory is strongly normalising if every obje
t is stronglynormalising.Note that if we repla
e `at most one' with `exa
tly one' in the de�nitionof separating 
o
one, it be
omes the de�nition of 
olimiting 
o
one. The
ategory 2-�, however, does not have �ltered 
olimits.In the path 
ategory of a graph, an obje
t is strongly normalising i� thereis no in�nite sequen
e of edges from the node. The following lemma, togetherwith lemma 32 shows that the 
ategory 2-� is strongly normalising:Lemma 35. Let x be an obje
t of a melli
uent 
ategory.1. If x is 
on
uent and weakly normalising, then any �ltered diagram
ontaining it has a 
o
one whose apex is normal.2. If whenever f : x ! y, g1; g2 : y ! z are su
h that f ; g1 = f ; g2 theng1 = g2, then any 
o
one over a diagram 
ontaining x with vertex y isseparating.Proof. (1) Let D be a �ltered diagram 
ontaining x, and e : x ! v for vnormal. De�ne � : D ! v as follows:� For ea
h obje
t y 2 D there exist zy, fy : y ! zy and gy : x ! zy inD (sin
e D is �ltered). By lemma 34, there exists hy : zy ! v s.t.gy; hy = e. Then �y = fy; hy : y ! v� For ea
h arrow k : y ! y0 in D there exist w, l : zy ! w, l0 : zy0 ! ws.t. gy; l = gy0 ; l0 and fy; l = k; fy0 ; l0, sin
e D is �ltered. Then thereexists m : w ! v s.t. gy; l;m = e, and by melli
uen
e, hy = l;m andhy0 = l0;m. Nowk;�y0 = k; fy0 ; hy0 = k; fy0; l0;m = fy; l;m = fy; hy = �yso � is a 
o
one.(2) Straightforward.Lemma 36. Let x be an obje
t in a melli
uent 
ategory. Then1. If x is strongly normalising and f : x ! y then y is strongly normalising2. If x is normal then x is strongly normalising37



Proof. (1) Let D be a �ltered diagram 
ontaining y. Then there is a diagramD0 formed by adjoining one new obje
t x and one new arrow f : x! y to D.D0 is �ltered and 
ontains x, so has a separating 
o
one, but a separating
o
one over D0 restri
ts to one over D.(2) Immediate from lemma 35Finally, we show that strong normalisation implies weak normalisation.This result always depends on the axiom of 
hoi
e, to 
hose a path to anormal form. Here we use the equivalent Zorn's Lemma: that if every 
hainin a poset is bounded, the poset has a maximal element.Proposition 37. If x is a strongly normalising obje
t in a melli
uent 
ate-gory C, then it is weakly normalising, i.e. it has a normal form.Proof. Let 4 be the partial order on arrows f : x ! y indu
ed by (x # C):so [f ℄ 4 [f 0℄ i� there exists g : y ! y0 su
h that f ; g = f 0. We will prove thatevery 
hain in this poset has an upper bound.Let [fj℄ 4 [fj+1℄ be su
h a 
hain, and 
hoose gj : fj ! fj+1 in (x # C).The resulting diagram in C is linear, so �ltered, so has a separating 
o
one.The image of this 
o
one in the partial order is an upper bound for the 
hain.So every 
hain is bounded and we 
an apply Zorn's lemma to �nd amaximal element [h℄, where h : x ! z. Now 
onsider the full sub
ategoryof (x # C) of arrows in the equivalen
e 
lass [h℄. This 
ategory is �lteredbe
ause of melli
uen
e and maximality, so its image in C has a separating
o
one � : [h℄! v. We will show that v is normal.Let f = h;�h : x ) v. Now if g : v ) u then by maximality f ; g 2 [h℄ sothere exists g0 : u) v st. f ; g; g0 = f , and by separation, g; g0 = 1.The 
ombination of lemma 34 and proposition 37 means that if x is
on
uent and strongly normalising then it has a normal form, unique upto isomorphism. However, the proof is unne
essarily 
ompli
ated and non-
onstru
tive, using the axiom of 
hoi
e. The next result gives a simple 
on-stru
tion of the normal form in the 
on
uent 
ase.Lemma 38. Let x be an obje
t in a melli
uent 
ategory C, and let P : (x #C)! C be the usual proje
tion fun
tor. Then1. x is 
on
uent i� (x # C) is �ltered.2. If � : P ! y is separating then y is normal.Proof. (1) The two 
onditions for �lteredness of the sli
e 
ategory are pre-
isely melli
uen
e and 
on
uen
e of x.38



(2) The map �1x : x ! y is an obje
t of (x # C), so ��1 : y ! y, and byseparation ��1 = 1y. If f : y ! z, then �1; f : x ! z is an obje
t of (x # C),so ��1;f : z ! y. Then f ;��1;f = ��1 = 1We have proved all the expe
ted relationships between 
on
uen
e, weakand strong normalisation, and even found a simple 
ondition (lemma 35) for
on
uen
e + weak normalisation to imply strong normalisation. We nowgive an example to show that some su
h 
ondition is ne
essary.Let C be the 
ategory with three obje
ts x y and z, and eight non-identityarrows:
xf g��������h yk1 k2

mzl1 l2
with 
omposition de�ned byf ; f = f f ; g = g f ; h = hg; k1 = g g; k2 = g g;m = hh; l1 = g h; l2 = gk1; k1 = k1 k1; k2 = k2 k1;m = mk2; k1 = k1 k2; k2 = k2 k2;m = ml1; k1 = l1 l1; k2 = l2 l1;m = 1zl2; k1 = l1 l2; k2 = l2 l2;m = 1zm; l1 = k1 m; l2 = k2Then C is a melli
uent, 
on
uent 
ategory and z is normal, but x is notstrongly normalising be
ause none of the three 
o
ones overx f�! x f�! x f�! � � �is separating.
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7 Con
lusionsThis treatment of the �-
al
ulus shows that rewriting 
an have a well-behavedproof theory. The analogy of terms as propositions and rewrites as proofshas lead to an interesting equational theory on rewrites with a lot of the feelof proof theory. Sequential 
omposition a
ts like 
ut, and the triangle lawsmake �-expansion a sort of right rule, with �-redu
tion the 
orresponding leftrule. This theory has a \
ut-elimination" theorem whi
h is asso
iative anddeterministi
, and a 
ategori
al semanti
s whi
h 
hara
terises �-abstra
tionby an adjointness property. The author �nds it hard to 
on
eive of a neaterstate of a�airs.The appli
ation of these ideas to more general rewrite theory is perhapsless immediately 
onvin
ing. In order to produ
e a good theory, we havede�ned normal forms whi
h 
an be rewritten, 
on
uen
e whi
h puts a strong
ondition on the rewrites, strong normalisation whi
h allows in�nite redu
-tion paths, and the 
ondition \melli
uen
e" whi
h has no obvious interpreta-tion in terms of rewriting. Nonetheless, the author feels that these de�nitionshave some justi�
ation if we understand the equations on rewrites as 
ondi-tions on legitimate strategies. Only further work will de
ide this point.The potential appli
ations of this new theory are many. The 2�-
al
uluswould generalise straightforwardly to more 
omplex type theories su
h as`system F' [9℄ and the `
al
ulus of 
onstru
tions' [3℄; indeed, sin
e the proofsin this paper do not really depend on the types, we 
an expe
t the sameresults to hold. Many other types have \�-expansion" rules: unit types,surje
tive pairing, strong sums, re
ursive datatypes and so on. The prob-lems here are not very di�erent from �-expansion in the �-
al
ulus, and thisapproa
h is 
learly worth trying.In fa
t the generality of the de�nitions invites their appli
ation to mu
hmore varied examples. Sin
e normal forms are de�ned `up to isomorphism' we
an normalise a 
ommutative binary operation � by making x�y isomorphi
 toy�x. The de�nition of \strong normalisation" allows the possibility of in�nitenormal forms, whi
h 
an be used to study streams and lazy datatypes. Thereare many other examples where some restri
tion on the rewrite strategy isessential. This is a fertile �eld for further work.Finally, the author would like to thank the referees, whose 
omments leadto enormous improvements to this paper. If the result is at all readable, it isthanks to them.
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A The Proof of Proposition 12If � ` 
1 : t1 ) t2 : X, � ` 
2 : t2 ) t3 : X and � ` 
3 : t3 ) t4 : Xare in G, then (
1 y 
2) y 
3 = 
1 y (
2 y 
3).The proof is by indu
tion on j
3jG. There are a total of eight well-formed
ases of 
1; 
2; 
3, with up to four sub
ases ea
h. Fortunately, six of the main
ases are straightforward, and 
an be left to the reader. The two remaining
ases are as follows:
ase 1: 
1 = �1; 
11 
12; t21 t22,
2 = t21 t22; 
21 
22; t31 t32and 
3 = �3 t32; �t33;t32 ; 
31.There are several sub
ases, 
orresponding to the di�erent 
ases in the de�-nition of y:
ase 1.1: 
21 y �3;�I(t33);�t33 = �4;�
4;�t33and 
11 y �4;�I(t23);�t23 = �5;�
5;�t23.Then (
11 y 
21) y �3;�I(t33);�t33 = 
11 y �4;�
4;�t33= �5;�
5;�t23 y �t23;�
4;�t33= �5;�(
5 y 
4);�t33so (
1 y 
2) y 
3 = �1; ;�5 t12; �t13;t12 ; (
5 y 
4)[
12 y 
22℄ y 
31= (�1; ;�5 t12; �t13;t12 ; 
5[
12℄ y 
4[
22℄) y 
31= 
1 y (
2 y 
3)
ase 1.2: 
21 y �3;�I(t33);�t33 = �4;�
4;�t33,
11 y �4;�I(t23);�t23 = 
5; �t5 ;�(t15 �51; �52)and t15 1; I(t15) (1; 1; �51); �52 y 
4 = t15 1; 
16 (1; 1; �61); �62.Then (
11 y 
21) y �3;�I(t33);�t33 = 
11 y �4;�
4;�t33= 
5; �t5 ;�(t15 �51; �52) y �t23;�
4;�t33= 
5 y 
6; �t6 ;�(t16 �61; �62)41



so (
1 y 
2) y 
3 = �1; (
5 y 
6) (
12 y 
22; ; �61[t32℄); �62[t32℄ y 
31= �1; 
5 
12; t5 t22 y (t15 1; 
16 (1; 1; �61); �62)[
22℄ y 
31= �1; 
5 
12; t5 t22 y (t15 1; I(t15) (1; 1; �51); �52 y 
4)[
22℄ y 
31= �1; 
5 (
12; ; �51[t22℄); �52[t22℄ y 
4[
22℄ y 
31= 
1 y (
2 y 
3)
ase 1.3: 
21 y �3;�I(t33);�t33 = �4;�
4;�t33,
11 y �4;�I(t23);�t23 = 
5; �t5 ;�(t15 �51; �52),t15 1; I(t15) (1; 1; �51); �52 y 
4 = �16 1; �t6;1; 
6and 
5 y �6;�
6;�t33 = �7;�
7;�t33.Then (
11 y 
21) y �3;�I(t33);�t33 = 
11 y �4;�
4;�t33= 
5; �t5 ;�(t15 �51; �52) y �t23;�
4;�t33= 
5 y �6;�
6;�t33= �7;�
7;�t33so (
1 y 
2) y 
3 = �1; ;�7 t12; �t13;t12 ; 
7[
12 y 
22℄ y 
31= �1; (�7;�
7;�t33) (
12 y 
22);�t33 t32y (�t13 t12; �t13;t12 ; I(t13[t12℄)) y 
31= �1; (
5 y �6;�
6;�t33) (
12 y 
22);�t33 t32y (�t13 t12; �t13;t12 ; I(t13[t12℄)) y 
31= �1; 
5 
12; t5 t22 y �6 t22; �t6;t22 ; 
6[
22℄ y 
31= �1; 
5 
12; t5 t22 y t5 t22; I(t5) (I(t22); ; �51[t22℄); �52[t22℄y 
4[
22℄ y 
31= �1; 
5 (
12; ; �51[t22℄); �52[t22℄ y 
4[
22℄ y 
31= 
1 y (
2 y 
3)
ase 1.4: 
21 y �3;�I(t33);�t33 = �4;�
4;�t33,
11 y �4;�I(t23);�t23 = 
5; �t5 ;�(t15 �51; �52),t15 1; I(t15) (1; 1; �51); �52 y 
4 = �16 1; �t6;1; 
6and 
5 y �6;�
6;�t33 = 
7; �t7 ;�(t17 �71; �72).42



Then (
11 y 
21) y �3;�I(t33);�t33 = 
11 y �4;�
4;�t33= 
5; �t5 ;�(t15 �51; �52) y �t23;�
4;�t33= 
5 y �6;�
6;�t33= 
7; �t7 ;�(t17 �71; �72)so (
1 y 
2) y 
3 = �1; 
7 (
12 y 
22; ; �71[t32℄); �72[t32℄ y 
31= �1; (
7; �t7 ;�(t17 �71; �72) (
12 y 
22);�t33 t32y (�t13 t12; �t13;t12 ; I(t13[t12℄)) y 
31= �1; (
5 y �6;�
6;�t33) (
12 y 
22);�t33 t32y (�t13 t12; �t13;t12 ; I(t13[t12℄)) y 
31= �1; 
5 
12; t5 t22 y �6 t22; �t6;t22 ; 
6[
22℄ y 
31= �1; 
5 
12; t5 t22 y t5 t22; I(t5) (I(t22); ; �51[t22℄); �52[t22℄y 
4[
22℄ y 
31= �1; 
5 (
12; ; �51[t22℄); �52[t22℄ y 
4[
22℄ y 
31= 
1 y (
2 y 
3)
ase 1.5: 
21 y �3;�I(t33);�t33 = 
4; �t4 ;�(t14 �41; �42).Then (
11 y 
21) y �3;�I(t33);�t33 = 
11 y 
4; �t4 ;�(t14 �41; �42)so (
1 y 
2) y 
3 = �1; (
11 y 
4) (
12 y 
22; ; �41[t32℄); �42[t32℄ y 
31= 
1 y (
2 y 
3)This 
ompletes the �rst main 
ase.
ase 2: 
1 = 
11; �t11 ;�(t111 �11; �12),
2 = �t21;�
21;�t31and 
3 = �t31;�
31; �3.Again there are several sub
ases:
ase 2.1: t111 1; I(t111) (1; 1; �11); �12 y 
21 = t111 1; 
4 (1; 1; �41); �42and t14 1; I(t14) (1; 1; �41); �42 y 
31 = t14 1; 
5 (1; 1; �51); �52.43



Thent111 1; I(t111) (1; 1; �11); �12 y (
21 y 
31) = t111 1; 
4 (1; 1; �41); �42 y 
31= t111 1; 
4 I(1); t14 1 y t14 1; 
5 (1; 1; �51); �52= t111 1; (
4 y 
5) (1; 1; �51); �52so 
1 y (
2 y 
3) = 
11 y (
4 y 
5); �t5 ;�(t15 �51; �52)= (
1 y 
2) y 
3
ase 2.2: t111 1; I(t111) (1; 1; �11); �12 y 
21 = t111 1; 
4 (1; 1; �41); �42,t14 1; I(t14) (1; 1; �41); �42 y 
31 = �5 1; �t5;1; 
5and 
4 y �5;�I(t5);�t5 = �6;�
6;�t5.Thent111 1; I(t111) (1; 1; �11); �12 y (
21 y 
31) = t111 1; 
4 (1; 1; �41); �42 y 
31= t111 1; 
4 I(1); t14 1 y �5 1; �t5;1; 
5= �6 1; �t6;1; 
6 y 
5so 
1 y (
2 y 
3) = 
11 y �6;�(
6 y 
5); �3= 
11 y 
4 y �5;�
5; �3= (
1 y 
2) y 
3
ase 2.3: t111 1; I(t111) (1; 1; �11); �12 y 
21 = t111 1; 
4 (1; 1; �41); �42,t14 1; I(t14) (1; 1; �41); �42 y 
31 = �5 1; �t5;1; 
5
4 y �5;�I(t5);�t5 = 
6; �t6 ;�(t16 �61; �62)and t111; 
6 (1; 1; �61); �62 y 
5 = t111 1; 
7 (1; 1; �71); �72.Thent111 1; I(t111) (1; 1; �11); �12 y (
21 y 
31) = t111 1; 
4 (1; 1; �41); �42 y 
31= t111 1; 
4 I(1); t14 1 y �5 1; �t5;1; 
5= t111; 
6 (1; 1; �61); �62 y 
5= t111 1; 
7 (1; 1; �71); �72
44



so 
1 y (
2 y 
3) = 
11 y 
7; �t7 ;�(t17 �71; �72); ; �3= 
11 y I(t11); �t11 ;�(t111 1; t111 1)y �(t111 1);�(t111; 
6 (1; 1; �61); �62 y 
5); �3= 
11 y 
6; �t6 ;�(t16 �61; �62) y �t5;�
5; �3= 
11 y 
4 y �5;�
5; �3= (
1 y 
2) y 
3
ase 2.4: t111 1; I(t111) (1; 1; �11); �12 y 
21 = t111 1; 
4 (1; 1; �41); �42,t14 1; I(t14) (1; 1; �41); �42 y 
31 = �5 1; �t5;1; 
5
4 y �5;�I(t5);�t5 = 
6; �t6 ;�(t16 �61; �62)and t111; 
6 (1; 1; �61); �62 y 
5 = �7 1; �t7;1; 
7.Thent111 1; I(t111) (1; 1; �11); �12 y (
21 y 
31) = t111 1; 
4 (1; 1; �41); �42 y 
31= t111 1; 
4 I(1); t14 1 y �5 1; �t5;1; 
5= t111; 
6 (1; 1; �61); �62 y 
5= �7 1; �t7;1; 
7so 
1 y (
2 y 
3) = 
11 y �7;�
7; �3= 
11 y I(t11); �t11 ;�(t111 1; t111 1)y �(t111 1);�(t111; 
6 (1; 1; �61); �62 y 
5); �3= 
11 y 
6; �t6 ;�(t16 �61; �62) y �t5;�
5; �3= 
11 y 
4 y �5;�
5; �3= (
1 y 
2) y 
3
ase 2.5: t111 1; I(t111) (1; 1; �11); �12 y 
21 = �4 1; �t4;1; 
4.Then t111 1; I(t111) (1; 1; �11); �12 y (
21 y 
31) = �4 1; �t4;1; 
4 y 
31so 
1 y (
2 y 
3) = 
11 y �4;�(
4 y 
31); �3= (
1 y 
2) y 
3This 
ompletes the proof. 45
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