Relational Sheaves and Predicate Intuitionistic Modal Logic

Barnaby P. Hilken Department of Computer Science University of Manchester Oxford Road, Manchester M13 9PL, UK

bhilken@cs.man.ac.uk

March 12, 2000

Abstract This paper generalises and adapts the theory of sheaves on a topological space to sheaves on a relational space: a topological space with a binary relation. The relational bundles on a relational space are defined as the continuous, relation-preserving functions into the space, and the relational sections of a relational bundle are defined as the relation-preserving partial sections. This defines a functor to the category of presheaves on the space, which has a left adjoint.

The presheaves which arise as the relational sections of a relational bundle are characterised by separation and patching conditions similar to those of a sheaf: we call them the relational sheaves. The relational bundles which arise from presheaves are characterised by local homeomorphism conditions: we call them the local relational homeomorphisms. The adjunction restricts to an equivalence between the categories of relational sheaves and local relational homeomorphisms.

The paper goes on to investigate the structure of these equivalent categories. They are shown to be quasi-toposes (thus modelling firstorder logic), and to have enough structure to model a certain firstorder modal logic described in a companion paper.

1 Introduction

The Kripke “many world” semantics of modal logic [11] models the modal connectives □ and ◇ in terms of a set S of “possible worlds” (or “states”) and a binary relation ↠ of “accessibility” between worlds (or “transition” between states). The truth of each proposition is determined separately at each world, and we write t ⊩ ϕ to mean that proposition ϕ holds at world t. In order to extend this structure to a model of first-order logic, we need a domain of “individuals” in which to interpret the elementary variables. Since the validity of propositions such as t ⊩ x = y depends on the world t, it is natural also to allow the domain in which x and y are interpreted to depend on t. This leads us to consider, instead of a fixed set of individuals, a family of sets D_t, indexed by the set of worlds. Finally, as we move from one world t to a related world s, we must consider which individuals in D_t correspond to which individuals in D_s. In the most straightforward case there is a function f_{ts} : D_t → D_s, but in the most general case (necessary when considering “reverse modalities”) there is a relation ↠_{ts} ⊆ D_t × D_s for each related pair t ↠ s. The traditional approach to first-order modal logic is largely concerned with the syntactic problem of determining which world each variable should be interpreted in, and which set D_t each quantifier should range over. In order to avoid ambiguity and make the semantics coherent, most approaches (see, for example [3, 5]) restrict the relations ↠_{ts} to subset inclusions D_t ⊆ D_s. Our approach to this problem is to change the syntax (see [8] for details), thus allowing ourselves a more general class of models. The structure used to model first-order modal logic therefore consists of: a set S; a relation ↠ ⊆ S × S; for each t ∈ S a set D_t; for each related pair t ↠ s a relation ↠_{ts} ⊆ D_t × D_s. The aim of this paper is to adapt this structure to the intuitionistic case.

In the author’s recent paper [7], the Kripke semantics of propositional modal logic is extended to intuitionistic modal logic by considering a topology on the set of worlds, and interpreting propositions as open sets in the topology. This generalises the topological semantics of intuitionistic logic, and the main result of the paper is an extension of the duality between topological spaces and frames [10] to the modal case. The fibred structures used to model first-order modal logic suggest that we look for sheaf models of intuitionistic modal logic, generalising the sheaf semantics of first-order intuitionistic logic. This raises the question of how the sheaf structure (which describes how elements vary smoothly over the topology) and the relational structure (which describes how elements vary discretely over the relation) interact. This is the question addressed in this paper, and we answer it by developing a notion of “relational sheaf.”

Various other approaches to predicate intuitionistic modal logic have been proposed in the literature (see, for example [12, 13, 14, 1, 4, 6]), often of a topological or category-theoretic nature. However, they are usually either limited to special cases (such as S4 modality or constant domains) or else have a very ad-hoc feel: the structures are defined specifically to model the logic, and have no natural examples or mathematical theory. The relational sheaves presented here generalise sheaves on a topological space in a natural way, by adding an arbitrary binary relation on the points. Just as sheaves describe mathematical structures which vary continuously over a space, relational sheaves describe structures which vary both continuously over a space and discretely over a relation. Since topological spaces with a binary relation abound in mathematics and computer science (the real numbers with their usual ordering, a Scott-domain with a transition relation), structures which vary over them are of intrinsic interest. That they have a rich mathematical theory (similar to that of sheaves) is one of the conclusions of this paper.

Our development of the theory follows that of traditional sheaf theory (see [15] or [2]). In Section 2 we describe bundles and presheaves over a relational space. We show that the “relational sections” of a bundle form a presheaf, that the fibres of a presheaf form a bundle, and that these two constructions are adjoint. In Section 3 we characterise those bundles which occur as the fibres of a presheaf as “local relational homeomorphisms,” and those presheaves which occur as the relational sections of a bundle as “relational sheaves.” We show that the adjunction restricts to an equivalence between these two, and conclude that these structures are a suitable generalisation of sheaves. In Section 4 we investigate the properties of the category of relational sheaves. We observe that the relational sheaves on a space form a quasitopos, and therefore have enough structure to model predicate logic. We investigate the properties of local relational homeomorphisms, and show that they have enough structure to model the modal logic presented in [8].

This paper shows that all the basic theory of sheaves on a topological space can be adapted to sheaves on a relational space, and that there are several interesting examples. In the author’s opinion, this justifies the study of these structures, and suggests that they will form interesting models of first-order modal logic. The details of the semantics of this logic, and the problem of completeness will be presented in subsequent papers; the current paper develops the mathematical theory on which the others are based.

2 Presheaves and Bundles on a Relational Space

2.1 Relational Bundles

We start by recalling (from [7]) the definition of a relational space, and of several kinds of morphisms between such spaces.

Definition. A relational space (S, ↠) consists of a topological space S and a binary relation ↠ ⊆ S × S.

A continuous relational function f : (S, ↠_S) → (T, ↠_T ) is a continuous function f : S → T which satisfies

s ↠_S s^′ ⇒ f(s) ↠_T f(s^′) (1)

A continuous p-morphism f : (S, ↠_S) → (T, ↠_T ) is a continuous relational function which satisfies f(s) ↠_T t & t ∈ U ∈ O(T ) ⇒ ∃s^′ ∈ S. s ↠_S s^′ & f(s^′) ∈ U (2) A relational homeomorphism is a bijective continuous relational function, whose inverse is also a continuous relational function.

The category of relational spaces and continuous p-morphisms we denote RelSp.

The relational spaces form the base spaces for the various indexed structures which we are studying. The category RelSp and the semantics of propositional intuitionistic modal logic in relational spaces are studied in [7]; here we just repeat a couple of motivating examples.

Example 1. The real numbers R with their usual (metric) topology and the relation ⩽.

This forms a natural model of time, familiar from Newtonian physics. As a model of intuitionistic temporal logic, the topology has an “observability” condition: anything true at time t must be true for some interval containing t. Example 2. Let S be a domain-theoretic model of the state of a computer system, with the Scott topology. Let s ↠ t if the system, when started in state s, might move to state t.

This forms a natural model of dynamic logic or process algebra, again with an observability condition given by the topology.

The basic indexed structure over a relational space is called a relational bundle.

Definition. Let (S, ↠) be a relational space.

A relational bundle (X, f) on S consists of a relational space (X, ↠_X ) and a continuous relational morphism f : X → S.

A relational bundle morphism h : (X, f) → (Y, g) over S is a continuous relational morphism h : X → Y which satisfies gh = f.

The category of relational bundles on S and relational bundle morphisms over S we denote RBn(S).

The connection between relational bundles and the kind of indexed structures discussed in the introduction is straightforward: for s ∈ S we define the fibre X_s = f^←{s} and for s ↠ t in S we define ↠_{st} = ↠_X ∩ (X_s × X_t).

One of the examples considered in [7] was a simple model of branching time, represented as a subset of R^2 . This example generalises as follows:

Example 3. Let X be a topological space, let Y ⊆ X ×R, and let f : Y → R be the second projection. Define ↠ ⊆ Y × Y by y ↠ y^′ iff f(y) ⩽ f(y^′) and there is a continuous map σ : (f(y), f(y^′)) → Y such that f(σ(s)) = s (f(y) ⩽ s ⩽ f(y^′)) σ(f(y)) = y σ(f(y^′)) = y^′

Then (Y, f) is a relational bundle on (R, ⩽).

We can see the paths σ^→(I) for open intervals I as “world lines,” tracing the path of a particle over the time interval I. An alternative construction of a similar example is by gluing paths together:

Example 4. Let J be a set, and for each j ∈ J let I_j = (a_j, b_j ) be an open interval in R. For each pair j, k ∈ J let V_{jk} be an open subset of I_j ∩ I_k such that V_{jj} = I_j V_{jk} = V_{kj} V_{jk} ∩ V_{kl} ⊆ V_{jl}. Now let Y = ( ∐ j∈J I_j )/∼ where ι_j (x) ∼ ι_k(y) ⇐⇒ x, y ∈ V_{jk} & x = y with the quotient topology, and the relation defined by y ↠ y^′ iff there exist j_1, . . . , j_n ∈ J and x_0, . . . , x_n ∈ R such that

ι_{j1} (x_0) ∼ y x_p ⩽ x_{p+1} (0 ⩽ p ⩽ n − 1) x_p ∈ V_{jpjp+1} (1 ⩽ p ⩽ n − 1) ι_{jn} (x_n) ∼ y^′. Then the projection f : ι_j (x) → x is a relational bundle on (R, ⩽).

The differences between this example and the last are subtle. The most obvious difference is that the first example could include a “two dimensional” subset U × I ⊆ Y for some non-discrete U ⊆ Z. Next, Example 3 could include a path with an end-point, while all the paths in Example 4 are built from open intervals. Finally, the branching behaviour of the two is different: because the glued patches V_{jk} are open, each of I_j and I_k has a least point above V_{jk}, which cannot be Hausdorff separated; whereas (provided X is Hausdorff) Example 3 is Hausdorff.

2.2 Relational Sections

We now come to what can be seen as the fundamental concept of this paper: that of “relational section.” These plays the same role in the theory of relational sheaves as local sections do in standard sheaf theory. With this definition, the development of the theory is more or less inevitable, so it is worth examining the motivation of this concept.

If x ∈ X, then a relational section σ through x (i.e. satisfying σ(f(x)) = x) can be thought of as a possible world line of the individual x. It traces the development of x over some open set U ∋ f(x), in a way which is continuous and preserves the relation.

Definition. Let (X, f) be a relational bundle on (S, ↠), and U ∈ O(S).

A relational section of f over U is a continuous function σ : U → X satisfying ∀s ∈ U. fσ(s) = s ∀s, t ∈ U. s ↠ t ⇒ σ(s) ↠_X σ(t) Let Γ(f)(U) be the set of all relational sections of f over U; extend this to a presheaf by Γ(f)^U_V (σ) = σ | |_V for V ⊆ U.

In Example 3 the relational sections over connected open sets are simply the partial sections in the usual sense, because of the way the relation is defined. Relational sections over disconnected open sets can always be extended to sections over connected open sets, which is not true for partial sections in the usual sense.

In Example 4 the relational sections are defined by sequences of I_j’s in the same way that the relation is defined. Again, every relational section over a disconnected open set can be extended to one over an interval.

As expected from standard sheaf theory, the collection of relational sections of a relational bundle forms a presheaf, and this construction is functorial.

Lemma 1. The map Γ : RBn(S) → Set^{O(S)op} is a functor.

Proof. Let h : (Y, g) → (X, f) in RBn(S). Define Γ(h) : Γ(g) → Γ(f) by

Γ(h)_U (σ) = hσ

Then hσ : U → X is continuous, fhσ(s) = gσ(s) = s and s ↠ t ⇒ σ(s) ↠_Y σ(t) ⇒ hσ(s) ↠_X hσ(t) so hσ is a relational section of f over U.

The functoriality of Γ is immediate.

2.3 Relational Fibres

The next step in the development of the theory is the construction of a left adjoint to Γ. As in standard sheaf theory, this is defined by considering the local behaviour of a presheaf at each point, and showing that the collection of “germs” so defined has a natural topology. To this we need only add that it also has a natural relation, to get the whole of the relational-bundle structure.

We start by recalling some standard definitions of sheaf theory. See [2] or [15] for details.

Definition. Let S be a topological space, F : O(S)^{op} → Set a presheaf on S, and s ∈ S.

The fibre of F over s is

F_s = colim_{U∋s} F (U) = {(U, a)|s ∈ U ∈ O(S) & a ∈ F (U)}/∼_s where (U, a) ∼_s (V, b) ⇐⇒ ∃W ∋ s. W ⊆ U ∩ V & F^U_W (a) = F^V_W (b)

The germs of F over s are the ∼_s-equivalence classes [U, a]_s. The projection L(F ) : ∐ s∈S F_s → S is defined by

L(F )([U, a]_s) = s

The unit η_F is defined (for U ∈ O(S), a ∈ F (U) and s ∈ U) by

(η_F )_U (a)(s) = [U, a]_s

The topology on ∐ s∈S F_s is the finest topology such that all the maps (η_F )_U (a) : U → ∐ s∈S F_s are continuous. In other words, Z is open iff ∀U ∈ O(S). ∀a ∈ F (U). {s ∈ U|[U, a]_s ∈ Z} ∈ O(S) (3) The relation on the fibre space is defined by saying that two germs are related if their base points are related and they can be extended to a common element. This is exactly like the definition of the relation in Examples 3 and 4. Definition. Let (S, ↠) be a relational space and F : O(S)^{op} → Set a presheaf on S.

The relation ↠_F ⊆ ∐ s∈S F_s × ∐ s∈S F_s is defined by [U, a]_s ↠_F [V, b]_t ⇐⇒ s ↠ t & ∃W ∋ s, t. ∃c ∈ F (W ). (U, a) ∼_s (W, c) & (V, b) ∼_t (W, c) (4) Lemma 2. The projection L(F ) : ∐ s∈S F_s → S is a relational bundle on S.

Proof. That L(F ) preserves the relation is immediate from (4); continuity is standard.

Lemma 3. The unit η_F is a presheaf morphism F → ΓL(F ) over S.

Proof. That (η_F )_U (a) is a local section of L(F ) over U, natural in U, is standard; we have only to show that it preserves the relation. But if s ↠ t then (U, a) ∼_s (U, a) and (U, a) ∼_t (U, a) so (η_F )_U (a)(s) ↠_F (η_F )_U (a)(t).

Finally we show that the relational bundle we have constructed is universal, so we have the desired adjunction.

Theorem 1. The unit η_F is universal from F to Γ, i.e. L extends uniquely to a functor L : Set^{O(S)op} → RBn(S) left adjoint to Γ : RBn(S) → Set^{O(S)op} .

Proof. Let (X, f) be a relational bundle on S and g : F → Γ(f) in Set^{O(S)op} .

Define g^♯ : L(F ) → f by g^♯[U, a]_s = g_U (a)(s) If (U, a) ∼_s (V, b) then there is a W ∋ s such that F^U_W (a) = F^V_W (b) so g_U (a)(s) = g_W (F^U_W (a))(s) = g_W (F^V_W (b))(s) = g_V (b)(s) i.e. g^♯ is well-defined.

If [U, a]_s R^F [V, b]_t then s ↠ t and there are W ∋ s, t and c ∈ F (W ) such that (U, a) ∼_s (W, c) and (V, b) ∼_t (W, c) so g_U (a)(s) = g_W (c)(s) S g_W (c)(t) = g_V (b)(t) i.e. g^♯ preserves the relation.

If Z ∈ O(X), U ∈ O(S) and a ∈ F (U) then {s ∈ U|[U, a]_s ∈ (g^♯)^←(Z)} = {s ∈ U|g_U (a)(s) ∈ Z} = (g_U (a))^←(Z) which is open by continuity of g_U (a), so g^♯ is continuous.

Now if U ∈ O(S), a ∈ F (U) and s ∈ U then (Γ(g^♯)η_F )_U (a)(s) = g^♯[U, a]_s = g_U (a)(s) so Γ(g^♯)η_F = g; conversely if Γ(h)η_F = g then h[U, a]_s = (hη_F )_U (a)(s) = (Γ(h)η_F )_U (a)(s) = g_U (a)(s) = g^♯[U, a]_s i.e. h = g^♯.

We finish this section by calculating explicit definitions of the functor L and the counit.

Corollary 4. The functor L is defined, for g : F → G, by L(g)[U, a]_s = [U, g_U (a)]_s The counit ϵ_f : LΓ(f) → f is defined by ϵ_f [U, σ]_s = σ(s)

Proof. L(g)[U, a]_s = (η_Gg)^♯[U, a]_s = (η_G)_U g_U (a)(s) = [U, g_U (a)]_s ϵ_f [U, σ]_s = 1^♯_{Γ(f)}[U, σ]_s = σ(s)

3 Relational Sheaves

3.1 Relational Sheaves as Presheaves

The relational sheaves are those presheaves which can be described equivalently as relational bundles. In other words, they are those objects for which the adjunction of Theorem 1 restricts to an equivalence of categories. Just as in standard sheaf theory, we characterise them by a monopresheaf condition and a patching condition; the unusual point is that these conditions require different notions of cover.

The presheaf of relational sections of a relational bundle satisfies the usual monopresheaf condition of sheaf theory, for precisely the usual reason. However, if we try to patch together relational sections, the patched function will not, in general, preserve the relation, as preserving the relation is not a local property. We get round this by using a restricted notion of cover, which we call a “relational cover.”

Definition. Let (S, ↠) be a relational space, and U ∈ O(S).

A relational cover of U is a family of open sets (U_j |j ∈ J) such that ⋃ j U_j = U ∀s, t ∈ U. s ↠ t ⇒ ∃j ∈ J. s, t ∈ U_j A relational sheaf F on (S, ↠) is a monopresheaf in the usual sense, which satisfies the patching condition for relational covers. In other words, for all U ∈ O:

• if (U_j |j ∈ J) is a cover of U in the usual sense, and a, b ∈ F (U) satisfy ∀j ∈ J. F^U_{Uj} (a) = F^U_{Uj} (b) then a = b;

• if (U_j |j ∈ J) is a relational cover of U, and (a_j|j ∈ J) is a family satisfying ∀j ∈ J. a_j ∈ F (U_j) and ∀j, k ∈ J. F^{Uj}_{Uj ∩Uk} (a_j ) = F^{Uk}_{Uj ∩Uk} (a_k) then there exists a ∈ F (U) such that ∀j ∈ J. F^U_{Uj} (a) = a_j.

The category of relational sheaves on S and natural transformations between them we denote RSh(S).

The aim of this definition is to characterise the presheaves of the form Γ(f): the next lemma shows that these presheaves do indeed satisfy the definition.

Lemma 5. For any relational bundle (X, f) on X, the presheaf Γ(f) is a relational sheaf on X.

Proof. The monopresheaf condition is obvious.

Let (U_j |j ∈ J) be a relational cover of U, and σ_j : U_j → Y a relational section of f over U_j for each j ∈ J; assume σ_j | U_j ∩U_k = σk | U_j ∩U_k for all j, k ∈ J. Define σ : U → X by

σ(s) = σ_j (s) for some j such that s ∈ U_j

Then σ is well defined because the σ_j agree on overlaps, it is continuous because the σ_j are, and fσ(s) = fσ_j (s) = s. Finally, if s ↠ t then there is some j such that s, t ∈ U_j , so

σ(s) = σ_j (s) ↠_X σ_j (t) = σ(t)

Therefore σ ∈ Γ(f)(U), so Γ(f) is a relational sheaf.

Although Lemma 5 gives us plenty of examples of relational sheaves, it is instructive to consider some more concrete examples.

Example 5. Any standard sheaf on a relational space is a relational sheaf.

This is immediate from the fact that any relational cover is a cover in the usual sense. We therefore look for examples of relational sheaves which are not sheaves.

Example 6. Let (Z, ↠_Z) and (S, ↠_S ) be relational spaces, and for U ∈ O(S) let F (U) be the set of continuous relational functions from U to Z. Then F (with the usual restriction maps) is a relational sheaf, but not a sheaf.

As usual, we can add local conditions such as differentiability or holomorphism.

Example 7. Let S be an open subset of R^n and ↠ a partial order on S. For U ⊆ S, let F (U) be the set of monotone differentiable functions from U to (R, ⩽). Then F is a relational sheaf, but not a sheaf.

The next proposition shows that, in fact, all relational sheaves are isomorphic to ones described in Lemma 5. Furthermore, it shows that the adjunction of Theorem 1 is an equivalence when restricted to relational sheaves.

Proposition 6. If F : O(S)^{op} → Set is a relational sheaf on S then η_F : F → ΓL(F ) is an isomorphism.

Proof. Let U ∈ O(S) and σ ∈ ΓL(F )(U). Let J = {(V, a)|V ⊆ U, a ∈ F (V ) & ∀s ∈ V. [V, a]_s = σ(s)} If s ∈ U then σ(s) = [V_0, a_0]_s for some V_0, a_0; let

W = {[V_0, a_0]_t|t ∈ V_0}

which is open in L(F ) (see the proof of lemma 7) so

V_1 = σ^←(W )

= {t ∈ V_0 ∩ U|σ(t) = [V_0, a_0]_t}

is open, (V_1, F^{V0}_{V1} (a_0)) ∈ J and s ∈ V_1.

If s, t ∈ U and s ↠ t then σ(s) ↠_F σ(t) so there is some V_0, a_0 such that σ(s) = [V_0, a_0]_s and σ(t) = [V_0, a_0]_t. As before,

V_1 = {u ∈ V_0 ∩ U|σ(u) = [V_0, a_0]_u}

is open, (V_1, F^{V0}_{V1} (a_0)) ∈ J and s, t ∈ V_1.

If s ∈ V ∩ V^′ for some (V, a), (V^′, a^′) ∈ J, then

[V, a]_s = σ(s) = [V^′, a^′]_s

so there is some W ∋ s such that W ⊆ V ∩ V^′ and F^V_W (a) = F^{V ′}_W (a^′). Therefore ( W | |W ⊆ V ∩ V^′ & F^V_W (a) = F^{V ′}_W (a^′))

is a cover of V ∩ V^′ (in the usual sense), and F^V_{V ∩V} ′ (a) = F^{V ′}_{V ∩V} ′ (a^′).

Therefore, (V |(V, a) ∈ J) is a relational cover of U, and (a|(V, a) ∈ J) a compatible family, which defines a unique α_U (σ) ∈ F (U).

Now (η_F )_U α_U (σ)(s) = [U, α_U (σ)]_s = [V_1, a_1]_s for some (V_1, a_1) ∈ J; but this is equal to σ(s).

Conversely α_U (η_F )_U (a) = α_U (s → [U, a]_s) = a.

3.2 Relational Sheaves as Bundles

The results of the last section show that the category of relational sheaves is equivalent to some full subcategory of the category of relational bundles, namely the image of L. Our next task is to characterise which relational bundles are equivalent to relational sheaves, i.e. isomorphic to those in the image of L. Just as in standard sheaf theory, we use a local homeomorphism condition, but here the definition is more complex in two ways. Firstly, the local homeomorphisms about each point must respect the relation: this is clear from the definition of relational section in Section 2.2. Secondly, each related pair must have a local homeomorphism about them: this essentially comes from the definition of the relation on fibres in Section 2.3.

Definition. Let (X, f) be a relational bundle on S.

Then f is a local relational homeomorphism on S iff

• For all x ∈ X there is an open set Z ∋ x in X such that f^→(Z) is open in S and f | |_Z : Z → f →(Z) is a relational homeomorphism.

• For all x, y ∈ X satisfying x ↠_X y there is an open set Z ∋ x, y in X such that f^→(Z) is open in S and f | |_Z : Z → f →(Z) is a relational homeomorphism.

The category of local relational homeomorphisms on S and relational bundle morphisms between them we denote LRH(S).

The aim of this definition is to characterise the bundles of the form L(F ): the next lemma shows that these presheaves do indeed satisfy the definition.

Lemma 7. If F : O(S)^{op} → Set is a presheaf then the bundle L(F ) is a local relational homeomorphism.

Proof. Let [U, a]_s ∈ ∐ s∈S F_s, and fix some U and a. Let Z = {[U, a]_t|t ∈ U} If W ∈ O(S) and b ∈ F (W ) then {t ∈ W |[W, b]_t ∈ Z} = {t ∈ W ∩ U|(W, b) ∼_t (U, a)} = ⋃ {Z ∈ O(S)|Z ⊆ W ∩ U & F^W_Z (b) = F^U_Z (a)} ∈ O(S) so Z is open. Define f : U → Z by f(t) = [U, a]_t then fL(F )[U, a]_t = [U, a]_t and L(F )f(t) = t so f is inverse to L(F ) | Z ; and t ↠ u ⇒ [U, a]_t ↠_F [U, a]_u so f preserves the relation. If Z is an open subset of Z then f^←(Z) = {t ∈ U|[U, a]_t ∈ Z} which is open by (3), so f is continuous. Let [W, c]_s, [W, c]_t ∈ ∐ s∈S F_s where s ↠ t (it is easy to see that every related pair is of this form). Let Z = {[W, c]_u|u ∈ W } As before, Z is open; define f : W → Z as before, and f is a local inverse to L(F ). Lemma 7 gives us plenty of examples; indeed, we shall see that all examples are essentially of this form. Nonetheless there are some standard concrete examples which we wish to consider.

Example 8. Let S be a relational space and α · S = ∐ j⩽α S the disjoint union of α copies of S (with ι_j (s) ↠ ι_k(t) iff j = k and s ↠ t). Then the codiagonal ∇ : α · S → S defined by ∇(ι_j (s)) = s is a local relational homeomorphism.

Example 9. Let S be a relational space and U an open subset of S (with the obvious relation). Then the inclusion U → S is a local relational homeomorphism.

Example 3 is not a local relational homeomorphism in general, but it is easy to see that Example 4 is: take the open set containing a point to be any path I_j containing it, and the open set containing a related pair to be the union of two such paths.

Finally we show that every local relational homeomorphism is equivalent to a relational sheaf, namely the one given by the adjunction.

Proposition 8. If (X, f) is a local relational homeomorphism on S then ϵ_f : LΓ(f) → f is an isomorphism.

Proof. For any x ∈ X, there is an open set Z ∋ x such that f^→(Z) is open, and f | |_Z is a relational homeomorphism. Define α : X → ∐ s∈S Γ(f)_s

α(x) = [f^→(Z), (f | |_Z )^{−1}]_{f(x)} for some such Z. Then α is uniquely determined because if Z^′ ∋ x is another such open, then f^→(Z ∩ Z^′) ∋ f(x) and (f | |_Z )^{−1} | |_{f →(Z∩Z′)} = (f | |_{Z′} )^{−1} | |_{f →(Z∩Z′)} so (f^→(Z), (f | |_Z )−1) ∼_{f(x)} (f →(Z′), (f | |_{Z′} )−1).

Next α is continuous because if W is open in Γ(f) then α^←(W ) = {x ∈ X|∃Z ∋ x. [f^→(Z), (f | Z )^{−1}]_{f(x)} ∈ W } = ⋃ Z f^←{s ∈ f^→(Z)|[f^→(Z), (f | |_Z )^{−1}]_s ∈ W } ∈ O(S) Also α is relational because if x ↠_X x^′ there is an open set Z ∋ x, x^′ such that f^→(Z) is open, and f | |_Z is a relational homeomorphism. By the uniqueness of α,

α(x) = [f^→(Z), (f | |_Z )^{−1}]_{f(x)} ↠_{Γ(f)} [f^→(Z), (f | |_Z )^{−1}]_{f(x′)} = α(x^′)

Finally, ϵ_f α(x) = (f | |_Z )^{−1}f(x) = x and if [U, σ]_s ∈ LΓ(f)(U) then f^←(U) is an open set containing σ(s), so αϵ_f [U, σ]_s = [U, σ]_s by the uniqueness of α. We can summarise the relationship between relational sheaves and local relational homeomorphisms as follows:

Theorem 2. The functors L : RSh(S) → LRH(S) and Γ : LRH(S) → RSh(S) define an equivalence of categories.

Proof. Simply put together the results of Lemmas 5 and 7 and Propositions 6 and 8

4 Properties of Relational Sheaves

4.1 Regular Subsheaves

The results so far show that we have identified an interesting category of sheaf-like structures on a relational space, whose “local” or geometric properties are analogous to those of standard sheaves. Our next task is to investigate the logical properties of this category, and show that it has enough structure to model predicate modal logic.

The following observation shows that we can interpret predicate intuitionistic logic (and indeed, higher-order logic) in relational sheaves.

Proposition 9. If S is a relational space, then RSh(S) is a quasitopos.

Proof. The relational covers on a relational space S form a coverage [10] on O(S), i.e. a Gröthendiek topology on O(S) considered as a category. Let E be the topos of sheaves for this topology. Since every relational cover is a cover in the usual sense, the usual coverage on O(S) defines a topology j on E. The relational sheaves are those sheaves with respect to relational covers which are separated with respect to the usual covers. In other words, RSh(S) is the category of j-separated objects of E. But such a category is always a quasitopos (see [16]).

In a quasitopos, the key structure is that of the strong (or equivalently regular) subobjects. These are the subobjects classified by the subobject classifier; in the semantics of predicate logic, they are used to interpret predicates. It is therefore essential to our understanding of relational sheaves to identify them in more elementary terms.

The idea of the following definition is that proving membership of a subobject is easier than proving existence. To define a relational section by patching, we need to guarantee that the patched section will preserve the relation, and this is the point of relational covers. However, if the section already exists as an element of a superobject, we already know that it preserves the relation, so it is enough to use a cover in the usual sense.

Definition. Let F : O(S)^{op} → Set be a relational sheaf on S.

A regular subsheaf of F is a subpresheaf ϕ ⊆ F such that for all U ∈ O(S), all a ∈ F (U) and all covers (U_j |j ∈ J) in the usual sense, ∀j ∈ J. F^U_{Uj} (a) ∈ ϕ_{Uj} ⇒ a ∈ ϕ_U We denote the poset of regular subsheaves of F (ordered by inclusion) by Reg(F ).

The following lemma shows that this definition does identify the strong subobjects of relational sheaves, and therefore the regular subsheaves give a canonical representative for each equivalence class of strong monomorphisms.

Lemma 10. The poset Reg(F ) is isomorphic to the poset of strong subobjects of F in RSh(S).

Proof. Referring to the proof of Proposition 9, it is enough to show that the regular subsheaves of F correspond to those monomorphisms of E (between relational sheaves) which are j-closed. But being j-closed is precisely the defining condition for regular subsheaves.

It remains only to show that a regular subsheaf of a relational sheaf is a relational sheaf. The monopresheaf property is immediate; for the patching property, let (U_j|j ∈ J) be a relational cover of U, and (a_j|j ∈ J) a compatible family for ϕ. Then (a_j |j ∈ J) is certainly a compatible family for F , so there exists a ∈ F (U) such that F^U_{UJ} (a) = a_j. Since every relational cover is a cover in the usual sense, it follows that a ∈ ϕ_U .

It turns out that the regular subsheaves have an even simpler description in terms of local relational homeomorphisms: they are just the open sets of the fibre space. The next two results demonstrate this.

Lemma 11. Let (X, f) be a relational bundle on S, and V ∈ O(X). Let Γ(f | V ) be the relational sheaf defined from the restriction of f to V ; then Γ(f | V ) is a regular subsheaf of Γ(f).

Proof. For each U ∈ O(S), the set Γ(f | |_V )(U) is certainly a subset of Γ(f)(U), since it consists of those sections which factor through V . If U^′ ⊆ U and σ ∈ Γ(f | |_V )(U) then σ | |_{U ′} factors through V , so is in Γ(f | |_V )(U^′); therefore Γ(f | |_V ) is a subpresheaf of Γ(f).

Let (U_j |j ∈ J) be a cover of U (in the usual sense), and σ ∈ Γ(f)(U) a section of f over U satisfying σ | U_j ∈ Γ(f | V )(U_j) for all j ∈ J. For any x ∈ U, there is some j ∈ J such that x ∈ U_j, so σ(x) = σ | |_{Uj} (x) ∈ V . Therefore σ ∈ Γ(f | |_V )(U).

Theorem 3. If (X, f) is a local relational homeomorphism on S, then the construction of Lemma 11 defines an isomorphism between O(X) and Reg(Γ(f)).

Proof. If ϕ is a regular subsheaf of Γ(f), define ϕ̂ ⊆ ∐ s∈S Γ(f)_s by [U, σ]_s ∈ ϕ̂ ⇐⇒ ∃U^′ ⊆ U. s ∈ U^′ & σ | |_{U ′} ∈ ϕ_{U ′} Then ϕ̂ is open, since if U ∈ O(S) and σ ∈ Γ(f)(U) then {s ∈ U|[U, σ]_s ∈ ϕ̂} = {s ∈ U|∃U^′ ∋ s. U^′ ⊆ U & σ | U^′ ∈ ϕU^′ } = ⋃ {U^′ ⊆ U|σ | |_{U ′} ∈ ϕ_{U ′} } ∈ O(S) Now,

(η_{Γ(f)})_U (σ) ∈ Γ(LΓ(f) | ϕ̂; U) ⇐⇒ ∀s ∈ U. [U, σ]_s ∈ ϕ̂ ⇐⇒ ∀s ∈ U. ∃U^′ ∋ s. U^′ ⊆ U & σ | |_{U ′} ∈ ϕ_{U ′} ⇐⇒ σ ∈ ϕ_U so ϕ_U = (η_{Γ(f)})^←_U (Γ(LΓ(f) | ϕ̂)(U)).

Also for any V ∈ P, [U, σ]_s ∈ ^ Γ(f | |_V ) ⇐⇒ ∃U^′ ∋ s. U^′ ⊆ U & ∀s^′ ∈ U^′. σ(s^′) ∈ V ⇐⇒ s ∈ σ^←(V ) ⇐⇒ ϵ_f [U, σ]_s ∈ V so ^ Γ(f | |_V ) = ϵ←(V ).

Therefore the result follows from theorem 2.

4.2 Properties of Local Relational Homeomorphisms

Before going on to consider the modal structure of relational sheaves, we need a few basic properties of local relational homeomorphisms. The following result (together with the fact that every identity map is a local relational homeomorphism) shows that the relational spaces and local relational homeomorphisms form a category, which we will call LRH.

Lemma 12. If f : S → T and g : R → S are local relational homeomorphisms, then their composition fg : R → T is a local relational homeomorphism.

Proof. If r ∈ R then there are open sets U ∋ r and V ∋ g(r) such that g^→(U) and f^→(V ) are open and g | U and f | V are relational homeomorphisms. Then U ∩ g^←(V ) ∋ r, (fg)^→(U ∩ g^←(V )) = f^→(g^→(U) ∩ V ) which is open, and (fg) | |_{U∩g←(V )} = (f | |_{g→(U)∩V} )(g | |_{U∩g←(V )}) which is a relational homeomorphism.

The argument for r ↠ r^′ is similar.

The next lemma shows that any map between local relational homeomorphisms is itself a local relational homeomorphism, so in fact LRH(S) is the slice category LRH /S.

Lemma 13. Let f : S → T be a local relational homeomorphism, and g : R → S a continuous relational function. If the composition fg is a local relational homeomorphism then so is g.

Proof. If fg is a local relational homeomorphism and r ∈ R then there are open sets U ∋ r and V ∋ g(r) such that (fg)^→(U) and f^→(V ) are open and (fg) | |_U and f | |_V are relational homeomorphisms. Then U ∩ g←(V ) ∋ r, g^→(U ∩ g^←(V )) = f^←(fg)^→(U ∩ g^←(V )) which is open, and g | |_{U∩g←(V )} = (f | |_{g→(U)∩V} )^{−1}(fg) | |_{U∩g←(V )} which is a relational homeomorphism. The argu-

ment for r ↠ r^′ is similar.

The next lemma shows that the pullback of a local relational homeomorphism is a local relational homeomorphism. This means that we can calculate limits in LRH(S) in the standard way: in particular, products are just fibre products with the usual topology and the obvious relation.

Lemma 14. Let f : S → T be a local relational homeomorphism, and g : R → T a continuous relational function. The pullback f^′ : R ×_T S → R of f along g (in the category of relational spaces and continuous relational functions) is a local relational homeomorphism.

Proof. If ⟨r, s⟩ ∈ R ×_T S then there is an open set U ∋ s such that f^→(U) is open and f | |_U is a relational homeomorphism. Then g←f →(U) is open and contains r, so V = (R ×_T S) ∩ (g^←f^→(U) × U) is open and contains ⟨r, s⟩. Now (f^′)^→(V ) = g^←f^→(U), which is open, and (f^′ | |_V )^{−1} = ⟨1, (f | |_U )^{−1}g⟩ so f^′ | |_V is a relational homeomorphism. The argument for ⟨r, s⟩ ↠ ⟨r^′, s^′⟩ is similar.

Next we give a result which shows that local relational homeomorphisms behave well with respect to “change of base.”

Lemma 15. Let f : S → T be a local relational homeomorphism, and g : R → T a continuous p-morphism. The pullback g^′ : R ×_T S → S of g along f (in the category of relational spaces and continuous relational functions) is a continuous p-morphism.

Proof. If ⟨r, s⟩ ∈ R ×_T S and s ↠ s^′ ∈ U ∈ O(S) then, since f is a local relational homeomorphism, there is an open set V ∋ s, s^′ such that f^→(V ) is open and f | V is a relational homeomorphism. Now g(r) = f(s) ↠ f(s^′) ∈ f^→(U ∩ V ) so, since g is a continuous p-morphism, there is some r^′ ∈ R such that r ↠ r^′ and g(r^′) ∈ f^→(U ∩ V ). Then, since s = (f | |_V )−1g(r) ↠ (f | |_V )−1g(r′), we have ⟨r, s⟩ ↠ ⟨r′, (f | |_V )−1g(r′)⟩ ∈ R×_T S, and (f | |_V )−1g(r′) ∈ U. 4.3 The Relation Predicate

In the internal language of sheaves, the basic predicate is equality. In the language of relational sheaves, equality does not give us enough expressive power: we expect the modal connectives to talk about related fibres, and we need a way to talk about related elements in those fibres. The details of a first-order modal language which allows us to do this are worked out in a separate paper [8]; here we investigate the mathematical properties of the predicate which says when two elements are related.

Definition. Let (X, f) and (Y, g) be local relational homeomorphisms on S, and let ↠_S = {⟨s, t⟩ ∈ S × S|s ↠ t} with the topology inherited from the product topology on S × S.

The tensor product of f and g is f � g : X � Y → ↠_S, defined by X � Y = {⟨x, y⟩ ∈ X × Y |f(x) ↠ g(y)} (f � g)⟨x, y⟩ = ⟨f(x), g(y)⟩ with the topology inherited from the product topology on X × Y .

The relation predicate on f is ↠_f = {⟨x, y⟩ ∈ X � X|x ↠_X y} The next lemma shows that the tensor product gives us an object in the topos of sheaves on ↠_S, so we can safely use the constructs of geometric logic to reason about f � g.

Lemma 16. If (X, f) and (Y, g) are local relational homeomorphisms on S then f � g is a local homeomorphism on ↠_S.

Proof. The map f �g can be constructed using pullbacks. Let π_1, π_2 : ↠_S → S be the projection maps, and let π^∗_1 (f) and π^∗_2 (g) be the pullbacks of f and g along π_1 and π_2 respectively. Then X � Y is the pullback of π^∗_1 (f) and π^∗_2 (g), and f � g is the diagonal of this pullback square. Since f and g are local homeomorphisms, so is f � g.

The next lemma shows that, over ↠_S , the relation predicate defines a subsheaf of the tensor product f � f. We can therefore express it as a predicate in the logic.

Proposition 17. If (X, f) is a local relational homeomorphism on S then ↠_f is an open subset of X � X.

Proof. Let ⟨x, y⟩ ∈ ↠_f . Then x ↠_X y so there is some open set U ∋ x, y such that f | |_U is a relational homeomorphism. Now consider U × U ∩ X � X.

If ⟨x^′, y^′⟩ ∈ U × U ∩ X � X then x^′, y^′ ∈ U and f(x^′) ↠_S f(y^′) so x^′ ↠_X y^′. Therefore U × U ∩ X � X ⊆ ↠_f ; this shows that ↠_f is open.

The relation predicate allows us to reason about elements of related fibres, while the equality predicate allows us to reason about elements of the same fibre. If the base point s is reflexive, i.e. s ↠ s, the fibre over s therefore carries both predicates, and we need to understand the relationship between them. The following lemma shows that in fact, they are identical.

Lemma 18. If f : X → S is a local relational homeomorphism and s ∈ S satisfies s ↠_S s then ↠_{ss} is the identity relation on f^←{s}.

Proof. If x ∈ X such that f(x) = s then there is some open set U ∋ x such that f | |_U is a relational homeomorphism. But f(x) = s ↠_S s = f(x) so x ↠_X x. If x, y ∈ X such that x ↠_X y and f(x) = f(y) = s then there is some open set U ∋ x, y such that f | |_U is a relational homeomorphism. But f(x) = f(y) so x = y.

If two base points s and t are mutually related, i.e. s ↠ t and t ↠ s, then we have two relation predicates in the fibre of the tensor product. The following lemma shows that these two are in fact mutually inverse.

Lemma 19. If f : X → S is a local relational homeomorphism, x, y ∈ X satisfy x ↠_X y and f(x) ↞_S f(y), then x ↞_X y.

Proof. Since f is a local relational homeomorphism, there is some open set U ∋ x, y such that f | |_U is a relational homeomorphism. But f(y) ↠_S f(x) so y ↠_X x.

5 Conclusions

In this paper we have developed most of the basic theory of sheaves on a relational space, adapting the theory of sheaves on a topological space. We have shown that the category of relational sheaves has enough structure to model first-order modal logic as presented in [8], and even higher-order logic. In the author’s opinion, the results so far justify interest in these structures, and encourage further investigation.

The importance of sheaf theory in mathematics arises not from its applications to logic, but from the study of important examples which occur in geometry, representation theory, ring theory and so on. In this paper we have discussed some interesting examples of relational sheaves on the real numbers, but we have seen no concrete examples on other spaces. Relational spaces like that of Example 2 are important in computer science, and investigation of sheaves over them might be of great interest.

One aspect of the theory of sheaves on a topological space whose analogue in the theory of relational sheaves is not discussed in this paper is change of base space along a continuous function. There are several kinds of morphism between relational spaces, including continuous relational functions, continuous p-morphisms, strict p-morphisms and so on. Since all of these are important to various applications, it is worth investigating which structures are preserved by change of base along each of them.

There is a third definition of sheaves on a topological space, equivalent to sheaves and local homeomorphisms: namely, Ω-valued sets. Preliminary investigation indicates that there is an analogue of Ω-valued sets on a relational space, and that the theory could be presented in those terms. Furthermore, it appears that this approach would be “point free” or locallic, generalising the theory of sheaves on a frame or locale.

On the logical side, the big open problem is the completeness of firstorder modal logic over this class of models. The completeness theorem for first-order logic over sheaves on a topological space depends on deep results from topos theory (see [9] for details). Whether these results can be adapted to the relational case remains to be seen.

References

[1] M. Benevides and T. Maibaum. A constructive presentation for the modal connective of necessity. Journal of Logic and Computation, 2(1):31–50, 1992.

[2] F. Borceux. Handbook of Categorical Algebra 3: Categories of Sheaves.

Number 53 in Encyclopedia of Mathematics and its Applications. Cambridge University Press, 1994.

[3] G. Corsi and S. Ghilardi. Semantical aspects of quantified modal logic.

In C. Bicchieri and M. L. Dalla Chiara, editors, Knowledge, Belief and Strategic Interaction, chapter 11, pages 167–195. Cambridge University Press, 1992.

[4] W. B. Ewald. Intuitionistic tense and modal logic. Journal of Symbolic Logic, 51(1):166–179, Mar. 1986.

[5] J. W. Garson. Quantification in modal logic. In D. Gabbay, editor, Handbook of Philosophical Logic, volume 2. D. Reidel, New York, 1984.

[6] S. Ghilardi and G. Meloni. Modal and tense predicate logic: Models in presheaves and categorical conceptualization. In F. Borceux, editor, Categorical Algebra and its Applications, number 1348 in Lecture Notes in Mathematics, pages 130–142. Springer-Verlag, 1988.

[7] B. P. Hilken. Topological duality for intuitionistic modal algebras. Journal of Pure and Applied Algebra, to appear.

[8] B. P. Hilken and D. E. Rydeheard. A first-order modal logic and its sheaf models. Draft paper in preparation.

[9] P. T. Johnstone. Topos Theory. Number 10 in L.M.S. Monographs.

Academic Press, 1977.

[10] P. T. Johnstone. Stone Spaces. Number 3 in Cambridge Studies in Advanced Mathematics. Cambridge University Press, 1982.

[11] S. A. Kripke. Semantic analysis of modal logic I: Normal modal propositional calculi. Zeitschrift für Mathematische Logik und Grundlagen der Mathematik, 9:67–96, 1963.

[12] M. Makkai and G. E. Reyes. Completeness results for intuitionistic and modal logic in a categorical setting. Annals of Pure and Applied Logic, 72:25–101, 1995.

[13] G. E. Reyes and H. Zolfaghari. Topos-theoretic approaches to modalities. Technical Report 911-8, Université de Montréal, Québec, Apr. 1991.

[14] G. Sambin and V. Vaccaro. Topology and duality in modal logic. Annals of Pure and Applied Logic, 37:249–296, 1988.

[15] B. R. Tennison. Sheaf Theory. Number 20 in London Mathematical Society Lecture Note Series. Cambridge University Press, 1975.

[16] O. Wyler. Lecture Notes on Topoi and Quasitopoi. World Scientific, 1991.