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Abstract

We prove soundness and adequacy for an intuitionistic modal sequent calculus with the modal
Heyting algebra semantics presented in Hilken [7]. We produce a cut-elimination for this calculus.
For comparison a description of a corresponding classical modal logic in a sequent style is given along
with its semantics.

1 Introduction

Modal logics have found many applications in computer science. In most cases the logics have been
classical and have been used to descibe properties of relational structures. In other words the logics have
been analysed relative to suitable Kripke relational semantics.

In investigating intuitionistic modal logic there are two main motivations. One is purely philosophical,
that intuitionists can have suitable definitions of modal operators and valid proofs in acceptable calculi.
The other is semantical, certain problems have arisen for which descriptions in a logical language require
that the logic has modal connectives but is also intuitionistic.

The recent work of Hilken [7] provides a new synthesis of Kripke semantics and the topological
semantics of intuitionistic logic. It establishes a correspondence between two semantic notions for intu-
itionistic modal logic - modal Heyting algebras and topological relational spaces. It gives a contravariant
equivalence between a category of topological spaces with relations and a category of modal frames
(frames with modal operators satisfying four axioms). A frame is a partially ordered set with finite
meets, arbitrary joins satisfying the infinite distributivity law. Defining a modal Heyting algebra to be
a Heyting algebra with modal operators satisfying the same four axioms as modal frames, it also gives
an equivalence between the category of modal frames and a category of modal Heyting algebras.

Wijesekera [12] gives sequent calculus formulations for both intuitionistic and classical predicate
modal logic. The intuitionistic calculus he proves is sound and complete with respect to his chosen
semantics (which are different to ours.) Dropping his quantifier rules and making a few other slight
alterations we arrive at the calculi presented here in Sections 2 and 3.

In Section 2 we review classical monomodal logic. We give a sequent calculus for a language with
one box connective and one (interdefinable) diamond connective. The semantics are given in terms
of relational structures and the modal Boolean algebras they generate in a similar fashion to [9]. In
Section 3 a language for intuitionistic logic with one box and one diamond operator is set down along
with a calculus. Modal Heyting algebras are described and used to give the semantics of the logic. The
soundness and completeness results for the intuitionistic logic are proved in Section 4, although some of
the details are in the appendix. Section 5 concerns the cut rule which is shown to be eliminable.

2 Classical Modal Logic

In this Section we introduce a classical modal language and a classical modal sequent calculus similar to
that of Wijesekera [12]. In addition we describe the associated semantics. Although the material in this
Section is of independent interest, the most important reason for including it is that the intuitionistic
modal calculus (which is the main subject of this report) is derived from the classical calculus.

2.1 The Language

Throughout this report we will be using modal propositional languages. In Section 1 we are dealing with
classical logic and our language will have the following symbols:

e Variables P, Q, R, ... ;
e Constants T, L ;

e Propositional connectives =, A, V ;



e A box connective O ;

e A diamond connective <.

The O and < connectives are known as the modal connectives. The modal connectives extend the
propositional language consisting of variables, constants and propositional connectives as given above.
The language described above is monomodal - it has only one O and one & connective. It is also possible
to consider polymodal languages in which many modal connectives are present but this is not done here.

The formulas of the language are built up recursively from the variables using the following rules.

e If P is a variable then P is a formula.
e The constants T and L are formulas.
o If ¢ is a formula then —¢,0¢, O are all formulas.

e If ¢ and ¢ are formulas then so are p A ) , ¢V 1).

Formulas can be identified with the tree structure corresponding to their construction. Parentheses
(,) will be used where appropriate to make the tree structure of formulas explicit. They are not considered
to be part of the language.

Call the set of variables VAR and the set of formulas FORM .

2.2 Proofs

Define a bag of formulas, I', to be a finite set of formulas together with a function fr : FORM — N,
where N is the set of natural numbers including 0. In other words a bag is is a finite collection of formulas
with repetitions of the same formula allowed and counted. The number of occurrences of a formula ¢
is the value fr(¢). We will use the notation I', ¢ for the bag of formulas obtained by adding one more
occurrence of the formula ¢ to the bag I'. With this convention we may write a bag of formulas as an
unordered list possibly containing repetitions. We use the notation I'; A to mean the bag of formulas
consisting of all the occurrences of every formula from the bags I' and A - so fr a(¢) = fr(¢) + fa(o).
The notation OI is used to indicate the bag of formulas consisting of each occurrence of each formula of
the bag I’ written with a O connective in front of it - if ¢ is a formula with fr(¢) = n then for(0O¢) = n.
Similarly for the bag OT, if ¢ is a formula with fr(¢) = n then for(<¢¢) =n.

A judgement is a string of symbols I' - A where I and A are bags of formulas. Judgements are also
referred to as sequents. Judgements arise in proofs. A proof is a tree of judgements constructed using
one of the proof rules below to generate leaves.

2.2.1 Proof Rules

Axiom Lok ¢, A
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The antecedent of a judgement is the bag of formulas on the left-hand-side of the judgement symbol,
F. The succedent is the bag of formulas on the right-hand-side of the judgement. A premise of a given
judgement is a judgement which occurs immediately above the given judgement in the proof which
contains it. The rules above mean that every judgement has either zero, one or two premises. Within
this report, proofs will also sometimes be called derivations and we will say that we can derive a certain
judgement. Sometimes the words “there is a proof of” have been omitted before a judgement is written.
It should be reasonably clear in such circumstances that what is meant is that there is a proof of the
judgement. The notation I' ¥ A is also occasionally used, and in this case what is intended is that there
can be no proof of the judgement I' - A.

2.3 Semantics

We interpret the consequences of these judgements using modal Boolean algebras and transition struc-
tures. A transition structure A = (A, <) is a structure consisting of a non-empty set A and a binary
relation <. The modal Boolean algebra generated by A is (pA,0,<,C,N,U, =, A, (), a Boolean algebra
with the operations =, U, N defined as complementation,union and intersection, with partial order C and
top and bottom elements A and @ respectively. The operation O is defined by O: pA4 — pA; X — OX
where

aclX & (Vr)(z <a=1z€X)
Similarly the operation ¢ : pA — pA; X — OX is defined by
aedX & () (z<a & ze€X)



It follows from these definitions that the maps O and ¢ are monotone -
if X CY then OX C OY and ©X C OY.

Given a modal Boolean algebra we can recover the original transition structure from which it came.
This is done using the following statement, which holds for all a,b € A :

b<a < (VX)(laeOX=beX)

From now on we will take the word “structure” to mean transition structure. A wvaluation o on a
structure A is an assignment « : VAR — pA; P — «a(P). The pair (A, «) is called a valued structure.
Each such valuation has a natural extension to a function, [-]o : FORM — pA, from formulas to modal
Boolean algebras.

Let (A, a) be a given valued structure. For each formula ¢ the subset [¢]o of A is defined by induction
on the complexity of ¢ using the following clauses.

e (constants) [Tla=A , [L]a=10
variables) [Pla = a(P)
formulas 6, ) [0V Yla =[0]a U [¥]a
formulas 6, ) [0 AY]a =[0]a N [¥]a
e (formulas ¢) [B4]a = D([¢]a)

e (formulas ¢) [©¢]a = O([4]a)-

The calculus given is sound and complete with respect to such Boolean algebras. See Collinson [1].

(
(
(
(

3 Intuitionistic Modal Logic

The formal system is now adapted to give an intuitionistic version of a modal sequent calculus. This is a
system designed to prove propositions with no external notion of their truth or falsity. The language of
this intuitionistic modal logic has an implication symbol, —. Negation is defined in terms of implication,
and the constant L, defining —¢ as ¢ — L for each formula ¢.

Sequents occurring in intuitionistic sequent proofs contain at most one formula on the right-hand-side,
see [5]. In the calculus presented below all judgements have ezactly one formula on the right-hand-side.
The constant L is used instead of an empty succedent, so that there are sequents of the form I' F L
rather than I' = . The system given here is similar to that of Wijesekera [12].

With such logics the law of the excluded middle (the judgement - ¢ V —¢) cannot be derived.
Double negation ( F (=(—¢)) — ¢) fails as does one of the de Morgan laws, the suspect case being

(@AY) =gV .

The set of variables is named VAR as before. The formulas of the language are built up recursively
using the following clauses:

e if P is a variable then P is a formula

e | and T are formulas

e if ¢ is a formula then O¢ and $¢ are formulas

o if ¢ and ¢ are formulas then ¢V ¢, ¢ A, ¢ — 1 are formulas.

The new set of formulas is called FORM. As in the classical case, parentheses are used in formulas
to make the tree structure explicit.



3.1 Proofs

A bag of formulas is defined as before. The bags OI' and ¢TI and I'; A and I', ¢ are defined as before.
In addition we define ¢™ to be the bag of formulas consisting of n occurrences of the formula ¢. A
judgement is a string of symbols I' F ¢ where I is a bag of formulas and ¢ is a formula. The judgements
arise in proofs. A proofis a tree of judgements generated using the proofs rules listed below.

3.1.1 Proof Rules
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There are two important derived rules that will be used in the following sections. The first is a
strengthened contraction rule. This simply combines several contractions, possibly on more that one
formula, into one contraction. Suppose that we have bags of formulas I', I, I'" where I'' and I'" contain
the same formulas but not necessarily in the same numbers, and suppose that we have a formula ¢ and
a judgement I', TV, T I ¢ then the strengthened contraction rule allows us to make the proof

| I A R )
Ik ¢
The second derived rule is the mix rule (sometimes also called multicut) which looks like

I N
IR R )

where I and I are bags of formulas and ¢ and v are formulas and n is any integer greater than 0.

Notice that given all the other rules of the formal system, the presence of the mix rule is equivalent
to the presence of the cut rule. The cut rule is clearly just the special case, n = 1, of the mix rule. The
mix rule is derived from the cut rule, for each n, by n applications of the cut rule and some contractions.

In the proofs of soundness, completeness and cut elimination to follow one of the methods used most
is to check cases of which sort of rule some given instance of a rule is. It is not necessary when checking
cases to deal with derived rules since they can at all times be replaced by combinations of the rules of
the formal system.

3.2 Modal Heyting Algebras

The following definition comes from Hilken [7]. Define a Modal Heyting Algebra to be a partially ordered
set (H, <) with two constants T and L, binary operations A, V, — and unary operations —, O, < all
satisfying the following axioms for all a, b, ¢ in H.

1. anNb<a and anNb<b
2. c<a & c¢c<b = c<aAb
3. a<aVb and b<aVb
4. a<c & b<c = aVb<ec
5. al(a—b)<b

6. ahNc<b = c<a—b

7. 1<a

8. a<T

9. T<OT

10. OaAOb<O(aAD)

11. Oa A Ob < OlaAb)

12. OL <L

13. a<b = Oa < Ob



14. a<b = ©a<Ob

Comments

The elements T and L are known as the top and bottom elements of the algebra. Although T is
given here as a constant this is not necessary, it can be defined as 1 — 1. The axioms 1 and 2 make the
operation A a greatest lower bound (g.1.b) - for any two element set {a, b} the element aAb is the greatest
element of the algebra which is less than or equal to both a and b. The axioms 3 and 4 make the operation
V a least upper bound (l.u.b) - for any two element set {a, b} the element aV b is the least element which
is greater than or equal to both a and b. The operation — is called pseudocomplementation. Axioms
1-8 make (H, <) a pseudocomplemented lattice or Heyting algebra.

The remaining axioms describe the properties which we require for the modal connectives (of the
intuitionistic modal logic described). Axioms 13 and 14 stipulate that O and < must be monotonic.
Axioms 9 through to 12 are the four axioms considered by Hilken [7].

3.2.1 Valuation

A wvaluation is an assignment a : VAR — H where H is the underlying set of some modal Heyting
algebra. Such a valuation is extended to formulas with [-]o : FORM — H defined as follows.

. [Ltla=L1 »  [Tla=T

. [Plo = a(P) for all variables P
. [¢ A Y] = [¢la A [¥]a

. [¢V¥Y]a =[¢la V[¥]a

. [¢ = ¢]a = [4]a = [¢]a

. [E¢]a = Dlé]a

. [©¢]a = ©[d]a

We drop the subscript o on the the valuation [-], when it is clear what the valuation is.

Some properties of modal Heyting algebras to be used later are given in the appendix.

4 Completeness

We prove soundness and completeness results for the intuitionistic sequent calculus with the semantics
of the previous section.
4.1 Soundness

Lemma 4.1 If ¢1,...,¢, F ¢ is derivable then for every modal Heyting algebra H and every valuation
a: VAR — H,

|I¢1]]a A II¢2]]0[ AAN |I¢n]]a S II¢]](1-

Proof
See the appendix.



4.2 Adequacy

We now give the adequacy result for this intuitionistic logic and the stated notion of modal Heyting
algebra. We outline a proof consisting of the construction of a model from the syntax. The details of
the proof can be found in the appendix.

Lemma 4.2 Let ¢1,...,¢, be a list of formulas and ¢ be a formula. If for every modal Heyting
algebra H and every valuation a : VAR — H we have [¢1]a A ... A [¢n]a < [¢]a then there is a proof

of ¢p1,...,¢0nF .
Define the interderivabilty equivalence relation ~ on FORM by
o ~Y & o1y and YF ¢ areprovable

Denote the equivalence class of any formula ¢ by [¢].
Define £ to be the set of equivalence classes of FORM.

_ FORM

~

»CI

Lemma 4.3 £’ is a modal Heyting algebra with the following definitions :

L= [

T o= [T]
[PlvI¥] = [Vl
BIA] = [pAY]
[¢] = W] = ¢ =]

Of¢] = [Og]
Olgl = [©d]

and the partial order < given by
Pl<l] &  [BIAR]I=]e].

Define the relation > on L' by b>a & a<b.

Proof
See the appendix.

We now proceed to define a valuation o : VAR — H by a(P) = [P] and extend in the usual way to
a function [-]o : FORM — H.

Lemma 4.4 For each formula ¢,

[[QS]]oz = [QS] :
Proof
The proof is by induction on the complexity of formulas. See the appendix for the details.
We now prove the following lemma.
Lemma 4.5 If [¢] < [¢] then there is a proof of ¢ F 9.
Proof
For the proof see the appendix.

Since [¢p1] A ... Apn] = [¢1 A ... A ¢p], we have shown that
if [p1] A ... AJdn] < [¢0] then there is a proof of ¢1 A ... A ¢, F 1p. To complete the proof of adequacy
we need to show there is a proof of ¢1,...,¢, F 1. This is achieved by the following lemma.



Lemma 4.6 For any formulas ¢1, ¢2, ... ,¢,, the following hold
(i) We can construct a proof of ¢1,... ,0nF o1 A ... A @y
(ii) If we have a proof of ¢; A ... A ¢, F 1. then we can construct a proof of ¢1,..., ¢, F .

Proof
See the appendix.

For the reasons noted above this completes the proof of adequacy.

Comment
The proof of adequacy could have been shortened by defining the partial order in Lemma 4.3 to be

[Pl<W] & oF9.

If we do this then we have to check the partial order is well-defined. However once this is done the proof
that £' is a modal Heyting algebra becomes easier and the result of Lemma 4.5 follows immediately from
Lemmas 4.3 and 4.4.

5 Cut Elimination

The intuitionistic modal sequent calculus presented is just as powerful with the cut rule removed. In
other words, any judgement that can be proved using the cut rule in the intuitionistic formal system
given can also be proved without using the cut rule.

Theorem 5.1
The cut rule is redundant in the intuitionistic modal sequent calculus.

This is a direct consequence of Proposition 5.1 below. There are several different ways of proving cut-
elimination for a sequent calculus. Most important is the divide between semantic and purely syntactic
cut-eliminations.

The semantic version of cut-elimination consists of checking that the reduced calculus, with the cut
rule removed, is still adequate when the same valuations as before are applied. Notice that if the calculus
with cut is sound then the system without cut is automatically sound also.

The method of proof given by the lemma and proposition to follow is a syntactic one. There is a
choice to be made between proving cut-elimination directly or proving an equivalent, mix-elimination.
This depends on whether the calculus is to use sequences, bags or sets of formulas. It is often easier to
prove mix-elimination for the first two due to the presence of structural rules, but for sets no mix-rule
exists since there can be only one occurrence of a formula in a set. The formula removed by a cut is
known as the cut formula and the formula removed by a mix is known as the mix formula.

Syntactic cut-elimination and mix-elimination proofs usually involve two nested inductions, and the
consideration of all cases of rules. Exactly how the induction proceeds and how the cases are collected
together depends very much upon the exact form of the calculus and the efforts of the author to make
the proof both concise and exhaustive. One of the inductions usually takes place upon some quantity
measuring the complexity of formulas where complexity is related to the number of connectives appear-
ing in formulas - in the cut-elimination to be given this will be called the degree. The sub-induction
typically takes place on some quantity related to the number of judgements it takes to introduce the cut
(mix) formula - in the proof given below this is the height of the proof. (In many examples, for instance
Gentzen’s original, the rank of a proof is used instead of the height, where the rank is defined to be the
maximum number of judgements before the final application of the mix rule in which the mix formula
appears. Gentzen proves mix-elimination rather than cut-elimination, see [5].)



We will proceed by proving the eliminability of the mix rule rather than the cut rule. As noted
previously the presence of this derived rule is equivalent to the presence of the cut rule given the other
rules of the formal system.

For each n, the bag of formulas containing n occurrences of the formula ¢ and no others will be
denoted by ¢". Notice that O¢™ and $¢™ can be written unambiguously.

Define the degree of a formula by:
™)
P)
¢Ap) =0(pVy) =0(¢ = ) = max (9(¢),8()) +1
0¢) = 0(¢¢) = d(¢) + 1.

Define the degree of a mix rule to be the degree of the formula it removes.
The degree d(m) of a proof 7 is defined as the supremum of the degrees of its mix rules. So d(x) = 0 iff
7 is mix (and therefore also cut) free.
The height h(m) of a proof is that of its associated tree: if m ends in a rule whose premises are proved
by my,ma, ... ,m, with n =0,1,2 then
h(m) =sup(h(m;)) + 1. A proof consisting of a single judgement has height 0.

a(L) =1

1 if P is a variable

o O
. O
. O
. O

Proposition 5.1 If 7 is a proof of a judgement of degree d > 0 then a proof p of the same judgement
can be constructed with lower degree.

Proof
By induction on h(7). Let R be the last rule of 7 and 7 and 7’ be the subproofs yielding the premises
of R. There are two cases: R is not a mix of degree d or R is a mix of degree d. The base case of the
induction, for h(r) = 1, follows from the proof of the second case and the fact that proofs of height 0
have degree 0.
Case 1 If R is not a mix of degree d then at the inductive step the inductive hypothesis gives a proof
w of degree less than d to replace m, and a proof @' of degree less than d to replace «’. To construct p
we simply append R to w and @’.
Case2 R is a mix of degree d. At the inductive step we assume that we have a proof 7 of I', I'' F ¢’ with
the final rule R being a mix of degree d removing the formula ¢. The premises of R are assumed to be
'+ ¢ proved by m and I, ¢™ F ¢’ proved by «'. The proof 7 looks like

"\Tr¢ T,¢"ho

R

T,/ F ¢

The inductive hypothesis allows us to replace 7 and 7’ by w and w’ respectively, each of degree less
than d. This situation is taken care of by Lemma 5.1. It provides the requisite proof p of I',T" F ¢’ of
degree less than d. [ ]

Lemma 5.1 Let ¢ be a formula of degree d > 0 and 7 be a proof with degree d of I',T" F ¢'. Let
the final rule R of 7 be a mix removing an occurrence of the formula ¢ from the antecedent of one its
premises and n occurrences of ¢ from the succedent of the other premise. Let the left premise of R be
I' - ¢ proved by 7 a subproof of 7 of degree less than d. Let the other premise of R be the judgement
[, ¢™ o)’ proved by ©' a proof of degree less than d. Let the final rule of = be r and the final rule of
7' be r’. We can replace T by a proof p of I', ' F ¢’ with degree less than d.

10



Proof
Assume we have 7 as described above. Here is a picture of the proof .

,n_l

A

; L
k¢ IR
R

T, F ¢/

The proof is by induction on h(w) 4+ h(x'). The induction hypothesis is :

for every pair of proofs u proving I'; F ¢ and v proving I}, ¢™ + 9|, where m > 0, if each is of de-
gree less than d, and if h(p)+h(v) < h(m)+h(n') then there is a proof of I'1, I'] F 9] of degree less than d.

The induction step is proved by considering all the possible combinations of which sorts of rules r
and r' are. (This simultaneously proves the base case of the induction, h(7) = 1, using the fact that any
proof of height 0 has degree 0.)

Note that the strengthened contraction rule is often used at the end of the replacement proofs to get
the right number of instances of each formula. Similarly, when modal rules are applied in the proofs
which replace 7 it is necessary to be very careful about applying their weakening part, in order to end
up with the required number of instances of each formula.

In the following list of cases we do not need to consider when r and 7’ are mixes - it is sufficient to
consider when they are cuts of degree less than d.

We consider all the possible cases of what r and ' may be - not all 1 - and construct p according to
the first case which applies. Here is a list of the main cases considered.

1. 7 is L-left.
2. " is T-right.

7 1S an axiom.

- w

7' is an axiom .

r is a left structural rule.
r' is a right structural rule.
ris T-left.

r’ is T-left.

© »® N o o«

r is a left logical rule.
10. 7' is a right logical rule.

11. 7' is a left logical rule introducing a formula, either other than ¢, or ¢ when there are more than
n copies of ¢ in the left-hand-side of the right-hand premise of the mix.

12. 7' is L-left.
13. 7 is T-right.
14. r is the O-right rule.
15. r is the <-left-1 rule.
16. r is the O-left-2 rule.

17. ' is the O-right rule.

11



18. 7' is the <-left-1 rule.
19. 7' is the <-left-2 rule.

20. r is a right logical rule and ' is a left logical rule introducing ¢ when there are precisely n copies
of ¢ in the left-hand-side of the right-hand premise of the mix.

Now we begin to consider these cases.

1. 7 is an instance of the L-left rule.
Then p is simply an instance of of the L-left rule.

2. 7' is an instance of the T-right rule
Then p is simply an instance of of the T-right rule.

3. m is an axiom
Then 7 is of the form I', ¢ - ¢. The proof 7 looks like

!

Loke  Tenrg ("
DI, ¢y
and this is replaced by p as shown below
: !
Do F o
T o o S Weakening
W ontractions

4. 7' is axiom
There are two subcases

e 7' is of the form I, @™, " =" .
The proof T given by

™

L'k¢ L' ¢m ¢ o
L0 R

is replaced by the axiom

g =y

e 7' is of the form IV, " F ¢. Then the proof



™

TFs ek

| N K o}
is replaced by the proof
| )
m Weakening

5. ris a left structural rule.
There are two subcases considered separately.

e 7 is contraction or weakening.
Let the premise of r be I'; F ¢ and let it be proved by m; - the obvious subproof of 7 of degree
less than d. The proof 7 shown below

YT F ¢
: !
R R ko [©
| I N RV
is replaced by p given below
V-
[y, T !
Lo kg

where v/’ is the proof of degree less than d which replaces v under the induction hypothesis
and v is the proof

md— I
LFe Do ry

T T o Mix

e 7 is an instance of the cut rule on a formula 6 of degree less than d.
Then r has two premises and 7 has the form

AT, Fo AT e
ﬂ-l
[,Tyk¢ IV, ¢m o'
[y, T, IV E oy

13



This is replaced by

!

I

YT, Fo T, T, 0F ¢

Cut

Dy, Ty, I !
where p' is the proof which replaces p below under the induction hypothesis. The proof pu is

A0 TRy
Mi
Ty, Ty, I F 4 =
6. r' is a structural rule
There are subcases
e 7' is a contraction or weakening but not of ¢.
/% Wi
L, on ey
. i
"TFs Dognre
L, =
which is replaced by
iy
Loy
L N !
T Fy

where ' is the proof which under the induction hypothesis replaces p as given below

!

™ ™

ko L, on Hy!

Mix
| NS Tl

e 7' weakens to add some, but not all, instances of ¢ (to the right-hand premise of the Mix)
and possibly other formulas too.
The proof 7 looks like

) /
omEor [

Lko L' on =y

T,T'F g/

14



This is replaced by

D B
PAT, T F o

W Weakening

where ' is the replacement for p under the induction hypothesis and p is given by

!
ST

"\TFo ) om - o

Mix

| NS 7l

e 7' is a structural rule contracting ¢ (and possibly other formulas).
The proof 7 looks like

I, ¢n+1 F ! ﬂ-i

"rFs o F o

T,TV F o

This is replaced by p' the proof which under the induction hypothesis replaces the p given
below

'
™

™

[Fe Dotiry
Mix

T, F ¢/

e 7' weakens to add all of the instances of ¢ (and possibly other formulas).
Then (for I} containing no occurrences of ¢) 7 looks like

o (™
- :
ko ' oon - !
rr ey
and this is replaced by
S Y
INRETL
W Weakening

15



e 7' is a cut of a formula 6 of degree less than d.
The proof 7 looks like (for ny + n2 =n)

'
™

I,¢pm F6 0,T%, ¢m2 F o

™

| ) | I RGN e Tl

LI, Ty o
The construction of p now is split into three cases.
— If ny =0 then pis

!

7

!
™

'F6  T,0%,0F
Cut

LT, Ty F

where p' is the proof which, under the induction hypothesis, replaces u given below

!
Ty

"\TFo T, 6", 0 F ¢/

Mix

0,1, ¢
— If ny = 0 then p is constructed in a similar fashion to the last case except that u is
constructed from a mix on 7 and 7{ and p comes from a mix with yu' as the left-hand-
premise and 7}, as the right-hand-premise.
— If n; # 0 and ns # 0 then construct u; by

!
T T

ko I,¢pm F6
Mix

T,T -6

and construct us by

™

TF¢  ThomoFg (™

\i
9,0,0, F ¢/ =

and using the induction hypothesis, replace these by proofs ] and u) respectively, both
of degree less than d. The proof p is given by

!

. . ,
MAT T Fe o,y (1

Cut

Lo, T, Ty
| I AN e Pl

16



7. ris T-left

Suppose we have 7 given by

YT F o
ﬂ'l

[, THo I’ on =y

Iy, T,IVEy!

then we can replace 7 with

!

FATL T o

W T-left

where ' is the proof which under the induction hypothesis replaces the proof p given by

!

"ITire T ("
Mi
T, D' F o B
8. 7' is T-left.
There are three subcases
e The cut formula ¢ is not T.
The proof 7 is of the form
S
T
"\Troe T, T,o" F o/
LT, TRy
This is replaced by p given by
R
Loy
—— T-left
T,0,, T Fy ¢

where ' is the proof obtained from the induction hypothesis applied to p below.

17



!
T

"\ TFo T, 6" F o'

Mix

I, Foyf

e If ¢ is T and there is more than one occurrence of it in the left-hand-side of the right-hand
premise of the mix rule then 7 has the form (for some n > 1)

'
™

F', Tn—l [ wl

TFT T/, TnF

T, T/ F g/

and this is replaced by

!

=T

where under the induction hypothesis u' replaces p given by

!
™

™

TET D, TrlFg

T o Mix

o If ¢ is T and there is exactly one occurrence of it in the left-hand-side of the right-hand
premise of the mix rule then 7 has the form (for some n > 1)

rg (™
- :
LT rTrEy
LT =
and this is replaced by

- !

=T
W Weakening

9. ris a left logical rule.

Go through the cases of what r may be.

18



o 1 is A-left.
Then 7 is

AT, 6,0, F ¢

7TI

L,00 A0+ ¢ IV, ¢n Eof

[,0, NG, T F o

and is replaced by

I G
NN

A -left

T'.T,0, Afs ¢

where ' is the proof which replaces p under the induction hypothesis and p is the proof

"\ToGre Tty
T,17, 01,05 F ¢ Mix
o 1 is V-left.
Then 7 has the form
"N\Tore Thra(™
T,0, Vot T ("
L,I7,60, V0 !
and is replaced by
ATy T ("
TI,0, Vo F o v cleft
where each of the p replaces y; given by
"\T.ate Do ("
Mix

F; Flaoi F 1/}’

19



e 1 is —-left.
Then 7 has the form

1 2

r+6, L0+ ¢

[0, =0, ¢ I on =y

F,F’,91 — 02 F ’l/)’

and is replaced by

"\ Tre :
: Y
"rrée I7,T,0, F o
-left
I'.T,0, = 6, F ¢/ e
where ' is the proof which replaces p given by
: : ,
PATers Ty
Mi
0,0, - ¢ =
10. 7 is a right logical rule. There are four subcases
e 7' is V-right-1
Then 7 looks like
I G
N
"\TFe T Fdiven
DIy Ve
and is replaced by the proof p given by
Wl ——
| R R Y
_—— -right-1
CTFve, 8

where p' is the proof which replaces p below under the induction hypothesis (applied to «
and 7).

20



. . ,
"\Tre Dok

Mix

| N A R VY
e 7' is V-right-2.
This is handled in an almost identical fashion to the last subcase.

e 7' is A-right.
Then 7 is of the form

AP TE SRR VA TR=rUN (R

Lk¢ [ o = Ay

LIV E apy Aipa

™

and this is replaced by p as below

!

' ' o
MAT T Fg,  T0Fg (™

_right
T,0" F g1 A s A\ -Tig

where each of the p) under the inductive hypothesis replaces the proof u; given by

!

"\TFe  DgnEg (T
Mi
DT F a
o 7' is —-right
Then 7 is of the form
b
R
N\TFe T o
F, IV ¢1 — wQ
and is replaced by the proof p given by
Wl—
F7 FI? 1/)1 F 1/)2
-right
DD =g

21



where p' is the proof obtained from the induction hypothesis applied to u as below

™

: : i
I'k¢ I gn g b o [

| I O VT U

Mix

11. 7’ is a left logical rule not creating ¢, or creating ¢ when there are greater than n occurrences of
¢ on the left-hand-side of the right-hand premise of the mix.
Consider what r' is.

o 1’ is A-left.
The proof 7 has the form

e
i D R RN
[,I,01 NGy E o
and is replaced by
OO0, AGy o e
where u' replaces p given by
\FFe  Totnmorro [
Mix

F7F11791702 |_ 1'[)’

o 1 is V-left.
The proof 7 has the form

! !
™ o

[y, 01, 9m 4 Ly, 0, 9™ o)

ko [Y,600 V6,0 Eyf

[,I,0, Vo Hyf

and is replaced by

22



! ) : !
MATTL6, -y T,T,6, o (12

V -left
T,T7,0, Vo, o ¢
where ! replaces p given by
: : ,
"\TFo  Ti6noro ("
Mi
I,T}.0;F ¢ =
o 7' is —-left
The proof 7 has the form
D S L,
B YOO
"\rFe T7,6, — 05, 0" I

I,r,0, — 6 -’

and is replaced by

! ) : !
MAT, T Fa, T,T, 0, F o 12

-left
T,T,.0, >0, F ¢ -
where p} replaces pup given by
: : ,
"YTre TlLore ™
Mix
T,T) - 6,
and ph replaces o given by
: : ,
"YTFé T oro ("
Mix

F7F’1702 l_ 1/}’

12. 7' is the L-left rule.
This has two subcases

23



o If ¢ is not L then p is simply an instance of 1-left.
e If ¢ is L then 7 has the form

IHL ot Ly

LT F
We proceed by considering what sort of rule r is. The possibilities for r not handled yet are
— r is a right logical rule. This is not possible since L is not composed of other formulas.
— r is an instance of the T-right rule. This is clearly not possible since then ¢ would be T.
r is the O-right rule. This is not possible by the form of ¢.
— r is the ©-left-1 rule. This is not possible by the form of ¢.
r is the <-left-2 rule. Then 7 has the form

™

Ti,0F L

7,00, 00 L | RV
LY, I",00, 00 F o

and this can be replaced by

TATLoF L

O-left-2

Ly, r,ar;, o6 =y

13. 7 is T-right.
Then 7 has the form

,r,l

N A
T,/ F ¢

We construct p case-by-case depending on the form of r’. The cases not yet handled are

e ' is a left logical rule creating T and there are n copies of T in the left-hand-side of the
right-hand premise of the mix. This is not possible since T contains no logical connectives.

e If v/ is a modal rule then T comes entirely from the weakening part of the rule. Let the
proof of the premise of r' be called #}. A proof p is constructed by applying the same sort
of modal rule as 7', but making sure to get the correct antecedent by adding the weakening
part carefully. For example in the O-case if 7 is

; s
ST

PHT  ToTy00 F Oy
I, T7,00% F 09

24



then p is

!

— \r
IVIEETN
O-right
T,07, 00 F oy, P
14. If r is the O-rule then 7 has the form
"ITiF
7dl

Iy,00 F Ogy  T',06) F ¢/
Yy, ar, o+

We consider what the remaining possibilities for 7’ are

e It is not possible for r' to be a left-hand logical rule creating Oe¢; .

e ' is a modal rule and at least n of the O¢; come from the weakening part of the rule. Let
the proof of the premise of ' be called #]. Then p is constructed by applying the same sort
of rule as r' to 7] but adding the weakening part carefully to get the correct left-hand-side.
For example if »' is the O rule and the proof 7 is

!

Ly IR n

T

T7,00, FO¢,  OF, TV, O F O¢)
7,00y, T}, 00 - Oy

then p is

T

O-right
ry,ar,, 0y, or] - Oy
e 7' is a modal rule and less than n of the O¢; come from the weakening part of the rule. Then
some of the ¢; are contained in the antecedent of the premise of 7'. Suppose that this premise
is T}, ¢7* F 4] proved by mj. The proof p is obtained by applying the mix rule to 7 and 7]
to get ['1, T} F ¢’ then applying the same sort of rule as r’ (weakening carefully) to get the
correct left-hand-side.
— r' is O-right.
Then 7 has the form (where n > m > 1)

T % % ViE
YT F ¢y IO

7,00, F Og Ty, 00, 067 + 09

T, 0Ory, Ty, O, - Oy Mix

25



and this is replaced by

: : ,
"\TiFe Thepra (M
Mi
LT F " gt
Ty, T, 00y, O F Oy} e
— r'is O-left-1.
Then 7 has the form (where n > m > 1)
o -
"\ TiFa Top, 0o [
!
7,00 F Og,  T{, 00, 06F, 00 0uf
Ty, 00, I}, O, 08 - Oy,
and this is replaced by
m : - - st
[y - Ly, o7, 0 =4y
M
L0100 P 4 N O-left-1
Ty, T, 00y, I, 08 - Oy,
— 7' is O-left-2 .
Then 7 has the form (where n > m > 1)
- - ’
i s NI
!
D[,O0FOgr  T7.00, 097,000 ¢
T7, 00, 17", 00, 00 - o
and this is replaced by
m i - m' 7
I'y - ¢ r,e,0F L
Mix
L0060 L O-left-2
T/, 07,00, 00, 00 F 4
15. If r is the O-left-1 rule then 7 has the form
T o
,r,l

[/, 00, 00F O, TV, 007 F ¢!
$6, T}, 00, I F ¢
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We consider what the remaining possibilities for r’ are

e It is not possible for 7' to be a left-hand logical rule creating ¢¢; .

e ' is a modal rule and at least n of the $¢; come from the weakening part of the rule. Let
the proof of the premise of r' be called #n]. Then p is constructed by applying the same sort
of rule as r’ to m] but adding the weakening part carefully to get the correct left-hand-side.
For example if 7' is the O-rule and if 7 is

!

T1.0F ¢ A=

™

ol
IY,00, 00 F Ogy Oy, T}, 00 F Oy
Iy, 00, O6,TY, 00 F Oy

then p is

— " A\
R

O-right
Ty O0,, 00,07, O0 F Oy °

e If ' is a modal rule and less than n of the $¢; come from the weakening part of the rule.
Then at least one of the occurrences of ¢ is contained in the premise of r'. Suppose that this
premise is '}, ¢ 4] proved by m]. The proof p is obtained by applying the mix rule to m
and 7} to get I'1,6,T] F ¢’ then applying the same sort of rule as r' (weakening carefully) to
get ['Y, 0, T, O, &6, O, In particular the subcases are

— r' is O-right.
This does not apply.
— r'is O-left-1.
Then 7 has the form (where n > m > 1)

!

"\TLoF 6 o ko (™
!
| T[O0,00F 04 IPLOMLO0fF oy
Fllla DFl: Flllla DFIl: <>0 F <>¢1
and this is replaced by
T : 7 m 7 Wi
F1,9|‘¢1 F1:¢1 "%
Mix
! !
LL1h,0 7 4y O-left-1

Ty, T, Ory, O, 08 F Ot

— 7' is O-left-2 .
Then 7 has the form (where n > m > 1)
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- - !
MYTLoF 6 I
!
| T{,00,00F 04 TP, O0L0p b
TV, 00,17, 05, G0 F ¢
and this is replaced by
T - : !
"YT0,0F 6y VIO
Mi
L1, 00 L N O-left-2
T/, T/ 0Oy, 00, S0 F ¢
16. If r is the O-left-2 rule.
then 7 has the form
“YrLerFL "
) !
7,000,006 Tgnbo
ry,0r, 0,1 F ¢
and this is replaced by
MA\TLOF L
O-left-2
7T, 00, 00 F ¢
17. 7’ is an instance of the O-right rule.
There two are subcases
e At least n of the ¢ come from the weakening part of 7.
Then 7 has the form
% m
[} Fy
T : !
['¢  ¢n I, 00 F Oy
Mix

T,TY,0r) - Oy

and p is
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—

ISR

—————*>— [O-right
T,y 0T, F 4

e ¢ appears in the premise of r'. Then ¢ is of the form O¢; for some ¢; which appears in the
premise. The only case of what r is that has not yet been handled is that r is a right logical
rule. This is not possible because of the form of ¢.

18. 7' is an instance of the <-left-1 rule.

There are three subcases

e At least n of the ¢ of the right-hand-premise of the mix come from the weakening part
of r'. Suppose that «] proves the premise I'{,0 F o] of the rule ' and that ' proves
o™, T, O, o8 F Oyf . Suppose also that @ proves I' - ¢. Then p is

I G
AN

O-left-2

L0, 007, 08 F Oy

e Some of the ¢™ don’t come from the weakening and ¢ is of the form O¢; for some ¢; which
appears in the premise. The only case of what r is that has not yet been handled is that r is
a right logical rule. This is not possible because of the form of ¢.

e One of the ¢™ appears in the premise and ¢ is of the form ¢, for some ¢; which appears
in the premise. The only case of what r is that has not yet been handled is that r is a right
logical rule. This is not possible because of the form of ¢.

19. 7’ is an instance of the <-left-2 rule.

There are three subcases

e At least n of the ¢ in the right-hand premise of the mix come from the weakening part
of r'. Suppose that m] proves the premise I}, F L of the rule ' and that 7' proves
o™, T, 00, o6 ¢’ Suppose also that 7w proves I' - ¢. Then p is

— \x
IV

O-left-2

T,0}, 00, 00 F ¢

e Less than n copies of ¢ come from the weakening part of r’ and ¢ is of the form O¢, for some
¢ which appears in the premise. The only case of what r is that has not yet been handled is
that r is a right logical rule. This is not possible because of the form of ¢.

e Less than n copies of ¢ come from the weakening part of r' and ¢ is of the form &¢; for some
¢1 which appears in the premise. The only case of what r is that has not yet been handled is
that r is a right logical rule. This is not possible because of the form of ¢.
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20. r is a right logical rule and 7’ is a left logical rule introducing ¢ when there are exactly n copies of
¢ in the left-hand-side of the right-hand-premise of the mix.

Again the method is to run through the possible cases of what the rules r and 7’ are. However,
now we have the additional constraint that r introduces the same formula on the right as r' does
on the left.

A-case

Suppose that 7 is

!

r+6, L'k 6,

m I NN A NNl
T'H6;Aby I, (01 A 62)" o
| R V0
There are two cases giving the replacement for this
e If n=1 then the replacement for 7 is
: : ,
. TATFG  ToGre (T
: Mi
M\TFa, T.17.0, F ¢ lx
Mix
| I O A V7
| I N RV
e If n > 1 then the replacement for 7 is
- : : Y
L'k [,T7,6,,05 1!
: Mi
M\ Tra, L,T,0,0, F o' .
Mix
L0, 0,0 E ey
| I N RV

where ' is the proof which replaces p below under the induction hypothesis

. . !
NN IV, (01 AGa)n=1, 61,65 - ¢ i

[,I7,01,05 F '

V-1 case
The proof 7 has the form
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™1 ﬂ-é

. , . .
TF6 L\ T, (6, V)L, 6, F o T, (6, V 02)"1, 05 o

F|—01V02 FI,(91 \/92)71—1701\/02 l_wl
T,TVF

There are two subcases again.

e If n =1 then the replacement for 7 simply changes 7 to

T

TFo 6 Fo [
Mix

T, F ¢/

e If n > 1 then construct p as below

!
T

F|_91 \/02 F’,(01 \/02)”71,01 "’L/J’
Mix

F,F’,91 F ’l/}’

and replace it with u' a proof of degree less than d using the inductive hypothesis. Then p is

!

™\TFe, .06, o (F
Mix
T,0,0 F o
L0 F o

V-2 case
This is done in exactly the same way as the last case except that y is created by a mix on 7 and
mh instead of on 7 and 7.

—-case
In this case T has the form

L0 —0)"1F6, [,(00 — 02)" 1,0, -9

1 ] h

T,0. F 65

F|_01 —>02 I",(Hl %02)”71,01 —)92 "’L/J’
T,I'F

and again we must consider separately the casesn =1 and n > 1.
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e If n =1 then pis

"NTre  Tara(™ :
Mix ', T F 6, F',62' o ™
T T, T F ¢ M
e If n > 1 then construct u;
"\TF 91' = 6, T, (0, — é2)n—1 i
r.I'F6, Mix
and construct s
(i e S VN (e e e
Mix

F7F’792 F ’l/}’

Under the induction hypothesis each of the u; is replaced by a ! of degree less than d. The
proof p is given by

!

MAT T Fe, T.oF6, ("
Mi ' :
= T,T,T'F 6, 07,0, F o (12
Mix
| IS A R A B SV
LT =
This exhausts the list of cases for r and 7’ so the lemma is proved. ]

The lemma proves the proposition which yields the theorem.

Comments
The above proof is extremely long but the order in which the cases were proved was chosen in the at-
tempt to keep the length down and to avoid repetition. The whole proof could have been made shorter
by treating more of the cases together.

The mix rule is used instead of the cut rule because it makes things easier (or at least briefer) in case
6 of the lemma when 7' is a contraction on the formula to be cut.
The subformulas of a formula are defined inductively as follows.

e T is the only subformula of T and L is the only subformula of L.
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e For every variable P, P is the only subformula.
e Each one of the formulas ¢ — 1, p A1), ¢V 1) has subformulas itself plus ¢, 1/ and their subformulas.
e Each one of =¢, O¢, O¢ has subformulas itself plus ¢ and the subformulas of ¢.

A corollary of the eliminability of the cut-rule is the subformula property. This is the assertion that
every proof may be replaced by a proof in which all the formulas appearing in all the judgements (of the
new proof) are subformulas of the formulas appearing in the final judgement of the proof.

The cut-elimination theorem allows us to prove decidability for the intuitionistic modal calculus. Call
a judgement containing at most three occurrences of any formula in each of the antecedent and succedent
a reduced judgement. In order to give a decision procedure it is useful to note the following two facts.

1. Any judgement is provable if and only if a reduced judgement containing the same formulas is
provable.

2. There are only a finite number of reduced judgements all of whose formulas are subformulas of a
given judgement.

The decision procedure then consists of working upwards to construct a proof from the bottom of the
tree, starting with the reduced judgement corresponding to the given judgement, and searching through
the finite number of judgements mentioned in 2, to either construct a proof or conclude that there can
be no proof.

It may also be possible to give a cut-elimination proof for the classical sequent calculus presented.
One way of approaching such a proof would be to modify the method above to suit the classical rules and
connectives. There is an added complication in these types of classical cut-elimination, in that we now
have to consider cases for when a formula on right-hand-side of the left-hand premise of a cut (or mix)
is the cut (mix) formula and when it is not, since classical sequents may have more than one formula in
their succedent.

A

A.1 Properties of Modal Heyting Algebras

We list here some properties of modal Heyting algebras. Proofs are not given for those which are stan-
dard for Heyting algebras.

Every modal Heyting algebra H has the following properties for all a, b, ¢, d in H.

(1) aANb=bAa
(ii) aVb=>bVa
(iii) Ifa<a thenanb<a' Ab
(iv) Ifa=a thenaAb=da' Ab.
(v) Ifa<d thenaVb<a Vb.
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(vii)

(viii)

(ix)

(xiv)

(xv)

(xvi)

(xvii)

(xviii)

(xix)

(xx)

(xxi)

Ifa=a' thenavb=a'Vb

aNa=a
aVa=a
aNl =1
aV.1=a
aNT =a
aVT=T

Ifb<a—>cthenaAb<ec

Ifa<bthenb—c<a-—c

aN(bVe)y=(aAb)V(aAc)

aV(bAc)=(aVb)A(aVc)

Ifa<bandaAc<dthenaA (b—c)<d

aN(bAc)=(aAb)Ac

aV((dVe)=(aVb)Vec.

For any ay,as,...,a,,bin H we have

Oa; AQax A...ADa, <O(a; Aaz A...Aay)
[This is proved by induction on n using axiom 10.]

For any ay,as,...,a,,bin H we have

Oa; AQas A ... AOQa, AOb< <>(a1/\a2/\.../\an/\b).
[This is by proved using the last property and axiom 11 as follows.
Oa; A...AOap AOO<O(ar Ae.oag) ACD < Olag Ae.oap A D)

A.2 Soundness

Here are the details of the proof of soundness for the intuitionistic calculus.

Proof The proof is by induction on the height of the proof of the judgement ¢y,...,¢, F ¢. The
base of the induction consists of checking the statement of the lemma for the axioms, T-right and L-
left rules. The induction step consists of proving for the remaining rules that if the statement of the
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lemma, holds for the judgements above a rule then it also holds for the judgement below the rule. All
the cases are checked below using the axioms of modal Heyting algebras and the properties derived above.

Axioms Every axiom is of the form ¢q,... ,¢,, ¢ - ¢. Notice that
[o1] A - Aldn] = [P1 A - - A @] follows by induction from
[0 Ay] = [0] A¥]. Then by property (iv) and axiom 1 we have [¢1] A ... Aon] A 9] =
[f1 A ... Adn]A < [4]-

1-left Any instance of the rule looks like ¢4, ..., d,, L - . By property (ix) and axiom 7, [¢1]A ... A
[onl ATL] = [o2] Ao Algn] A L =L <[]

T-right An instance of this rule is of the form ¢y,... ¢, F T. Axiom 8 gives [¢1]A. . .Af¢,] < T =[T].

T-left Suppose ¢1,...,0, F ¢ and [¢1] A ... A[én] < [¢]. The T-left rule proves ¢1,... ,¢,, T F ¢
and property (xi) gives
[or] A AL ATT] = [01] A Al AT =[d1] A - Adn] < [9]-

Weakening Suppose that ¢1,...,¢, F ¢ and [¢p1] A ... A¢pn] < [¢]- By the weakening rule we can
prove ¢i,... , ¢, é1,... ,¢n - ¢ and from axiom 1 we have [¢1] A ... A[@L] A[d1] A ... Afon] <
[pr] A A ldn] < [4]

Contraction Suppose ¢1, ... ,d,, P, ¢ 1 and
[A1] A - Aldn] Aol A [2] < [@]- The left contraction rule allows us to derive ¢q,... , ¢, ¢ F ¢
and properties (vii) and (iv) give

[P1]A - Alga] AlD] = [E1] A - Aldn] ATB] A T0] < [¥]-

Cut Suppose ¢1,...,¢, F ¢ and ¢),...,¢),¢ 1 and
[p1] Ao Alon] < [4] and [@1] A ... ATl Aol <[] The cut rule gives a proof of
G, - s Gus@s-. 8 b ¥, By property (iii) we have [or] A ... A [6u] A [9L] A ... A [81] <
[ AT A - A L8] < V],

A-left Suppose ¢1,...,0,, 0,0 F 6 and o1 A ... A o] Af@] A ] < [0]- The A-left rule gives a
proof of ¢1,... ,¢,, ¢ Ay F 6. Since [¢p A ¢] = [@] A [¢] we have [¢1] A ... Afdu] Ao AY] =
[p1] A~ Aln] ATSI A T] < [0] using (iv).

A-right Suppose ¢1,... ,¢, F ¢d and ¢1,... , ¢, -1 and

[p1] A - Aldn] < [¢] and [¢1] A-.. Aén] < [¥]. The A-right rule yields ¢1,...,¢n F ¢ At
Axiom 2 and the definition of [-] give [¢1] A ... A [on] < [@] A [v] = [ A ¢].

V-left Suppose ¢1,...,¢,,¢F 6 and ¢1,...,¢,,% - 0 and

[10A. - AlpnIATS] < [60] and [@1]A. . Aldn]AlY] < [0]- The V-left rule proves ¢4, ..., ¢, V) -
6. The definition of [-], the distributivity of property (xvi), properties (v) and (viii) give

[Pl A Alen] A (T8 v [41)

[¢2 A~ Al A (9] VYD)

([¢r A - AGu] ATPD V (P A -+ A dn] AT
[0]V ([¢r A~ Agn] AT

[61 v [6]

[61]-

HAANIA I

V-right-1 Suppose ¢1,...,¢p = ¢ and [¢1] A ... A [¢n] < [¢]- The V-right-1 rule yields ¢1,... ¢, F
¢V 1. Axiom 3 and the definition of [-] gives [¢1] A ... Aon] < [o] <ol VIv] =1[¢V ¢].

V-right-2 Suppose ¢1,... ,¢, F ¢ and [¢1] A ... A[dn] < []. The V-right-2 rule yields ¢1,... ,¢, F
¢V . Axiom 3 and the definition of [-] gives [¢1] A ... A[dn] < [¥] < [4] V [¥] = [o V ¢].
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—-right Suppose ¢1,...,¢n, ¢ F ¥ and [p1]A.. . Afdn]A[¢P] < [¢]- Then ¢y,...,¢n F ¢ — 1. Axiom
6 and the definition of [-] gives

[l A Alga] < [0] = [¥] = [¢ = ¢].

—-left Suppose ¢1,...,¢, F ¢ and ¢1,...,¢,,0 F 0 and
[o1] Ao Alon] < [9] and [d1] A ... A [én] A [#] < [6]- The —-left rule allows us to prove
D1, ,0n, ¢ = ¥ 6. Property (xvii) gives the required result since

[prl A ATl AT = & = [d1] A~ Aldn] A ([0 = [9]) < [6].

O-right Suppose ¢1,...,¢, F ¢ and [¢1]A.. . Aldn] < [¢]. The O-right rule gives ¢, ..., ¢}, O¢1,... , O,
O¢. Now by axioms 1, 13 and property (xx),

[Ad A ALl AEATA .. A[Be4] [Oo] A~ A[Be]
O] A ... AO[én]
O([¢] A~ Alln])

Ofel.

O-left-1 Suppose @1, ..., ¢, ¢ - and [¢1]A. . Aldn]A[9] < [#£]. The O-left rule gives ¢, ..., ¢y, Oy, ... , 0y, O+
&1, Now axioms 1, 14 and property (xxi) give,

[P0 Alg ] ACB[G] A ... AD[gn] A O[]
O] A - A B[] A Ol9]

O([orl A~ Algnl Al2D)

Oyl

O-left-2 Suppose ¢1,... , 0,0 F L and [¢1] A ... Afodn] Af¢] < L. Then we can construct a proof of
’17' v 7¢;)7D¢17' s 7D¢n70¢ = 1/} By axiom ]-7
[BIA ... Alg I AQ[e] A ... ADO[p] AC[E] < Ofpr] A ... AQ[dn] A <[]
Now by property (xxi), axiom 14 and the hypothesis,
O] A ... AQ[pp] AC[o] < O[] A ---Allpn]) < OL . Axiom 12 gives &L < 1 and axiom 7
gives L < [¢]. Putting all this together with the transitivity of < gives

[P0 A Al ] ABIgl A .. AD[ou] A <[] < [¥]-
This finishes the proof of soundness. |

INIA I IA

INININ

A.3 Adequacy

Proof of Lemma 4.3 .
First we check that the operations are well-defined.

V-case Suppose 01 ~ 02 and ¥1 ~ 1)5. Then 01 F 05, 62 F 601, 11 2, 1 91 are provable. From these
we construct the proof
th 02 (oY
0 6 Viho 1 =62V ahy
01 V1OV,
and interchanging 1 and 2 yields a proof of 62 V ¢ - 65 V 5. Hence [01] V [¢1] = [0=2] V [2].

A-case Suppose 01 ~ 02 and ¥; ~ 1p5. Then 61 F 05, 62 F 01, 101 F 2, 1 1)1 are provable. From these
we can construct a proof

61 = 02 Y1 F 4o
01,91+ 6> b1, 1 - 9o
01 Athy 0o 0L A1 by
01 Nipy 0 Ao
and interchanging 1 and 2 in the above proof yields a proof of
02 A ’l/) + 02 A 1/}2. Hence [91] A [’l/)l] = [02] A [’(/)2]
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—-case Suppose 01 ~ 6> and 1 ~ 2. Then 61 F 05, 05 = 601, 1 F 1o, P2 1)1 are provable. From
these we can construct the proof

1 ko
0> 0, 02,11 F 1o
01 — 1,02 F 1y
0y = Y1 F Oy =

and interchanging 1 and 2 in the above proof gives a proof of
92 — w F 92 — ¢2.
Hence [61] — [¢1] = [02] = [2].

O-case Suppose [#1] = [f2]. Then 6; - 65 and 6> F 6; have proofs. Then we can construct proofs

01 + 02 02 F 91
06, F 06, 0o, + 06,

so that O[¢,] = O[f-].

O-case Suppose [01] = [02]. Then 6, F 62 and 65 F 6; have proofs. Then we can construct proofs
01 + 02 02 F 91
OO F Oby Oy - Oy

so that &[f;] = ©[6s].

We can conclude that all the operations are well-defined.
Now we check that £’ satisfies the axioms for a modal Heyting algebra.
Let a = [¢], b = [¢] and ¢ = [f] be any three equivalence classes.

l.anb<a & (aAb)Aa=aAb.
We can prove the right hand side with the two proofs constructed below

oo
PAY, 9 PNY PAPFONY PAYF P
(OAP)NGE SN PAYE(DAY)N G

Similarly, a A b < b.

2.c<a&c<b = c¢<aAb
Suppose that c <a & ¢ <b. Then cAa = cand ¢Ab = cso that there are proofs of 0 AP F 0 |
OFOND OANYED,OF O A1, With these we can construct proofs

0,0 N6
ONA(dAYD)FB
0,0+ ¢ 0,9+
OFON ONGF & OFONY OANYF P
o+ ¢ 6+
o6 OF oA
INCYXD)

so that we have proofs of § A (p Ap) -0 and 6 - 0 A (¢ Avp) and hence (a A b) A ¢ = ¢ as required.

37



3. a < aV b since we can construct proofs

ok ¢
P OVYP ¢ "
TN CAAD R e o
pEON(OVY)

so that a A (a vV b) = a. Similarly b<aVb

4. Suppose that ¢ > a and ¢ > b. Then ¢ Aa =a and ¢ A b = b so that there are proofs of 8 A ¢ F ¢,
oFONG, OANYE Y and P F O A from which we can construct proofs

b, oV EoVip
N AR R AR

0,6+ 6 9,0+ 6
PHONG NI VEOAY OAYEE
o0 Vo
dVYPLH VYoV
PVYEOIN(PV )

5. We can construct proofs

PA(P =) A (P—=Y)

(@A(P =) AYESA(D—Y)
oo oYY
X A

AN Clma ) R PA(@ =) PN (P =)
PA(P =)D A(PA(D—Y))

which gives the result ¢ A (¢ — ) ~ P A (¢ A (¢ — 1)) so that a A (a — b) < b.

6. Suppose that a A ¢ < b. Then there are proofs of (A AYF A and pAOF (¢ AE) A. Using
these we can construct the following proofs

0,06 >0
ON(p—) b

0,0 ¢ 0,00

0,6F 6 N6 SAOF (pAB)AY NG
0,0t (DAB)NY @A AYE Y
0,0+ ¢
oF0 0F¢ = ¢
EINCEXD)

So we have O A (¢ — ) ~ 6. So [0] A ([¢] = [¢]) = [f] and hence ¢ < a — b.
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7. For any formula ¢ we can construct proofs

Lord LELA
LAk L ¢
from which it follows that L < a.
8. For any formula ¢ we can construct proofs
o, THo oo OFT
ONT o OFONT
from which it follows that a < T.
9. We can construct proofs
FT
TAOTET THT THOT
THTAOT

so that [T] = [T]AO[T] and hence T <OT.

10. For any formulas ¢ ,i) we can construct proofs

06 A O, (¢ A ) F O A Ot
06 ATy AD(6 A ) F Op A Oy

ok dPFY
oo PNY
D¢, 8¢ F O(¢ A ¢)
DOp ADyp - DOgp Ay Do ADy 0@ AY)
Do ABy FOp AT AD(¢ A )

so Op A Oy ~ O¢p A0y AO(¢p At) and hence Oa AOb < O(a A D).

11. For any formulas ¢, we can construct proofs

D¢ A Oh, (@A) - Tp A Oy
Op AOY AO(pAY) FOp A Oy

oV PPy
oY EPAY
O¢, O F O AY)
Op Ay O A Oy Op Ay = O(PAY)
Op A EOp A AO(pAY)

so O[] A O[] A Ofp A ] = O[g] A &[¢] and hence Oa A Gb < O(a A b).
12. We can construct proofs

OL,LFOL
OLALFOL
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11
CLEOL Ol L
CLEFOLAL

from which it follows that ¢[L] = O[L] A[L] so we can conclude OL < L.

13. Suppose that a < b. Then [¢] A [¢)] = [¢] and so there are proofs of p A F ¢ and ¢ F ¢ A . From
these we can construct proofs

i
Og, Oy = O¢
O A D¢ F 06

o,V
pEPNY PAY Y
oY
O¢ - O¢ O¢ - Oy
O¢ - Op A 09

from which it follows that O[¢] = O[¢] A O[¢)] and as a consequence we have Oa < Ob.

14. Suppose that a < b. Then [¢] A [¢)] = [#] and so there are proofs of ¢ Ap - ¢ and ¢ F ¢ Atp. From
these we can construct proofs

Op, O O
SHAOYF O

o, F
pEdNY PAY Y
oY
ShF O SHF oY
CHF CPA OY

from which it follows that <[] A O[] = O[¢] and hence that Ga < Ob.

This completes the proof that £' is a modal Heyting algebra. ]
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Proof of Lemma 4.4

The proof is by induction on the complexity of formulas.
e [Ll=L=[1] , [TI=T=[T]
e [P] =a(P)=[P] for every variable P.

e Suppose that [¢] = [¢] and [6] = [4].
Then [¢p A 0] = [[¢] A 0] =[] A [0] = [¢ A 6] as required.

e Suppose that [¢] = [¢] and [6] = [0].
Then ¢ V0] =[¢] V0] = [¢] V [0] = [¢ V 0] as required.

e Suppose that [¢] = [¢] and [0] = [0].
Then [¢ — 0] = [¢] — [0] = [v] = [0] = [¢ — 6] as required.

e Suppose that [¢] = [¢].
Then [Oy] = O] = O[] = [O¢)] as required.

e Suppose that [¢] = [¢].
Then [Oy] = O¢] = O[] = [O] as required.

This completes the induction. ]

Proof of Lemma 4.5.

Suppose that [¢] < [¢/]. Then by the previous lemma [¢] < [¢] so that [¢] A [¢] = [¢] and hence
there are proofs of @ A ¢ and ¢ ¢ A1). From these we can construct the proof

¢, p =
PN Y SN
¢

yielding a proof of the judgement ¢ - 1. |

Proof of Lemma 4.6.

(i) This is proved by induction on n. The case n = 1 holds trivially. Suppose that the statement holds
for n = k. We prove the statement for n = k + 1 with the proof

¢1,...,¢k|—¢1/\.../\¢k
Gry-o Ok, Phr E DL AL A Py, 1y Pk, Qg1 F Prta
O1yeee s Prs Pt B PL AL A G A Prg

SO We can prove @i, ..., Pk, dp+1 - d1 A ... A ¢k A dp41. By induction (i) holds for all n.

(ii) By (i) there is a proof of ¢1,... ,¢n F ¢1 A ... A ¢, so supposing that ¢ A ... A ¢, F 9 we can
construct a proof of ¢q,...,¢, F ¢ with the cut

O1,eoo O E DL AN Dy OGN NP, -0
b1, ,On -0

41



References

[1] M.J. Collinson, Proof Theory of Some Classical and Intuitionistic Modal Logics, MSc Thesis, The
University of Manchester (1998)

[2] D. van Dalen, Intuitionistic Logic, in [4] The Handbook of Philosophical Logic, vol. IIT
[3] M. Dummett, Elements of Intuitionism, Oxford Logic Guides, Oxford University Press (1977).

[4] D. Gabbay and F. Guenthner (eds.), The Handbook of Philosophical Logic, vol. III, D. Reidel
Publishing Company (1986).

[5] G. Gentzen, Investigations into Logical Deduction, in The Collected Papers of Gerhard Gentzen,
North-Holland (1969).

[6] J.Y. Girard, Proofs and Types, Cambridge Tracts in Theoretical Computer Science 7, Cambridge
University Press (1989)

7] B. Hilken, Topological Duality for Intuitionistic Modal Algebras, Journal of Pure and Applied Al-
g y
gebra (to appear).

[8] P.T. Johnstone, Stone Spaces, Studies in Advanced Mathematics 3, Cambridge University Press
(1982).

[9] S. Popkorn, First Steps in Modal Logic, Cambridge University Press (1994).

[10] G. Takeuti, Proof Theory, Studies in Logic and the Foundations of Mathematics, Volume 81, Elsevier
Science Publishers B.V. (1975)

[11] A. Troelstra and H. Schwichtenberg, Basic Proof Theory, Cambridge Tracts in Theoretical Computer
Science, Cambridge University Press (1996).

[12] D. Wijesekera., Constructive modal logics I, Annals of Pure and Applied Logic, 50:271-301, (1990).

42



