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AbstractWe prove soundness and adequacy for an intuitionistic modal sequent calculus with the modalHeyting algebra semantics presented in Hilken [7]. We produce a cut-elimination for this calculus.For comparison a description of a corresponding classical modal logic in a sequent style is given alongwith its semantics.1 IntroductionModal logics have found many applications in computer science. In most cases the logics have beenclassical and have been used to descibe properties of relational structures. In other words the logics havebeen analysed relative to suitable Kripke relational semantics.In investigating intuitionistic modal logic there are two main motivations. One is purely philosophical,that intuitionists can have suitable de�nitions of modal operators and valid proofs in acceptable calculi.The other is semantical, certain problems have arisen for which descriptions in a logical language requirethat the logic has modal connectives but is also intuitionistic.The recent work of Hilken [7] provides a new synthesis of Kripke semantics and the topologicalsemantics of intuitionistic logic. It establishes a correspondence between two semantic notions for intu-itionistic modal logic - modal Heyting algebras and topological relational spaces. It gives a contravariantequivalence between a category of topological spaces with relations and a category of modal frames(frames with modal operators satisfying four axioms). A frame is a partially ordered set with �nitemeets, arbitrary joins satisfying the in�nite distributivity law. De�ning a modal Heyting algebra to bea Heyting algebra with modal operators satisfying the same four axioms as modal frames, it also givesan equivalence between the category of modal frames and a category of modal Heyting algebras.Wijesekera [12] gives sequent calculus formulations for both intuitionistic and classical predicatemodal logic. The intuitionistic calculus he proves is sound and complete with respect to his chosensemantics (which are di�erent to ours.) Dropping his quanti�er rules and making a few other slightalterations we arrive at the calculi presented here in Sections 2 and 3.In Section 2 we review classical monomodal logic. We give a sequent calculus for a language withone box connective and one (interde�nable) diamond connective. The semantics are given in termsof relational structures and the modal Boolean algebras they generate in a similar fashion to [9]. InSection 3 a language for intuitionistic logic with one box and one diamond operator is set down alongwith a calculus. Modal Heyting algebras are described and used to give the semantics of the logic. Thesoundness and completeness results for the intuitionistic logic are proved in Section 4, although some ofthe details are in the appendix. Section 5 concerns the cut rule which is shown to be eliminable.2 Classical Modal LogicIn this Section we introduce a classical modal language and a classical modal sequent calculus similar tothat of Wijesekera [12]. In addition we describe the associated semantics. Although the material in thisSection is of independent interest, the most important reason for including it is that the intuitionisticmodal calculus (which is the main subject of this report) is derived from the classical calculus.2.1 The LanguageThroughout this report we will be using modal propositional languages. In Section 1 we are dealing withclassical logic and our language will have the following symbols:� Variables P , Q, R, : : : ;� Constants >, ? ;� Propositional connectives :, ^, _ ; 1



� A box connective 2 ;� A diamond connective 3.The 2 and 3 connectives are known as the modal connectives. The modal connectives extend thepropositional language consisting of variables, constants and propositional connectives as given above.The language described above is monomodal - it has only one 2 and one 3 connective. It is also possibleto consider polymodal languages in which many modal connectives are present but this is not done here.The formulas of the language are built up recursively from the variables using the following rules.� If P is a variable then P is a formula.� The constants > and ? are formulas.� If � is a formula then :�;2�;3� are all formulas.� If � and  are formulas then so are � ^  , � _  .Formulas can be identi�ed with the tree structure corresponding to their construction. Parentheses(; ) will be used where appropriate to make the tree structure of formulas explicit. They are not consideredto be part of the language.Call the set of variables VAR and the set of formulas FORM .2.2 ProofsDe�ne a bag of formulas, �, to be a �nite set of formulas together with a function f� : FORM ! N,where N is the set of natural numbers including 0. In other words a bag is is a �nite collection of formulaswith repetitions of the same formula allowed and counted. The number of occurrences of a formula �is the value f�(�). We will use the notation �; � for the bag of formulas obtained by adding one moreoccurrence of the formula � to the bag �. With this convention we may write a bag of formulas as anunordered list possibly containing repetitions. We use the notation �;� to mean the bag of formulasconsisting of all the occurrences of every formula from the bags � and � - so f�;�(�) = f�(�) + f�(�).The notation 2� is used to indicate the bag of formulas consisting of each occurrence of each formula ofthe bag � written with a 2 connective in front of it - if � is a formula with f�(�) = n then f2�(2�) = n.Similarly for the bag 3�, if � is a formula with f�(�) = n then f3�(3�) = n.A judgement is a string of symbols � ` � where � and � are bags of formulas. Judgements are alsoreferred to as sequents. Judgements arise in proofs. A proof is a tree of judgements constructed usingone of the proof rules below to generate leaves.2.2.1 Proof RulesAxiom �; � ` �;�Weakening � ` ��0;� ` �;�0Contraction-left �; �; � ` ��; � ` �Contraction-right � `  ;  ;�� `  ;�:-left � ` �;��;:� ` � 2



:-right �; � ` �� ` :�;�>-left � ` ��;> ` �>-right � ` >;�^-left �; �;  ` ��; � ^  ` �^-right � ` �;� � `  ;�� ` � ^  ;�?-left �;? ` �?-right � ` �� ` ?;�_-left �; � ` � �;  ` ��; � _  ` �_-right � ` �;  ;�� ` � _  ;�3-left �; � ` ��0;2�;3� ` 3�;�02-right � ` �;��0;2� ` 2�;3�;�0Cut � ` �;� �0; � ` �0�;�0 ` �;�0The antecedent of a judgement is the bag of formulas on the left-hand-side of the judgement symbol,`. The succedent is the bag of formulas on the right-hand-side of the judgement. A premise of a givenjudgement is a judgement which occurs immediately above the given judgement in the proof whichcontains it. The rules above mean that every judgement has either zero, one or two premises. Withinthis report, proofs will also sometimes be called derivations and we will say that we can derive a certainjudgement. Sometimes the words \there is a proof of" have been omitted before a judgement is written.It should be reasonably clear in such circumstances that what is meant is that there is a proof of thejudgement. The notation � 0 � is also occasionally used, and in this case what is intended is that therecan be no proof of the judgement � ` �.2.3 SemanticsWe interpret the consequences of these judgements using modal Boolean algebras and transition struc-tures. A transition structure A = (A;�) is a structure consisting of a non-empty set A and a binaryrelation �. The modal Boolean algebra generated by A is (}A;2;3;�;\;[;:; A; ;), a Boolean algebrawith the operations :, [, \ de�ned as complementation,union and intersection, with partial order � andtop and bottom elements A and ; respectively. The operation 2 is de�ned by 2 : }A! }A; X 7! 2Xwhere a 2 2X , (8x)(x � a) x 2 X) :Similarly the operation 3 : }A! }A; X 7! 3X is de�ned bya 2 3X , (9x)(x � a & x 2 X) :3



It follows from these de�nitions that the maps 2 and 3 are monotone -if X � Y then 2X � 2Y and 3X � 3Y .Given a modal Boolean algebra we can recover the original transition structure from which it came.This is done using the following statement, which holds for all a; b 2 A :b � a , (8X)(a 2 2X ) b 2 X) :From now on we will take the word \structure" to mean transition structure. A valuation � on astructure A is an assignment � : VAR ! }A; P 7! �(P). The pair (A; �) is called a valued structure.Each such valuation has a natural extension to a function, J�K� : FORM ! }A, from formulas to modalBoolean algebras.Let (A; �) be a given valued structure. For each formula � the subset J�K� of A is de�ned by inductionon the complexity of � using the following clauses.� (constants) J>K� = A ; J?K� = ;� (variables) JP K� = �(P )� (formulas �;  ) J� _  K� = J�K� [ J K�� (formulas �;  ) J� ^  K� = J�K� \ J K�� (formulas �) J2�K� = 2(J�K�)� (formulas �) J3�K� = 3(J�K�).The calculus given is sound and complete with respect to such Boolean algebras. See Collinson [1].3 Intuitionistic Modal LogicThe formal system is now adapted to give an intuitionistic version of a modal sequent calculus. This is asystem designed to prove propositions with no external notion of their truth or falsity. The language ofthis intuitionistic modal logic has an implication symbol,!. Negation is de�ned in terms of implication,and the constant ?, de�ning :� as �! ? for each formula �.Sequents occurring in intuitionistic sequent proofs contain at most one formula on the right-hand-side,see [5]. In the calculus presented below all judgements have exactly one formula on the right-hand-side.The constant ? is used instead of an empty succedent, so that there are sequents of the form � ` ?rather than � ` . The system given here is similar to that of Wijesekera [12].With such logics the law of the excluded middle (the judgement ` � _ :�) cannot be derived.Double negation ( ` (:(:�)) ! �) fails as does one of the de Morgan laws, the suspect case being:(� ^  ) ` :� _ : .The set of variables is named VAR as before. The formulas of the language are built up recursivelyusing the following clauses:� if P is a variable then P is a formula� ? and > are formulas� if � is a formula then 2� and 3� are formulas� if � and  are formulas then � _  , � ^  , �!  are formulas.The new set of formulas is called FORM. As in the classical case, parentheses are used in formulasto make the tree structure explicit. 4



3.1 ProofsA bag of formulas is de�ned as before. The bags 2� and 3� and �;� and �; � are de�ned as before.In addition we de�ne �n to be the bag of formulas consisting of n occurrences of the formula �. Ajudgement is a string of symbols � ` � where � is a bag of formulas and � is a formula. The judgementsarise in proofs. A proof is a tree of judgements generated using the proofs rules listed below.3.1.1 Proof RulesAxiom �; � ` �Weakening � ` ��0;� ` �Contraction �; �; � `  �; � `  >-left � ` ��;> ` �>-right � ` >^-left �; �;  ` ��; � ^  ` �^-right � ` � � `  � ` � ^  ?-left �;? ` �_-left �; � ` � �;  ` ��; � _  ` �_-right-1 � ` �� ` � _  _-right-2 � `  � ` � _  !-right �; � `  � ` �!  !-left � ` � �;  ` ��; �!  ` �3-left-1 �; � `  �0;2�;3� ` 3 3-left-2 �; � ` ?�0;2�;3� `  2-right � ` ��0;2� ` 2�Cut � ` � �0; � `  �;�0 `  5



There are two important derived rules that will be used in the following sections. The �rst is astrengthened contraction rule. This simply combines several contractions, possibly on more that oneformula, into one contraction. Suppose that we have bags of formulas �;�0;�00 where �0 and �00 containthe same formulas but not necessarily in the same numbers, and suppose that we have a formula � anda judgement �;�0;�00 ` � then the strengthened contraction rule allows us to make the proof�;�0;�00 ` ��;�0 ` � :The second derived rule is the mix rule (sometimes also called multicut) which looks like� ` � �0; �n `  �;�0 `  where � and �0 are bags of formulas and � and  are formulas and n is any integer greater than 0.Notice that given all the other rules of the formal system, the presence of the mix rule is equivalentto the presence of the cut rule. The cut rule is clearly just the special case, n = 1, of the mix rule. Themix rule is derived from the cut rule, for each n, by n applications of the cut rule and some contractions.In the proofs of soundness, completeness and cut elimination to follow one of the methods used mostis to check cases of which sort of rule some given instance of a rule is. It is not necessary when checkingcases to deal with derived rules since they can at all times be replaced by combinations of the rules ofthe formal system.3.2 Modal Heyting AlgebrasThe following de�nition comes from Hilken [7]. De�ne a Modal Heyting Algebra to be a partially orderedset (H;�) with two constants > and ?, binary operations ^, _, ! and unary operations :, 2, 3 allsatisfying the following axioms for all a, b, c in H .1. a ^ b � a and a ^ b � b2. c � a & c � b ) c � a ^ b3. a � a _ b and b � a _ b4. a � c & b � c ) a _ b � c5. a ^ (a! b) � b6. a ^ c � b ) c � a! b7. ? � a8. a � >9. > � 2>10. 2a ^ 2b � 2(a ^ b)11. 2a ^3b � 3(a ^ b)12. 3? � ?13. a � b ) 2a � 2b 6



14. a � b ) 3a � 3bCommentsThe elements > and ? are known as the top and bottom elements of the algebra. Although > isgiven here as a constant this is not necessary, it can be de�ned as ?! ?. The axioms 1 and 2 make theoperation ^ a greatest lower bound (g.l.b) - for any two element set fa; bg the element a^b is the greatestelement of the algebra which is less than or equal to both a and b. The axioms 3 and 4 make the operation_ a least upper bound (l.u.b) - for any two element set fa; bg the element a_ b is the least element whichis greater than or equal to both a and b. The operation ! is called pseudocomplementation. Axioms1-8 make (H;�) a pseudocomplemented lattice or Heyting algebra.The remaining axioms describe the properties which we require for the modal connectives (of theintuitionistic modal logic described). Axioms 13 and 14 stipulate that 2 and 3 must be monotonic.Axioms 9 through to 12 are the four axioms considered by Hilken [7].3.2.1 ValuationA valuation is an assignment � : VAR ! H where H is the underlying set of some modal Heytingalgebra. Such a valuation is extended to formulas with J�K� : FORM ! H de�ned as follows.� J?K� = ? ; J>K� = >� JP K� = �(P ) for all variables P� J� ^  K� = J�K� ^ J K�� J� _  K� = J�K� _ J K�� J�!  K� = J�K� ! J K�� J2�K� = 2J�K�� J3�K� = 3J�K�We drop the subscript � on the the valuation J�K� when it is clear what the valuation is.Some properties of modal Heyting algebras to be used later are given in the appendix.4 CompletenessWe prove soundness and completeness results for the intuitionistic sequent calculus with the semanticsof the previous section.4.1 SoundnessLemma 4.1 If �1; : : : ; �n ` � is derivable then for every modal Heyting algebra H and every valuation� : VAR! H , J�1K� ^ J�2K� ^ : : : ^ J�nK� � J�K�:ProofSee the appendix.
7



4.2 AdequacyWe now give the adequacy result for this intuitionistic logic and the stated notion of modal Heytingalgebra. We outline a proof consisting of the construction of a model from the syntax. The details ofthe proof can be found in the appendix.Lemma 4.2 Let �1; : : : ; �n be a list of formulas and  be a formula. If for every modal Heytingalgebra H and every valuation � : VAR ! H we have J�1K� ^ : : : ^ J�nK� � J K� then there is a proofof �1; : : : ; �n `  .De�ne the interderivabilty equivalence relation � on FORM by� �  , � `  and  ` � are provableDenote the equivalence class of any formula � by [�].De�ne L0 to be the set of equivalence classes of FORM.L0 = FORM�Lemma 4.3 L0 is a modal Heyting algebra with the following de�nitions :? = [?]> = [>][�] _ [ ] = [� _  ][�] ^ [ ] = [� ^  ][�]! [ ] = [�!  ]2[�] = [2�]3[�] = [3�]and the partial order � given by [�] � [ ] , [�] ^ [ ] = [�] :De�ne the relation � on L0 by b � a , a � b.ProofSee the appendix.We now proceed to de�ne a valuation � : VAR ! H by �(P ) = [P ] and extend in the usual way toa function J�K� : FORM ! H .Lemma 4.4 For each formula �, J�K� = [�] :ProofThe proof is by induction on the complexity of formulas. See the appendix for the details.We now prove the following lemma.Lemma 4.5 If J�K � J K then there is a proof of � `  .ProofFor the proof see the appendix.Since J�1K ^ : : : ^ J�nK = J�1 ^ : : : ^ �nK, we have shown thatif J�1K ^ : : : ^ J�nK � J K then there is a proof of �1 ^ : : : ^ �n `  . To complete the proof of adequacywe need to show there is a proof of �1; : : : ; �n `  . This is achieved by the following lemma.8



Lemma 4.6 For any formulas �1, �2, ... ,�n the following hold(i) We can construct a proof of �1; : : : ; �n ` �1 ^ : : : ^ �n.(ii) If we have a proof of �1 ^ : : : ^ �n `  . then we can construct a proof of �1; : : : ; �n `  .ProofSee the appendix.For the reasons noted above this completes the proof of adequacy.CommentThe proof of adequacy could have been shortened by de�ning the partial order in Lemma 4.3 to be[�] � [ ] , � `  :If we do this then we have to check the partial order is well-de�ned. However once this is done the proofthat L0 is a modal Heyting algebra becomes easier and the result of Lemma 4.5 follows immediately fromLemmas 4.3 and 4.4.5 Cut EliminationThe intuitionistic modal sequent calculus presented is just as powerful with the cut rule removed. Inother words, any judgement that can be proved using the cut rule in the intuitionistic formal systemgiven can also be proved without using the cut rule.Theorem 5.1The cut rule is redundant in the intuitionistic modal sequent calculus.This is a direct consequence of Proposition 5.1 below. There are several di�erent ways of proving cut-elimination for a sequent calculus. Most important is the divide between semantic and purely syntacticcut-eliminations.The semantic version of cut-elimination consists of checking that the reduced calculus, with the cutrule removed, is still adequate when the same valuations as before are applied. Notice that if the calculuswith cut is sound then the system without cut is automatically sound also.The method of proof given by the lemma and proposition to follow is a syntactic one. There is achoice to be made between proving cut-elimination directly or proving an equivalent, mix-elimination.This depends on whether the calculus is to use sequences, bags or sets of formulas. It is often easier toprove mix-elimination for the �rst two due to the presence of structural rules, but for sets no mix-ruleexists since there can be only one occurrence of a formula in a set. The formula removed by a cut isknown as the cut formula and the formula removed by a mix is known as the mix formula.Syntactic cut-elimination and mix-elimination proofs usually involve two nested inductions, and theconsideration of all cases of rules. Exactly how the induction proceeds and how the cases are collectedtogether depends very much upon the exact form of the calculus and the e�orts of the author to makethe proof both concise and exhaustive. One of the inductions usually takes place upon some quantitymeasuring the complexity of formulas where complexity is related to the number of connectives appear-ing in formulas - in the cut-elimination to be given this will be called the degree. The sub-inductiontypically takes place on some quantity related to the number of judgements it takes to introduce the cut(mix) formula - in the proof given below this is the height of the proof. (In many examples, for instanceGentzen's original, the rank of a proof is used instead of the height, where the rank is de�ned to be themaximum number of judgements before the �nal application of the mix rule in which the mix formulaappears. Gentzen proves mix-elimination rather than cut-elimination, see [5].)9



We will proceed by proving the eliminability of the mix rule rather than the cut rule. As notedpreviously the presence of this derived rule is equivalent to the presence of the cut rule given the otherrules of the formal system.For each n, the bag of formulas containing n occurrences of the formula � and no others will bedenoted by �n. Notice that 2�n and 3�n can be written unambiguously.De�ne the degree of a formula by:� @(>) = @(?) = 1� @(P ) = 1 if P is a variable� @(� ^  ) = @(� _  ) = @(�!  ) = max (@(�); @( )) + 1� @(2�) = @(3�) = @(�) + 1 .De�ne the degree of a mix rule to be the degree of the formula it removes.The degree d(�) of a proof � is de�ned as the supremum of the degrees of its mix rules. So d(�) = 0 i�� is mix (and therefore also cut) free.The height h(�) of a proof is that of its associated tree: if � ends in a rule whose premises are provedby �1; �2; : : : ; �n with n = 0; 1; 2 thenh(�) =sup(h(�i)) + 1. A proof consisting of a single judgement has height 0.Proposition 5.1 If � is a proof of a judgement of degree d > 0 then a proof � of the same judgementcan be constructed with lower degree.ProofBy induction on h(�). Let R be the last rule of � and � and �0 be the subproofs yielding the premisesof R. There are two cases: R is not a mix of degree d or R is a mix of degree d. The base case of theinduction, for h(�) = 1, follows from the proof of the second case and the fact that proofs of height 0have degree 0.Case 1 If R is not a mix of degree d then at the inductive step the inductive hypothesis gives a proof$ of degree less than d to replace �, and a proof $0 of degree less than d to replace �0. To construct �we simply append R to $ and $0.Case2 R is a mix of degree d. At the inductive step we assume that we have a proof � of �;�0 `  0 withthe �nal rule R being a mix of degree d removing the formula �. The premises of R are assumed to be� ` � proved by � and �0; �n `  0 proved by �0. The proof � looks likeR �8><>: ...� ` � ...�0; �n `;  09>=>;�0�;�0 `  0The inductive hypothesis allows us to replace � and �0 by $ and $0 respectively, each of degree lessthan d. This situation is taken care of by Lemma 5.1. It provides the requisite proof � of �;�0 `  0 ofdegree less than d. �Lemma 5.1 Let � be a formula of degree d > 0 and � be a proof with degree d of �;�0 `  0. Letthe �nal rule R of � be a mix removing an occurrence of the formula � from the antecedent of one itspremises and n occurrences of � from the succedent of the other premise. Let the left premise of R be� ` � proved by � a subproof of � of degree less than d. Let the other premise of R be the judgement�0; �n `  0 proved by �0 a proof of degree less than d. Let the �nal rule of � be r and the �nal rule of�0 be r0. We can replace � by a proof � of �;�0 `  0 with degree less than d.10



ProofAssume we have � as described above. Here is a picture of the proof � .R�8><>:r ...� ` � ...�0; �n `  0r09>=>;�0�;�0 `  0The proof is by induction on h(�) + h(�0). The induction hypothesis is :for every pair of proofs � proving �1 ` � and � proving �01; �m `  01, where m > 0, if each is of de-gree less than d, and if h(�)+h(�) < h(�)+h(�0) then there is a proof of �1;�01 `  01 of degree less than d.The induction step is proved by considering all the possible combinations of which sorts of rules rand r0 are. (This simultaneously proves the base case of the induction, h(�) = 1, using the fact that anyproof of height 0 has degree 0.)Note that the strengthened contraction rule is often used at the end of the replacement proofs to getthe right number of instances of each formula. Similarly, when modal rules are applied in the proofswhich replace � it is necessary to be very careful about applying their weakening part, in order to endup with the required number of instances of each formula.In the following list of cases we do not need to consider when r and r0 are mixes - it is su�cient toconsider when they are cuts of degree less than d.We consider all the possible cases of what r and r0 may be - not all 1 - and construct � according tothe �rst case which applies. Here is a list of the main cases considered.1. � is ?-left.2. �0 is >-right.3. � is an axiom.4. �0 is an axiom .5. r is a left structural rule.6. r0 is a right structural rule.7. r is >-left.8. r0 is >-left.9. r is a left logical rule.10. r0 is a right logical rule.11. r0 is a left logical rule introducing a formula, either other than �, or � when there are more thann copies of � in the left-hand-side of the right-hand premise of the mix.12. �0 is ?-left.13. � is >-right.14. r is the 2-right rule.15. r is the 3-left-1 rule.16. r is the 3-left-2 rule.17. r0 is the 2-right rule. 11



18. r0 is the 3-left-1 rule.19. r0 is the 3-left-2 rule.20. r is a right logical rule and r0 is a left logical rule introducing � when there are precisely n copiesof � in the left-hand-side of the right-hand premise of the mix.Now we begin to consider these cases.1. � is an instance of the ?-left rule.Then � is simply an instance of of the ?-left rule.2. �0 is an instance of the >-right ruleThen � is simply an instance of of the >-right rule.3. � is an axiomThen � is of the form �; � ` �. The proof � looks like�; � ` � ...�0; �n `  09>=>;�0�;�0; � `  0and this is replaced by � as shown below...�0; �n `  09>=>;�0�;�0; �n `  0�;�0; � `  0 Contractions Weakening4. �0 is axiomThere are two subcases� �0 is of the form �0; �n;  0 `  0 .The proof � given by �8><>: ...� ` � �0; �n;  0 `  0�;�0;  0 `  0is replaced by the axiom �;�0;  0 `  0� �0 is of the form �0; �n ` �. Then the proof12



�8><>: ...� ` � �0; �n ` ��;�0 ` �is replaced by the proof �8><>: ...� ` ��0;� ` � Weakening5. r is a left structural rule.There are two subcases considered separately.� r is contraction or weakening.Let the premise of r be �1 ` � and let it be proved by �1 - the obvious subproof of � of degreeless than d. The proof � shown below
r �18><>: ...�1 ` �� ` � ...�0; �n `  09>=>;�0�;�0 `  0is replaced by � given below �08><>: ...�1;�0 `  0�;�0 `  0 rwhere �0 is the proof of degree less than d which replaces � under the induction hypothesisand � is the proof �18><>: ...�1 ` � ...�0; �n `  09>=>;�0�1;�0 `  0 Mix� r is an instance of the cut rule on a formula � of degree less than d.Then r has two premises and � has the form�18><>: ...�1 ` � ...�;�2 ` �9>=>;�2�1;�2 ` � ...�0; �n `  09>=>;�0�1;�2;�0 `  013



This is replaced by �18><>: ...�1 ` � ...�2;�0; � `  09>=>;�0�1;�2;�0 `  0 Cutwhere �0 is the proof which replaces � below under the induction hypothesis. The proof � is�28><>: ...�2; � ` � ...�0; �n `  09>=>;�0�1;�2;�0 `  0 Mix6. r0 is a structural ruleThere are subcases� r0 is a contraction or weakening but not of �.
�8><>: ...� ` � ...�01; �n `  09>=>;�01�0; �n `  0 r0�;�0 `  0which is replaced by �08><>: ...�;�01 `  0�;�0 `  0 r0where �0 is the proof which under the induction hypothesis replaces � as given below�8><>: ...� ` � ...�01; �n `  09>=>;�01�;�01 `  0 Mix� r0 weakens to add some, but not all, instances of � (to the right-hand premise of the Mix)and possibly other formulas too.The proof � looks like
�8><>: ...� ` � ...�01; �m `  09>=>;�01�0; �n `  0 r0�;�0 `  014



This is replaced by �08><>: ...�;�01 `  0�;�0 `  0 Weakeningwhere �0 is the replacement for � under the induction hypothesis and � is given by�8><>: ...� ` � ...�01; �m `  09>=>;�01�;�01 `  0 Mix� r0 is a structural rule contracting � (and possibly other formulas).The proof � looks like
�8><>: ...� ` � ...�0; �n+1 `  09>=>;�01�0; �n `  0�;�0 `  0This is replaced by �0 the proof which under the induction hypothesis replaces the � givenbelow �8><>: ...� ` � ...�0; �n+1 `  09>=>;�01�;�0 `  0 Mix� r0 weakens to add all of the instances of � (and possibly other formulas).Then (for �01 containing no occurrences of �) � looks like
�8><>: ...� ` � ...�01 `  09>=>;�01�0; �n `  0�;�0 `  0and this is replaced by ...�01 `  09>=>;�01�;�0 `  0 Weakening15



� r0 is a cut of a formula � of degree less than d.The proof � looks like (for n1 + n2 = n)
�8><>: ...� ` � �018><>: ...�01; �n1 ` � ...�;�02; �n2 `  09>=>;�02�01;�02; �n `  0�;�01;�02 `  0The construction of � now is split into three cases.{ If n1 = 0 then � is �018><>: ...�01 ` � ...�;�02; � `  09>=>;�0�;�01;�02 `  0 Cutwhere �0 is the proof which, under the induction hypothesis, replaces � given below�8><>: ...� ` � ...�02; �n; � `  09>=>;�02�;�;�02 `  0 Mix{ If n2 = 0 then � is constructed in a similar fashion to the last case except that � isconstructed from a mix on � and �01 and � comes from a mix with �0 as the left-hand-premise and �02 as the right-hand-premise.{ If n1 6= 0 and n2 6= 0 then construct �1 by�8><>: ...� ` � ...�01; �n1 ` �9>=>;�01�;�01 ` � Mixand construct �2 by �8><>: ...� ` � ...�02; �n2 ; � `  09>=>;�02�;�;�02 `  0 Mixand using the induction hypothesis, replace these by proofs �01 and �02 respectively, bothof degree less than d. The proof � is given by�018><>: ...�;�01 ` � ...�;�;�02 `  09>=>;�02�;�;�01;�02 `  0�;�01;�02 `  0 Cut16



7. r is >-leftSuppose we have � given by �18><>: ...�1 ` ��1;> ` � ...�0; �n `  09>=>;�0�1;>;�0 `  0then we can replace � with �08><>: ...�1;�0 `  0�1;>;�0 `  0 >-leftwhere �0 is the proof which under the induction hypothesis replaces the proof � given by�18><>: ...�1 ` � ...�0; �n `  09>=>;�0�1;�0 `  0 Mix8. r0 is >-left.There are three subcases� The cut formula � is not >.The proof � is of the form
�8><>: ...� ` � ...�01; �n `  09>=>;�01�01;>; �n `  0�;�01;> `  0This is replaced by � given by �08><>: ...�;�01 `  0�;�01;> `  0 >-leftwhere �0 is the proof obtained from the induction hypothesis applied to � below.17



�8><>: ...� ` � ...�01; �n `  09>=>;�01�;�01 `  0 Mix� If � is > and there is more than one occurrence of it in the left-hand-side of the right-handpremise of the mix rule then � has the form (for some n > 1)
�8><>: ...� ` > ...�0;>n�1 `  09>=>;�01�0;>n `  0�;�0 `  0and this is replaced by ...�;�0 `  09>=>;�0where under the induction hypothesis �0 replaces � given by�8><>: ...� ` > ...�0;>n�1 `  09>=>;�01�;�0 `  0 Mix� If � is > and there is exactly one occurrence of it in the left-hand-side of the right-handpremise of the mix rule then � has the form (for some n > 1)

�8><>: ...� ` > ...�0 `  09>=>;�01�0;> `  0�;�0 `  0and this is replaced by ...�0 `  09>=>;�01�;�0 `  0 Weakening9. r is a left logical rule.Go through the cases of what r may be. 18



� r is ^-left.Then � is �18><>: ...�; �1; �2 ` ��; �1 ^ �2 ` � ...�0; �n `  09>=>;�0�; �1 ^ �2;�0 `  0and is replaced by ...�0;�; �1; �2 `  09>=>;�0�0;�; �1 ^ �2 `  0 ^ -leftwhere �0 is the proof which replaces � under the induction hypothesis and � is the proof�18><>: ...�; �1; �2 ` � ...�0; �n `  09>=>;�0�;�0; �1; �2 `  0 Mix� r is _-left.Then � has the form�18><>: ...�; �1 ` � ...�; �2 ` �9>=>;�2�; �1 _ �2 ` � ...�0; �n `  09>=>;�0�;�0; �1 _ �2 `  0and is replaced by �018><>: ...�;�0; �1 `  0 ...�;�0; �2 `  09>=>;�02�;�0; �1 _ �2 `  0 _ -leftwhere each of the �0i replaces �i given by�i8><>: ...�; �i ` � ...�0; �n `  09>=>;�0�;�0; �i `  0 Mix19



� r is !-left.Then � has the form �18><>: ...� ` �1 ...�; �2 ` �9>=>;�2�; �1 ! �2 ` � ...�0; �n `  09>=>;�0�;�0; �1 ! �2 `  0and is replaced by �18><>: ...� ` �1�0;� ` �1 ...�0;�; �2 `  09>=>;�0�0;�; �1 ! �2 `  0 ! -leftwhere �0 is the proof which replaces � given by�28><>: ...�; �2 ` � ...�0; �n `  09>=>;�0�0;�; �2 `  0 Mix10. r0 is a right logical rule. There are four subcases� r0 is _-right-1Then � looks like �8><>: ...� ` � ...�0; �n `  19>=>;�01�0; �n `  1 _  2�;�0 `  1 _  2and is replaced by the proof � given by�08><>: ...�;�0 `  1�;�0 `  1 _  2 _ -right-1where �0 is the proof which replaces � below under the induction hypothesis (applied to �and �01). 20



�8><>: ...� ` � ...�0; �n `  19>=>;�01�;�0 `  1 Mix� r0 is _-right-2.This is handled in an almost identical fashion to the last subcase.� r0 is ^-right.Then � is of the form�8><>: ...� ` � �018><>: ...�0; �n `  1 ...�0; �n `  29>=>;�02�0; �n `  1 ^  2�;�0 `  1 ^  2and this is replaced by � as below�018><>: ...�;�0 `  1 ...�;�0 `  29>=>;�02�;�0 `  1 ^  2 ^ -rightwhere each of the �0i under the inductive hypothesis replaces the proof �i given by�8><>: ...� ` � ...�0; �n `  i9>=>;�0i�;�0 `  i Mix� r0 is !-rightThen � is of the form
�8><>: ...� ` � ...�0;  1; �n `  29>=>;�01�0; �n `  1 !  2�;�0 `  1 !  2and is replaced by the proof � given by�08><>: ...�;�0;  1 `  2�;�0 `  1 !  2 ! -right21



where �0 is the proof obtained from the induction hypothesis applied to � as below�8><>: ...� ` � ...�0; �n;  1 `  29>=>;�01�;�0;  1 `  2 Mix11. r0 is a left logical rule not creating �, or creating � when there are greater than n occurrences of� on the left-hand-side of the right-hand premise of the mix.Consider what r0 is.� r0 is ^-left.The proof � has the form
�8><>: ...� ` � ...�01; �1; �2; �n `  09>=>;�01�01; �1 ^ �2; �n `  0�;�01; �1 ^ �2 `  0and is replaced by �8><>: ...�;�01; �1; �2 `  0�;�01; �1 ^ �2 `  0 ^ -leftwhere �0 replaces � given by�8><>: ...� ` � ...�1; �1; �2; �n `  09>=>;�01�;�01; �1; �2 `  0 Mix� r0 is _-left.The proof � has the form

�8><>: ...� ` � �018><>: ...�1; �1; �n `  0 ...�1; �2; �n `  09>=>;�02�01; �1 _ �2; �n `  0�;�01; �1 _ �2 `  0and is replaced by 22



�018><>: ...�;�01; �1 `  0 ...�;�01; �2 `  09>=>;�02�;�01; �1 _ �2 `  0 _ -leftwhere �0i replaces � given by�8><>: ...� ` � ...�01; �i; �n `  09>=>;�0i�;�01; �i `  0 Mix� r0 is !-leftThe proof � has the form
�8><>: ...� ` � �018><>: ...�01; �n ` �1 ...�01; �2; �n `  09>=>;�02�01; �1 ! �2; �n `  0�;�01; �1 ! �2 `  0and is replaced by �018><>: ...�;�01 ` �1 ...�;�01; �2 `  09>=>;�02�;�01; �1 ! �2 `  0 ! -leftwhere �01 replaces �1 given by�8><>: ...� ` � ...�01; �n ` �19>=>;�01�;�01 ` �1 Mixand �02 replaces �2 given by�8><>: ...� ` � ...�01; �2; �n `  09>=>;�02�;�01; �2 `  0 Mix12. �0 is the ?-left rule.This has two subcases 23



� If � is not ? then � is simply an instance of ?-left.� If � is ? then � has the form �8><>: ...� ` ? �0;?n�1;? `  0�;�0 `  0We proceed by considering what sort of rule r is. The possibilities for r not handled yet are{ r is a right logical rule. This is not possible since ? is not composed of other formulas.{ r is an instance of the >-right rule. This is clearly not possible since then � would be >.{ r is the 2-right rule. This is not possible by the form of �.{ r is the 3-left-1 rule. This is not possible by the form of �.{ r is the 3-left-2 rule. Then � has the form�18><>: ...�1; � ` ?�001 ;2�1;3� ` ? �0;?n�1;? `  0�001 ;�0;2�1;3� `  0and this can be replaced by �18><>: ...�1; � ` ?�001 ;�0;2�1;3� `  0 3-left-213. � is >-right.Then � has the form � ` > ...�0;>n `  0 r0�;�0 `  0We construct � case-by-case depending on the form of r0. The cases not yet handled are� r0 is a left logical rule creating > and there are n copies of > in the left-hand-side of theright-hand premise of the mix. This is not possible since > contains no logical connectives.� If r0 is a modal rule then > comes entirely from the weakening part of the rule. Let theproof of the premise of r0 be called �01. A proof � is constructed by applying the same sortof modal rule as r0, but making sure to get the correct antecedent by adding the weakeningpart carefully. For example in the 2-case if � is
� ` > ...�01 `  019>=>;�01>n;�001 ;2�01 ` 2 01�;�001 ;2�01 ` 2 0124



then � is ...�01 `  09>=>;�01�;�001 ;2�01 ` 2 01 2-right14. If r is the 2-rule then � has the form�18><>: ...�1 ` �1�001 ;2�1 ` 2�1 ...�0;2�n1 `  0 r0�001 ;2�1;�0 `  0We consider what the remaining possibilities for r0 are� It is not possible for r0 to be a left-hand logical rule creating 2�1.� r0 is a modal rule and at least n of the 2�1 come from the weakening part of the rule. Letthe proof of the premise of r0 be called �01. Then � is constructed by applying the same sortof rule as r0 to �01 but adding the weakening part carefully to get the correct left-hand-side.For example if r0 is the 2 rule and the proof � is�18><>: ...�1 ` �1�001 ;2�1 ` 2�1 ...�01 `  019>=>;�012�n1 ;�0001 ;2�01 ` 2 01�001 ;2�1;�0001 ;2�01 ` 2 01then � is ...�01 `  09>=>;�01�001 ;2�1;�0001 ;2�01 ` 2 01 2-right� r0 is a modal rule and less than n of the 2�1 come from the weakening part of the rule. Thensome of the �1 are contained in the antecedent of the premise of r0. Suppose that this premiseis �01; �m1 `  01 proved by �01. The proof � is obtained by applying the mix rule to �1 and �01to get �1;�01 `  0 then applying the same sort of rule as r0 (weakening carefully) to get thecorrect left-hand-side.{ r0 is 2-right.Then � has the form (where n � m � 1)
r �18><>: ...�1 ` �1�001 ;2�1 ` 2�1 ...�01; �m1 `  019>=>;�01�0001 ;2�01;2�n1 ` 2 01 r0�001 ;2�1;�0001 ;2�01 ` 2 01 Mix25



and this is replaced by�18><>: ...�1 ` �1 ...�01; �m1 `  019>=>;�01�1;�01 `  01 Mix�001 ;�0001 ;2�1;2�01 ` 2 01 2-right{ r0 is 3-left-1.Then � has the form (where n � m � 1)
r �18><>: ...�1 ` �1�001 ;2�1 ` 2�1 ...�01; �m1 ; � `  019>=>;�01�0001 ;2�01;2�n1 ;3� ` 3 01 r0�001 ;2�1;�0001 ;2�01;3� ` 3 01 Mixand this is replaced by�18><>: ...�1 ` �1 ...�01; �m1 ; � `  019>=>;�01�1;�01; � `  01 Mix�001 ;�0001 ;2�1;2�01;3� ` 3 01 3-left-1{ r0 is 3-left-2 .Then � has the form (where n � m � 1)
r �18><>: ...�1 ` �1�001 ;2�1 ` 2�1 ...�01; �m1 ; � ` ?9>=>;�01�0001 ;2�01;2�n1 ;3� `  0 r0�001 ;2�1;�0001 ;2�01;3� `  0 Mixand this is replaced by�18><>: ...�1 ` �1 ...�01; �m1 ; � ` ?9>=>;�01�1;�01; � ` ? Mix�001 ;�0001 ;2�1;2�01;3� `  0 3-left-215. If r is the 3-left-1 rule then � has the form�18><>: ...�1; � ` �1�001 ;2�1;3� ` 3�1 ...�0;3�n1 `  0 r03�;�001 ;2�1;�0 `  026



We consider what the remaining possibilities for r0 are� It is not possible for r0 to be a left-hand logical rule creating 3�1.� r0 is a modal rule and at least n of the 3�1 come from the weakening part of the rule. Letthe proof of the premise of r0 be called �01. Then � is constructed by applying the same sortof rule as r0 to �01 but adding the weakening part carefully to get the correct left-hand-side.For example if r0 is the 2-rule and if � is�18><>: ...�1; � ` �1�001 ;2�1;3� ` 3�1 ...�01 `  019>=>;�013�n1 ;�001 ;2�01 ` 2 01r0�001 ;2�1;3�;�0001 ;2�1 ` 2 01then � is ...�01 `  019>=>;�01�001 ;2�1;3�;�0001 ;2�01 ` 2 01 2-right� If r0 is a modal rule and less than n of the 3�1 come from the weakening part of the rule.Then at least one of the occurrences of �1 is contained in the premise of r0. Suppose that thispremise is �01; �m1 `  01 proved by �01. The proof � is obtained by applying the mix rule to �1and �01 to get �1; �;�01 `  0 then applying the same sort of rule as r0 (weakening carefully) toget �001 ;2�1;�0001 ;2�01;3�;` 3 01. In particular the subcases are{ r0 is 2-right.This does not apply.{ r0 is 3-left-1.Then � has the form (where n � m � 1)
r �18><>: ...�1; � ` �1�001 ;2�1;3� ` 3�1 ...�01; �m1 `  019>=>;�01�0001 ;2�01;3�n1 ` 3 01 r0�001 ;2�1;�0001 ;2�01;3� ` 3 01 Mixand this is replaced by�18><>: ...�1; � ` �1 ...�01; �m1 `  019>=>;�01�1;�01; � `  01 Mix�001 ;�0001 ;2�1;2�01;3� ` 3 01 3-left-1{ r0 is 3-left-2 .Then � has the form (where n � m � 1)27



r �18><>: ...�1; � ` �1�001 ;2�1;3� ` 3�1 ...�01; �m1 ` ?9>=>;�01�0001 ;2�01;3�n1 ;`  0 r0�001 ;2�1;�0001 ;2�01;3� `  0 Mixand this is replaced by�18><>: ...�1; � ` �1 ...�01; �m1 ` ?9>=>;�01�1;�01; � ` ? Mix�001 ;�0001 ;2�1;2�01;3� `  0 3-left-216. If r is the 3-left-2 rule.then � has the form �18><>: ...�1; � ` ? r�001 ;2�1;3� ` � ...�0; �n `  0 r0�001 ;2�1;3�;�0 `  0 Mixand this is replaced by �18><>: ...�1; � ` ?�001 ;�0;2�1;3� `  0 3-left-217. r0 is an instance of the 2-right rule.There two are subcases� At least n of the � come from the weakening part of r0.Then � has the form
�8><>: ...� ` � ...�01 `  019>=>;�01�n;�0001 ;2�01 ` 2 01 r0�;�0001 ;2�01 ` 2 01 Mixand � is 28



...�01 `  019>=>;�01�;�0001 ;2�01 `  01 2-right� � appears in the premise of r0. Then � is of the form 2�1 for some �1 which appears in thepremise. The only case of what r is that has not yet been handled is that r is a right logicalrule. This is not possible because of the form of �.18. r0 is an instance of the 3-left-1 rule.There are three subcases� At least n of the � of the right-hand-premise of the mix come from the weakening partof r0. Suppose that �01 proves the premise �01; � `  01 of the rule r0 and that �0 proves�n;�0001 ;2�01;3� ` 3 01. Suppose also that � proves � ` �. Then � is...�01; � `  019>=>;�01�;�0001 ;2�01;3� ` 3 01 3-left-2� Some of the �n don't come from the weakening and � is of the form 2�1 for some �1 whichappears in the premise. The only case of what r is that has not yet been handled is that r isa right logical rule. This is not possible because of the form of �.� One of the �n appears in the premise and � is of the form 3�1 for some �1 which appearsin the premise. The only case of what r is that has not yet been handled is that r is a rightlogical rule. This is not possible because of the form of �.19. r0 is an instance of the 3-left-2 rule.There are three subcases� At least n of the � in the right-hand premise of the mix come from the weakening partof r0. Suppose that �01 proves the premise �01; � ` ? of the rule r0 and that �0 proves�n;�0001 ;2�01;3� `  0 Suppose also that � proves � ` �. Then � is...�01; � ` ?9>=>;�01�;�0001 ;2�01;3� `  0 3-left-2� Less than n copies of � come from the weakening part of r0 and � is of the form 2�1 for some�1 which appears in the premise. The only case of what r is that has not yet been handled isthat r is a right logical rule. This is not possible because of the form of �.� Less than n copies of � come from the weakening part of r0 and � is of the form 3�1 for some�1 which appears in the premise. The only case of what r is that has not yet been handled isthat r is a right logical rule. This is not possible because of the form of �.29



20. r is a right logical rule and r0 is a left logical rule introducing � when there are exactly n copies of� in the left-hand-side of the right-hand-premise of the mix.Again the method is to run through the possible cases of what the rules r and r0 are. However,now we have the additional constraint that r introduces the same formula on the right as r0 doeson the left.^-caseSuppose that � is�18><>: ...� ` �1 ...� ` �29>=>;�2� ` �1 ^ �2 ...�0; (�1 ^ �2)n�1; �1; �2 `  09>=>;�01�0; (�1 ^ �2)n `  0�;�0 `  0There are two cases giving the replacement for this� If n=1 then the replacement for � is
�18><>: ...� ` �1 �28><>: ...� ` �2 ...�0; �1; �2 `  09>=>;�01�;�0; �1 `  0 Mix�;�;�0 `  0�;�0 `  0 Mix� If n > 1 then the replacement for � is
�18><>: ...� ` �1 �28><>: ...� ` �2 ...�;�0; �1; �2 `  09>=>;�0�;�;�0; �1 `  0 Mix�;�;�;�0 `  0�;�0 `  0 Mixwhere �0 is the proof which replaces � below under the induction hypothesis�8><>: ...� ` �1 ^ �2 ...�0; (�1 ^ �2)n�1; �1; �2 `  09>=>;�01�;�0; �1; �2 `  0_-1 caseThe proof � has the form 30



�18><>: ...� ` �1� ` �1 _ �2 �018><>: ...�0; (�1 _ �2)n�1; �1 `  0 ...�0; (�1 _ �2)n�1; �2 `  09>=>;�02�0; (�1 _ �2)n�1; �1 _ �2 `  0�;�0 `  0There are two subcases again.� If n = 1 then the replacement for � simply changes � to�18><>: ...� ` �1 ...�0; �1 `  09>=>;�01�;�0 `  0 Mix� If n > 1 then construct � as below�8><>: ...� ` �1 _ �2 ...�0; (�1 _ �2)n�1; �1 `  09>=>;�01�;�0; �1 `  0 Mixand replace it with �0 a proof of degree less than d using the inductive hypothesis. Then � is�18><>: ...� ` �1 ...�;�0; �1 `  09>=>;�0�;�;�0 `  0�;�0 `  0 Mix_-2 caseThis is done in exactly the same way as the last case except that � is created by a mix on � and�02 instead of on � and �01.!-caseIn this case � has the form�18><>: ...�; �1 ` �2� ` �1 ! �2 �018><>: ...�; (�1 ! �2)n�1 ` �1 ...�; (�1 ! �2)n�1; �2 `  09>=>;�02�0; (�1 ! �2)n�1; �1 ! �2 `  0�;�0 `  0and again we must consider separately the cases n = 1 and n > 1.31



� If n = 1 then � isMix �018><>: ...�0 ` �1 ...�; �1 ` �29>=>;�1�0;� ` �2 ...�0; �2 `  09>=>;�02�0;�0;� `  0�0;� `  0 Mix� If n > 1 then construct �1�8><>: ...� ` �1 ! �2 ...�0; (�1 ! �2)n�1 ` �19>=>;�01�;�0 ` �1 Mixand construct �2 �8><>: ...� ` �1 ! �2 ...�0; (�1 ! �2)n�1; �2 `  09>=>;�02�;�0; �2 `  0 MixUnder the induction hypothesis each of the �i is replaced by a �0i of degree less than d. Theproof � is given by
Mix �018><>: ...�;�0 ` �1 ...�; �1 ` �29>=>;�1�;�;�0 ` �2 ...�;�0; �2 `  09>=>;�02�;�;�0;�;�0 `  0�;�0 `  0 MixThis exhausts the list of cases for r and r0 so the lemma is proved. �The lemma proves the proposition which yields the theorem.CommentsThe above proof is extremely long but the order in which the cases were proved was chosen in the at-tempt to keep the length down and to avoid repetition. The whole proof could have been made shorterby treating more of the cases together.The mix rule is used instead of the cut rule because it makes things easier (or at least briefer) in case6 of the lemma when r0 is a contraction on the formula to be cut.The subformulas of a formula are de�ned inductively as follows.� > is the only subformula of > and ? is the only subformula of ?.32



� For every variable P , P is the only subformula.� Each one of the formulas �!  , �^ , �_ has subformulas itself plus �,  and their subformulas.� Each one of :�, 2�, 3� has subformulas itself plus � and the subformulas of �.A corollary of the eliminability of the cut-rule is the subformula property. This is the assertion thatevery proof may be replaced by a proof in which all the formulas appearing in all the judgements (of thenew proof) are subformulas of the formulas appearing in the �nal judgement of the proof.The cut-elimination theorem allows us to prove decidability for the intuitionistic modal calculus. Calla judgement containing at most three occurrences of any formula in each of the antecedent and succedenta reduced judgement. In order to give a decision procedure it is useful to note the following two facts.1. Any judgement is provable if and only if a reduced judgement containing the same formulas isprovable.2. There are only a �nite number of reduced judgements all of whose formulas are subformulas of agiven judgement.The decision procedure then consists of working upwards to construct a proof from the bottom of thetree, starting with the reduced judgement corresponding to the given judgement, and searching throughthe �nite number of judgements mentioned in 2, to either construct a proof or conclude that there canbe no proof.It may also be possible to give a cut-elimination proof for the classical sequent calculus presented.One way of approaching such a proof would be to modify the method above to suit the classical rules andconnectives. There is an added complication in these types of classical cut-elimination, in that we nowhave to consider cases for when a formula on right-hand-side of the left-hand premise of a cut (or mix)is the cut (mix) formula and when it is not, since classical sequents may have more than one formula intheir succedent.AA.1 Properties of Modal Heyting AlgebrasWe list here some properties of modal Heyting algebras. Proofs are not given for those which are stan-dard for Heyting algebras.Every modal Heyting algebra H has the following properties for all a, b, c, d in H .(i) a ^ b = b ^ a(ii) a _ b = b _ a(iii) If a � a0 then a ^ b � a0 ^ b(iv) If a = a0 then a ^ b = a0 ^ b.(v) If a � a0 then a _ b � a0 _ b. 33



(vi) If a = a0 then a _ b = a0 _ b(vii) a ^ a = a(viii) a _ a = a(ix) a ^ ? = ?(x) a _ ? = a(xi) a ^ > = a(xii) a _ > = >(xiii) If b � a! c then a ^ b � c.(xiv) If a � b then b! c � a! c.(xv) a ^ (b _ c) = (a ^ b) _ (a ^ c)(xvi) a _ (b ^ c) = (a _ b) ^ (a _ c)(xvii) If a � b and a ^ c � d then a ^ (b! c) � d(xviii) a ^ (b ^ c) = (a ^ b) ^ c(xix) a _ (b _ c) = (a _ b) _ c.(xx) For any a1; a2; : : : ; an; b in H we have2a1 ^ 2a2 ^ : : : ^2an � 2(a1 ^ a2 ^ : : : ^ an)[This is proved by induction on n using axiom 10.](xxi) For any a1; a2; : : : ; an; b in H we have2a1 ^ 2a2 ^ : : : ^2an ^3b � 3(a1 ^ a2 ^ : : : ^ an ^ b).[This is by proved using the last property and axiom 11 as follows.2a1 ^ : : : ^ 2an ^3b � 2(a1 ^ : : : an) ^3b � 3(a1 ^ : : : an ^ b):]A.2 SoundnessHere are the details of the proof of soundness for the intuitionistic calculus.Proof The proof is by induction on the height of the proof of the judgement �1; : : : ; �n ` �. Thebase of the induction consists of checking the statement of the lemma for the axioms, >-right and ?-left rules. The induction step consists of proving for the remaining rules that if the statement of the34



lemma holds for the judgements above a rule then it also holds for the judgement below the rule. Allthe cases are checked below using the axioms of modal Heyting algebras and the properties derived above.Axioms Every axiom is of the form �1; : : : ; �n; � ` �. Notice thatJ�1K ^ : : : ^ J�nK = J�1 ^ : : : ^ �nK follows by induction fromJ� ^  K = J�K ^ J K. Then by property (iv) and axiom 1 we have J�1K ^ : : : ^ J�nK ^ J�K =J�1 ^ : : : ^ �nK^ � J�K.?-left Any instance of the rule looks like �1; : : : ; �n;? `  . By property (ix) and axiom 7, J�1K^ : : :^J�nK ^ J?K = J�1K ^ : : : ^ J�nK ^ ? = ? � J K.>-right An instance of this rule is of the form �1; : : : ; �n ` >. Axiom 8 gives J�1K^: : :^J�nK � > = J>K.>-left Suppose �1; : : : ; �n ` � and J�1K ^ : : : ^ J�nK � J�K. The >-left rule proves �1; : : : ; �n;> ` �and property (xi) givesJ�1K ^ : : : ^ J�nK ^ J>K = J�1K ^ : : : ^ J�nK ^ > = J�1K ^ : : : ^ J�nK � J�K.Weakening Suppose that �1; : : : ; �n `  and J�1K ^ : : : ^ J�nK � J K. By the weakening rule we canprove �01; : : : ; �0p; �1; : : : ; �n `  and from axiom 1 we have J�01K ^ : : : ^ J�0pK ^ J�1K ^ : : : ^ J�nK �J�1K ^ : : : ^ J�nK � J K.Contraction Suppose �1; : : : ; �n; �; � `  andJ�1K ^ : : : ^ J�nK ^ J�K ^ J�K � J K. The left contraction rule allows us to derive �1; : : : ; �n; � `  and properties (vii) and (iv) giveJ�1K ^ : : : ^ J�nK ^ J�K = J�1K ^ : : : ^ J�nK ^ J�K ^ J�K � J K.Cut Suppose �1; : : : ; �n ` � and �01; : : : ; �0p; � `  andJ�1K ^ : : : ^ J�nK � J�K and J�01K ^ : : : ^ J�0pK ^ J�K � J K. The cut rule gives a proof of�1; : : : ; �n; �01; : : : ; �0p `  . By property (iii) we have J�1K ^ : : : ^ J�nK ^ J�01K ^ : : : ^ J�0pK �J�K ^ J�01K ^ : : : ^ J�0pK � J K.^-left Suppose �1; : : : ; �n; �;  ` � and J�1K ^ : : : ^ J�nK ^ J�K ^ J K � J�K. The ^-left rule gives aproof of �1; : : : ; �n; � ^  ` �. Since J� ^  K = J�K ^ J K we have J�1K ^ : : : ^ J�nK ^ J� ^  K =J�1K ^ : : : ^ J�nK ^ J�K ^ J K � J�K using (iv).^-right Suppose �1; : : : ; �n ` � and �1; : : : ; �n `  andJ�1K ^ : : : ^ J�nK � J�K and J�1K ^ : : : ^ J�nK � J K. The ^-right rule yields �1; : : : ; �n ` � ^  .Axiom 2 and the de�nition of J�K give J�1K ^ : : : ^ J�nK � J�K ^ J K = J� ^  K._-left Suppose �1; : : : ; �n; � ` � and �1; : : : ; �n;  ` � andJ�1K^: : :^J�nK^J�K � J�K and J�1K^: : :^J�nK^J K � J�K. The _-left rule proves �1; : : : ; �n; �_ `�. The de�nition of J�K, the distributivity of property (xvi), properties (v) and (viii) giveJ�1K ^ : : : ^ J�nK ^ (J�K _ J K)= J�1 ^ : : : ^ �nK ^ (J�K _ J K)= (J�1 ^ : : : ^ �nK ^ J�K) _ (J�1 ^ : : : ^ �nK ^ J K)� J�K _ (J�1 ^ : : : ^ �nK ^ J K)� J�K _ J�K= J�K:_-right-1 Suppose �1; : : : ; �n ` � and J�1K ^ : : : ^ J�nK � J�K. The _-right-1 rule yields �1; : : : ; �n `� _  . Axiom 3 and the de�nition of J�K gives J�1K ^ : : : ^ J�nK � J�K � J�K _ J K = J� _  K._-right-2 Suppose �1; : : : ; �n `  and J�1K ^ : : : ^ J�nK � J K. The _-right-2 rule yields �1; : : : ; �n `� _  . Axiom 3 and the de�nition of J�K gives J�1K ^ : : : ^ J�nK � J K � J�K _ J K = J� _  K.35



!-right Suppose �1; : : : ; �n; � `  and J�1K^ : : :^ J�nK^ J�K � J K. Then �1; : : : ; �n ` �!  . Axiom6 and the de�nition of J�K givesJ�1K ^ : : : ^ J�nK � J�K ! J K = J�!  K.!-left Suppose �1; : : : ; �n ` � and �1; : : : ; �n;  ` � andJ�1K ^ : : : ^ J�nK � J�K and J�1K ^ : : : ^ J�nK ^ J K � J�K. The !-left rule allows us to prove�1; : : : ; �n; �!  ` �. Property (xvii) gives the required result sinceJ�1K ^ : : : ^ J�nK ^ J�!  K = J�1K ^ : : : ^ J�nK ^ (J�K ! J K) � J�K.2-right Suppose �1; : : : ; �n ` � and J�1K^: : :^J�nK � J�K. The 2-right rule gives �01; : : : ; �0p;2�1; : : : ;2�n `2�. Now by axioms 1, 13 and property (xx),J�01K ^ : : : ^ J�0pK ^ J2�1K ^ : : : ^ J2�nK � J2�1K ^ : : : ^ J2�nK= 2J�1K ^ : : : ^ 2J�nK� 2(J�1K ^ : : : ^ J�nK)� 2J�K:3-left-1 Suppose �1; : : : ; �n; � `  and J�1K^: : :^J�nK^J�K � J K. The3-left rule gives �01; : : : ; �0p;2�1; : : : ;2�n;3� `3 . Now axioms 1, 14 and property (xxi) give,J�01K ^ : : : ^ J�0pK ^ 2J�1K ^ : : : ^ 2J�nK ^3J�K� 2J�1K ^ : : : ^ 2J�nK ^3J�K� 3(J�1K ^ : : : ^ J�nK ^ J�K)� 3J K:3-left-2 Suppose �1; : : : ; �n; � ` ? and J�1K ^ : : : ^ J�nK ^ J�K � ?. Then we can construct a proof of�01; : : : ; �0p;2�1; : : : ;2�n;3� `  . By axiom 1,J�01K ^ : : : ^ J�0pK ^2J�1K ^ : : : ^2J�nK ^3J�K � 2J�1K ^ : : : ^ 2J�nK ^3J�K.Now by property (xxi), axiom 14 and the hypothesis,2J�1K ^ : : : ^ 2J�nK ^3J�K � 3(J�1K ^ : : : ^ J�nK) � 3? . Axiom 12 gives 3? � ? and axiom 7gives ? � J K. Putting all this together with the transitivity of � givesJ�01K ^ : : : ^ J�0pK ^2J�1K ^ : : : ^2J�nK ^3J�K � J K.This �nishes the proof of soundness. �A.3 AdequacyProof of Lemma 4.3 .First we check that the operations are well-de�ned._-case Suppose �1 � �2 and  1 �  2. Then �1 ` �2, �2 ` �1,  1 `  2,  2 `  1 are provable. From thesewe construct the proof �1 ` �2�1 ` �2 _  2  1 `  2 1 ` �2 _  2�1 _  1 ` �2 _  2and interchanging 1 and 2 yields a proof of �2 _  ` �2 _  2. Hence [�1] _ [ 1] = [�2] _ [ 2].^-case Suppose �1 � �2 and  1 �  2. Then �1 ` �2, �2 ` �1,  1 `  2,  2 `  1 are provable. From thesewe can construct a proof �1 ` �2�1;  1 ` �2�1 ^  1 ` �2  1 `  2�1;  1 `  2�1 ^  1 `  2�1 ^  1 ` �2 ^  2and interchanging 1 and 2 in the above proof yields a proof of�2 ^  ` �2 ^  2. Hence [�1] ^ [ 1] = [�2] ^ [ 2].36



!-case Suppose �1 � �2 and  1 �  2. Then �1 ` �2, �2 ` �1,  1 `  2,  2 `  1 are provable. Fromthese we can construct the proof �2 ` �1  1 `  2�2;  1 `  2�1 !  1; �2 `  2�1 !  1 ` �2 !  2and interchanging 1 and 2 in the above proof gives a proof of�2 !  ` �2 !  2.Hence [�1]! [ 1] = [�2]! [ 2].2-case Suppose [�1] = [�2]. Then �1 ` �2 and �2 ` �1 have proofs. Then we can construct proofs�1 ` �22�1 ` 2�2 �2 ` �12�2 ` 2�1so that 2[�1] = 2[�2].3-case Suppose [�1] = [�2]. Then �1 ` �2 and �2 ` �1 have proofs. Then we can construct proofs�1 ` �23�1 ` 3�2 �2 ` �13�2 ` 3�1so that 3[�1] = 3[�2].We can conclude that all the operations are well-de�ned.Now we check that L0 satis�es the axioms for a modal Heyting algebra.Let a = [�], b = [ ] and c = [�] be any three equivalence classes.1. a ^ b � a , (a ^ b) ^ a = a ^ b.We can prove the right hand side with the two proofs constructed below� ^  ; � ` � ^  (� ^  ) ^ � ` � ^  � ^  ` � ^  �;  ` �� ^  ` �� ^  ` (� ^  ) ^ �Similarly, a ^ b � b.2. c � a & c � b ) c � a ^ b.Suppose that c � a & c � b. Then c^ a = c and c^ b = c so that there are proofs of � ^ � ` � ,� ` � ^ � ,� ^  ` � , � ` � ^  . With these we can construct proofs�; � ^  ` �� ^ (� ^  ) ` �
� ` � � ` � ^ � �; � ` �� ^ � ` �� ` � � ` � ^  �;  `  � ^  `  � `  � ` � ^  � ` � ^ (� ^  )so that we have proofs of � ^ (� ^  ) ` � and � ` � ^ (� ^  ) and hence (a ^ b)^ c = c as required.37



3. a � a _ b since we can construct proofs�; � _  ` �� ^ (� _  ) ` � � ` � � ` �� ` � _  � ` � ^ (� _  )so that a ^ (a _ b) = a. Similarly b � a _ b4. Suppose that c � a and c � b. Then c ^ a = a and c ^ b = b so that there are proofs of � ^ � ` �,� ` � ^ �, � ^  `  and  ` � ^  from which we can construct proofs�; � _  ` � _  � ^ (� _  ) ` � _  � ` � ^ � �; � ` �� ^ � ` �� ` �  ` � ^  �;  ` �� ^  ` � ` �� _  ` � � _  ` � _  � _  ` � ^ (� _  )5. We can construct proofs � ^ (�!  );  ` � ^ (�!  )(� ^ (�!  )) ^  ` � ^ (�!  )� ` � �;  `  �; �!  `  � ^ (�!  ) `  � ^ (�!  ) ` � ^ (�!  )� ^ (�!  ) `  ^ (� ^ (�!  ))which gives the result � ^ (�!  ) �  ^ (� ^ (�!  )) so that a ^ (a! b) � b.6. Suppose that a^ c � b. Then there are proofs of (�^ �)^ ` �^ � and �^ � ` (�^ �)^ . Usingthese we can construct the following proofs�; �!  ` �� ^ (�!  ) ` �
� ` � �; � ` � �; � ` ��; � ` � ^ � � ^ � ` (� ^ �) ^  �; � ` (� ^ �) ^  � ^ �;  `  (� ^ �) ^  `  �; � `  � ` �!  � ` � ^ (�!  )So we have � ^ (�!  ) � �. So [�] ^ ([�]! [ ]) = [�] and hence c � a! b.38



7. For any formula � we can construct proofs?; � ` ?? ^ � ` ? ? ` ? ^ �from which it follows that ? � a.8. For any formula � we can construct proofs�;> ` �� ^ > ` � � ` � � ` >� ` � ^ >from which it follows that a � >.9. We can construct proofs> ^ 2> ` > > ` > ` >> ` 2>> ` > ^ 2>so that [>] = [>] ^ 2[>] and hence > � 2>.10. For any formulas � , we can construct proofs2� ^ 2 ;2(� ^  ) ` 2� ^ 2 2� ^2 ^ 2(� ^  ) ` 2� ^ 2 
2� ^ 2 ` 2� ^2 �;  ` � �;  `  �;  ` � ^  2�;2 ` 2(� ^  )2� ^ 2 ` 2(� ^  )2� ^2 ` 2� ^ 2 ^2(� ^  )so 2� ^ 2 � 2� ^ 2 ^ 2(� ^  ) and hence 2a ^2b � 2(a ^ b).11. For any formulas �;  we can construct proofs2� ^3 ;3(�^  ) ` 2� ^3 2� ^3 ^3(� ^  ) ` 2� ^3 
2� ^3 ` 2� ^3 �;  ` � �;  `  �;  ` � ^  2�;3 ` 3(� ^  )2� ^3 ` 3(� ^  )2� ^3 ` 2� ^3 ^3(� ^  )so 2[�] ^3[ ] ^3[� ^  ] = 2[�] ^3[ ] and hence 2a ^3b � 3(a ^ b).12. We can construct proofs 3?;? ` 3?3?^ ? ` 3?39



3? ` 3? ? ` ?3? ` ?3? ` 3?^ ?from which it follows that 3[?] = 3[?] ^ [?] so we can conclude 3? � ?.13. Suppose that a � b. Then [�]^ [ ] = [�] and so there are proofs of �^ ` � and � ` �^ . Fromthese we can construct proofs �;  ` �2�;2 ` 2�2� ^ 2 ` 2�
2� ` 2� � ` � ^  �;  `  � ^  `  � `  2� ` 2 2� ` 2� ^ 2 from which it follows that 2[�] = 2[�] ^ 2[ ] and as a consequence we have 2a � 2b.14. Suppose that a � b. Then [�]^ [ ] = [�] and so there are proofs of �^ ` � and � ` �^ . Fromthese we can construct proofs 3�;3 ` 3�3� ^3 ` 3�
3� ` 3� � ` � ^  �;  `  � ^  `  � `  3� ` 3 3� ` 3� ^3 from which it follows that 3[�] ^3[ ] = 3[�] and hence that 3a � 3b.This completes the proof that L0 is a modal Heyting algebra. �
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Proof of Lemma 4.4The proof is by induction on the complexity of formulas.� J?K = ? = [?] , J>K = > = [>]� JP K = �(P ) = [P ] for every variable P .� Suppose that J K = [ ] and J�K = [�].Then J ^ �K = J K ^ J�K = [ ] ^ [�] = [ ^ �] as required.� Suppose that J K = [ ] and J�K = [�].Then J _ �K = J K _ J�K = [ ] _ [�] = [ _ �] as required.� Suppose that J K = [ ] and J�K = [�].Then J ! �K = J K ! J�K = [ ]! [�] = [ ! �] as required.� Suppose that J K = [ ].Then J2 K = 2J K = 2[ ] = [2 ] as required.� Suppose that J K = [ ].Then J3 K = 3J K = 3[ ] = [3 ] as required.This completes the induction. �Proof of Lemma 4.5.Suppose that J�K � J K. Then by the previous lemma [�] � [ ] so that [�] ^ [ ] = [�] and hencethere are proofs of � ^  ` � and � ` � ^  . From these we can construct the proof� ` � ^  �;  `  � ^  `  � `  yielding a proof of the judgement � `  . �Proof of Lemma 4.6.(i) This is proved by induction on n. The case n = 1 holds trivially. Suppose that the statement holdsfor n = k. We prove the statement for n = k + 1 with the proof�1; : : : ; �k ` �1 ^ : : : ^ �k�1; : : : ; �k ; �k+1 ` �1 ^ : : : ^ �k �1; : : : ; �k; �k+1 ` �k+1�1; : : : ; �k; �k+1 ` �1 ^ : : : ^ �k ^ �k+1so we can prove �1; : : : ; �k; �k+1 ` �1 ^ : : : ^ �k ^ �k+1. By induction (i) holds for all n.(ii) By (i) there is a proof of �1; : : : ; �n ` �1 ^ : : : ^ �n so supposing that �1 ^ : : : ^ �n `  we canconstruct a proof of �1; : : : ; �n `  with the cut�1; : : : ; �n ` �1 ^ : : : ^ �n �1 ^ : : : ^ �n ` ��1; : : : ; �n ` � �41
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