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Date of Examination: January 2007

Answer THREE questions out of the five given.

Time allowed TWO HOURS

(Each question is marked out of 20).

Electronic calculators may be used

_______________________________________________________________________

1. A sixth order FIR ‘low-pass’ digital filter with cut-off frequency (/4 radians/sample may be designed by the windowing method, with a rectangular window, using the MATLAB statement:

                                 c = fir1(6,.25, rectwin(7), 'noscale')

Executing this statement and the MATLAB statement ‘freqz(c)’ produces the following row matrix of coefficients:

c = [ 0.08  0.16  0.23  0.25  0.23  0.16  0.08 ]

and the gain and phase response graphs shown in figure 1.

(a)
(i)  Give the impulse-response of the digital filter.


(ii) Give an expression for its frequency-response.


(iii) Give its difference-equation .


(iv) Draw its signal-flow-graph.





[6 marks]

(b) 
(i) Examine the gain-and phase response graphs in figure 1, summarize their main features and explain how these graphs would be affected by increasing the filter order from 6 to 20.


(ii) How could the use of a non-rectangular window improve the gain response and how would this affect the phase response?






[8 marks]

(c) With the help of a flow-diagram, activity diagram or pseudo code explain how this digital filter would be implemented on a fixed point DSP processor with 16-bit integer arithmetic only.












[6 marks]

[image: image1.wmf]0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-300

-200

-100

0

100

Normalized Frequency  (

´

p

 rad/sample)

Phase (degrees)

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

-40

-20

0

Normalized Frequency  (

´

p

 rad/sample)

Magnitude (dB)





Figure 1: Gain and phase response for question 1 (from MATLAB)

2 (a)
 Define the following terms as applied to discrete time signal processing systems:




(i) linearity




(ii) time-invariance




(iii) linear phase               






Why is ‘linear phase’ a desirable property, and is it true that any linear time-invariant system has linear phase?                   





[5 marks]
(b) A second order IIR Butterworth type ‘low-pass’ digital filter with cut-off frequency (/4 radians/sample may be designed by the MATLAB statement:

                                [a b] = butter(2,0.25)  

Executing this statement and the MATLAB7 statement ‘freqz(a,b)’ produces, approximately,  the following row matrices of coefficients:


a = [ 0.1  0.2  0.1 ]


b = [ 1  -0.94  0.33]
and the gain and phase response graphs shown in figure 2.

(i)  Give a difference equation for this digital filter.

(ii) Give its system function H(z).

(iii) Give a signal-flow-graph for the digital filter in Direct Form 1

(iv) Why is the gain-response termed Butterworth and to what extent is the phase-response ‘linear phase’?

(v)  Given that the gain and phase at (/4 radians/sample are (3 dB and (90 degrees respectively, if the input is {2cos(n(/4) } what is the output?

[10 marks]
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figure 2: Gain & phase response for question 2 (from MATLAB) 

(c) Summarise the advantages and disadvantages of infinite impulse response (IIR) digital filters as compared with finite impulse response (FIR) types.  


[5 marks]
3.(a)
(i) Explain why analogue signals are generally low-pass filtered before they are converted to digital form.



(ii) With the aid of simple diagrams, explain how aliasing distortion could arise if such filtering were not applied.  



(iii) Explain why increasing the sampling rate simplifies the analogue filters required.







[7 marks]

(b) In the absence of an anti-aliasing input filter, what would be the result of sampling, at 10kHz, a musical note consisting of a fundamental at 3 kHz and strong harmonics at 6 kHz and 9 kHz.?


[3 marks]
3(c)  
(i)Why are stereophonic compact disc recordings generally sampled at 44.1 kHz with 32 bits per sample (disregarding forward error control bits)?  


(ii) Why do stereophonic compact disc recordings generally require in excess of 1.4 x 106 bits/second whereas MP3 recordings of the same music can be made at 128 kb/s?










[10 marks]

4. (a) Explain the term ‘quantisation noise’.  An audio signal storage system, with a 14-bit uniformly quantising analogue-to-digital converter and a sampling rate of 44 kHz, is used to record sound band-limited to the frequency range 20 Hz to 20 kHz. Estimate the maximum achievable signal-to-quantisation noise ratio (SQNR) assuming the recorded signals are approximately sinusoidal, and state what assumptions it is reasonable to make about the statistical and spectral properties of the quantisation noise.  What is the dynamic range assuming that the quietest sounds must have a SQNR of at least 30 dB?




[8 marks]

(b) Explain the difference between ‘waveform coding’ & ‘parametric coding’ for speech in telephony.  What features of speech and its perception are exploited by 


(i) the G711 64 kb/s standard coder for wired telephony and


(ii) linear prediction based speech coders

to achieve acceptable speech quality at the required bit-rate?












[12 marks]

5.(a) Define the following one-dimensional transforms



(i) Discrete time Fourier transform (DTFT)



(ii) Discrete Fourier transform (DFT)



(iii) Discrete Cosine Transform (DCT) 

Explain how the fast Time Fourier Transform (FFT) is related to the DFT and show how the DCT may be calculated by means of the FFT.




[7 marks]
(b) The following sum of two sine-waves has been spectrally analysed using the MATLAB7 ‘fft’ function to produce the magnitude spectral graphs shown in figures 3, 4 and 5.

                        {x[n]} = {10sin(40(/128) + 10sin(81(/128) }

A rectangular window was used for figure 3, a Hamming window for figure 4 and a Kaiser window (with beta=12) was used for figure 5. In each case the window length and the fft order is 128. 

(i) 
Explain the features of figure 3, and summarise what information is discernable. 

(ii) 
What are the frequencies of the sine-waves and how can these frequencies be measured from the graph?

(iii) 
What other measurements could be made and with what accuracy?

(iv) 
Propose a more efficient way of presenting the graph in figure 3 and explain why rectangular windows are rarely used with the FFT.


[8 marks]
(c) Explain the features of figure 4 and indicate why a Hamming window is generally preferred to a rectangular window, 

[3 marks]
(d) What are the advantages and disadvantages of figure 5 (obtained using a Kaiser window) as compared with figures 3 and 4?

[2 marks]
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Figure 3: FFT magnitude spectrum for question 5 with rectangular window (from MATLAB7)
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Figure 4: FFT magnitude spectrum for question 5 with Hamming window (from MATLAB7)
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Figure 5: FFT magnitude spectrum for question 5 with Kaiser window (from MATLAB7)


______________________________________________________

Comp30271 Jan 2007  Solutions

1(a) 
(i)
{ …, 0, …, 0.08, 0.16, 0.23, 0.25, 0.23, 0.16, 0.08, 0, …, 0, …}

[1]
(ii)  H(ej() =  0.08 + 0.16e-j( + 0.23e-2j(  + 0.25e-3j( + 0.23e-4j( + 0.16e-5j( +0 08e-6j(  [1]
(iii) y[n] = 0.08x[n] + 0.16x[n-1] + 0.23x[n-2] + 0.25x[n-3] + 0.23x[n-4] + 0.16x[n-5] + 0.08x[n-6]








[1]
(iv) 














[3]

(b) 

(i) Gain response has gradual ‘roll-off’ and becomes -6 dB down at the cut-off frequency.It will have a well defined stop-band decreasing in gain from 0dB at 0 Hz to -6 dB at the cut-off frequency.  The stop-band gain will have stop-band ripples, the maximum amplitude being about -21 dB.










[2]
The phase response is exactly linear phase in the pass-band. Phase delay of 3 sampling intervals (in the pass-band) .









[2]
Increasing the order of the filter would cause the gain response to become closer to the ideal low-pass response with more stop-band ripples. If the rectangular window is still used, the highest stop-band ripple would not reduce significantly due to Gibb's Phenomenon.  It will remain at about -21 dB.








[1]
The phase delay would have to increase also if the filter remains linear phase.  If the order is 20, the phase delay would become 10 sampling intervals.




[1]
(ii) The use of a Hann or similar raised cosine window would reduce the stop-band ripples at the expense of a less sharp cut-off rate from pass-band to stop-band.



[1]
The phase response in the pass-band is not affected by the imposition of a non-rectangular window.










[1]
(c)

Multiplying each coeff by a suitable power of two, e.g. 1024,  and rounding to the nearest integer we obtain the vector A of integerised coeffs used below:



[2] 
  K = 1024;

  A = round([0.08  0.16  .23  .25  .23 .16 0.08 ]*K) ;

   x = [0  0  0  0  0  0   0  ] ;  

    while 1


  x(1) = input( 'X = ');


  Y = A(1)*x(1);


  for k =  7 : -1: 2



Y = Y + A(k)*x(k);



x(k) = x(k-1);


  end;

              Y = round( Y / K) ;  %  achieved by shifting

              disp(['     Y = ' num2str(Y)]);

  end;













[3]

Must mention that the division by K is achieved by shifting arithmetically right.

[1]
2 (a) 

(i) Linearity:-

Given any two discrete time signals {x 1 [n]}  and {x 2 [n]}, if the system's response to {x 1 [n]} is denoted by {y 1 [n]} and  its response to {x 2 [n]} is denoted  by {y 2 [n]}  then for any values of  the constants k 1  and k 2 , its response to k 1{x 1[n]} + k 2{x 2[n]} must be 

                                 k 1{y1[n]} + k 2 {y 2 [n]} .





[1]
( To multiply a sequence by a constant, we simply multiply each element by the constant,

e.g. k{x[n]} = {kx[n]}.    Also, to add two sequences together, we add corresponding samples,

e.g. {x[n]} + {y[n]} = {x[n] + y[n]}.)

(ii) Time invariance:-

Given any discrete time  signal  {x[n]},  if the system's response to  {x[n]}  is  {y[n]},  its response to {x[n-N]} must be {y[n-N]} for any integer N.   

( This means that delaying the input signal by N samples must produce a corresponding delay of N samples in the output signal.)







[1]
(iii) Linear phase:

A discrete time system with frequency-response H(ej() is linear phase if -((()/(  = constant for all (, where ((() = arg(H(ej()) and is the phase (lead) response.  



[1]
Linear phase desirable because phase delay is the same for all frequencies; i.e all Fourier components delayed by same amount of time and therefore there is no ‘phase distortion.  No change in wave-shape due to phase distortion.





[2]
(b) 

(i)   y[n]=0.1x[n] + 0.2x[n-1]+ 0.1x[n-2] + 0.94y[n-1 – 0.33 y[n-2]



[1]
(ii)
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[2]
(iii) 













[3]

(iv) The IIR type digital filter is designed by transforming the transfer function Ha(s) of an analogue Butterworth filter with gain response G(() = 1 / ([1 + ((/(C)2n ] where n is the order.  The transformation changes the shape of the gain-response by ‘frequency warping but we still call the result a ‘Butterworth type’ digital filter.   The phase response is not exactly linear phase (and cannot be for an IIR filter) but it appears approximately so in the passband.

[2]
(v) { (2/(2) cos(n(/4 - (/2) }  = { 1.414 cos(n(/4 - (/2) }




[2]
(c)  Comparison of IIR and FIR digital filters:

IIR type digital filters have the advantage of being economical in their use of delays,  multipliers and adders.   










[1]
They have the disadvantage of being sensitive to coefficient round-off inaccuracies and the effects of overflow in fixed point arithmetic. These effects can lead to instability or serious distortion. 










[1]
An IIR filter cannot be exactly linear phase; an FIR filter can be exactly linear phase. 
[1]
FIR  type digital filters may be realised by non-recursive structures which  are  simpler and  more  convenient  for programming especially  on  devices  specifically designed for digital signal processing.  These structures are always stable, and because there is no recursion, round-off and overflow errors are easily controlled.    





[1]
The main disadvantage of FIR filters is that large orders can be required to perform fairly simple filtering tasks.










[1]
3. (a)    DTFT of  {x[n]} obtained by sampling xa(t) at intervals of T seconds is :
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                            = (1/T) repeat 2(/T (Xa(j())

            If  xa( t ) is band-limited between -(/T and +(/T radians/sec ( (fs/2 Hz ),  then

           Xa( j( ) =0 for (( ( ( (/T.  







           It follows that :

                       X( ej(T )  =  ( 1/T ) Xa( j( )     for    -(/T  <  ( < (/T            


[1]
          This is because Xa( j( ( - 2(/T ) ), Xa( j( ( + 2(/T ) ) and Xa( j( ) do not overlap as illustrated below (for the modulus)                    













[1]

         Where Xa(j() is not band-limited to the frequency range -(/T to (/T, overlap occurs.  

         If now we take Xs( ej(T ) to represent Xa( j( )/T for -(/T < (< (/T, it will be distorted as illustrated.   This is aliasing distortion.






[1]
          To avoid aliasing distortion, low-pass filter xa( t ) to band-limit the signal to (fS/2 Hz    

          before sampling at fs Hz.  It then satisfies “ Nyquist sampling criterion ”.

[1]
         Assuming xa(t) is band-limited to  ( F Hz, in theory, we could choose fS = 2F Hz. 

        There are two related problems with this choice.
         (1) Need very sharp analogue anti-aliasing filter to remove everything above F Hz.

         (2) Need very sharp analogue reconstruction filter to eliminate images (ghosts):











[1]
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[1]

Increasing fS, e.g. to 44.1 kHz when F is fixed at 20 kHz modifies this diagram as follows:-
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Analogue filtering is now easier.  Need only remove everything above fS - F  Hz. If fs is further increased, and F does not change, removing spectrum above fs -F without affecting -F to F becomes even easier.








[1]
3 (b)  We obtain a sine wave of frequency 3 kHz 




[1]
           with an aliased sine wave of frequency 10-6 kHz = 4 kHz  


[1]

and another alisased sine wave at 10kHz – 9kHz =1 kHz


[1]
3(c) 

For traditionally defined hi-fi, assuming limits of human hearing are 20 to 20000 kHz 

we can low pass filter audio at 20kHz without perceived loss of frequency range.

[1]
To satisfy Nyquist sampling criterion, need to sample at more than 40kHz.  Sampling at around 40 kHz would mean that all energy above 20Hz must be filtered out without affecting the sound in the range 20-20kHz.  This would require a very sharp anti-aliassing filter.  Hence the sampling frequency is made a little higher, i.e. 44.1 kHz. 




[1]
Now,  the antialiasing filter only need eliminate (or strongly attenuate) frequency content above about 24 kHz.  Note 24kHz not 22 kHz!  This relaxes the antialising filter specification.
[1]
There are 2 channels,and uniform quantisation is to be adopted.  To give an acceptable dynamic range, 16 bits per sample per channel is considered reasonable.



[1]
Cd recordings take no account of the nature of the music and music perception.

Studying the human coclear and the way the ear works reveals that frequency masking and temporal masking can be exploited to reduce the bit-rate required for recording music.


This is ‘lossy’ rather than ‘loss-less’ compression.





[1]
Definition of frequency masking from notes.






[1]

“A strong tonal audio signal at a given frequency will mask, i.e. render inaudible, quieter tones at nearby frequencies, above and below that of the strong tone, the closer the frequency the more effective the matching”.

Definition of temporal masking from notes.






[1]
“A loud sound will mask i.e. render inaudible a quieter sound occurring shortly before or shortly after it.  The time difference depends on the amplitude difference”.

MP3 uses sub-frequency-band coding via (a) multi-phase filters and (b) the DCT applied to overlapping frames.  Having split up the signal for a given frame into frequency sub-bands, frequency masking is exploited by encoding accurately only the bands that will definitely be perceived.  A strong tone at a particular frequency will partially or completely mask closely adjacent bands, and these adjacent bands can either be disregarded entirely or encoded using fewer bits than those used for the strong tone. 





[1]
Further efficiency is achieved through the use of Huffman coding (which is lossless) to encode the signal in each band.  








[1]
Temporal masking is exploited in a similar way (details in notes).



[1]
4 (a) Quantisation noise:

 Noise is an unwanted signal that is added to the signal that we are interested in.

Quantisation noise is the noise that arises from the rounding or truncation of the true sampled values of a signal to the nearest available binary numbers when a signal is converted to digital form.











[2]
Quantisation  noise power :  (2/12 where ( is quantisation step.

Sinusoidal signal power = A2 / 2  where A is the maximum possible signal amplitude.

14- bit ADC, therefore 214 quantisation levels.

          A = 2 13 (
Signal-to-quantisation noise ratio (SQNR) = (A2/2) / ((2 / 2)

                                                 = 2 25 (2 / ((2 /12)

                                                =  2 27 x 3  =  403 x 10 6

In dB  SQNR = 10 log10(2 27 x 3)   =   85.7 dB   ( = 6 x 14 + 1.7)



[3]
The quantisation noise spectrum may be assumed white in the frequency range 0 to fs / 2 Hz. [1]
In the time-domain, the quantisation error samples may be assumed random and statistically uniformly distributed between -(/2  and (/2.





[1]
Dynamic range : 87.7 – 30 = 57.7 dB                                           


[1]

(b)  Waveform coding, parametric coding & G711

Waveform coding techniques such as PCM, and differential PCM try to preserve the exact shape of the speech waveform as far as possible with the allowed bit-rate.  They are relatively simple to understand and to implement, but cannot achieve very low bit-rates.  

[2]
Parametric coding techniques such as ‘linear predictive coding’ (LPC) do not aim to preserve the exact wave-shape, but instead represent features of the speech signal which are expected to be perceptually significant by sets of parameters such as predictor coefficients which characterise the short term spectral envelope.  Parametric coding is considerably more complicated to understand and implement than waveform coding, but can achieve much lower bit-rates. [2]
(i) G711 (64 kb/s log-pcm) is essentially a “waveform coding” approach, but it also exploits the nature of sound perception by humans.  It relies mainly on one characteristic of speech waveforms and two properties of sound perception by humans:
[1]
In speech waveforms, lower amplitude sample values are more common than higher ones and these are quantised more accurately than is possible with 8-bit uniform quantisation.  This reduces the average quantisation noise power.
[1]
G711 exploits the fact that speech may be band-limited to the frequency range 300 Hz to 3.4kHz without loss of intelligibility. (The non-sensitivity of mono hearing to phase is also exploited to a small degree since the band-limiting filters introduce phase distortion).
[1]

Since ‘A-law’ companding (G711) quantises the lower level samples more accurately than the higher ones,  this tends to lower the quantisation noise when the signal is quiet, and allows it to increase in amplitude when the speech gets louder.  Hence it exploits perception by relying on quantisation noise being masked by a higher energy signal.
[1]
(ii) LPC is a parametric coding technique. which exploits the characteristics of speech according to a ‘source-filter’ model of the human speech production mechanism as illustrated below:..  [1]















[1]

At suitable intervals of time (typically about 20ms) the encoder measures and parameterises the vocal tract resonances as a set of, typically 10, LPC coeffs, determines whether the speech is voiced or unvoiced ( to generate a 1 bit V/UV decision), measures the speech loudness (to produce a gain control) and, for voiced speech, determines a fundamental frequency.  This data may be transmitted as a low bit-rate representation of a frame of speech which may be re-synthesised by the model above.







[1]
Alternatively, the excitation may be a signal segment read from a code-book as in CELP and with CELP, an ‘analysis by synthesis’ approach is adopted to derive the excitation for each frame: Each of the codebook entries is tried until the best one is found.  The codebook index is transmitted and an identical codebook is available at the receiver to allow the same excitation signal to be read from it.  








[1]
5.(a)  

(i) DTFT formula: 

 X(ej) =  
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This transforms a (possibly complex) discrete time signal {x[n]} of infinite duration to the relative frequency (() domain.







[1]

(ii) Defining: 
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The DFT formula is:-
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 For each k = 0,1, 2, …, N-1,  X[k]  is a sample of the spectrum X(ej() at (=2(k/N. In this case, X(ej() is the spectrum (DTFT) of an  infinite discrete time signal {x[n]} comprising {x[n]}0,N-1 padded out to infinity (in both directions) with zeros.

Therefore  ( is  in the range 0 to 2( is and X(ej() is uniformly sampled over this range.
The FFT is an efficient algorithm for computing the DFT.




[2]
(iii) The DCT has several forms. One form is as follows
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[1]
The DCT is purely real.








[1]
Calculation of DCT by DFT (or FFT):
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[1]
If {x[n]}0,N-1  is extended to {x[n]}-(N-1),N-1 by defining x[-n] = x[n]. for n=0,1, …, N-1  giving even symmetry taking the DFT (or FFT) of {x[n]}-(N-1),N-1 gives us the DCT of  {x[n]}0,N-1.













[1]

(b)

(i) The graph is of amplitude against frequency domain sample number, with 128 frequency domain samples (numbered 1 to 128) over the range from 0 to the sampling frequency fs (or 0 to 2().  











[1]
The spectrum is ‘mirrored’ about fs/2 (or () which corresponds to sample number 65. 
[1]
(ii) Each sine-wave has amplitude 10 and the frequencies are 40(/128 and 81( radians/sample or (20/128)fS=0.156fS and (40.5/128)fS=0.316fS.   





[1]
The graph shows a strong line at sample 21 without spectral spreading (corresponding to 20.2(/128 = 40(/128 ) and a peak that most strongly affects samples 41 and 42 with spectral spreading around these two samples.  Hence we could deduce from the graph tat there is a sine wave at frequency 0.156fS and another at 0.316fS.





[1]
(iii) If we take the twice the heights of the peaks as an indication of the amplitudes of the sine-waves, we get 2x5=10 for the lower frequency, which is correct, but about 2 x 3.2 =6.4 for the higher frequency which is inaccurate, by about 40%, due to the ‘picket line effect’..  
[1]
This is because the lower sine wave coincides exactly with a frequency sampling point whereas the higher one lies exactly between two frequency sampling points.  


[1]
(iv)  We can disregard the spectrum above fs/2and double the amplitudes below fS  /2 to compensate.  It is common to convert the amplitudes to dB. 



[1]
        The inaccuracies in the amplitude measurements which occur due to the ‘picket line’ effect as illustrated above are undesirable and arise from the use of a rectangular window.  Hence rectangular windows are rarely used.







[1]
(c) 

The Hamming window has reduced the difference between the heights of the two peaks and reduced the width of the spectral spreading around the higher frequency sine-wave.
[1]
But this is at he expense of some loss of spectral resolution in the line for the lower frequency sine-wave.










[1]
The amplitude discrepancy has been reduced from around 40% (an error of ( 4 in 10) with a rectangular window to around 20% (error of (0.5 in 2.5) with a Hamming window.
[1]
(d) The Kaiser window with beta=12 reduces the amplitude discrepancy still further at he expense of further loss of spectral resolution.





[1]
    The discrepancy now becomes about 0.15/1.8 ( 8% .




[1][image: image17.emf] 
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