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1Reconciling Retrenchments and Refinements II:

Proofs

This document presents the proofs for the construction presented in Section 5 ofRecon-

ciling Retrenchments and Refinements II. Note that the equation numbers do not corr

spond to those used in the paper.

The Reconciliation

Theorem 1.1. Let there be a retrenchment fromRef to Conc, and a refinement fromRet

to Conc, as shown in Figure 1.1, which satisfy conditions (1.30) to (1.33) given be

Then the following hold.

Figure 1.1: Reconciliation II
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(1) There is a universal systemUniv for which there is a retrenchment fromUniv to Ret

and an I/O-filtered refinement fromUniv to Ref whose compositions with the origi-

nal refinement and retrenchment respectively are equal as retrenchments fromUniv

to Conc, and which satisfies (U1) to (U11) below.

(2) Whenever there is a systemXtra and a retrenchment fromXtra to Ret and an I/O-

filtered refinement fromXtra toRef whose compositions with the original refinemen

and retrenchment respectively are equal as retrenchments fromXtra to Conc, and

which satisfies (X1) to (X11) below, then there is an I/O-filtered refinement fro

Univ to Xtra such thatK˚;H˜ ⇒ H•, (K˚ ∧ R̊ );(H˜ ∧ Q˜) ⇒ (H• ∧ Q•), (K˚′ ∧ V˚ ∧ R̊

∧ K˚);(H˜ ∧ Q˜ ∧ D˜) ⇒ (H• ∧ Q• ∧ D•), and such thatK˚;K˜ ⇒ K•, R̊ ;R̃ ⇒ R•, V˚;V˜

⇒ V•.

(3) Whenever a systemUniv* has properties (1) and (2) above ofUniv, thenUniv and

Univ* are mutually I/O-filtered interrefinable.

In what follows we will take the retrenchment fromRef to Conc and the refinement from

Ret to Conc, and build a new, universal, systemUniv, from which there is both a re-

trenchment toRet and a refinement toRef.  See Figure 1.1.  First let

HD(w, t) = H(w, t) ∨  (∃ q, s, k, h, w, t • DOp(w, t, q, s; k, h, w, t)) (1.1)

QIOp(k, h) = (∃ w, t • QOp(k, h, w, t)) (1.2)

DOOp(q, s) = (∃ w′, t′, k, h, w, t • DOp(w′, t′, q, s; k, h, w, t)) (1.3)

Given these, we now introduce the following equivalence relations.

~V = ((K;HDT);(K;HDT)T)* (1.4)

~W = ((HD;KT);(HD;KT)T)* (1.5)

~JOp = ((ROp;QIOp
T );(ROp;QIOp

T )T)* (1.6)

~KOp = ((QIOp;ROp
T );(QIOp;ROp

T )T)* (1.7)

~POp = ((VOp;DOOp
T );(VOp;DOOp

T )T)* (1.8)

~QOp = ((DOOp;VOp
T );(DOOp;VOp

T )T)* (1.9)

∨
Op
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The operation names set ofUniv is OpsU with elementsOpU. The state space isU with

elementsu, inputs arei ∈ I, outputso ∈ O. These are all constructed from the systemsRet

andRef as follows. LetOpsU = OpsF. The state spaceU is V/~V × W/~W. Similarly the

input and output spaces for eachOpU areIOp = JOp/~JOp × KOp/~KOp andOOp = POp/~POp ×

QOp/~QOp.

Now for some more definitions.

KH(v, [w])  =  (∀ t • K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t))) (1.10)

HK([v], [w])  =  (∀ w, t • w ∈ [w] ∧ H(w, t) ⇒

(∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w]))) (1.11)

KDOp(v, [w])  =  (∀ t • K(v, t) ⇒

(∃ w • w ∈ [w] ∧ (∃ q, s, k, h, w, t • DOp(w, t, q, s; k, h, w, t)))) (1.12)

DKOp([v], [w])  =

(∀ w, t • w ∈ [w] ∧ (∃ q, s, k, h, w, t • DOp(w, t, q, s; k, h, w, t)) ⇒

(∃ v • v ∈ [v] ∧ K(v, t) ∧ KDOp(v, [w]))) (1.13)

RQOp(j, v, [k], [w])  =  (∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t))) (1.14)

QROp([j], [k]) =

(∀ h, t, k, w, v, w • k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ⇒

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w]))) (1.15)

VDOp(v′, p, j, v, [w′], [q], [k], [w]) =

(∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t))) (1.16)

DVOp([p], [q]) =

(∀ t′, s, h, t, w′, q, k, w, v′, w′, j, k, v, w •

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ⇒
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(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]))) (1.17)

We can now define the component relations for the retrenchment fromUniv to Ret and

the refinement fromUniv to Ref; see Figure 1.1 again.

K•(([v], [w]), w) = w ∈ [w] ∧ HK([v], [w]) ∧ DKOp([v], [w]) (1.18)

H•(([v], [w]), v) = v ∈ [v] ∧ (∃ t • K(v, t)) ∧ KH(v, [w]) ∧

HK([v], [w]) ∧ DKOp([v], [w]) (1.19)

R•
Op(([j], [k]), k) = k ∈ [k] ∧ QROp([j], [k]) (1.20)

Q•
Op(([j], [k]), j, ([v], [w]), v)  =

j ∈ [j] ∧ v ∈ [v] ∧ (∃ h, t • ROp(j, h) ∧ K(v, t)) ∧

RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) (1.21)

V•
Op(([p], [q]), q) = q ∈ [q] ∧ DVOp([p], [q]) (1.22)

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) =

v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧

(∃ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t)) ∧

VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ DVOp([p], [q])

HK([v′], [w′]) ∧ DKOp([v′], [w′]) (1.23)

With these definitions Figure 1.1 commutes in the following sense.  Firstly,

K•(([v], [w]), w);H(w, t) = H•(([v], [w]), v);K(v, t) . (1.24)

We write this for short as

K•;H ≡ H•;K ≡ G (1.25)

Secondly,

(K•(([v], [w]), w) ∧ R•
Op(([j], [k]), k));(H(w, t) ∧ QOp(k, h, w, t)) =

(H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v));(K(v, t) ∧ ROp(j, h)) , (1.26)

or more briefly

∧
Op

∧
Op

∧
Op
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one
(K• ∧ R•
Op);(H ∧ QOp) ≡ (H• ∧ Q•

Op);(K ∧ ROp) ≡ POp . (1.27)

Thirdly,

(K•(([v′], [w′]), w′) ∧ V•
Op(([p], [q]), q) ∧ R•

Op(([j], [k]), k) ∧ K•(([v], [w]), w));

(H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t))

=

(H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v));

(K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t)) , (1.28)

or

(K•′ ∧ V• ∧ R• ∧ K•);(H ∧ QOp∧ DOp) ≡

(H• ∧ Q•
Op∧ D•

Op);(K′ ∧ V ∧ R ∧ K) ≡ COp . (1.29)

To simplify the proofs in this chapter, we will always assume our systems only have

operationOp.

To prove the above compositions, we will make use of the following lemmas.

Lemma 1.2.

w ∈ [w] ∧ H(w, t) ∧ HK([v], [w]) ⇒ (∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w]))

Proof.

w ∈ [w] ∧ H(w, t) ∧ HK([v], [w])

= [definition of HK, (1.11)]

w ∈ [w] ∧ H(w, t) ∧

(∀ w, t • w ∈ [w] ∧ H(w, t) ⇒ (∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w])))

= [meaning of∀, idempotency]

w ∈ [w] ∧ H(w, t) ∧

(w ∈ [w] ∧ H(w, t) ⇒ (∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w]))) ∧

(∀ w, t • w ∈ [w] ∧ H(w, t) ⇒ (∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w])))
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⇒ [a ∧ b ∧ c ⇒ a ∧ b]

w ∈ [w] ∧ H(w, t) ∧ (w ∈ [w] ∧ H(w, t) ⇒ (∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w])))

⇒ [(a ∧ (a ⇒ b)) ⇒ b]

(∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w]))

Lemma 1.3. K(v, t) ∧ KH(v, [w]) ⇒  (∃ w • w ∈ [w] ∧ H(w, t))

Proof.

K(v, t) ∧ KH(v, [w])

= [definition of KH, (1.10)]

K(v, t) ∧ (∀ t • K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)))

= [meaning of∀, idempotency]

K(v, t) ∧ (K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t))) ∧

(∀ t • K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)))

⇒ [a ∧ b ∧ c ⇒ a ∧ b]

K(v, t) ∧ (K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)))

⇒ [(a ∧ (a ⇒ b)) ⇒ b]

(∃ w • w ∈ [w] ∧ H(w, t))

Lemma 1.4.

k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ∧ QROp([j], [k]) ⇒

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w]))

Proof.

k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ∧ QROp([j], [k])

= [definition of QR, (1.15)]

k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ∧

(∀ h, t, k, w, v, w • k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ⇒

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w])))

= [meaning of∀, idempotency]

c
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k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ∧

(k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ⇒

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w]))) ∧

(∀ h, t, k, w, v, w • k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ⇒

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w])))

⇒ [a ∧ b ∧ c ⇒ a ∧ b]

k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ∧

(k ∈ [k] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ K•(([v], [w]), w) ⇒

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w])))

⇒ [(a ∧ (a ⇒ b)) ⇒ b]

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w]))

Lemma 1.5. ROp(i, k) ∧ RQOp(j, v, [k], [w]) ⇒ KH(v, [w])

Proof.

ROp(j, h) ∧ RQOp(j, v, [k], [w])

= [definition ofRQ, (1.14)]

ROp(j, h) ∧ ( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

= [(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) ⇒ (∃ w • w ∈ [w] ∧ H(w, t))]

ROp(j, h) ∧ ( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

( (∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) ∧

(∃ w • w ∈ [w] ∧ H(w, t)) ) )

= [meaning of∀, a ⇒ (b ∧ c) ≡ (a ⇒ b) ∧ (a ⇒ c)]

ROp(j, h) ∧ ( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) ) ∧

( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

⇒ [a ∧ b ∧ c ⇒ a ∧ b]
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ROp(j, h) ∧ ( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) )

⇒ [meaning of∀, idempotency]

ROp(j, h) ∧ ( ∀ t • ROp(j, h) ∧ K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) ) ∧

( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) )

⇒ [a ∧ b ⇒ a]

ROp(j, h) ∧ ( ∀ t • ROp(j, h) ∧ K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) )

⇒ [meaning of∀, idempotency,a ∧ (a ∧ b ⇒ c) ≡ a ∧ (b ⇒ c)]

ROp(j, h) ∧ ( ∀ t • K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) )

⇒ [a ∧ b ⇒ b]

( ∀ t • K(v, t) ⇒ (∃ w • w ∈ [w] ∧ H(w, t)) )

⇒ [(1.10)]

KH(v, [w])

Lemma 1.6.

ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w]) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t))

Proof.

ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w])

= [definition of RQ, (1.14)]

ROp(j, h) ∧ K(v, t) ∧

(∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)))

= [meaning of∀, idempotency]

ROp(j, h) ∧ K(v, t) ∧

(ROp(j, h) ∧ K(v, t) ⇒ (∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t))) ∧

(∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)))
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⇒ [a ∧ b ∧ c ⇒ a ∧ b]

ROp(j, h) ∧ K(v, t) ∧

(ROp(j, h) ∧ K(v, t) ⇒ (∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)))

⇒ [(a ∧ (a ⇒ b)) ⇒ b]

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t))

Lemma 1.7.

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧ DVOp([p], [q]) ⇒

(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]))

Proof.

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧ DVOp([p], [q])

= [definition of DV, (1.17)]

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧

(∀ t′, s, h, t, w′, q, k, w, v′, w′, j, k, v, w •

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ⇒

(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w])))

= [meaning of∀, idempotency]

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧

(q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ⇒
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(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]))) ∧

(∀ t′, s, h, t, w′, q, k, w, v′, w′, j, k, v, w •

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ⇒

(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w])))

⇒ [a ∧ b ∧ c ⇒ a ∧ b]

q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧

(q ∈ [q] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K•(([v′], [w′]), w′) ∧ R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ⇒

(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w])))

⇒ [(a ∧ (a ⇒ b)) ⇒ b]

(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧ VOp(p, s) ∧

ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]))

Lemma 1.8.

K(v′, t′) ∧ VOp(p, s) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]) ⇒ RQOp(j, v, [k], [w])

Proof.

K(v′, t′) ∧ VOp(p, s) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w])

= [definition ofVD, (1.16)]

K(v′, t′) ∧ VOp(p, s) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) )
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= [(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧ H ∧ Q ∧ D) ⇒ (∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H ∧ Q)]

K(v′, t′) ∧ VOp(p, s) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

( (∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) ∧

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) ) )

= [meaning of∀, a ⇒ (b ∧ c) ≡ (a ⇒ b) ∧ (a ⇒ c)]

K(v′, t′) ∧ VOp(p, s) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) ) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

⇒ [a ∧ b ∧ c ⇒ a ∧ c]

K(v′, t′) ∧ VOp(p, s) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

⇒ [meaning of∀, idempotency]

K(v′, t′) ∧ VOp(p, s) ∧

( ∀ h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) ) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

⇒ [a ∧ b ∧ c ⇒ a ∧ b]

K(v′, t′) ∧ VOp(p, s) ∧

( ∀ h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )
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⇒ [meaning of∀, idempotency,a ∧ (a ∧ b ⇒ c) ≡ a ∧ (b ⇒ c)]

K(v′, t′) ∧ VOp(p, s) ∧ ( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒

(∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

⇒ [a ∧ b ⇒ b]

( ∀ h, t • ROp(j, h) ∧ K(v, t) ⇒ (∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

⇒ [(1.14)]

RQOp(j, v, [k], [w])

Lemma 1.9.

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t))

Proof.

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w])

= [definition of VD, (1.16)]

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) )

= [meaning of∀, idempotency]

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧

( ∀ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) ) ∧

( K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) )
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⇒ [a ∧ b ∧ c ⇒ a ∧ c]

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧

( K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒

(∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t)) )

⇒ [(a ∧ (a ⇒ b)) ⇒ b]

( ∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) )

We now prove the compositions. Take (1.24). We expand each part in turn, takingK•;H

first.

K•(([v], [w]), w);H(w, t)

= [definition of composition]

( ∃ w • K•(([v], [w]), w) ∧ H(w, t) )

= [definition ofK•, (1.18)]

( ∃ w • w ∈ [w] ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ H(w, t) )

= [Lemma 1.2]

( ∃ w • w ∈ [w] ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ H(w, t) ∧

(∃ v • v ∈ [v] ∧ K(v, t) ∧ KH(v, [w])) )

= [rewriting in prenex normal form]

( ∃ w, v • w ∈ [w] ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ H(w, t) ∧

v ∈ [v] ∧ K(v, t) ∧ KH(v, [w]) )

= [rearranging]

( ∃ v, w • v ∈ [v] ∧ w ∈ [w] ∧ H(w, t) ∧ K(v, t) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

KH(v, [w]) ) .

Now for H•;K.

H•(([v], [w]), v);K(v, t)
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= [definition of composition]

( ∃ v • H•(([v], [w]), v) ∧ K(v, t) )

= [definition ofH•, (1.19)]

( ∃ v • v ∈ [v] ∧ (∃ t • K(v, t)) ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ K(v, t) )

= [K(v, t) ⇒ (∃ t • K(v, t))]

( ∃ v • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ K(v, t) )

= [Lemma 1.3]

( ∃ v • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ K(v, t) ∧

(∃ w • w ∈ [w] ∧ H(w, t)) )

= [rewriting in prenex normal form]

( ∃ v, w • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ K(v, t) ∧

w ∈ [w] ∧ H(w, t) )

= [rearranging]

( ∃ v, w • v ∈ [v] ∧ w ∈ [w] ∧ H(w, t) ∧ K(v, t) ∧ HK([v], [w]) ∧ DKOp([v], [w])

∧ KH(v, [w]))

HenceK•;H ≡ H•;K holds.

(1.26) is next.  Consider (K• ∧ R•
Op);(H ∧ QOp).

(K•(([v], [w]), w) ∧ R•
Op(([j], [k]), k));(H(w, t) ∧ QOp(k, h, w, t))

= [definition of composition]

( ∃ w, k • K•(([v], [w]), w) ∧ R•
Op(([j], [k]), k) ∧ H(w, t) ∧ QOp(k, h, w, t) )

= [definition ofR•
Op, (1.20)]

( ∃ w, k • K•(([v], [w]), w) ∧ k ∈ [k] ∧ QROp([j], [k]) ∧ H(w, t) ∧ QOp(k, h, w, t) )

= [Lemma 1.4]

( ∃ w, k • K•(([v], [w]), w) ∧ k ∈ [k] ∧ QROp([j], [k]) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

(∃ j, v • j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w])) )

= [rewriting in prenex normal form]
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( ∃ w, k, j, v • K•(([v], [w]), w) ∧ k ∈ [k] ∧ QROp([j], [k]) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧ RQOp(j, v, [k], [w]) )

= [definition ofK•, (1.18)]

( ∃ w, k, j, v • w ∈ [w] ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ k ∈ [k] ∧ QROp([j], [k]) ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧

RQOp(j, v, [k], [w]) )

= [Lemma 1.5]

( ∃ w, k, j, v • w ∈ [w] ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ k ∈ [k] ∧ QROp([j], [k]) ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ j ∈ [j] ∧ v ∈ [v] ∧ ROp(j, h) ∧ K(v, t) ∧

RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

= [rearranging]

( ∃ j, k, v, w • j ∈ [j] ∧ k ∈ [k] ∧ v ∈ [v] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

K(v, t) ∧ ROp(j, h) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ QROp([j], [k]) ∧

RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

Next, we expand (H• ∧ Q•
Op);(K ∧ ROp).

(H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v));(K(v, t) ∧ ROp(j, h))

= [definition of composition]

( ∃ v, j • H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧ K(v, t) ∧ ROp(j, h) )

= [definition ofQ• (1.21)]

( ∃ v, j • H•(([v], [w]), v) ∧ j ∈ [j] ∧ v ∈ [v] ∧ (∃ h, t • ROp(j, h) ∧ K(v, t)) ∧

RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧ K(v, t) ∧ ROp(j, h) )

= [K(v, t) ∧ ROp(j, h) ⇒ (∃ h, t • ROp(j, h) ∧ K(v, t))]

( ∃ v, j • H•(([v], [w]), v) ∧ j ∈ [j] ∧ v ∈ [v] ∧

RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧ K(v, t) ∧ ROp(j, h) )

= [Lemma 1.6]

( ∃ v, j • H•(([v], [w]), v) ∧ j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧
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K(v, t) ∧ ROp(j, h) ∧ (∃ k, w • k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t)) )

= [rewriting in prenex normal form]

( ∃ v, j, k, w • H•(([v], [w]), v) ∧ j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧

K(v, t) ∧ ROp(j, h) ∧ k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) )

= [definition ofH•]

( ∃ v, j, k, w • v ∈ [v] ∧ (∃ t • K(v, t)) ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧ K(v, t) ∧ ROp(j, h) ∧

k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) )

= [K(v, t) ⇒ (∃ t • K(v, t))]

( ∃ v, j, k, w • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧ K(v, t) ∧ ROp(j, h) ∧

k ∈ [k] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) )

[rearranging, idempotency]

( ∃ j, k, v, w • j ∈ [j] ∧ k ∈ [k] ∧ v ∈ [v] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

K(v, t) ∧ ROp(j, h) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧ QROp([j], [k]) ∧

RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

Hence (K• ∧ R•
Op);(H ∧ QOp) = (H• ∧ Q•

Op);(K ∧ ROp).

Last, we prove (1.28).  Consider (K•′ ∧ V• ∧ R• ∧ K•);(H ∧ QOp∧ DOp) first.

(K•(([v′], [w′]), w′) ∧ V•
Op(([p], [q]), q) ∧ R•

Op(([j], [k]), k) ∧ K•(([v], [w]), w));

(H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t))

= [definition of composition]

( ∃ w′, q, k, w • K•(([v′], [w′]), w′) ∧ V•
Op(([p], [q]), q) ∧ R•

Op(([j], [k]), k) ∧

K•(([v], [w]), w) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) )

= [definition ofV•
Op, (1.12)]

( ∃ w′, q, k, w • K•(([v′], [w′]), w′) ∧ q ∈ [q] ∧ DVOp([p], [q]) ∧ R•
Op(([j], [k]), k) ∧

K•(([v], [w]), w) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) )
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= [Lemma 1.7]

( ∃ w′, q, k, w • K•(([v′], [w′]), w′) ∧ q ∈ [q] ∧ DVOp([p], [q]) ∧ R•
Op(([j], [k]), k) ∧

K•(([v], [w]), w) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

(∃ v′, p, j, v • v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w])) )

= [rewriting in prenex normal form]

( ∃ w′, q, k, w, v′, p, j, v • K•(([v′], [w′]), w′) ∧ q ∈ [q] ∧ DVOp([p], [q]) ∧

R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

DOp(w′, t′, q, s; k, h, w, t) ∧ v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]) )

= [Lemma 1.8]

( ∃ w′, q, k, w, v′, p, j, v • K•(([v′], [w′]), w′) ∧ q ∈ [q] ∧ DVOp([p], [q]) ∧

R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

DOp(w′, t′, q, s; k, h, w, t) ∧ v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧

RQOp(j, v, [k], [w]) )

= [Lemma 1.5]

( ∃ w′, q, k, w, v′, p, j, v • K•(([v′], [w′]), w′) ∧ q ∈ [q] ∧ DVOp([p], [q]) ∧

R•
Op(([j], [k]), k) ∧ K•(([v], [w]), w) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧

DOp(w′, t′, q, s; k, h, w, t) ∧ v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧

VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧

RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

= [definition ofK• andR•, (1.18) and (1.20)]

( ∃ w′, q, k, w, v′, p, j, v • w′ ∈ [w′] ∧ HK([v′], [w′]) ∧ DKOp([v′], [w′]) ∧ q ∈ [q] ∧

DVOp([p], [q]) ∧ k ∈ [k] ∧ QROp([j], [k]) ∧ w ∈ [w] ∧ HK([v], [w]) ∧

DKOp([v], [w]) ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧ K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧
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VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

= [rearranging]

( ∃ v′, w′, p, q, j, k, v, w • v′ ∈ [v′] ∧ w′ ∈ [w′] ∧ p ∈ [p] ∧ q ∈ [q] ∧ j ∈ [j] ∧ k ∈ [k] ∧

v ∈ [v] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ HK([v′], [w′]) ∧ DKOp([v′], [w′]) ∧

DVOp([p], [q]) ∧ QROp([j], [k]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

Finally, we expand (H• ∧ Q•
Op∧ D•

Op);(K′ ∧ V ∧ R ∧ K).

(H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v));

(K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t))

= [definition of composition]

(∃ v′, p, j, v • H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) ∧ K(v′, t′) ∧ VOp(p, s) ∧

ROp(j, h) ∧ K(v, t))

= [definition ofH•, Q• andD•, (1.19), (1.21) and (1.23)]

( ∃ v′, p, j, v • v ∈ [v] ∧ (∃ t • K(v, t)) ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

j ∈ [j] ∧ v ∈ [v] ∧ (∃ h, t • ROp(j, h) ∧ K(v, t)) ∧ RQOp(j, v, [k], [w]) ∧

QROp([j], [k]) ∧ v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧

(∃ t′, s, h, t • K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t)) ∧

VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ DVOp([p], [q]) ∧ HK([v′], [w′]) ∧

DKOp([v′], [w′]) ∧ K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) )

= [K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ⇒ ( (∃ t′, s, h, t • K′ ∧ V ∧ R ∧ K) ∧ (∃ h, t • R ∧ K) ∧ (∃ t • K) )]

( ∃ v′, p, j, v • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧

v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧
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VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ DVOp([p], [q]) ∧ HK([v′], [w′]) ∧

DKOp([v′], [w′]) ∧ K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) )

= [Lemma 1.9]

( ∃ v′, p, j, v • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧

v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧

VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ DVOp([p], [q]) ∧ HK([v′], [w′]) ∧

DKOp([v′], [w′]) ∧ K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧

( ∃ w′, q, k, w • w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ) )

= [rewriting in prenex normal form]

( ∃ v′, p, j, v, w′, q, k, w  • v ∈ [v] ∧ KH(v, [w]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

j ∈ [j] ∧ v ∈ [v] ∧ RQOp(j, v, [k], [w]) ∧ QROp([j], [k]) ∧

v′ ∈ [v′] ∧ p ∈ [p] ∧ j ∈ [j] ∧ v ∈ [v] ∧

VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ DVOp([p], [q]) ∧ HK([v′], [w′]) ∧

DKOp([v′], [w′]) ∧ K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧

w′ ∈ [w′] ∧ q ∈ [q] ∧ k ∈ [k] ∧ w ∈ [w] ∧

H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) )

[rearranging, idempotency]

( ∃ v′, w′, p, q, j, k, v, w • v′ ∈ [v′] ∧ w′ ∈ [w′] ∧ p ∈ [p] ∧ q ∈ [q] ∧ j ∈ [j] ∧ k ∈ [k] ∧

v ∈ [v] ∧ w ∈ [w] ∧ H(w, t) ∧ QOp(k, h, w, t) ∧ DOp(w′, t′, q, s; k, h, w, t) ∧

K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t) ∧ HK([v′], [w′]) ∧ DKOp([v′], [w′]) ∧

DVOp([p], [q]) ∧ QROp([j], [k]) ∧ HK([v], [w]) ∧ DKOp([v], [w]) ∧

VDOp(v′, p, j, v, [w′], [q], [k], [w]) ∧ RQOp(j, v, [k], [w]) ∧ KH(v, [w]) )

Hence (K•′ ∧ V• ∧ R• ∧ K•);(H ∧ QOp∧ DOp) = (H• ∧ Q•
Op∧ D•

Op);(K′ ∧ V ∧ R ∧ K).
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We now state conditions (1.30) to (1.33), which the initialisation and step relations o

refinement fromUniv to Ref and the retrenchment fromUniv to Ret must satisfy.

InitT(v′) ⇒ (∃ v′, w′ • H•(([v′], [w′]), v′)) (1.30)

H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧ stpOpT

(v, j, v′, p) ⇒

(∃ v′, w′, p, q • H•(([v′], [w′]), v′) ∨

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v)) (1.31)

InitF(w′) ⇒ (∃ v′, w′ • K•(([v′], [w′]), w′)) (1.32)

K•(([v], [w]), w) ∧ R•
Op(([j], [k]), k) ∧ stpOpF

(w, k, w′, q) ⇒

(∃ v′, w′, p, q • K•(([v′], [w′]), w′) ∧ V•
Op(([p], [q]), q)) (1.33)

Now we give the transitions ofUniv. For each operationOpU a typical transition isu -(i,

OpU, o)-› u′ or, more explicitly,

([v], [w]) -(([j], [k]), OpU, ([p], [q]))-› ([v′], [w′]) (1.34)

iff [v], [w], [j], [k], [p], [q], [v′], [w′] satisfy

(∃ w, k, w′, q • K•(([v], [w]), w) ∧ R•
Op(([j], [k]), k) ∧

stpOpF
(w, k, w′, q) ∧ K•(([v′], [w′]), w′) ∧ V•

Op(([p], [q]), q))) (a)

∨

(∃ v, j, v′, p • H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧

stpOpT
(v, j, v′, p) ∧ (H•(([v′], [w′]), v′) ∨

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v))) (b)

(1.35)

The initialization predicateInitU(u′) setsu′ to any value ([v′], [w′]) for which

(∃ w′ • InitF(w′) ∧ K•(([v′], [w′]), w′)) ∨ (∃ v′ • InitT(v′) ∧ H•(([v′], [w′]), v′)) (1.36)

is true.  This completes the definition ofUniv.

We now establish that the components introduced define a retrenchment fromUniv toRet

and an I/O-filtered refinement fromUniv to Ref, by showing that the appropriate POs a

satisfied.
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TakeUniv to Ref first.  The Init PO is

InitF(w′) ⇒ (∃ u′ • InitU(u′) ∧ K•(u′, w′)) . (1.37)

Let w′ be an initial value. By (1.32) we have values,v′ andw′ say, for whichK•(([v′],

[w′]), w′) holds. Letu′ = ([v′], [w′]). Then, sinceInitF(w′) holds,InitU(u′) holds by (1.36).

Hence the consequent of (1.37) holds as required.

Now consider the Op PO

K•(u, w) ∧ R•
Op(i, k) ∧ stpOpF

(w, k, w′, q) ⇒

(∃ u′, o • stpOpU
(u, i, u′, o) ∧ K•(u′, w′) ∧ V•

Op(o, q)) . (1.38)

Assume the antecedents withu = ([v], [w]) and i = ([j], [k]). From (1.33) we know there

are values, which we fix asv′, w′, p andq, such thatK•(([v′], [w′]), w′) andV•
Op(([p], [q]),

q) both hold. Letu′ = ([v′], [w′]) ando = ([p], [q]). Then (1.35a) and thusstpOpU
(u, i, u′,

o) holds.  Hence (1.38) holds.

We turn to the POs of the retrenchment fromUniv to Ret.  The Init PO says

InitT(v′) ⇒ (∃ u′ • InitU(u′) ∧ H•(u′, v′)) . (1.39)

Assume the antecedent. By (1.30) we have values,v′ andw′ say, for whichH•(([v′], [w′]),

v′) holds. Letu′ = ([v′], [w′]). Then, sinceInitT(v′) holds,InitU(u′) holds by (1.36). Hence

the consequent of (1.39) holds as required.

For the Op PO we have to establish that

H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ stpOpT

(v, j, v′, p) ⇒

(∃ u′, o • stpOpU
(u, i, u′, o) ∧ (H•(u′, v′) ∨ D•

Op(u′, v′, o, p; i, j, u, v))) . (1.40)

Assume the antecedents withu = ([v], [w]) and i = ([j], [k]). From (1.31) we know there

are values, which we fix asv′, w′, p andq, such thatH•(([v′], [w′]), v′) ∨ D•
Op(([v′], [w′]),

v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) holds. Letu′ = ([v′], [w′]) ando = ([p], [q]). Then

(1.35b) and thusstpOpU
(u, i, u′, o) holds.  Hence (1.40) holds.  Done.

The final piece of the construction is to show that either the composition of theUniv to

Ret retrenchment and theRet to Conc refinement on the one hand, or theUniv to Ref
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e we
refinement and theRef to Conc retrenchment on the other, do indeed yield a retren

ment fromUniv to Conc. For if so then (1.25), (1.27) and (1.29) show they both give t

sameretrenchment, with retrieves, within, and concedes relations given respective

G, POp andCOp.

To prove the Init PO we have to show

InitC(t′) ⇒ (∃ u′ • InitU(u′) ∧ G(u′, t′)) . (1.41)

AssumeInitC(t′).  Then the Init PO for the refinement fromRet to Conc,

InitC(t′) ⇒  (∃ v′ • InitT(v′) ∧ K(v′, t′)) , (1.42)

implies the existence of a state, let it bev′, such thatInitT(v′) andK(v′, t′) are true. From

InitT(v′) we can assert, by (1.39),u′ for which InitU(u′) andH•(u′, v′) hold. All we need

now isG(u′, t′), and this follows fromH•(u′, v′);K(v′, t′).  Done.

Next consider the Op PO.  Here we have to show

G(u, t) ∧ POp(i, h, u, t) ∧ stpOpC
(t, h, t′, s) ⇒

(∃ u′, o • stpOpU
(u, i, u′, o) ∧ (G(u′, t′) ∨ COp(u′, t′, o, s; i, h, u, t))) . (1.43)

Assume the antecedents withu = ([v], [w]) and i = ([j], [k]). Now POp(i, h, u, t) = (H•(u,

v) ∧ Q•
Op(i, j, u, v));(ROp(j, h) ∧ K(v, t)). Thus we haveK, ROp andstpOpC

. These are the

antecedents of the Op PO for the refinement fromRet to Conc,

K(v, t) ∧ ROp(j, h) ∧ stpOpC
(t, h, t′, s) ⇒

(∃ v′, p • stpOpT
(v, j, v′, p) ∧ K(v′, t′) ∧ VOp(p, s)) . (1.44)

Hence we have values,v′ andp say, such thatstpOpT
(v, j, v′, p), K(v′, t′) andVOp(p, s) hold.

SostpOpT
, H• andQ•

Op are true. These are the antecedents of PO (1.40). Therefor

have values,u′ ando say, such thatstpOpU
(u, i, u′, o), which we require, andH•(u′, v′) ∨

D•
Op(u′, v′, o, p; i, j, u, v) hold. It remains to showG′ ∨ COp. This follows fromH•′ ∨

D•
Op. AssumeH•(u′, v′). ThenH•(u′, v′);K(v′, t′) givesG(u′, t′). Alternatively assume

D•
Op(u′, v′, o, p; i, j, u, v). Then (H•(u, v) ∧ Q•

Op(i, j, u, v) ∧ D•
Op(u′, v′, o, p; i, j, u,

v);(K(v′, t′) ∧ VOp(p, s) ∧ ROp(j, h) ∧ K(v, t)) givesCOp(u′, t′, o, s; i, h, u, t). HenceG′ ∨

COp holds and we are done.
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y

To complete part (1) of the theorem we now state and prove properties (U1) to (U1

Univ.

InitU(u′) ⇒ ( (∃ w′ • InitF(w′) ∧ K•(u′, w′)) ∨ (∃ v′ • InitT(v′) ∧ H•(u′, v′)) ) (U1)

stpOpU
(u, i, u′, o) ⇒

( (∃ w, k, w′, q • K•(u, w) ∧ R•
Op(i, k) ∧ stpOpF

(w, k, w′, q) ∧

  K•(u′, w′) ∧ V•
Op(o, q))   ∨

(∃ v, j, v′, p • H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ stpOpT

(v, j, v′, p) ∧

   (H•(u′, v′) ∨ D•
Op(u′, v′, o, p; i, j, u, v))) ) (U2)

K•(u′, w′) ∧ K•(u′, w′) ⇒  w′ ~ w′ (U3)

(H•(u′, v′) ∨ D•
Op(u′, v′, ...)) ∧ (H•(u′, v′) ∨ D•

Op(u′, v′, ...)) ⇒ v′ ~ v′ (U4)

V•
Op(o, q) ∧ V•

Op(o, q) ⇒ q ~ q (U5)

D•
Op(..., o, p; ...) ∧ D•

Op(..., o, p; ...) ⇒ p ~ p (U6)

H•(u′, v′) ⇒  (∃ w • K•(u′, w′)) (U7)

H•(u′, v′) ∧ K•(u′, w′) ⇒ H•(([v′], [w′]), v′) (U8)

H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(u′, v′, o, p; i, j, u, v) ⇒

(∃ w′, q, k, w • K•(u′, w′) ∧ V•
Op(o, q) ∧ R•

Op(i, k) ∧ K•(u, w)) (U9)

K•(u′, w′) ∧ V•
Op(o, q) ∧ R•

Op(i, k) ∧ K•(u, w) ∧

H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(u′, v′, o, p; i, j, u, v) ⇒

H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v)) (U10)

V•
Op(o, q) ⇒ (∃ p • V•

Op(([p], [q]), q)) (U11)

Proofs.

(U1): AssumeInitU(u′) and letu′ = ([v′], [w′]). Then the consequent follows immediatel

from (1.36).

(U2): AssumestpOpU
(u, i, u′, o) and letu = ([v], [w]), i = ([j], [k]), u′ = ([v′], [w′]) ando =

([p], [q]). Then the consequent follows immediately from (1.35).
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(U3): Assume the antecedents and letu′ = ([v′], [w′]). By (1.18)w′ ∈ [w′] andw′ ∈ [w′].

Thusw′ ~ w′.

(U4): Assume the antecedents and letu′ = ([v′], [w′]). Now, for each conjunct, eitherH•

or D•
Op holds, so by (1.19) or (1.23),v′ ∈ [v′] andv′ ∈ [v′].  Thusv′ ~ v′.

(U5) and (U6):  Similar to the previous two proofs.

(U7): AssumeH•(u′, v′) with u′ = ([v′], [w′]). By (1.19) we haveHK([v], [w]) and

DKOp([v], [w]). Moreover, sincew′ ∈ [w′], it follows from (1.18) thatK•(([v′], [w′]), w′)

is true.  Thus the consequent of (U7) holds.

(U8): Assume the antecedents and letu′ = ([v′], [w′]). FromH•(([v′], [w′]) v′) and (1.19),

v′ ~ v′; from K•(([v′], [w′]), w′) and (1.18),w′ ~ w′. Thus, becauseH•(([v′], [w′]) v′) holds,

H•(([v′], [w′]) v′) also holds.

(U9): Assume the antecedents and letu′ = ([v′], [w′]), o = ([p], [q]), i = ([j], [k]) andu =

([v], [w]). FromH•(u, v), by (1.19),HK([v], [w]) andDKOp([v], [w]) hold, and sincew ∈

[w], (1.18) yieldsK•(u′, w′). FromQ•
Op(i, j, u, v), by (1.21), QROp([j], [k]) holds, and

sincek ∈ [k], (1.20) yieldsR•
Op(i, k). Similarly, fromD•

Op(u′, v′, o, p; i, j, u, v), by (1.23),

DVOp([p], [q]) holds, and sinceq ∈ [q], (1.22) yieldsV•
Op(o, q). From (1.23) we also get

HK([v′], [w′]) andDKOp([v′], [w′]), and sincew′ ∈ [w′], by (1.18)K•(u, w) holds. Thus

there are values,w′, q, k andw, such that the consequent of (U9) holds.

(U10): Assume the antecedents and letu′ = ([v′], [w′]), o = ([p], [q]), i = ([j], [k]) andu =

([v], [w]). Then,K•′ and (1.18) sayw′ ~ w′; V•
Op and (1.22) sayq ~ q; R•

Op and (1.20) say

k ~ k; K• and (1.18) sayw ~ w. Similarly, D•
Op and (1.23) sayv′ ~ v′, p ~ p, j ~ j andv ~

v. Hence, sinceH•(([v], [w]), v), Q•
Op(([j], [k]), j, ([v], [w]), v) andD•

Op(([v′], [w′]), v′,

([p], [q]), p; ([j], [k]), j, ([v], [w]), v)) hold,H•(([v], [w]), v), Q•
Op(([j], [k]), j, ([v], [w]), v)

andD•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v)) hold.

(U11): AssumeV•
Op(o, q) with o = ([p], [q]). Then by (1.22)q ~ q. So asV•

Op(([p], [q]),

q) holds,V•
Op(([p], [q]), q) and thus the consequent of (U11) holds too.

Part (2) of Theorem 1.1 is concerned with the refinement fromUniv to Xtra. Suppose

there is an I/O-filtered refinement fromXtra to Ref given by retrieve relationK˜, within
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relationR̃ , and nevertheless relationV˜; and a retrenchment fromXtra to Ret given by

retrieve relationH˜, within relationQ˜, and concedes relationD˜. Let the state, input and

output spaces ofXtra be given byu˜ ∈ U˜, i˜ ∈ I˜, o˜ ∈ O˜ and let the initialisation and

step predicates forXtra beInitX andstpOpX
. Finally letXtra have properties (X1) to (X11)

below.

InitX(u˜′) ⇒ ( (∃ w′ • InitF(w′) ∧ K˜(u˜′, w′)) ∨ (∃ v′ • InitT(v′) ∧ H˜(u˜′, v′)) ) (X1)

stpOpX
(u˜, i˜, u˜′, o˜) ⇒

( (∃ w, k, w′, q • K˜(u˜, w) ∧ R̃ Op(i˜, k) ∧ stpOpF
(w, k, w′, q) ∧

   K˜(u˜′, w′) ∧ V˜Op(o˜, q))   ∨

(∃ v, j, v′, p • H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧ stpOpT
(v, j, v′, p) ∧

   (H˜(u˜′, v′) ∨ D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v))) ) (X2)

K˜(u˜′, w′) ∧ K˜(u˜′, w′) ⇒  w′ ~ w′ (X3)

(H˜(u˜′, v′) ∨ D˜Op(u˜′, v′, ...)) ∧ (H˜(u˜′, v′) ∨ D˜Op(u˜′, v′, ...)) ⇒ v′ ~ v′ (X4)

V˜Op(o˜, q) ∧ V˜Op(o˜, q) ⇒ q ~ q (X5)

D˜Op(..., o˜, p; ...) ∧ D˜Op(..., o˜, p; ...) ⇒ p ~ p (X6)

H˜(u˜′, v′) ⇒  (∃ w′ • K˜(u˜′, w′)) (X7)

H˜(u˜′, v′) ∧ K˜(u˜′, w′) ⇒ H•(([v′], [w′]), v′) (X8)

H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧ D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) ⇒

(∃ w′, q, k, w • K˜(u˜′, w′) ∧ V˜Op(o˜, q) ∧ R̃ Op(i˜, k) ∧ K˜(u˜, w)) (X9)

K˜(u˜′, w′) ∧ V˜Op(o˜, q) ∧ R̃ Op(i˜, k) ∧ K˜(u˜, w) ∧

H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧ D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) ⇒

H•(([v], [w]), v) ∧ Q•
Op(([j], [k]), j, ([v], [w]), v) ∧

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) (X10)

V˜Op(o˜, q) ⇒ (∃ p • V•
Op(([p], [q]), q)) (X11)

Notice properties (U1) to (U11)correspond to properties (X1) to (X11). HenceUniv and

Xtra belong to the same class of systems that complete the square.
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To prove part (2), we must show that there is an I/O-filtered refinement fromUniv toXtra.

To this end we now define relationsK˚, R̊ Op, V˚Op, and prove that they are the retrieve

within and nevertheless relations of the desired refinement.

K˚(u, u˜)  = K˚(([v], [w]), u˜)  =

(∀ w • K˜(u˜, w) ⇒ K•(([v], [w]), w))  ∧

(∀ v • H˜(u˜, v) ⇒ H•(([v], [w]), v)  ∧

(∀ v, o˜, p, i˜, j, u˜, v • H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧

D˜Op(u˜, v, o˜, p; i˜, j, u˜, v) ⇒

(∃ o, i, u • H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(([v], [w]), v, o, p; i, j, u, v)))

(1.45)

R̊ Op(i, i˜)  = R̊ Op(([j], [k]), i˜)  =

(∀ k • R̃ Op(i˜, k) ⇒ R•
Op(([j], [k]), k))  ∧

(∀ j, v, u, u˜ • K˚(u, u˜) ⇒

( H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ⇔ H•(u, v) ∧ Q•
Op(([j], [k]), j, u, v) ) )

(1.46)

V˚Op(o, o˜)  = V˚Op(([p], [q]), o˜)  =

(∀ q • V˜Op(o˜, q) ⇒ V•
Op(([p], [q]), q))  ∧

(∀ v′, p, j, v, u′, u˜′, i, i˜, u, u˜ • H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧

D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) ∧ K˚(u′, u˜′) ∧ R̊ Op(i, i˜) ∧ K˚(u, u˜) ⇒

H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(u′, v′, ([p], [q]), p; i, j, u, v))) (1.47)

We start by showing the above satisfy the inclusions stated in Theorem 5.1.

TakeK˚(u, u˜);K˜(u˜, w) ⇒ K•(u, w). Assume the antecedents withu = ([v], [w]). Then

the consequent follows from the first conjunct of (1.45). Similar arguments estab

R̊ ;R̃ ⇒ R•, V˚;V˜ ⇒ V•.

Now considerK˚(u, u˜);H˜(u˜, v); ⇒ H•(u, v). Assume the antecedents and letu = ([v],

[w]).  Then the consequent follows from the second conjunct of (1.45).
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Next take (K˚(u, u˜) ∧ R̊ Op(i, i˜));(H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v)) ⇒ (H•(u, v) ∧ Q•
Op(i, j, u,

v)). Assume the antecedents withu = ([v], [w]) and i = ([j], [k]). Then the consequen

follows from the second conjunct of (1.46).

Finally take (K˚(u′, u˜′) ∧ V˚Op(o, o˜) ∧ R̊ Op(i, i˜) ∧ K˚(u, u˜));(H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜,

v) ∧ D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v)) ⇒ (H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(u′, v′, o, p; i, j, u,

v)). Assume the antecedents withu′ = ([v′], [w′]), o = ([p], [q]), i = ([j], [k]) andu = ([v],

[w]).  Then the consequent follows from the second conjunct of (1.47).

To discharge the POs for the refinement fromUniv toXtra, we will use the following lem-

mas.

Lemma 1.10. SupposeH•(([v′], [w′]), v′) andK•(([v′], [w′]), w′) hold.  Thenv′ ~ v′.

Proof. FromH•(([v′], [w′]), v′), using (1.19), we getKH(v′, [w′]) and, picking a suitable

valuet′, K(v′, t′). Then by (1.10), we can pick a value,w′ say, such thatH(w′, t′) holds,

with w′ ∈ [w′]. FromK•(([v′], [w′]), w′), by (1.18), we getHK(([v′], [w′]). Therefore be-

cause we haveH(w′, t′) andw′ ∈ [w′], by (1.11) we can choose a value, let it bev′, for

whichK(v′, t′) andv′ ∈ [v′] are true. Now,H(w′, t′), K(v′, t′) andK(v′, t′) all hold. So by

(1.4)v′ ~ v′.  Butv′ ∈ [v′], sov′ ~ v′, and thusv′ ~ v′.

Lemma 1.11. SupposeD•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) and

K•(([v′], [w′]), w′) hold.  Thenv′ ~ v′.

Proof. FromD•
Op, using (1.23), we getVDOp(v′, p, j, v, [w′], [q], [k], [w]) and, picking

suitable valuest′, s, h andt, K(v′, t′), VOp(p, s), ROp(j, h) andK(v, t). Therefore by (1.16),

we have values, which we fix asw′, q, k andw, such thatDOp(w′, t′, q, s; k, h, w, t) holds,

with w′ ∈ [w′]. From K•(([v′], [w′]), w′), by (1.18), we getDKOp(([v′], [w′]). Therefore

because we haveDOp(w′, t′, q, s; k, h, w, t) andw′ ∈ [w′], by (1.13), we can choose a value

let it bev′, for whichK(v′, t′) andv′ ∈ [v′] are true. Now,DOp(w′, t′, q, s; k, h, w, t), K(v′,

t′) andK(v′, t′)  hold.  So by (1.4)v′ ~ v′.  Butv′ ∈ [v′], sov′ ~ v′, and thusv′ ~ v′.

Lemma 1.12. SupposeH•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) andD•

Op(([ ′],

[ ′]), v′, ([p], [q]), p; ([ ], [ ]), j, ([ ], [ ]), v) andV•
Op(([p], [q]), q) hold.  Thenp ~ p.
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w
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j
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Proof. FromD•
Op, using (1.23), we getVDOp(v′, p, j, v, [ ′], [q], [ ], [ ]) and, picking

suitable valuest′, s, h andt, K(v′, t′), VOp(p, s), ROp(j, h) andK(v, t). Therefore by (1.16),

we have values, which we fix asw′, q, k andw, such thatH(w, t), QOp(k, h, w, t), DOp(w′,

t′, q, s; k, h, w, t) hold, withw′ ∈ [ ′], q ∈ [q], k ∈ [ ] andw ∈ [ ]. Furthermore, from

(1.23) we also getHK([ ′], [ ′]) andDKOp([ ′], [ ′]). Thus sincew′ ∈ [ ′], K•(([ ′],

[ ′]), w′) holds by (1.18). Next, fromQ•
Op(([ ], [ ]), j, ([ ], [ ]), v) and (1.21),

QROp([ ], [ ]) holds. Thus sincek ∈ [ ], R•
Op(([ ], [ ]), k) holds by (1.20). Similarly,

from H•(([ ], [ ]), v) and (1.19),HK([ ], [ ]) andDKOp([ ], [ ]) hold. Thus sincew

∈ [ ], K•(([ ], [ ]), w) holds by (1.18). Finally, fromV•
Op(([p], [q]), q), by (1.22), we

getDVOp([p], [q]). Therefore, becauseq ∈ [q] andH(w, t), QOp(k, h, w, t), DOp(w′, t′, q,

s; k, h, w, t), K•(([ ′], [ ′]), w′), R•
Op(([ ], [ ]), k) andK•(([ ], [ ]), w) all hold, by (1.17)

we can choose a value, let it bep, such thatVOp(p, s) is true, wherep ∈ [p]. Now, DOp(...,

q, s; ...), VOp(p, s) andVOp(p, s) hold. Therefore by (1.8),p ~ p. But p ∈ [p], i.e. p ~ p,

thusp ~ p.

Lemma 1.13. SupposeH˜(u˜, v), Q˜Op(i˜, j, u˜, v), D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v), K˜(u˜′,

w′), V˜Op(o˜, q), R̃ Op(i˜, k), K˜(u˜, w), K˚(([ ′], [ ′]), u˜′), R̊ Op(([ ], [ ]), i˜) andK˚(([ ],

[ ]), u˜) hold. ThenH•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) andD•

Op(([ ′],

[ ′]), v′, ([p], [q]), p; ([ ], [ ]), j, ([ ], [ ]), v) hold.

Proof. FromH˜, Q˜Op, D˜Op, K˜′, V˜Op, R̃ OpandK˜, by (X10),H•(([v], [w]), v), Q•
Op(([j],

[k]), j, ([v], [w]), v) andD•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) hold.

Therefore, if we can showv ~ , w ~ , j ~ , k ~ , v′ ~ ′ andw′ ~ ′, thenH•(([ ],

[ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) andD•

Op(([ ′], [ ′]), v′, ([p], [q]), p; ([ ], [ ]),

j, ([ ], [ ]), v) hold as required.First note we haveK˚(([ ′], [ ′]), u˜′), H˜(u˜, v), Q˜Op(i˜,

j, u˜, v), D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) andK˜(u˜′, w′). Hence by (1.45),D•
Op(([ ′], [ ′]),

v′, ...) andK•(([ ′], [ ′]), w′) hold. From the former, by (1.23),v′ ~ ′; from the latter,

by (1.18),w′ ~ ′. Next,R̊ Op(([ ], [ ]), i˜), K˚(([ ], [ ]), u˜), H˜(u˜, v), Q˜Op(i˜, j, u˜,

v) and (1.46) giveQ•
Op(([ ], [ ]), j, ([ ], [ ]), v). Thus by (1.21),j ~ andv ~ . Sim-

ilarly, R̊ Op(([ ], [ ]), i˜), R̃ Op(i˜, k) and (1.46) giveR•
Op(([ ], [ ]), k), so by (1.20)k ~

. Last,K˚(([ ], [ ]), u˜),K˜(u˜,w) and (1.45)giveK•(([ ], [ ]), w). Thusby (1.18)w~ .
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Lemma 1.14. SupposeQ•
Op(([j], [k]), j, ([v], [w]), v) andD•

Op(([v′], [w′]), v′, ([p], [q]),

p; ([j], [k]), j, ([v], [w]), v) hold. ThenD•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v],

[w]), v) holds.

Proof. FromQ•
Op, by (1.21), we getj ~ j, v ~ v, RQOp(j, v, [k], [w]) and, for chosen values

h andt, ROp(j, h) andK(v, t). Applying (1.14) then givesH(w, t) andQOp(k, h, w, t), for

chosen valuesw andk, with w ∈ [w] andk ∈ [k]. FromD•
Op, by (1.23), we getVDOp(v′,

p, j, v, [q], [w′], [q], [k], [w]) and, for chosen valuest′, s, h andt, K(v′, t′), VOp(p, s), ROp(j,

h) andK(v, t). Applying (1.16) then givesH( , t) andQOp( , h, , t), for chosen values

and , with ∈ [w] and ∈ [k]. Hence, asK(v, t), H(w, t), K(v, t) andH( , t) all hold,

by (1.5),w ~ . But ~w, thereforew ~ w; and sincew ~ w, w ~ w. Similarly, because

ROp(j, h), QOp(k, h, w, t), ROp(j, h) andQOp( , h, , t) hold, by (1.7),k ~ . But ~k,

thereforek ~ k; and since andk ~ k, k ~ k. So using the equivalences we have establish

given thatD•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) holds,D•

Op(([v′], [w′]),

v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) must also hold.

We can now establish the POs.  First, we have the Init PO

InitX(u˜′) ⇒ (∃ u′ • InitU(u′) ∧ K˚(u′, u˜′)) . (1.48)

AssumeInitX(u˜′). By (X1) either (∃ w′ • InitF(w′) ∧ K˜(u˜′, w′)) or (∃ v′ • InitT(v′) ∧

H˜(u˜′, v′)) is true.  Hence there are two cases to consider, one for each disjunct.

Case 1. Assume the first disjunct for suitable valuew′. So we haveInitF(w′) andK˜(u˜′,

w′). From the former, by (1.32) we have values, which we fix asv′ andw′, for which

K•(([v′], [w′]), w′) holds.  Letu′ = ([v′], [w′]).  Then by (1.36)InitU(u′) holds.

We now showK˚(u′, u˜′) holds. To do this we establish each conjunct of (1.45) in tu

Take the first conjunct and assumeK˜(u˜′, w′). We have to demonstrateK•(([v′], [w′]),

w′). Since we also haveK˜(u˜′, w′), by (X3),w′ ~ w′. Furthermore, asK•(([v′], [w′]), w′)

holds, by (1.18),HK([v′], [w′]) andDKOp([v′], [w′]) hold andw′ ∈ [w′]. From the latter,

sincew′ ~ w′, w′ ∈ [w′].  ConsequentlyK•(([v′], [w′]), w′) holds as required.

Take the second conjunct and assumeH˜(u˜′, v′). We need to verifyH•(([v′], [w′]), v′)

holds. Since we haveK˜(u˜′, w′), by (X8), we also haveH•(([v′], [w′]), v′). So if we can
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showv′ ~ v′ andw′ ~ w′, thenH•(([v′], [w′]), v′) follows. To establish the second equiva

lence, note we haveK•(([v′], [w′]), w′). Hence by (1.18),w′ ∈ [w′], and thusw′ ~ w′. Now

this result means we also haveK•(([v′], [w′]), w′). So, given thatH•(([v′], [w′]), v′) holds

too, the first equivalence follows from Lemma 1.10.  We are done.

To show the third conjunct assumeH˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧ D˜Op(u˜′, v′, o˜, p; i˜, j,

u˜, v). This time we need to establish (∃ o, i, u • H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(([v′],

[w′]), v′, o, p; i, j, u, v)). GivenH˜ ∧ Q˜Op ∧ D˜Op, we can use (X9) to assert there a

values, which we fix asq, k andw, such thatV˜Op(o˜, q), R̃ Op(i˜, k) andK˜(u˜, w) hold.

We also haveK˜(u˜′, w′). So by (X10),H•(([v], [w]), v), Q•
Op(([j], [k]), j, ([v], [w]), v) and

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) hold. We now showv′ ~ v′ and

w′ ~ w′. To verify the latter, recall we haveK•(([v′], [w′]), w′). Hence by (1.18),w′ ∈ [w′],

and thusw′ ~ w′. Next, from this equivalence we can deduceK•(([v′], [w′]), w′). Since

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) is true as well, by Lemma 1.11

v′ ~ v′. HenceD•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) holds and, together

with H•(([v], [w]), v) andQ•
Op(([j], [k]), j, ([v], [w]), v), satisfies the consequent of the thir

conjunct.  This completes the first case.

Case 2. Assume the second disjunct. HenceInitT(v′) andH˜(u˜′, v′) hold for suitable val-

uev′. From the latter, using (X7), we can pick a value,w′ say, such thatK˜(u˜′, w′) holds.

Hence, by (X8),H•(([v′], [w′]), v′) holds. Letu′ = ([v′], [w′]). Then by (1.36)InitU(u′)

holds.

We now showK˚(u′, u˜′) holds by once again establishing each conjunct of (1.45). T

the first conjunct and assumeK˜(u˜′, w′). We want to deriveK•(([v′], [w′]), w′). We have

H•(([v′], [w′]), v′), so by (1.19) we concludeHK([v′], [w′]) and DKOp([v′], [w′]) hold.

Now, K˜(u˜′, w′), K˜(u˜′, w′) and (X3) assertw′ ~ w′, sow′ ∈ [w′]. Therefore, by (1.18),

K•(([v′], [w′]), w′) holds as required.

Take the second conjunct and assumeH˜(u˜′, v′). We want to deduceH•(([v′], [w′]), v′).

Now, in addition toH˜(u˜′, v′) we haveK˜(u˜′, w′). Therefore (X8) saysH•(([v′], [w′]), v′)

holds. Furthermore, we also haveH˜(u˜′, v′). Hence by (X4)v′ ~ v′. Thus, sinceH•(([v′],

[w′]), v′) holds,H•(([v′], [w′]), v′) holds too.
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To show the third conjunct assumeH˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧ D˜Op(u˜′, v′, o˜, p; i˜, j,

u˜, v). Our goal is to establish (∃ o, i, u • H•(u, v) ∧ Q•
Op(i, j, u, v) ∧ D•

Op(([v′], [w′]), v′,

o, p; i, j, u, v)). Since we haveH˜ ∧ Q˜Op ∧ D˜Op, we can use (X9) to assert there a

values, sayq, k andw, such thatV˜Op(o˜, q), R̃ Op(i˜, k) andK˜(u˜, w) are all true. We also

have K˜(u˜′, w′). So by (X10),H•(([v], [w]), v), Q•
Op(([j], [k]), j, ([v], [w]), v) and

D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) hold. Leto = ([p], [q]), i = ([j],

[k]) andu = ([v], [w]). This givesH•(u, v), Q•
Op(i, j, u, v) andD•

Op(([v′], [w′]), v′, o, p; i,

j, u, v). But as we haveD˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) andH˜(u˜′, v′), by (X4),v′ ~ v′. Hence

D•
Op(([v′], [w′]), v′, o, p; i, j, u, v) holds too and therefore the consequent of the third c

junct holds as required.

Second we validate the Op PO

K˚(u, u˜) ∧ R̊ Op(i, i˜) ∧ stpOpX
(u˜, i˜, u˜′, o˜) ⇒

(∃ u′, o • stpOpU
(u, i, u′, o) ∧ K˚(u′, u˜′) ∧ V˚Op(o, o˜)) . (1.49)

Assume the antecedents withu = ([v], [w]) and i = ([j], [k]). By (X2) either(∃ w, k, w′, q

• K˜(u˜, w) ∧ R̃ Op(i˜, k) ∧ stpOpF
(w, k, w′, q) ∧ K˜(u˜′, w′) ∧ V˜Op(o˜, q)) or (∃ v, j, v′, p •

H˜(u˜, v) ∧ Q˜Op(i˜, j, u˜, v) ∧ stpOpT
(v, j, v′, p) ∧ (H˜(u˜′, v′) ∨ D˜Op(u˜′, v′, o˜, p; i˜, j, u˜,

v)) holds.  Thus once more there are two cases to consider, one for each disjunct.

Case 1. Assume the first disjunct for valuesw, k, w′ andq. HenceK˜(u˜, w), R̃ Op(i˜, k),

stpOpF
(w, k, w′, q), K˜(u˜′, w′) andV˜Op(o˜, q) all hold. Now,K˜(u˜, w), K˚(u, u˜) and

(1.45) giveK•(([v], [w]), w). Similarly, R̃ Op(i˜, k), R̊ Op(i, i˜) and (1.46) giveR•
Op(([j],

[k]), k). Therefore by (1.33), there are values, we choosev′, w′, p andq, for whichK•(([v′],

[w′]), w′) andV•
Op(([p], [q]), q) hold. Letu′ = ([v′], [w′]) ando = ([p], [q]). Then (1.35a)

and thusstpOpU
(u, i, u′, o) holds.

It remains to showK˚(u′, u˜′) andV˚Op(o, o˜) are both true. The proof forK˚(u′, u˜′) is the

same as for PO (1.48) Case 1.

To verify V˚Op(o, o˜) we establish each conjunct of (1.47) in turn. For the first conju

we assumeV˜Op(o˜, q) and need to showV•
Op(([p], [q]), q). We haveV•

Op(([p], [q]), q),

so, by (1.22),DVOp([p], [q]) holds andq ∈ [q]. Now since we haveV˜Op(o˜, q) and
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V˜Op(o˜, q), by (X5), we knowq ~ q. It therefore follows thatq ∈ [q], and thus that

V•
Op(([p], [q]), q) holds as required.

For the second conjunct assume its antecedentH˜(u˜, v), Q˜Op(i˜, j, u˜, v), D˜Op(u˜′, v′, o˜,

p; i˜, j, u˜, v), K˚(u′, u˜′), R̊ Op(i, i˜) andK˚(u, u˜). Let u′ = ([ ′], [ ′]), i = ([ ], [ ]) and

u = ([ ], [ ]). We seek to establishH•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) and

D•
Op(([ ′], [ ′]), v′, ([p], [q]), p; ([ ], [ ]), j, ([ ], [ ]), v). By rule (X9) we can derive

K˜(u˜′, w′), V˜Op(o˜, q), R̃ Op(i˜, k) andK˜(u˜, w) for chosen valuesw′, q, k andw. Thus

by Lemma 1.13H•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) andD•

Op(([ ′], [ ′]),

v′, ([p], [q]), p; ([ ], [ ]), j, ([ ], [ ]), v) are true. So to get the desired consequent,

we need do is showp ~ p andq ~ q. First,V˜Op(o˜, q), V˜Op(o˜, q) and (X5) giveq ~ q,

and asV•
Op(([p], [q]), q) holds, by (1.22),q ~ q and thusq ~ q. From this result it follows

thatV•
Op(([p], [q]), q) must also hold. Hence second, since we also haveH•(([ ], [ ]),

v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) andD•

Op(([ ′], [ ′]), v′, ([p], [q]), p; ([ ], [ ]), j, ([ ],

[ ]), v), by Lemma 1.12,p ~ p.  This completes case 1.

Case 2. Assume the second disjunct for valuesv, j, v′ andp. Thus firstlyH˜(u˜, v) and

Q˜Op(i˜, j, u˜, v) hold. From these,K˚(u, u˜), R̊ Op(i, i˜) and (1.46) we also getH•(([v],

[w]), v) andQ•
Op(([j], [k]), j, ([v], [w]), v). Secondly,stpOpT

(v, j, v′, p) and (H˜(u˜′, v′) ∨

D˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v)) hold. Since the latter is a disjunction, we break the pro

up into two further cases, one for each disjunct.

Case (i). AssumeH˜(u˜′, v′) holds. By (X7) there is a value, let it bew′, for whichK˜(u˜′,

w′) holds, and thence by (X8)H•(([v′], [w′]), v′) holds. Letu′ = ([v′], [w′]). Then by the

same proof as for PO (1.48) case 2,K˚(u′, u˜′) holds.

Now considerV˚Op. From the structure of (1.47) there are three possibilities: (a) there

no values for which the antecedents of either conjunct are true; (b) there are no valu

which the antecedent of the second conjunct is true, but there is aq for whichV˜Op is true;

(c) there are values for which the antecedent of the second conjunct is true, and th

(X9) there must be aq for whichV˜Op is also true.
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)

lse.

iv-

ume
Case (a). Leto = ([p], [q]), whereq ∈ QOpF
. (We have assumed such an output exists.

not, we can simply augment the output space ofRef with a dummy value and use that.

Then V˚Op(o, o˜) holds since the antecedent of each conjunct of (1.47) is always fa

Case (b). SupposeV˜Op(o˜, q) holds. Then by (X11) there is a value, which we fix asp,

such thatV•
Op(([p], [q]), q) is true. Leto = ([p], [q]). We must now verify thatV˚Op(o,

o˜) holds for this choice ofo. We already know the second conjunct of (1.47) holds tr

ially, so that leaves just the first to prove. AssumeV˜Op(o˜, q). We want to derive

V•
Op(([p], [q]), q). We also haveV˜Op(o˜, q). Hence by (X5)q ~ q, and soq ∈ [q]. Thus,

becauseV•
Op(([p], [q]), q) holds, the required consequent follows by (1.22).

Case (c). SupposeH˜( ˜, ), Q˜Op( ˜, , ˜, ) andD˜Op( ˜′, ′, o˜, ; ˜, , ˜, )

hold. Then (X5) allows us to pick values′, , and , such thatK˜( ˜′, ′), V˜Op(o˜,

), R̃ Op( ˜, ), andK˜( ˜, ) hold. By (X10) we therefore also haveD•
Op(([ ′], [ ′]),

′, ([ ], [ ]), ; ([ ], [ ]), , ([ ], [ ]), ). Let o = ([ ], [ ]). We now proveV˚Op(o,

o˜). To do this we verify each conjunct of (1.47). Take the first conjunct and ass

V˜Op(o˜, q). BecauseV˜Op(o˜, ) holds, by (X5), ~q and thereforeq ∈ [ ]. Further-

more,D•
Op and (1.23) giveDVOp([ ], [ ]). Thus by (1.22),V•

Op(([ ], [ ]), q) holds as

required.

To establish the second conjunct assumeH˜(u˜, v), Q˜Op(i˜, j, u˜, v), D˜Op(u˜′, v′, o˜, p; i˜,

j, u˜, v), K˚(u′, u˜′), R̊ Op(i, i˜) andK˚(u, u˜). Let u′ = ([ ′], [ ′]), i = ([ ], [ ]) andu =

([ ], [ ]). The objective is to deriveH•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v)

andD•
Op(([ ′], [ ′]), v′, ([ ], [ ]), p; ([ ], [ ]), j, ([ ], [ ]), v). As we haveH˜, Q˜Op

andD˜Op, (X9) permits us to pick valuesw′, q, k andw, such that we haveK˜(u˜′, w′),

V˜Op(o˜, q), R̃ Op(i˜, k), andK˜(u˜, w). Then by Lemma 1.13H•(([ ], [ ]), v), Q•
Op(([ ],

[ ]), j, ([ ], [ ]), v) andD•
Op(([ ′], [ ′]), v′, ([p], [q]), p; ([ ], [ ]), j, ([ ], [ ]), v) hold.

This is nearly what we require. It just remains to showp ~ andq ~ . The former fol-

lows fromD˜Op(..., o˜, p; ...) andD˜Op(..., o˜, ; ...) by (X6); the latter fromV˜Op(o˜, q)

andV˜Op(o˜, ) by (X5).  We are done.

To complete case (i) we need to verifystpOpU
(u, i, u′, o) holds. We haveH•(([v], [w]), v),

Q•
Op(([j], [k]), j, ([v], [w]), v), stpOpT

(v, j, v′, p) andH•(([v′], [w′]), v′), with u = ([v], [w]),
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ase

.

i = ([j], [k]) andu′ = ([v′], [w′]). So regardless of the value ofo (in cases (a) to (c)), (1.35b)

is true, givingstpOpU
(u, i, u′, o).

Case (ii). AssumeD˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v). Since we haveH˜(u˜, v) andQ˜Op(i˜, j,

u˜, v), by (X9), we also haveK˜(u˜′, w′), V˜Op(o˜, q), R̃ Op(i˜, k) andK˜(u˜, w) for chosen

valuesw′, q, k, w. Hence, by (X10),D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]),

v) holds. But becauseQ•
Op(([j], [k]), j, ([v], [w]), v) holds, Lemma 1.14 saysD•

Op(([v′],

[w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]), v) holds. Letu′ = ([v′], [w′]) ando = ([p], [q]).

Then since we haveH•(([v], [w]), v), stpOpT
(v, j, v′, p), u = ([v], [w]) and i = ([j], [k]),

(1.35b) and thusstpOpU
(u, i, u′, o) holds.

Only K˚(u′, u˜′) andV˚Op(o, o˜) remain. To showK˚(u′, u˜′) we once again prove each

conjunct of (1.45). Take the first conjunct and assumeK˜(u˜′, w′). We want to derive

K•(([v′], [w′]), w′). We argue thus.D•
Op(([v′], [w′]), v′, ([p], [q]), p; ([j], [k]), j, ([v], [w]),

v) and (1.23) giveHK([v′], [w′]) and DKOp([v′], [w′]). K˜(u˜′, w′), K˜(u˜′, w′) and (X3)

give w′ ~ w′. Hencew′ ∈ [w′] and therefore, by (1.18),K•(([v′], [w′]), w′) holds as re-

quired.

Take the second conjunct and assumeH˜(u˜′, v′). We want to deduceH•(([v′], [w′]), v′).

In addition toH˜(u˜′, v′) we haveK˜(u˜′, w′). Therefore (X8) saysH•(([v′], [w′]), v′) holds.

Furthermore, we also haveD˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v). Hence by (X4),v′ ~ v′. Thus,

sinceH•(([v′], [w′]), v′) holds,H•(([v′], [w′]), v′) holds too.

The proof for the third conjunct mirrors the corresponding proof given for PO (1.48) c

2, except that we useD˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) andD˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v) (the

latter in place ofH˜(u˜′, v′)), to establishv′ ~ v′ by rule (X4).

Finally we turn toV˚Op(o, o˜). As anticipated, we prove each conjunct of (1.47) in turn

For the first conjunct we assumeV˜Op(o˜, q) and propose to establishV•
Op(([p], [q]), q).

First, since we also haveV˜Op(o˜, q), by (X5),q ~ q. Second, asD•
Op(([v′], [w′]), v′, ([p],

[q]), p; ([j], [k]), j, ([v], [w]), v) holds, by (1.23), we haveDVOp([p], [q]). ThusV•
Op(([p],

[q]), q) holds by (1.22).
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To establish the second conjunct assumeH˜(u˜, v), Q˜Op(i˜, j, u˜, v), D˜Op(u˜′, v′, o˜, p; i˜,

j, u˜, v), K˚(u′, u˜′), R̊ Op(i, i˜) andK˚(u, u˜). Let u′ = ([ ′], [ ′]), i = ([ ], [ ]) andu =

([ ], [ ]). The objective is to deriveH•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v)

andD•
Op(([ ′], [ ′]), v′, ([p], [q]), p; ([ ], [ ]), j, ([ ], [ ]), v). As we haveH˜(u˜, v),

Q˜Op(i˜, j, u˜, v) andD˜Op(u˜′, v′, o˜, p; i˜, j, u˜, v), (X9) permits us to pick valuesw′, q, k

andw, such that we haveK˜(u˜′, w′), V˜Op(o˜, q), R̃ Op(i˜, k), andK˜(u˜, w). Then by Lem-

ma 1.13H•(([ ], [ ]), v), Q•
Op(([ ], [ ]), j, ([ ], [ ]), v) andD•

Op(([ ′], [ ′]), v′, ([p],

[q]), p; ([ ], [ ]), j, ([ ], [ ]), v) hold. From this our objective ensues if we can showp

~ p andq ~ q. The former we get fromD˜Op(..., o˜, p; ...) andD˜Op(...,o˜, p; ...) by (X6);

the latter fromV˜Op(o˜, q) andV˜Op(o˜, q) by (X5). We are done. We have now prove

part (2) of the theorem.

Part (3) follows readily by observing that for a systemUniv* having the same properties

asUniv, there will be an I/O-filtered refinement fromUniv to Univ* and an I/O-filtered

refinement fromUniv* to Univ.
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