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Abstract

Refinement is one of the cornerstonesin formal methodsfor theincremental devel opment
of specifications and the implementation of specificationsto code. It isacorrectness pre-
serving transformation such that specifications related by refinement are guaranteed to
share certain properties. Retrenchment is aliberalised form of refinement proposed as a
mechanism that can capture the rel ationship between systems beyond the reach of the lat-
ter. Although with retrenchment we lose the guarantee refinement provides, we benefit
by having amore flexible relation able to describe devel opment steps not expressible un-
der refinement.

One way to gain from the advantages that each technique has to offer is to combine re-
trenchment and refinement stepsin specific ways, in order to provide mechanismsthat en-
able the direct construction of new systems, out of systems (related by retrenchment and
refinement) that already exist. For example, one configuration we present combines re-
trenchment and refinement in such away that given a previoudy constructed refinement
from specification to code, and amodification of the specification expressed asaretrench-
ment, we can directly generate a new version of the program incorporating the changes
introduced viatheretrenchment. The need to carry out afresh refinement of the new spec-
ification is thus avoided.

In this thesis we present four different combinations of retrenchments and refinements
and show how the systematic application of these combinations is encapsulated in a
framework we call the Tower Pattern. We aso describe the use of one of the combina-

tions in work to extend the scope of the Mondex Purse devel opment.
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Chapter 1

| ntroduction

In today’s world, computing devices are ubiquitous. They are indispensable in com-
merce, in industry, in science and engineering, in medicine, in defence. The failure of a
system to operate properly can mean anything from aminor inconvenience to amajor ca-
tastrophe. The power blackout which occurred in the north-eastern United States and
Canadain August 2003, affected approximately 50 million people and resulted in an es-
timated financial loss of six billion U. S. dollars. A software bug in Genera Electric’'s
Energy Management XA/21 system |left operators unaware of a problem with the electric-
ity supply. Had immediate action been taken, the widespread collapse of the power grid
would most likely have been prevented [Pou04]. Therac-25, a computer controlled radi-
ation therapy machine, resulted in the deaths of several cancer patients between June 1985
and January 1987. The fatalities were due to overdoses of radiation resulting from arace

condition between concurrent tasks in the Therac-25 software [LT93].

The growing use of software in high consequence applications, demands devel opment
techniques that can ensure the production of more reliable, higher quality systems. The
principal approach advocated to address these aims is the use of formal methods: the ap-
plication of mathematical techniquesto the specification, development and verification of
software and hardware systems. A large array of formal specification languages have
been proposed. All provide amathematical notation which enables an unambiguous spec-
ification of desired behaviour to be given. Some are general purpose whereas others have
been developed for specific application domains. One way to categorize specification
languagesis by whether they are property- or model-based (seee.g. [Bje05]). Theformer
can be used to define system behaviour indirectly by stating a set of properties the system
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must satisfy. The latter define behaviour by constructing an explicit model of the system.
When the model includes a state it is often described as a state-based specification. Such
specifications also consist of a set of transitions which describe the permissible changes
to the state. In thisthesis we only consider model-oriented state-based specifications of
sequential systems.

Refinement is one of the cornerstones in the formal methods armoury both for the con-
struction of specifications and the implementation of specifications to code. A develop-
ment proceeds stepwise, with each step resulting in amodel which incorporates a greater
level of detail and is arefinement of its precursor. Because refinement is a correctness
preserving transformation, this guarantees that the behaviour of each model in adevelop-
ment is consistent with the one before. The end result is that properties are preserved
along adevelopment chain and thus for example, the behaviour defined in aspecification
will hold in the implemented code. Typical development steps involve either data or op-
eration refinement. The former is concerned with replacing high-level data structures by
more low-level ones, introducing implementable data types at some stage if the end result
is to be at the level of code. The latter involves introducing or modifying algorithmic

structure.

In recent times, refinement has been successfully applied in a number of industrial
projects. One exampleisthe Mondex Electronic Cash System [SCW98, SCW00], which
is a smartcard based electronic purse. 1ts unigue security architecture permits payments
from person-to-person using a personal wallet device or telephone line, without the need
for authorisation. Refinement was used to show that the security properties of the system
captured in an easily comprehensible abstract model were preserved in aformal concrete
model of the product. Another important example is the METEOR project [BBFM99,
BDMOQ]. This used refinement to develop the distributed control system for automatic
driverlesstrains on the new Météor line of the Paris metro, opened in October 1998. Dur-
ing testing of the control system, which consisted of over 80,000 lines of code, no bugs
were discovered. A true testament to the power of the refinement mechanism. We also
cite the Multos Operating System, a high-security multi-application operating system for
smartcards [ SCO0, Ste01].
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Such successes notwithstanding, there are many situations where refinement struggles or
is unable to make a contribution. The most often cited examples involve the transforma-
tion of models using continuous and infinite types to ones using the finite and discrete
types implementable on acomputer. Let usconsider asimple example, the refinement of
amodel using an unbounded buffer to onein which the buffer isbounded. To indicatethe
relative position of modelsin adevelopment the terms abstract and concrete are often em-
ployed. Given two models, the one that occurs first in a development is commonly re-
ferred to as abstract, the other as concrete. Forward ssimulation, a standard method used
to show that a concrete model refines an abstract one, includes demonstrating that when-
ever the concrete system makes a step, the abstract system must have a step that s mulates
it. For the boundary case, i.e. when the concrete buffer isfull, whatever the concrete sys-
tem does it cannot add another item to the buffer. Since the abstract system readily adds
another item, the abstract system will not simulate the concrete, thus breaking the ssimu-
lation rule. Our development step, which introduces implementation concerns regarding

resource constraints, cannot be expressed as a refinement.

Theinability of refinement to describe the transformation from continuous and/or infinite
types to finite and/or discrete ones motivated Banach and Poppleton to propose aliberal-
isation of refinement, which they christened retrenchment [BP98]. Itsam isto capture
those development steps beyond the reach of the refinement mechanism. Retrenchment
achievesthis by weakening the refinement simulation rules. With retrenchment, concrete
steps are allowed do something different from their corresponding abstract counterparts.
Thus returning to our example, the concrete system can refuse to add another item when
the buffer is full and just signal an error, while the abstract buffer goes on and accepts a

further item.

By modifying the ssmulation rules we lose the guarantee refinement offers to preserve
correctness across a development step. But we benefit by having a more flexible mecha-
nism able to bring in steps hitherto outside formal control. However, this flexibility
bringswith it responsibilities for a developer, who must ensure deviation from previously
asserted behaviour isacceptable. Aswe shall see, retrenchment provides the meansto ex-

plicitly specify which concrete steps simulate steps in the abstract model and which ones
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approximate abstract behaviour and thus to detail precisely how a concrete model differs

for its abstract counterpart.

Banach and Poppleton’ sintention was not to supplant refinement with retrenchment; rath-
er the intention was for both to be used together in system development, and so, to gain
from the advantages which each of the techniques hasto offer. A particular approach that
achieves this involves combining retrenchment and refinement stepsin specific ways, in
order to provide mechanisms that enable the direct construction of new systems with par-

ticular properties, out of the systems that already exist.

In this thesis we consider four different combinations of retrenchments and refinements:

the lifting, lowering, postjoin and prejoin constructions shown in Figures 1.1 and 1.2.

retrenchment
() I ()

JusWBU1 oI
JusLwBU1B)

retrenchment

the lifting the lowering

Figure 1.1: The Lifting and Lowering Constructions.

retrenchment retrenchment

JusWisu 1jo.
JusWisul el

. uswBU1Rl .

. JusuBU1B) .

retrenchment
w System C ) ————— > { SystemB

the postjoin the prejoin

Figure 1.2: The Postjoin and Prejoin Constructions.
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Each of these constructions can be used to obtain new systems with specific properties.
For example, the lifting takes an existing retrenchment (the hypotenuse of the triangle)
and builds a new system (System C) that expresses the changes introduced by the re-
trenchment in terms of the retrenched system (System A); we say we lift the constraints
introduced by the retrenchment to the level of the retrenched system. An application of
the lifting is the generation of a new specification (System C) from an original (System
A) that incorporates the changes introduced by retrenchment during a development to

some end product (System B).

In the case of the prejoin an existing retrenchment and refinement to the same system (the
bottom and right sides of the square) are combined by forming a new retrenchment and
refinement (the top and left sides of the square) from anew system (System D), that iden-
tifies corresponding steps in the original refined and retrenched systems (Systems A and
C). Given aprevioudy constructed refinement from specification to code, an application
of the prgjoin is the generation of a new specification that incorporates the change from
new to old program captured by the given retrenchment. We shall describe al four con-
structionsin great detail in later chapters. We shall aso show that the application of these
constructionsis encapsulated in aframework we call the Tower Pattern, which can bere-
garded as a systematic procedure for applying particular combinations of retrenchments

and refinements.

Theprincipal objective of thework presented isto establish that retrenchmentsand refine-
ments can be combined in the specific ways we introduced above, giving new systems
with particular properties. We achieve our goa by framing each combination of a re-
trenchment and a refinement as a theorem, which we then proceed to prove. We are suc-
cessful in demonstrating that the configurations we have described can be constructed.
We aso underpin the value of our constructions by outlining how the lifting result has
been used in work to extend the formal development of the Mondex Electronic Purse we

mentioned earlier.

The results we obtain make a contribution to the development of retrenchment in a
number of ways. First, they encourageits use by showing that retrenchment can be used
in concert with refinement in system devel opment: that the two techniques are not at odds

with one another. Second, they open up new pathways for system devel opment, enabling
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the direct construction of new systems. Third, they make asignificant first step to acom-

plete algebraic theory of the integration of retrenchment and refinement.
The remainder of thisthesisis organised as follows.

Chapter 2 introduces the theory of refinement by simulation. We outline the derivation
of the particular form of simulation we use, which we call 1/O-filtered refinement,
and discuss related research. Next, we set up the transition system framework in
which we present al our results. A brief summary of reasons for the need to liber-
alise refinement follows. We end with a smple running example: a desired devel-

opment step that cannot be captured by the refinement mechanism.

Chapter 3 describes the retrenchment, in both primitive and output forms. We briefly
justify the shape of the retrenchment rules. The development step example from the
previous chapter is captured successfully using retrenchment. Last, we describe

some other approachesto liberalising refinement.

Chapter 4 begins by looking at the composition of retrenchment and refinement steps.
We show that such compositions can be defined as retrenchments. Thisisthe first
step in the theory of the integration of retrenchment and refinement. Next, we de-
scribe thelifting, lowering, postjoin and prejoin structuresin more detail and explain
how they can be used at a practical level. We conclude by introducing the Tower
Pattern.

Chapter 5 presentsour first construction uniting aretrenchment and arefinement, the lift-
ing. We express the problem as a theorem and give adetailed proof. The new sys-

tem created by the lifting isillustrated using our running example.

Chapter 6 details the lowering construction. Once again we cast the particular arrange-
ment of a retrenchment and refinement that we want as a theorem. A full proof is

given and the result discussed using the running example.

Chapter 7 is preparation for the more demanding material on the remaining postjoin and

prejoin constructions.
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Chapters 8 and 9 present the postjoin and prejoin respectively. The structure of these
chapters follows that for the other constructions: we state the theorem, give a com-

prehensive proof and discuss the result using the running example.

Chapter 10 provides a sketch of how retrenchment has been used to broaden the scope of
the Mondex Purse development. Following asummary of Mondex, both refinement
and retrenchment are presented in Z, the notation used for the development. Theuse
of retrenchment to remove the inexactitude present in the original development with
respect to modelling transaction sequence numbersisdescribed. We then show how
the lifting construction, viathe Tower Pattern schema, was used (in part) to generate
a specification of the model constructed in the retrenchment step. The chapter ends
with abrief summary of other modelling imprecisions or difficultiesin Mondex that

have been eliminated by using retrenchment.

Chapter 11 reviewsthe contribution made by thework inthisthesis. Directionsin which

the research can be extended are also discussed.

Appendices A and B give the composition proofs for the post- and prejoin.
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Chapter 2

Refinement by Simulation

Wirth described stepwise refinement as a process of program development in which ade-
signisdecomposed in successively greater detail until fully expressed in someimplemen-
tation language [Wir71]. The use of the stepwise approach in aformal framework has its
originsinthework of Hoare[Hoa71] and Dijkstra[Dij75]. Classic formalisationsof step-
wise refinement are the refinement calculi of Back [Bac80, Bac88, BvW98], Morgan
[MR87, MGR93, Mor94] and Morris [Mor87, Mor89], and the ssimulation technique in
methods like VDM (Vienna Development Method) [Jon90, FL98] and B [Abr96,
Sch01a], and the Z notation [Spi92, BSC94, WD96]. The central point in each is that a
refinement step guarantees that those properties which it preserves will hold in a new
model if they holdinitsprecursor. Refinement calculi employ acalculational styleof pro-
gram development. A transformation law isapplied at each step to produce anew model.
Theresult isautomatically arefinement of its predecessor (assuming any associated proof
obligations can be discharged). The refinement methods use a posit-and-prove style of
development. A developer writes down a new model and then uses rules to verify that it
is arefinement of its predecessor. See [LW92] for a gentle introduction to refinement

methods and calculi.

We use the smulation form of refinement in our work on the integration of the latter with
retrenchment. This is a natural choice since the retrenchment technique arises from a
modification of the refinement simulation rules. In thischapter we give acompressed ac-
count of the derivation of the standard ssimulation rules and then introduce the particul ar

form of ssimulation, called I/O-filtered refinement, which we will use. We conclude with
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2.1 Notation

some reasons why retrenchment is needed, and give asimple example which we shall later

use to illustrate our results.

2.1 Notation

In this section we clarify some of the notation we use. LetV, W, X, Y, Z, A and B be sets
where Al XandBi V.

Thedigjoint union of Xand Yis
XwY=(X"{0}) u(Y" {1}).

For binary relationsRI X~ Y,Si Y Zand Ti V~ Wwe define the following.

A relation Risan injection if
x,21 RU(y,21 RP x=y.

Theinverseof Ris
RI={ (v, |(xyT R}.

Thedomain of Ris
dom(R) ={ x[($y*(xY)T R}.

Therange of Ris
ran(R ={y|($x(x T R}.

The sequential composition of Rand Sis
RS={ (x| $y-(xNT RUY, AT 9}.

The parallel compositionof Sand Tis
SIT={ (V). @W) (2T SUVwWT T)}.

The domain restriction of Rto Ais
AqdR={ (x,Y)|(xy)T RUxT A}.

The set of al finite sequences of objects from X is
seq(X) ={ x|xT N XU(@$nenT NUdom(R)=1.n)}.

Chapter 2 Refinement by Simulation 19



2.2 Simulation

2.2 Simulation

221 TheHe Hoareand Sanders mode

Using arelational framework, He, Hoare and Sanders put forward the notion of simulation
as a proof method for data refinement of state-based systems [HHS86, HHS87]. They
considered the question of when one data type was the refinement of another. We sum-
marize the salient points. A data type X is defined as the quadruple (X, xi, XOp, xf ),

where

- X isthe space of values (or states) ;

. xil G~ Xisaninitialisation;

. XOp isthe family of operations{xo;};_, , indexed by i T I, withxo; I X~ X;
- xtl X~ Gisafinalisation.

Thereations xi, {xo;}i.; and xf are all total.

A program P(X) I G~ G, which uses data type X, is a sequence of operations’, repre-
sented by relations, starting with theinitialisation xi, followed by afinite number of oper-

ations xo;, and ending with the finalisation xf. For example,
P(X) = Xi §X01 X033 X005 Xf .

Two datatypes are said to be conformal if they share the same indexing set and their glo-
bal spacesareequal. Let A = (A, ai, AOp, af ) and C = (C, ci, COp, cf ), which we shall
refer to as abstract and concrete respectively, be conformal datatypes. Then A isrefined
by C, denoted A = C, if and only if for al pairs of programs P(A) and P(C),

P(C)i P(A). (2.1
Figure 2.1 depicts the refinement rel ationship between P(A) and P(C). The definition of

data refinement articulates the fundamental notion of substitutivity on which refinement
isbased. Quoting from [DBO01, page 47],

1. Thisisasimplification of the material presented in [HHS86], but is sufficient for our purposes. The full
theory isricher, providing a number of constructs for combining the primitive operations of the data type.

Chapter 2 Refinement by Simulation 20



2.2 Simulation

ao,; ao, ao,
> —— — — — >
ai af
ci cf
> »— - — — — -
CO]_ C02 Con

Figure 2.1: Data refinement

Principle of Substitutivity: it isacceptable to replace one program by anoth-
er, provided it isimpossible for auser of the programs to observe that the sub-

stitution has taken place.
Since only pairs of global states are observable, (2.1) satisfies this principle.

Set inclusion of the relations corresponding to programs is a preorder, so it is reflexive
and transitive. Thus, by transitivity, if D, E D, E ... E D, then D, E D,,. Thiskey
property permits a specification to be developed stepwise, with the gradual introduction
of detail. Adding detail usually involves the reduction of nondeterminism as design
choicesareresolved. Set inclusion thus only guaranteesto preserve functional properties
across adevelopment step. Non-functional properties, such as security, are not preserved
by refinement; see [Jac92, CSCO05].

Establishing A = C entails demonstrating that inclusion holds for all possible pairs of
programs. Thisis clearly not feasible for all but the most simple cases. The approach
used to obtain a practicable method is to define arelation between the state spaces of the
abstract and concrete types, called asimulation or retrieverelation and markedt in Figure
2.2. The problem is now reduced to showing that the paths around the three different
shapesinthefigure, theinitial and final triangles and the square, weakly commute. Then
by induction, for a finite sequence of operations, P(C) I P(A) [dRE98, DB01]. One

choice for weak commutativity of the square is to consider the two paths from top-left to
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2.2 Simulation

ao,

-y

Figure 2.2: Data refinement using simulations

bottom-right, i.e. t co; and ao;st. Together with appropriate choices for the initial and

final triangles this gives the forward smulation rules.
If A and C sharethe sameindexing set, andr i A” C,thenr isaforward simulation if

cil aisr
rscfi af

rsco; I aojsr, foreachindexi.

Alternatively, we have the two paths from bottom-left to top-right. Thisresultsin thefol-

lowing backward simulation rules.
If A and C sharethesameindexing set,andsi C~ A, thensisabackward simulation if

cissi ai
cfi ssaf

cojssi ssao;, foreachindexi.

We will refer to each of the above asthe HHS rules. We note that [HHS86] usesthe terms

downward and upward simulation for forward and backward simulation respectively.

Hoare, He and Sanders showed that as a method for proving data refinement, the forward
and backward rules are sound and jointly complete. Thusthe forward and backward sim-

ulation rules on their own are unable to prove correct certain valid refinements. For ex-

Chapter 2 Refinement by Simulation 22



2.2 Simulation

ample, refinements where the resolution of nondeterminism is postponed in the concrete
program cannot be shown to be correct using the forward rules. For details see both
[DBO1] and [dRE9S].

2.2.2 Admitting partial operations

The HHS rules require all operations to be total. Woodcock and Davies [WD96] show
how partial operations can be accommodated. The approach involves totalising opera-
tions by defining behaviour for states not in the domain. To totalisearelationxoi X~
X, X is augmented to X" by adding the distinguished element ~, which represents unde-
finedness. Elementsin (X" - (dom x0)) arethen linked to every elementin X". Thelifted
totalised relation xo is therefore

xo=xou{ (xy)T X"~ X" |xI dom(x0)}, (2.2)

where X" =X u{~}. Theinterpretation given to thisform of totalisation is that anything
may happen when an operation is applied to avalue outside its original domain. Thisis
known as the non-blocking or contract approach. An alternativeisthe blocking or behav-
ioural approach, in which the application of an operation to values outside its domain is
prohibited; see [BDW98] for a derivation of the simulation rules using the latter form.

[DBO01] also discusses both these approaches to totalisation.

It is not necessary to totalise the retrieve relation, but it must be extended so that » re-
trievesto all elements, in order to preserve undefinedness. The resulting lifted relation
[ X" Y"is

f =tu{~} Y.

The totalised and lifted relations are now substituted into the HHS rules and after some
mani pul ation we obtain rules expressed in terms of just partial operations and the unlifted

retrieve relation. We reproduce the forward ssmulation rules below.
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WD Forward Simulation Rules

Initialisation cil aisr

Finalisation rscfi af

Applicability ran(dom(ag;) < r) I dom(co;) , for eachindexi,

Correctness dom(ao) <« rsco; i aosr, for eachindexi .

2.2.3 Operationswith input and output

The operations in the WD rules have no 1/0 component themselves. The only input and
output is to the program as a whole via before and after state pairs from G. Woodcock
and Davies show how the rules can be extended to operations with their own input and
output components. However, their treatment requires all abstract and concrete opera-
tions to have the same input space and similarly so for outputs, i.e. refinement of inputs

and outputs from abstract to concrete operations is not permitted.

A more general derivation is given by Cooper, Stepney and Woodcock [CSWO02], whose
approach develops that in [WD96] to alow abstract operations to have input and output
gpaces that are different from those of the concrete operations. A program is a relation
mapping sequences of inputs to sequences of outputs. Initialisation involves copying the
sequence of ready-to-be-consumed inputs and an empty sequence of outputs to the local
state. Each operation in the program then consumes the value at the head of the input se-
guence and appends the value it produces to the output sequence. Finalisation copiesthe

output and now empty input sequences back to the global state.

In[CSWO02] G isreferred to asthe global world. It is defined to consist of aglobal state
space GS, a sequence of globa inputs with elements from Gl, and a sequence of global

outputs with elements from GO. Hence,
G=GS’ (seq Gl ~ seq GO) .
The abstract and concrete worlds have a parallel structure.

A=AS" (seq Al ~ seq AO),
C=CS’ (seqCl " seq CO).
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In addition to aretrieverelation, r , between abstract and concrete states, we also need an
input retrieve relation i between abstract and concrete inputs, and output retrieve relation

0 between abstract and concrete outputs respectively, where

ri AS” CS,
i1 Al Cl,
ol AO" CO.

Henceforth we will refer to input retrieve relations as just input relations and similarly so
for the output retrieve relations. We aso need to define the relations between the global

and abstract or concrete states, inputs and outputs as follows.

gesi GS™ CS,
gasi GS™ AS,
geil Gl Cl,
gail Gl = Al,
gcol GO” CO,
gaol GO~ AO.

The abstract and concrete operations are defined as the relations a; and g, which map

state-and-input to state-and-output. Thus

ajl (AS” Al)” (AS” AO),
gl (CS” Cl)” (CS” CO).

The relations in the WD rules are now defined in terms of the relations we have given
above. The definitions are then substituted into the WD rules to obtain the CSW rules.
Werefer the reader to the cited paper for thetechnical details. The CSW rulesfor forward

simulation are given below.

CSW Forward Simulation Rules
Initialisation (state) ~ cisl aissr
Initialisation (input)  gci | gaisi
Finalisation (state) rsgesti gas!

Finalisation (output)  o0sgcoti gaol
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Applicability ran(dom(a;) < (r ||i)) i dom(g), for eachindexi,

Correctness (dom(a;) < (r |li))sg | a;s(r ||o), foreachindexi .

Therulesarein termsof theindividual input and outputs of the operationsand not in terms
of sequences of inputs and outputs. The state initialisations ais and cis are defined to ig-

nore their arguments, mapping all global statesto a number of local initial states:

cis=GS” { csl CS|aconstraintoncs} ,

ais=GS” {asl AS|aconstraintonas} .

Notice that there is now a state finalisation rule. This arises because a choice was made

to preserve the last state as well as the sequence of accumulated outputs on finalisation.

Therelation (r ||i ) isthe parallel composition of its component relations. Recall that the
operations a; and g map pairs of the form (state, input) to (state, output). Thus(r [|i)is
a composite retrieve relation associating corresponding abstract and concrete (state,
input) pairs. Similarly (r ||o) associates corresponding abstract and concrete (state,

output) pairs.

2.2.4 1/O-filtered refinements

For each datatype all operationsinthe CSW model have inputs and outputs with the same
space respectively. Aswe shall see in the next chapter, thisis not the case with the rules
for retrenchment. To facilitate the integration of retrenchment with refinement, we there-
fore make aminor extension to the CSW model and allow each operation to have different

input and output spaces.

Let operation a; have input space Al; and output space AQ;. Al and AO are then the dis-

joint union of the individual spaces as follows.
A =T]Al,
i
AO=]]AQ.
i

Cl, CO, Gl and GO are defined in similar fashion. The input retrieve relation i now be-

comes the indexed family of relations,
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=i A7 Cliigy
Similarly,

gai = (gai; | GIi" Alj)i,
gao=(gao I GI;" AQ;)i.,
o=(ol A" CO)i.y,
gci = (gcij I Gli” Cly )iey
geo=(geo I Gli” COy )iy -

Finally, the operations become

ajl (AS” Al)" (AS” AO),
gl (CS” Cl)” (CS” CO).

Itisrelatively easy to seethat substituting these changesinto the CSW rulesresultsin sep-
arate input initialisation and output finalisation rules for each index i. The resulting for-

ward simulation rules for 1/O-filtered refinement are given below.

|/O-Filtered Refinement Forward Simulation Rules

Initialisation (state) ~ cisi aissr

Initialisation (input) gci; | gai;si;, foreachindexi,

Finalisation (output)  0;5gco;* i gao/?, for eachindexi,

Applicability ran(dom(a;) < (r ||i;)) | dom(g), for eachindexi,

Correctness (dom(a;) <« (r |Ii;))sg i ajs(r ||o;), foreachindexi .

2.25 Redated work

In an approach very similar to [CSW02], Derrick and Boiten also generalise the WD rules
to permit 1/0O refinement [BD98, DBO1]. In their model there is no explicit global state.

The only components of the globa world are the input and output sequences.

In the derivation of the WD rules, partial operations are made total through a process of
lifted totalisation. A thorough investigation of this approach to totalisation is undertaken
in the work of Deutsch, Henson and Reeves [DHR02, DHR03a, DHRO3b, DHO03a,
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DHO3b], for both operation refinement (the degenerate case of data refinement where the
simulation relations arejust identities) and datarefinement by forward and backward sim-
ulation. The authors give a proof theoretic characterisation of refinement closely related
to that of Spivey in [Spi92]. It is based on two properties expected in refinement. First,
arefinement step may involve the reduction of nondeterminism, i.e. postconditions may
not weaken. Second, a refinement step may involve an expansion of the domain of defi-
nition, i.e. preconditions may not strengthen. They take their proof theoretic definition as
the fundamental characterisation. Deutsch and Henson show that for data refinement by
forward simulation, totalisation of operations without lifting admits cases where precon-
ditions can be strengthened in arefinement step. Therefore, giventhat lifting isnecessary,
must ~ be mapped to al elements, giving non-strict lifting, asin (2.2), or can~ be mapped
tojust itself, giving strict lifting? Deutsch and Henson show that in fact these two choices
are equivalent. Furthermore, in the case of the simulation relation it is necessary to use
non-strict lifting, as was done by Woodcock and Davies, since strict lifting prevents the

weakening of preconditions in certain situations.

In the monograph by de Roever and Engelhardt [dRE98], atheory for partia relationsis
developed in which the relations denoting operations are not made total and no special
value is introduced to represent undefinedness. Refinement is still defined as relational
inclusion. Forward and backward simulation rules for this partial correctness model are
shown to be sound and jointly complete. De Roever and Engelhardt name the forward
and backward simulations L- and L1-simulations. The names reflect the shapes of the
paths around the squares we saw in Figure 2.2. There are in fact two other choices for
paths around the square. The pair t 5 co; st-* and ao; giving what the authors call U-simu-
lation, and the pair co; and t-1sao; st giving U l-simulation. However, as de Roever and
Engel hardt show, when the U- or U L-rule holds for two adjacent squares, the same rule
does not necessarily hold for the resulting concatenated square, which blocksan inductive

proof. Thisisnot the case for forward and backward simulation.

Inthispartia correctness model the empty relation, which isinterpreted as a nonterminat-
ing program, is avalid implementation of every other specification or program. To over-
come this drawback, de Roever and Engelhardt extend their theory to a total correctness

framework. They introduce the special value ~ and model nontermination from some
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state s by mapping it to all states as well as~. The resulting model treats both definite
and possible nontermination as the same, and termination now refines nontermination.
They show L-simulation is sound and that under certain restrictions - and L"1-simulation

are jointly completein thistotal correctness framework.

The aim of the monograph is to compare several data refinement methods including Z,
VDM and data refinement in Back’s calculus with proof by simulation. To achieve this
de Roever and Engelhardt represent operationsin these methods as Hoare triples, {p;} S
{po} [HOa69]. Such atriple means that if precondition p, holds for someinitia state s,
and if Sterminatesfor initial state s infinal state s ¢ then p, holdsfor s¢ They also char-
acterize L-, L1, U and Ul-simulation as single Hoare triples. Having set up this frame-
work de Roever and Engelhardt are able to show that Z, VDM and data refinement in

Back’s refinement calculus are all applications of L-simulation.

A paper by Boiten and de Roever also describes theories of refinement by simulation, fo-
cusing on the differences that arise in modelling operations by partial and total relations
and the introduction of the additional element ~ to model nontermination and deadlock
[BARO3].

In the smulation methods we have described above, there is a one-to-one mapping be-
tween abstract and concrete operations, with each abstract operation being refined by a
corresponding concrete one. With their notion of non-atomic refinement Derrick and
Boiten generalise this requirement for conformality and now allow one abstract operation
to be refined by a sequence of concrete operations [DB99, DB01]. This permitsachange
in granularity as a specification is developed. Schellhorn’swork on generalised forward
simulation al so breaksthe requirement of atomicity [ SchO1b]. Sequencesof abstract steps
are related to sequences of concrete steps in such a way that the retrieve relation is pre-

served by the two sequences.

2.3 Trangtion System Framework

We present all our results using asimple transition framework. We will need to consider
relationships between an abstract system and a concrete one, which we will call Abs and

Conc respectively. Each system will be described by a state space and a set of operation
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names. Individual operationswill be defined by atransition or step relation, and will have

their own input and output spaces.

For Abs the state space will be denoted by U with typical element u. Opsp will be the set
of operation names with Op, designating atypical operation. For each Op, theinput and
output spaceswill be lop, and Oop, with i and o representing typical elements respective-
ly. Wewill dispense with subscripts for i and o, since it will be clear from the context as
to the Opp to which they belong. A typical Opp transition will be depicted by u -(i, Opa,
0)-> u¢ where u and u¢are the before and after states, and i and o are the input and output
values. The set of such steps will form the transition or step relation stpopA(u, i, ug o).
We write trmopA(u, i) for the domain of StPop, - Inita (u® will represent the initialisation
operation and will set the state to some initial value u¢ ignoring the value of the initial
global state.

The set up for the concrete system Conc parallelsthat for Abs. The state space will be W
with typical element w. Inputs and outputsarek1 Kandql Q respectively. The oper-
ation names are Opc T Ops¢, and conformality requires Ops, = Opsc. For each Opg
thetransition relation is stpopc(w, k, wg q), with typical transition w -(k, Opc, 9)-> w¢ The
domainistr mopc(w, k). Theinitialisation operation is Initc(wg.

For each operation Op, we will denote the input and output spaces of the global world by
Hop and Nop with typical elements h and n respectively. The relations mapping global
inputs to abstract and concrete inputs will be Initl nopA(h, i) and Initl nopc(h, k). Relations
mapping abstract and concrete outputs to the globa world will be FinOutopA(o, n) and
FinOutOpC(q, n.

We will denote the retrieve relation between abstract and concrete states by G(u, w). For
each Op we denote the input and output rel ations between abstract and concrete inputs and

outputs by Ingy(i, k) and Outg,(0, ) respectively.

We will cast the forward simulation rulesin the classical framework of first-order predi-
cate logic and in this context refer to them as the refinement proof obligations (POs). Re-

writing the rules for I/O-filtered refinement we obtain the following.
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Input Initialisation PO (Inp Init PO)
Initlnopc(h, KN b ($i- InitInOpA(h, Hu Inop(i, K)) - (2.3

Stateinitialisation PO (Init PO)
Inite(w® P ($ uts Inity(u UG(uG wa) . (2.4)

Output Finalisation PO (Out Fin PO)
Outgp(o, g) U FinOutop (g, n) P FinOutgy, (0, 1) . (2.5)

Applicability PO (App PO)
G(u, W) Ulngy(i, k) Utrmgy (u, i) B trmgy (. K) . (2.6)

Correctness PO (Corr PO)
G(u, w) Ulngi, k) U trmoyp, (U, i) U StPop, (W, k, we q) P
($ u¢ 0« stpop, (u, i, ug 0) U G(u¢ wg U Outy(0, 0)) . (2.7)

2.4 TheNeed to Liberalise Refinement

Refinement guarantees that a concrete system always provides a possible behaviour of its
abstract counterpart, thus ensuring the concrete system is observationally indistinguisha-
ble from the abstract. In practice, there are many situations where this property istoo re-
strictive. For example, the real world isinfinite and continuous whereas the world of the
computer isfinite and discrete. Transformation from one to the other ultimately necessi-
tates that the concrete model will be an approximation of the abstract, no longer observa-
tionally indistinguishable. A refinement relation can often not be established between the
two. For developmentsthat begin with physical world models, the applicability of refine-
ment in the migration to the digital, finite world is thus much reduced, forcing large parts

of the process to take place outside formal control.

In other situations there may be a requirement not to obscure the functionality of an ab-
stract model with low level implementational details, so asto make it more approachable
and/or more amenable to formal analysis. Such postponement of detail may not always
be possible under refinement. Alternatively, a customer may not agree to a change nec-
essary to an abstract model in order that a refinement relation can be established to some
(in certain aspects fixed) concrete model. The latter situation is one that actually arose

during the Mondex Purse development, which we shall meet in the penultimate chapter.
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To extend the benefits of aformal approachin all these situations, amore flexible relation
is required, able to capture the degree to which a model satisfies the requirements of its
precursor. Retrenchment, which we shall present in the next chapter, was designed spe-
cifically to fulfil this need.

Below we introduce a simple example, the Number Recycler. Itspurposeisnot to cham-
pion the case for retrenchment, but to provide avehicle to illustrate the results we present
inthisthes's, hopefully without obfuscation. Nevertheless, it is characteristic of thekinds
of situations retrenchment was designed to address, namely the approximation of abstract

behaviour in aconcrete model.

2.4.1 Thenumber recycler

The Number Recycler has two operations. The first, Add, allows users to add a number
to abin. If the number is already in the bin, it is discarded. A message is generated to
indicate whether the number has been added successfully. The second operation, Rem,
allows an arbitrary number to be removed from the bin. The abstract model Abs for the

recycler is given below.

U= P(N), IAddA = N, OAddA = {OK, GOT},
IRemA = /CE, ORG'T]A =N. (28)

u-(i, Adda, OK)->uu{i}, ifil u,
u-(i, Addn, GOT)-> u, ifil u. (2.9

uw{ o} -(Remy, 0)->u. (2.10)

For the next stage of the development, we decide to address the reality that the capacity
of thebinisfinite. In fact, the bin can store no more than five numbers at once. We will
need to generate a suitable message when the binisfull. To move closer towards an im-
plementabl e data structure, we also decide to model the bin by an injective sequence. Our

new specification is given below.

W ={wT iseq(N) |len(w) £ 5}, Kagd, =N, Qadd, = {OK, GOT, FULL},
KRemc = /CE, QRemc =N. (211)
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w -(k, Addg, OK)->w” (k), if kT ran(w) Ulen(w) £ 4,
w -(k, Addg, FULL)-> w, if kT ran(w) Ulen(w) =5,
w-(k Addg, GOT)->w, if kT ran(w). (2.12)

(q)*w-(Remyp, g)->wW. (2.13)

It isimmediately evident this model cannot be a refinement of Abs. When the binisfull
there is no concrete step which maintains the same result as the abstract system, which
will proceed to add another number to the bin®. We therefore cannot express this desired
development step as a refinement. Refinement is unable to capture the transformation
frominfiniteto finite datatype. Wewill seein the next chapter how retrenchment effort-

lessly overcomes this problem.

1. We note that if we try to construct a suitable retrieve relation which will match concrete Add boundary
steps with abstract steps which add a sixth number, we will run into difficulties when we come to consider
the remove operation Rem.
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Retrenchment

The strong coupling between systems demanded by refinement means it is often unable
to capture steps that occur in the development of many real-world applications. Retrench-
ment is amore liberal notion whose aim is bring into the formal fold those stages of de-
velopment which hitherto have fallen beyond the reach of model-based refinement. The
concept of retrenchment wasintroduced in [BP98]. A significant amount of work hastak-
en place since, of which [BP01, BJO2, Ban03, BPJ04] give agood introduction to the top-
ic. A review of the basic concepts and some of the issues explored to date can be found

in the retrenchment tutorial [Ban]>.

The following sections introduce retrenchment presenting both primitive and output
forms. We also return to the example in the previous chapter and show how retrenchment
can successfully relate the systems involved in the desired development step. We con-
clude with adiscussion of other approaches that can be found in the literature which also

attempt to address the limitations of refinement.

3.1 From Refinement to Retrenchment

Retrenchment’ sgenesisliesin Banach and Poppleton’ s unsuccessful attemptsto apply re-
finement to a problem in radiotherapy dose calculation. This work further strengthened
the impression that a more flexible and general mechanism was necessary in order to per-
mit developersto relate the models that arise naturally in the engineering of systems with

continuous variables. Examination of the limitations of refinement in both continuous

1. See also the retrenchment home page at http://www.cs.man.ac.uk/retrenchment
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and discrete domains prompted Banach and Poppleton into considering how they could
modify the refinement POs to permit the breaking of the refinement straitjacket in a con-
trolled way. They took theforward simulation rulesas astarting point, thisbeing predom-
inant in applications of refinement, and also the form used in the B-Method [Abr96,
Sch014] in which al the initial work on retrenchment was done. The result was a mech-
anism that used not only the retrieve relation G to link two systems, but had a further two
relations per operation, the within and concedes relations, P, and C respectively. Pg,
occurs asaconjunct in the antecedents of both the termination and operation retrenchment
POs, strengthening G in before-states, whereas Cq,, appears as a disjunct in the conse-
guent of the operation PO, weakening G in after-states. It is the introduction of the con-
cession Cq, Which most strongly sets retrenchment apart from other extensions to

classical refinement that have been proposed in the literature.

3.2 Primitive Retrenchment

Using the transition system framework we introduced in Section 2.3, we now set out the
basic form of retrenchment, that of primitive retrenchment. Once again we employ the
two systems Abs and Conc to further progress. In retrenchment we relax the equality be-
tween abstract and concrete name spaces and allow the concrete system to include addi-
tional operations; thusOpsp I Ops¢. Primitive retrenchment is defined by the three POs
(3.1) to (3.3), which give its semantics.

Stateinitialisation PO (Init PO)
Initc(w® P ($ ucs Inity(u UG(uG wa) . (3.1)

Termination PO (Term PO)
G(u, w) UPOp(i, k,u,w) b trmOpA(u, i) Utrmopc(w, K) . (3.2

Operation PO (Op PO)
G(u, W) UPqyi, k, u, w) U stpop, (W, k, wg q) P
($ ug 0+ stpgy, (U, i, ug 0) U(G(u¢ w9 UCqu(utwg o, q; i,k u,w))). (33

Corresponding abstract and concrete states are related by the familiar retrieve relation
G(u, w). In addition, for each Opa T Opsa, thereis awithin relation Pop(i, k, u, w) and
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aconcedesrelation Cop(u¢ wé o, g; i, k, u, w). Notethat (3.2) and (3.3) only hold for op-

erations common to both systems.

The within relation is concerned with both before-states and input values and so enables
achangein input signature as well as the movement of components between state and in-
put spaces. This alows, for example, information which formed part of the state at one
level, to be remodelled as input at the next. What is more, since the within relation
strengthens the retrieve relation in before-states it can be used to restrict the relationship
between adjoining levels of abstraction.

The concedes relation is mainly concerned with after-states and output values, but may
also involve before-states and inputs for greater flexibility. The use of asemicolonin the
syntax isintended to emphasise thisview. Thusin the main the concedes relation allows
achange of output signature and the interchange of output and state aspects. More impor-
tantly, it admits weakening of the retrieve relation in after-states by being adigunct to it
in the operation PO, and it is this aspect in particular which allows the expression of non-

refinement like behaviour.

Naturally, justification for the shape of the retrenchment POs has at its heart that the
mechanism furnishes the flexibility needed to relate the kinds of models we have already
discussed. As noted, Pq,, enables incompatible parts of abstract and concrete models to
be excluded. Cqp, enablesincompatible partsto be included by providing aget out clause
in the consequent of the operation PO. On top of this, the structure of (3.3) demands that
for every concrete step for which both the retrieve and within relations hold, there must
be a corresponding abstract step which either re-establishes the retrieve relation or satis-
fies the concedes relation. This shape forces us to speak about all concrete steps. The
converse, where the abstract step appearsin the antecedent and the concrete in the conse-
quent, does not. Since an implementation is derived from the concrete system this pro-
vides for amore robust approach. More precisely, for every concrete step a decision has
to be made as to how it isrelated to the abstract system. Specifically: isit unrelated be-
cause G and Pq,, do not hold; related but establishes only Cqy,; or related and re-establish-

esG?
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L et usnow consider the termination PO (3.2). AsBanach arguesin [Ban], the mainfocus
of retrenchment should be on successful steps. In our relational model that means steps
for which trmg, holds. The conjunction G U Pop defines which parts of the abstract and
concrete systems are connected by retrenchment. Therefore, the simplest choice is for
trmgoy, to hold at both abstract and concrete levelswhenever G U Pop does!, and thisisthe
casein (3.2). Wefurther observe that this aso means the operation PO is only concerned
with successful steps. More extensive arguments in support of the shape of the POs can
be found in [BP98, BP0O1, Ban|.

3.3 Output Retrenchment

For stepsthat re-establish theretrieve relation in PO (3.3), we are not required to say any-
thing about the nature of the relationship between abstract and concrete outputs. If al we
need is some means to document how the outputs are related we can use the concedes re-
lation to do this because the disjunction in the antecedent isinclusive. However, at times
this muddies the water alittle because we do not have a clean partition between normally
completing and conceding steps. In caseswherethisis an advantage, we can employ out-
put retrenchment. Thisform of retrenchment hasfor each Op an additional output relation

Oop(0, g; ug wg i, k, u, w) which is conjoined to G¢to give anew Op PO as follows.

Operation PO (Op PO)
G(u, w) U Pgi, k, u, w) U Stpop, (W, k, wé q) P
($ ug 0+ stpop, (u, i, ug 0) U
((G(ug w9 U Ogp(0, g; uG wé i, k, u, w)) U Cop(ug wé o, q; i, k, u, w))) .
(34

As before, the semicolon in Og,, separates the variables of principal concern from others
that may occur when more intricate properties between outputs and other components
need to be expressed. (3.4) retainsthe same basic shape asthe primitive Op PO (3.3). No-
tice that when Pgy, O, and Cgy aretrivia, the refinement POs (2.4), (2.6) and (2.7) fol-

1. In early work which set out retrenchment in the framework of the B-Method, e.g. [BP98, BP99, Pop01],
the concrete trmg,, appears in the antecedent of the relevant PO and implies the abstract counterpart in the
consequent. In light of insights gained from subsequent work on retrenchment, Banach now advocates the
form of termination PO we usein thisthesis. Thislater formin fact facilitates the combination of retrench-
ment with refinement.

Chapter 3 Retrenchment 37



3.4 Definitions

low whenever the output retrenchment POs hold. 1t may well be the case that in many
real developments, most abstract and concrete steps can be related by the retrenchment
POswhen Pqy,, Og, and Cqy, aretrivial. For such situations we are justified in regarding

retrenchment as being “nearly arefinement”.

Wewill usethe output form of retrenchment in the structures combining retrenchment and
refinement we present in thisthesis. The fact that we have a predicate which says some-
thing about the nature of the outputs for normally completing cases simplifies some of the

proofs we will dischargein later chapters.

3.4 De€finitions

We will need the following concepts.

Definition 3.1. Let the abstract and concrete core predicates of the operation Op,
coropA(u, i) and coropc(w, k) respectively, be given by

corgp, (U, 1) = (B w, k' G(u, w) UPop(i, k, u, W), (3.5

00T p, (W, K) = ($ U, i+ G(u, W) U Py i, k, u, w)) . (3.6)

These core predicatesidentify those parts of the abstract and concrete state and input spac-
esfor Op, for which PO (3.4) isnon-trivial. A set of transitions of a system forming part
of aretrenchment is said to be abstract (respectively concrete) core bound if and only if
all the (before-state, input) pairsof the set satisfy the abstract (respectively concrete) core
predicates. [

Definition 3.2. Let u-(i, Opa, 0)-> u¢be an abstract step and w -(k, Opc, 0)-> wéaconcrete
step. Then these steps are in simulation (or the abstract step simulates the concrete), if

and only if we have

G(u, W) UPqi, k, u, w) U stpop, (W, k, we q) U StPop, (U, i, ug 0) U
((G(ug w9 UOgp(0, g; u¢ wé i, k, u, w)) U Cqp(ug wé o, g; i, k, u, w) ) (3.7)

An abstract (respectively concrete) step is smulableif and only if there is a concrete (re-
spectively abstract) step such that (3.7) holds for the pair. m
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3.5 Retrenchment in Action

The development of the Number Recycler in Section 2.4.1 ran aground when we tried to
capture adesired development step using refinement. Here we show how easily this step
fitsinto the retrenchment framework. Noting that themodel given by (2.11) to (2.13) does
not say anything about what the operation Rem does when the binis empty, werectify this
prior to defining the retrenchment. The natural approach to take is to generate an error

message and |eave the state unchanged. The resulting specification Conc isgiven below.

W ={wT iseq(N) |len(w) £ 5}, Kagd, =N, Qadd, = {OK, GOT, FULL},

w -(k, Addg, OK)->w~ (k), if kT ran(w) Ulen(w) £ 4,
w -(k, Addg, FULL)-> w, if kT ran(w) Ulen(w) =5,
w-(k Addg, GOT)->w, if kT ran(w). (39

( ) -(Remp, EMPTY)->( ),
(q)*w-(Remyp, g)->wW. (3.20

To establish aretrenchment we now define its component relations as follows.

H(u,w) = (u=ran(w)),
Qadd(i, k u,w) = (i=k),
Nada(0, 0, UG wg i, k,u,w) = (0=0),
Dagg(u¢wg o, g; i, k, u, w) =
(Ju=5UiT uUut=uu{i} Uwt=wUo=0KUp=FULL),
Qrer(is K, u,w) = (u=wU]Ju| 0),
Nrem(0, 4, UG WG i, k u,w) = (0=0),
Drem(Uu¢w¢ o, g; i, k, u, w) = false . (3.11)

Notice how concession Dpqq alows Conc to exhibit different behaviour when the set is
full. Abs addsanother element but Conc performsaskip. So although theretrieverelation
does not hold for the after-sates, Dpyq does, and thus PO (3.4) is satisfied. For Rem the
within clause Qgrey, €xcludes the ill-behaved cases from consideration. When |u| = 0,
Qrem isfalse and so (3.4) holds trivialy.
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More convincing examplesin support of retrenchment include [PB0OO], which looks at the
specification of a program for dose calculation in radiotherapy, and in [PB0Z2], which
presents a control system case study. In contrast to these, [BPO3] liesentirely in the dis-
crete domain, and looks at a problem in telephony involving the construction of systems
with interacting or conflicting requirements. Finally, we mention [BC04] which applies

retrenchment to the process of fault injection and the subsequent generation of fault trees.

3.6 Other Approachesto Liberalising Refinement

Retrenchment isnot the only proposal to address the limitations of refinement that can be
found in the literature. Recently, Boiten and Derrick have put forward a method which
they call refinement with approximations [BDO05]. The approach involves replacing a
specification Sby achain of specifications, written (S,), whose limit isthe replaced spec-
ification. Each S, isan approximation to thelimit S, n gives the position in the chain and
is taken to be a parameter of the specification S,. Using an example from the paper, an
unbounded buffer Bufy can be replaced by a sequence of bounded buffers (Buf,,,), where
misthe size of the buffer. The limit of (Buf,,) as m® ¥ isBufy.

The development process uses four different steps. element-wise refinement where a
specification Sisrefined to a specification T in the normal way, or achain (S,) is refined
toachain (T,) such that S, E T,, for each n; sequence introduction where a specification
Sisreplaced by asegquence of specifications (S,) such that Sisthelimit of (S,); sequence
replacement where a sequence (S,) with limit Sis replaced by a sequence (T,) with limit
Tsuchthat SE T; and compromise where asequence (S,) isreplaced by oneif itselements
S, Sofor the buffer example, replacing Bufy by (Buf,,) is sequenceintroduction, and re-

placing (Buf,,) by Buf,,, for afixed value of mis an example of a compromise step.

The closeness of a specification S, to the ideal Sis quantified by a suitable metric. Dif-
ferent metrics will be appropriate in different situations, e.g. when implementing real
numbersthe precision in the floating point representation is a possible measure. Two met-
rics proposed by Boiten and Derrick are one based on program length and one based on
counting the number of inputs and outputs for which specifications differ. The program
length metric, d(S T), is defined to be zero when Sand T are interrefinable and 27" oth-
erwise, where n isthe minimum program length needed to distinguish datatype Sfrom T.
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This metric works well for the buffer example. The limit of d|(Buf,,, Bufy) asm® ¥ is

Z€exro.

An example for which d, does not converge is the specification of a basic calculator with
asimple memory function. Operation Memy stores input X in memory cell mem, where
x, memi N. Wewish to replace Memy with (Mem,)) which setsmemto xif x<n. Wheth-
er we can tell the two apart now depends not on the length of the program but on the value
of theinput. To capture caseslikethis, Boiten and Derrick define the input/output metric,
which we denote by d;,,. Based on the forward simulation rules, it caculates aratio of
the number of inputs/outputs for which specification S, correctly refinesS,. To sidestep
the problem of counting over an infinite domain Boiten and Derrick approximate N by 0
.. maxint for the purposes of the metric. Thus when n> maxint, Mem,, correctly refines
Memy. Applying d;, to the calculator problem, the sequence (Mem,)) now converges to
Memy. The authors readily accept that the approach to accommodate infinite sets, to use
their own words, isafudge, and go on to suggest possible avenues to explore which may
offer a better solution for a metric based on 1/0. Indeed, the intention of the paper is to
set out initial ideas on a possible way to tackle the restrictions that can occur with pure
refinement. Further work is necessary to determine the efficacy of Boiten and Derrick’s

approach.

We observe that metrics by their nature only focus on particular properties of a system.
They do not guarantee that in replacing a specification by elements of a chain, we do not
end up introducing incorrect behaviour into a model of which a developer isunaware. In
contrast, with retrenchment, we have to account for all behaviour in a concrete system.
For every concrete step we need to decide whether or how it is related to the steps in the
preceding model, and state this explicitly using the within and concedes clauses in order

that we can discharge the attendant retrenchment POs.

Boiten and Derrick are not the first to exploit the observation that infinite domains often
arise as limits of finite ones. In his thesis on a rigorous development method [Nei90],
Neilson handles the transformation from infinite to finite resources by defining refine-
ment over infinite domains as equivalent to the limit of refinement from infinite to finite

ones.
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In [Liu97] Shaoying Liu has also articulated the need for aformal framework to capture
steps that are not refinements. He proposes a notion he calls Evolution. Let P be an op-
eration with precondition pre-P and postcondition post-P. Operation Q isan evolution of
operation P, written P C Q, if the semantic equivaent of pre-P occurs as a component of
pre-Q, and the semantic equivalent of post-P occurs as a component of post-Q (and nei-
ther pre-Q nor post-Q arefalse). Liu givesnoinsight asto the derivation of thisdefinition.
He shows that evolution istransitive, anecessary property for stepwise development, and
sncePC Qb PLC Q,thatitisaspecia caseof refinement. Stepsthat are neither are-
finement nor an evolution are classified as a modification. Liu thus admits all possible
transformations into adevelopment. However, as Banach observed in [Ban00], since Sis
equivalent to (SUT) U (SU@T), the transformation from any P to any Q isan evolution,
hence al models can berelated by Liu's mechanism. The latter isalso of course the case
for retrenchment. Nevertheless, the advantage with retrenchment is that we must explic-
itly state the degree of the relationship between abstract and concrete operations by ap-
propriate definition of the within and concedes predicates. Evolution offers no such

device.

Another proposition is Realisation by Smith [Smi99, SF00], who gives as motivation ar-
guments similar to those Banach and Poppleton gave for retrenchment [BP98]. The work
is presented using the timed refinement cal culus of Mahony and Hayes [Mah92, MH92],
which was devel oped specifically for specifying embedded real-time systems. Inthisfor-
malism a program is described by a specification statement of the form x : [A, E]. This
saysthat animplementation must achieve effect E under assumption A. x isalist of output
variables, any other variables are inputs. A refinement step allows A to be weakened or
E to be strengthened. Thisof course, is analogous to the refinement cal culus of Morgan
[Mor94].

Realisation extends the possible transformations by introducing three additional realisa-
tion rules. These alow the strengthening of A, not possible under refinement, and the
modification of both inputs and outputs beyond what can be achieved using refinement,
e.g. changes to model timing delays ignored in ideal abstract specifications. Each reali-
sation also has a property transformation rule which allows the derivation of properties of

the new specification from those of the old. This therefore offers advantages over Liu's
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work which makes no mention of the changes that occur to propertiesin an evolution step.
Retrenchment initially lacked a theory of how properties are transformed under its appli-
cation, but this has now begun to be addressed [Ban03]. The realisation rules are shown
to be completeif the specification isfeasible and its assumption is satisfiable. Thus Smith
stresses that the liberal nature of the rules imposes a responsibility on a developer to en-
sure that development steps result in “acceptable approximations’. Naturally, this onus
is aso applicable in retrenchment.
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Chapter 4
Combining Retrenchments and

Refinements

We begin by considering the composition of retrenchment and refinement steps. Wethen
introduce the structures combining retrenchments and refinements we have investigated
and outline how these structures can be utilised. The technical details for each of the con-

structions appear in later chapters.

4.1 Composing Retrenchmentswith Refinements

Thefirst step to acomplete theory of the integration of retrenchment and refinement isto
investigate the composition of retrenchment and refinement steps. To compose a re-
trenchment and a refinement we must first decide on the nature of the resulting relation-
ship. We define the composition of aretrenchment and a refinement to be aretrenchment.
Given that retrenchment is the more general mechanism, thisis realistically the only di-
rection in which to proceed; the alternative, defining the composition as arefinement, in-

volves trying to capture retrenchments inside refinements.

We will first consider the composition of a retrenchment step followed by a refinement
step. To make further progress, in addition to the systems Abs and Conc wemet in earlier

chapters, we need an additional system Btw (for between) with variablesv, j and p.

Proposition 4.1. Let there be a retrenchment from Abs to Btw given by retrieve relation
H(u, v) and for each Op, within relation Qq(i, j, u, v), output relation Nop(0, p; ug vé i, j,

u, v) and concedes relation Dop(ug V6 o, p; i, j, U, v). Further, let there be a refinement
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from Btw to Conc given by retrieverelation K(v, w), and for each Op, input relation Ro(j,
K) and output relation Vou(p, d). Then thereis aretrenchment from Abs to Conc given by
retrieve relation G(u, w), and for each Op, within relation Po(i, k, u, w), output relation
Oop(0, g; u§ wé i, k, u, w) and concedes relation Cop(u¢ WG o, o; i, k, u, w), which we
define below.

Each of G, Py, Ogp and Cqy, are defined in terms of the relations of the component re-
trenchment and refinement. For G, the sensible choice is to define it as the composition
of H and K,

G(u, w) = H(u, v)sK(v, w) . 4.0
Next, we consider Pgy,. We note that there is no within relation for the refinement from
Btw to Conc which we can compose with thewithin relation Qg of theretrenchment from
Abs to Btw. The approach we adopt isto construct a suitable within relation, from the ex-

isting retrieve and input relations of the refinement. L et the new within relation be denot-
ed by Wop. Then

Wop(i, K v, W) = Rog(i, k) UK(v, w) . (4.2)

Recalling the material from Chapter 2, Wq, isjust the parallel composition of K and Rpy,.
Thus if we were working in the purely relational framework we used in the first part of

Chapter 2, we would write Wo, = K| Rg,,. For P, we now have

Pop(i, k, u, W) = Qop(i, j, U, V)sWop(i, k, v, w) , (4.3)
but we will always write such compositions in their expanded form,

Pop(i, k, u, W) = Qopfi, J, U, V)5(Rop(i, K) UK(V, w)) , (4.4)

and so avoid an additional level of definitions. Aswe shall see, (4.4) isnot strong enough
for our purposes and we in fact need H(u, v) to hold whenever Qqi, j, u, v) holds. We

shall comment on this further below. We therefore define P, as
Pop(i, k, u, W) = (Qopfi, j, U, V) UH(U, v))s(Rop(i, K) UK(Y, W) . (4.5)

Finally we define,
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Oop(0, G UG WG i, k, u, w) =
Nop(0, P; UG VG i, j, u, V)3(Vop(p: @) UK(VG wd URG(, K) UK(v, W), (4.6)

Cop(ubwg o, q; i, k u, w) =
Dop(Us V6 0, p; i, j, U, V)s(K(vG W UVop(p, @) URog(, ) UK(v, W) . (47)

Given these definitions we can now prove Proposition 4.1.

Proof. To show that there isaretrenchment from Abs to Conc we must discharge the rel-
evant Init, Op and Term POs. We take the Init PO first.

" We show

InitgWg b ($ ude Init,(ug UG(ug wg) . (4.8)

Assume the antecedent Initc(w@). From thelnit PO for the refinement from Btw to Conc,

Inite(w® P ($ vl Initg(v UK(vE wa), (4.9)

we get Initg(v9 and K(v¢ wq for chosen valuevé From the former and the Init PO for the

retrenchment from Abs to Btw,

Initg(v) B ($ ude Inity(ud UH(ug va), (4.10)

we get Init,(u and H(u¢ vg for chosen value u¢ So we have Init,(u9 and al we need is

G(u¢ wq. Thisfollows from the composition of K and H, by (4.1). We are done.

Next we show the Term PO,

G(u, w) UPop(i, k,u,w) b trmopA(u, )] Utrmopc(w, K) . (4.11)

Assume the antecedents. From Po(i, K, u, w), by (4.5), there are values, j and v say, such
that Qop(i, J, U, V), H(u, V), Rop(j, K) and K(v, w) hold. Then, from the Term PO for the

retrenchment from Abs to Btw,

H(u, v) UQgp(i, j, u, V) P trmoyp, (U, i)Utrrrpr(v,j), (4.12)
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we obtain trmopA(u, i), which we require, and tr mopB(v, J)- Notice that we needed to de-
fine Pop in terms of both Qo and H, so asto ensure that they share acommon u and thus
that the antecedent of (4.12) holds. We can now use the App PO for the refinement from
Btw to Conc,

K(v, w) U Rop(is K) U trmop, (v, ]) P trmg, (W, K) (4.13)
to obtain the remaining conjunct tr mopc(w, k). Thus (4.11) holds as required.

" Last we show the Op PO,

G(u, W) UPqi, k, u, w) U trmop, (V. J) U StPop, (W, k, g q) P
($ ug 0+ stpgy, (u, i, ug 0) U
((G(ug wg U Ogp(0, g; uG wé i, k, u, w)) U Cop(uGwg o, g; i, k, u, w) )) .
(4.14)

Assume the antecedents. Aswe saw in the proof for PO (4.11), from Pgy(i, k, u, w) we
obtain Qop(l, j, U, v), H(u, v), Rop(, k), K(v, w) and trmopB(v, ). We can now usethere-

finement Corr PO

K(v, W) URgp(j, k) U trmop, (v, ) U StPop, (W, k, W q) P
($ V& p* Stpop, (V. J, V& p) UK (VG wh UVoy(p, 9)) (4.15)

to obtain stpopB(v, J, V& p), K(v§ wg and V(p, g) for values veéand p. We can now use
the Op PO for the retrenchment from Abs to Btw,

H(u, V) UQop(i . U, v) U stpop, (., V& p) P
($ ug 0+ stpgy, (u, i, ug 0) U
((Hug vy U Nop(0, p; u§ Vg i, j, u, v)) U Dop(u§ VG o, p; i, j,u,v) ), (4.16)

to assert values u¢and o such that stpopA(u, i, ug o) and (H(ug vg U Nop(0, p; u§ v§i, j, u,
V)) UDgp(u§ Vg o, p; i, j, u, v) hold. So we now have thefirst conjunct, stpopA(u, i, ug o),
of the consequent of (4.11). All we needisthe second, (G¢U Ogp) U Cpp. We derive this
from (HCU Ngp) UDgp asfollows. Assume HEU Ngy,. Then as K(vé wg holds, we have
H(ug vgsK(v¢ wg and thus G(ug w, by (4.1). Furthermore, because K¢ Vg, Rop and K
al hold, we have Noy(0, p; ug VG i, j, U, V)s(Vop(p, @) UK(vE wl) U Roy(j, k) UK(v, w))
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and thus Og(0, g; UG W§ i, k, u, w), by (4.6). Now assume Dgp(ug v§ o, p; i, j, u, v). Then
Dop(ué v§ o, p; i, j, u, V)3(K(vG Wl U Vay(p, 6) URo(i, k) UK(V, w)) gives Cop(ug wé o,
q; i, k, u, w), by (4.7). Hence (G¢U Ogy) U Coy, holds and we are done. n

Proposition 4.2. L et there be arefinement from Abs to Btw given by retrieverelation K(u,
v), and for each Op, input relation Ro(i, j) and output relation Vo (0, p). Let there be a
retrenchment from Btw to Conc given by retrieverelation H(v, w) and for each Op, within
relation Qop(, k, v, W), output relation Nop(p, d; v§ we j, k, v, w) and concedes relation
Dop(V§ We p, g; j, k, v, w). Then there is aretrenchment from Abs to Conc given by re-
trieve relation G(u, w) and for each Op, within relation Pqy(i, k, u, w), output relation
Opp(0, g; ug wé i, k, u, w) and concedes relation Cop(u¢ w6 o, g; i, k, u, w), where

G(u, w) = K(u, v)sH(v, w) , (4.17)

Popli. k U W) = (Rop(i, ) UK(U, V)3(Qopli. k. v, W) UH(V, W) (4.18)

Oop(0, g, uGwé i, k, u, w) =
(Vop(0, p) UK(ug v URoy(i, ) UK(U, v))sNop(P, 0 Ve WG j, k, v, w) , - (4.19)

Cop(U§ Wé 0, q; i, k, u, W) =
(K(ug v UVop(o, ) URop(i, )) UK(U, V))sDop(VG wa p, g5, k, v, w) . (4.20)

Proof. Similar to Proposition 4.1. m

Similar results for the composition of retrenchments and refinementsin a partial correct-
ness setting are reported in [BJPO4], which also examines various forms of composition
mechanisms for retrenchment. [BJO2] defines stronger forms of output retrenchment by
imposing constraints on the component relations, and studies their composition and asso-

ciativity.

We note the above definitions for the relations of the composite retrenchment are not the
only ones possible. For example, in the postjoin and prejoin structures introduced later in
this chapter, stronger forms for the output and concedes relations are used, securing the
results we seek there.
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4.2 ThelLifting Construction

Suppose we have a retrenchment from a system Abs to a system Conc. The lifting con-
struction takes the given retrenchment and decomposesit into aretrenchment followed by
arefinement. The decomposition resultsin anew system Univ, which retrenches Abs and

refinesto Conc, asshownin Figure4.1. Inaddition, Univ isrequired to be asystem at the

H', Q",N', D"

Abs) ———————= ( Univ
retrenchment

K, R,V
refinement

Figure 4.1: Decomposing aretrenchment into a retrenchment followed by a refinement.

level of abstraction of Abs but one which capturesthe constraints demanded by Conc. We

say the construction lifts Conc to the level of Abs.

We obtain the desired level of abstraction for Univ, by ensuring that for any system Xtra
which aso decomposes the retrenchment from Abs to Conc, there is a refinement from
Univ to Xtra (this thus being the universal property which characterizes Univ), see Figure
4.2. Hence Univ is the most abstract decomposition possible. As further evidence that
Univ isat ahigh enough level of abstraction, we demonstrate that the Abs to Univ retrench-
ment isidempotent. By this we mean that applying the lifting construction to the Abs to

Univ retrenchment itself, resultsin a system which is essentially Univ.

Univ and all the other systems Xtra which decompose the retrenchment belong to a class
of systems, which describes the additional attributes that systems decomposing the re-
trenchment need in order to realize the desired construction. The class also defines what
“abstraction” isin this technical context. We build Univ to be the most abstract in this

class. Infact there may be a number of systems which are the most abstract in that they
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H~, Q7, N°, D~
retrenchment

i KO, RO, Vo
I refinement

H., Q., N., Dn ,
Abs) ———————= ( Univ =
retrenchment E

KR,V
refinement

KSR,V
G,P,O,C refinement

retrenchment

Figure 4.2: Lifting Conc to the level of Abs

refine onto all the other systems in the class of decompositions. These most abstract sys-
tems form an equivalence class, members of which are all interrefinable. Univ isthen the

most abstract in the class of systems decomposing the retrenchment, up to equivalence.

4.3 ThelLowering Construction

This construction complements the lifting one by decomposing the retrenchment from
Abs to Conc into arefinement from Abs to a system Univ and a retrenchment from Univ
to Conc; see Figure 4.3. The objectivethistimeisfor Univ to beathelevel of Conc. We

say the construction lowers Abs to the level of Conc.

In the class of systems decomposing the retrenchment, we ensure Univ is the most con-
crete decomposition possible, up to equivalence, by requiring it to have the universa
property that for al other systems Xtra in the class, there is arefinement from Xtra to the
abstract core bound transitions of Univ (see Definition 3.1). Additional evidence that Univ
is concrete enough is provided by demonstrating that the construction of Univ isidempo-
tent: lowering the abstract core bound transitions of Univ again by repeating the construc-

tion yields nothing new.
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Abs
G,PO,C
K.R,V retrenchment
refinement
K™ R, V™ -
refinement

i . H Q' N, D’
(Univ ) Grenchment™

KO, Ro " Vo
refinement

H,Q,N,D"
retrenchment

Figure 4.3: Lowering Abs to the level of Conc

4.4 ThePostjoin Construction

Suppose we have asystem Abs which is retrenched to a system Ret, and also refined to a
system Ref. The postjoin construction produces a new system Univ such that Univ is Si-
multaneoudly aretrenchment of Ref and arefinement of Ret. Additionally, the composi-
tion of the Abs to Ret retrenchment with the Ret to Univ refinement on the one hand, and
the composition of the Abs to Ref refinement with the Ref to Univ retrenchment on the
other, must both be equal and be aretrenchment from Abs to Univ. Wefurther character-
ize Univ inasuitably universal manner, viz. that any other system Xtra, in the class of sys-
tems which achieve the same reconciliation, must be refinable from Univ. Thus, in the
class, Univ isthe most abstract possible completion of the square up to equivalence. See

diagram (i), Figure 4.4.

45 ThePreoin Construction

The prejoin construction is the counterpart of the postjoin. Given a system Conc which
isboth arefinement of asystem Ret and aretrenchment of asystem Ref, the postjoin pro-
duces a system Univ which is both retrenchable to Ret and refinable to Ref, and for which
the composition of the Univ to Ret retrenchment with the Ret to Conc refinement on the

one hand, and the composition of the Univ to Ref refinement with the Ref to Conc re-
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All arrows labelled H, Q, N, D are retrenchments;
al arrowslabelled K, R, V are refinements.

Figure 4.4: (i) the postjoin construction; (ii) the prejoin construction.

trenchment on the other, must both be equal and be a retrenchment from Univ to Conc.
Additionally, Univ must be canonical in that for any other system Xtra in the class of sys-
tems which also complete the square, there is arefinement from Xtra to Univ. Thus Univ
isthe most concrete completion possiblein the class up to equivalence. See diagram (ii),

Figure 4.4.

4.6 An Engineering Perspective

The structures linking retrenchments and refinements described above are not merely
mathematical curiosities: they also have practical benefits. First, they show that retrench-
ment and refinement are not incompatible techniques. They reassure practitionersthat the
two mechanisms can be used together, that the introduction of retrenchment into a devel-
opment does not take the process down a route at odds with refinement. Second, these
constructions provide mechanisms which can be used to generate new systemsfrom given
retrenchments and refinements.

Consider thelifting construction. It takes aretrenchment step and rai ses the concrete (re-
trenching) model to the level of its abstract precursor. Theresult isanew abstract model

whichisrefinable back to the concrete one. Hence if the origina abstract model isaspec-
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ification, thelifting construction automatically generates anew specification which incor-
porates the retrenched constraints found in the concrete model. It isimportant to realize
that the concrete model is not necessarily the immediate successor of the abstract specifi-
cation. The single retrenchment step lifted by the construction could be the composition
of several retrenchment and refinement steps. The reciprocal lowering construction on
the other hand, allows usto lower the abstract model to the level of abstraction of the con-
crete one. It captures that part of the change in abstraction which can be expressed as a
refinement alone. Theresult thus providesadifferent view of the abstract system, thereby
enabling a developer to consider the problem from a different perspective, which is al-

ways a useful thing to do.

The postjoin also has adirect application. Referring back to Figure 4.4 (i), imagine that
Ref isthe end-product of aformal software development, refined from an original speci-
fication Abs. Sometime later, a new version of the softwareis proposed, and the original
specification is atered to incorporate the changes. If we can relate the new specification
to the initial one via a retrenchment, the new specification takes the place of Ret in the
diagram. We can now avoid a complete reworking of the devel opment, and use the post-

join to directly construct the new concrete version Univ.

The pregoin construction allows usto achieve something similar. Let therefinement from
Ret to Conc in Figure 4.4 (ii) represent an existing devel opment from abstract specifica-
tionto code. Suppose now the codeischanged to give anew program and the relationship
between the two is a retrenchment from the new to the old, from Ref to Conc in the dia-
gram. Thenwe can usethe prejoin to automatically obtain Univ, an abstract representation

of the new program.

4.7 TheTower Pattern

The scenariosin the previous section share acommon theme which we educe in the meth-
odological paradigm we call the Tower Pattern. When the above mechanisms are repest-
edly applied to a stack of refinements, Mg E My E M, £ ... E M,, they result in the
formation of the tower structure shown Figure 4.5, where the vertical relationshipsarere-
finements and the horizontal relationships are retrenchments. To build the tower we could

start at the top, define the retrenchment Mg to Ng, representing a change in specification
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ref ref
ref ref
ref ref
——

Figure 4.5: The Tower Pattern

for example, and then use the postjoin to successively construct the stack of refinements
from Ng to N,,, so pushing the change in requirements down through the stack. Alterna-
tively, we could begin with the bottom retrenchment M,, to N,,, and first compose it with
the refinement from M,,_; to M,,, to obtain the retrenchment M,,_; to N,, (the bottommost
diagona arrow). We then use the lifting construction to generate the refinement from
N,_1 to N,. We continue in similar fashion, building the tower upwards, relaying the
change described by the bottom retrenchment to the topmost level. Of coursethereisalso
the option of working from the N-refinement stack and using the prejoin or lowering con-
struction to create the M-stack instead.
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Chapter 5
TheLifting Theorem

This chapter tackles the problem of decomposing a retrenchment from an abstract to a
concrete system into a retrenchment followed by a refinement. We engineer a system
Univ which isthe most abstract up to equivalence within a class of systems achieving the

same decomposition.

A previous attempt at the lifting construction [Ban00], has been shown to contain a bug
by the author of thisthesis. The materia below is significantly different from this earlier

work.

5.1 ThelLifting Theorem

Theorem 5.1. Let there be a retrenchment from Abs to Conc, as shown in Figure 5.1.

Then the following hold.

(1) Thereisauniversa system Univ such that there is a retrenchment from Abs to Univ
and a refinement from Univ to Conc whose composition is the given retrenchment,
and which satisfies (U1) to (U7) below.

(2) Whenever there is a system Xtra and a retrenchment from Abs to Xtra and a refine-
ment from Xtra to Conc whose composition isthe given retrenchment, and which sat-
isfies (X1) to (X7) below, then there is a refinement from Univ to Xtra such that the
following inclusions hold. H™ b H'$K°, Qgp P Q'gps(R°0p U K°), N'g, P
N op3(V°op UK CU R°0, UK®), D™gp P D' ops(K°¢U Vg UR° g, UK?), KsK™ b
K', RopsRop P Rigpand VsV, P Vg, (seealso (5.52) to (5.58)).
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H~, Q7, N°, D~
retrenchment

i KO, RO, Vo
I refinement

H., Q., N., Dn ,
Abs) ———————= ( Univ =
retrenchment E

KR,V
refinement

KSR,V
G,P,O,C refinement

retrenchment

Figure 5.1: Lifting Conc to the level of Abs

(3) Whenever a system Univ* has properties (1) and (2) above of Univ, then Univ and

Univ* are mutually interrefinable.

In the following sections we prove each of the above parts.

5.2 Proof for Part (1)

We take the retrenchment from Abs to Conc and build anew, universal system, Univ, for
which wethen show thereis both aretrenchment from Abs and arefinement to Conc. See

Figure 5.1.

For Abs the operation names set isOpa I Opsa, state, input and output spaces are u 1

U,il lop,: ol Ogyp, and initialisation and step predicates are Inita and stpgy, . Corre-
spondingly, for Conc wehave Opc 1 Opsc, wl W, Kl Kopc, ql Qopc, Initc and StPop,.
Here, Opsp | Opsc. Let the retrenchment from Abs to Conc have retrieve relation G,

and for each Op, within relation Pgy,, output relation Og, and concedes relation Coy,.
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521 Thesystem Univ

The operation names set of Univ is Ops; with elements Op,. The state space isV with
elementsv. Theinputsarej 1 J, and the outputsare p1 P. These are al constructed
from the systems Abs and Conc as follows. Firstly Opsy, = Ops¢ = Opsp E (Opsy —
Opsp). So each Opy is either an Opy or an Opy 1 (Opsy —Opsa). NextV=T" U~
W, whereT={0,1} andt T Tisatag. For OpyT Opsy theinput and output spaces are
Jop=lop~ Kop @d Pgp = O, " Qop, While for Opy I Opsa, Jop = Kgp and Pgp =
QOp-

Let the initialization predicate Init, (v be defined as follows.

Inity(v@ = ( ve= (t¢ ug wg Ut¢=0 U Inity(ud U G(ug wa) ) (5.1)

We now give the transitions of Univ. For Opy 1 Opsp let the step relation be

Stpop, (V. J, V& P) = stpgp ((t, u, W), (i, k), (t§ u¢ w9, (o, q)) =
(t=1t¢=0UG(u, w) UPqgy(i, k, u,w) U StPop, (U, i, ug 0) U
((G(ug wg U Ogp(0, g; uG wé i, k, u, w)) UCop(utwg o, g; i, k,u,w)) ) . (5.2)

For Opy | Opsp let

StpOpU(V, j! VG p) = Stpopu((t! u, W)! k! (t(l; ug W(D! q) = StpOpC(W! ka w( q) . (53)

This completes the definition of Univ.

Given the above, observe that the following hold. For Opy T Opsp

trmgp (V. J) = trmgp ((t, u, W), (i, k) =
(t=0UG(u, w) UPqi, k, u,w) U trmoyp, (U, i) U
($ ug 0, WG g * stpgp, (U, i, ug 0) U
((G(ug W U Ogp(0, 0; ug wé i, k, u, w)) UCqp(ug wé o, g; i, k, u, w)))) .
(5.4)

For Opy | Opsa

trmopu(v,j) = trmopu((t, u,w), k) = trmopc(w, K) . (5.5
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5.2.2 Theretrenchment from Abs to Univ

In this section we show that Univ is aretrenchment of Abs. To do thiswe first define the

component relations of the retrenchment and then show that the retrenchment POs hold.

5.22.1 Thecomponent relations

The data for the retrenchment consists of the retrieve relation H', and for each Op, the
within relation Q" gy, the output relation N'gp, and the concedes relation Do, These are
defined as follows.

H'(u,v) = (v=(t, u,w) Ut =0UG(u, w)) (5.6)
Qoplii i U ¥) = (1= (1, k) Uv= (¢, u,w) Ut=0UPi, k, u, w) (5.7)

N op(0, p; UG VG, j, u,v) =
(p=(0,q) Uve=(tG u¢wd Uj=(i,k) Uv=(t,u,w) Ut=t¢=0U
Oop(0, 0; ug W i, k, u, w)) (5.8

D'Op(ucl; vGo,p;i,j,u V) =
(ve= (t¢u¢wd Up=(0,q) Uj=(i,k) Uv=(t,u,w) Ut=t¢=0U
Cop(u§wg o, q; i, k, u, w)) (5.9

5.2.2.2 Theinitialisation PO

We show

Inity(v@ B ($ uce Inity(ud UH"(ug vd) . (5.10)

Proof. Assume the antecedent and let v¢= (t¢ u¢ wd. Then by (5.1), t¢= 0, Init,(uf and
G(u¢ wg all hold. Hence, since t¢= 0 and G(u¢ wd) holds, by (5.6), H (u¢ v§ must also
hold. Therefore the consequent holds for the value u¢ |

5.2.2.3 Thetermination PO

We show

H'(u, v) UQgp(i, j, u,v) P trmop, (U, ) Utrrrlopu(v, 0. (5.11)
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Proof. For thisrelationship Op; only ranges over Ops,. Choose valuesv = (t, u, w) and
j = (i, K) for which the antecedents hold. From H’(u, v), by (5.6), we get G(u, w) and t =
0; from Qi j, U, V), by (5.7), we get Po(i, k, u, w). Therefore we can now use the

Term PO for the retrenchment from Abs to Conc,

G(u, W) UPqi, k,u,w) b trmop, (U, ) Utrrrlopc(w, K, (5.12)

toderivetr mopA(u, i), whichwewant, and trmopc(w, k) to boot. Thelatter guarantees that
there are after values, w¢and q say, such that stpopc(w, k, w¢ ) holds. We thus have the

antecedents of the Op PO for the retrenchment from Abs to Conc,

G(u, w) UPqyi, k, u, w) U stpop, (W, k, wé q) P
($ ug 0+ stpgy, (u, i, ug 0) U
((G(ug w9 U Ogp(0, 0; uG wé i, k, u, w)) U Cop(ug we o, g; i, k, u, w) ),
(5.13)

from which we can derive enough to conclude, by (5.4), that trmopu(v, j) aso holds. We

are done. -

5224 Theoperation PO

We show

H'(u, v) UQ op(i, i, U, v) Ustpop, (v, j, V6 p) P
($ ug 0+ stpgy, (u, i, ug 0) U
((H*(u6 vg UNgp(0, p; u§ Vg i, j, u, v)) UD op(ué VG 0, p; i, j, U, V) )) -
(5.14)

Proof. For thisrelationship Opy, only ranges over Ops,. Choosevaluesv = (t, u, w), j =
(i, K), ve= (t¢ u¢ wd, and p = (0o, g) for which the antecedents hold. From StPop,; by (5.2),
we get stpopA(u, i, u¢ 0) and also t = t¢= 0, and G(u¢ w9 U Og(0, g; u¢ wé i, k, u, w) or
Cop(u¢ wé o, g; i, k, u, w). Now assume G¢U Ogy, holds. Then, by (5.6) and (5.8), H*(ug
vl U N'Op(o, p; u¢ vg i, j, u, v) holds. Otherwise assume Cq,, holds.  Then, by (5.9),
D'Op(ucl; vG o, p; i, j, u, V) holds. Therefore the consequent holds for the values u¢and o.
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5.2.3 Therefinement from Univ to Conc

In this section we show that Conc is arefinement of Univ. To do thiswe first define the

component relations of the refinement and then show that the refinement POs hold.

5.23.1 Thecomponent relations

Thedatafor the refinement consists of theretrieverelation K*, and for each Op, thewithin

relation R’ and the nevertheless relation V', These are defined as follows.

K'(v,w) = (v=(t, u,w)). (5.15)

For Op1 Ops, we have

Riopli: K = (=(i k), (5.16)

Viopp. @) = (p=(0,0)). (5.17)
For Opi Opsp

Ropli, K = (=K, (5.18)

Viop(p. @) = (p=0). (5.19)

Relation (5.15) isa projection onto the third component. (5.16) and (5.17) are projections
onto the second component. (5.18) and (5.19) areidentities. Theserelationsaretherefore

al tota functions.

We also havethe input initialisations and output finalisations. Conc isthe only given sys-
tem involved in the refinements, thus we use the input and output spaces of its operations

to construct those of the global world. For OpT Opsa, Nop = Qop and I¢t,

Hop = {hT Kop|$i,k u,wek=hUPqyi, k u,w) UG(u, w)} , (5.20)
Initingy (. K) = (h=K), (5.21)
FinOutOpC(q, n = (q=ny, (5.22)

Initingy (n.]) = ($i, k u,wek=hUj = (i, k) UPoyi, k u,w) UG(u, w)) , (5.23)
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FinOutgy (P, M) = (P = (0, 9) Un=q). (5.24)

For Opi Opsp, Hop = Kop Nop = Qop and let,

Initingy (0, K) = (h=K), (5.25)
FinOuto, (a,1) = (q=n), (5.26)
Initingp (h,j) = (h=]), (5.27)
FinOutop, (P, 1) = (p=n) . (5.28)

Note that all the above relations are total.

5232 Theinputinitialisation PO

We show

Initlnopc(h, Kk P ($j- Initlnopu(h,j) UR‘Op(j, K)) . (5.29)
Proof. AsOpc1 Opsp E (Opsy —Opsp), there are two cases to consider.

- CaseOpc1 Opsa. Assumelnitlnopc(h, k). By (5.21), h=k. For thisk, by (5.20), there
arevalues, i, u and w say, for which Pq(i, k, u, w) and G(u, w) hold. Letj = (i, k) and v
=(t,u,w) witht=0. Then Initlnopu(h, J) holds, by (5.23), and R‘Op(j, k) holds, by (5.16).

Done.

- CaseOpc | Opsa. Assumelniting (h, k). By (5.25), h=k. Letj=h. Then, by (5.27),
Initingy, (h, j) holds, and, by (5.18), R'oy(j, K) holds. Done. -

5.2.3.3 Theinitialisation PO

We show

Inite(wq P ($ vee Init (v UK (VG wa) . (5.30)

Proof. Assume the antecedent Init-(w{. Sincewe have Init-(wd, we can use the Init PO

for the retrenchment from Abs to Conc,
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Initc(Wd P ($ ucs Initsa(ud U G(ug wa) , (5.31)

to get Inity(ud and G(ug¢ wd for chosen value u¢ Let v¢= (t¢ u¢ wd and t¢= 0. Then
Init,(v®) holds by (5.1) and K*(v¢ wd holds by (5.15). Hence there is a value, the vejust
derived, for which the consequent of (5.30) holds. n

5234 Theapplicability PO

We show
K*(v, w) UR‘Op(j, K) Utrrrbpu(v,j) s} trmopc(w, K) . (5.32

Proof. Since Opsy, decomposes as Opsp E (Opsy —Ops,), there are two cases to con-
Sder.

- Case Opy T Opsa. Assume the antecedents. K® and (5.15) fix the third component of
v to w, and let the first and second components be t and u respectively. R‘op and (5.16)
fix the second component of j to k and let the first component bei. Thusv = (t, u, w) and
] = (i, K). Then, from trmopu(v, i), G(u, w) U Pop(i, k, u, w) holds by (5.4). Hence, by
(5.12), trmopc(w, k) holds as required.

- CaseOpy | Opsp. Assume the antecedents. K and (5.15) fix the third component of
vtow and let the first and second components be t and u respectively. Thusv = (t, u, w).
R‘Op and (5.18) fix j = k. Then, from trmopu(v, 1), trmopc(w, k) holds by (5.5). m

5.2.35 Thecorrectness PO

We show

K*(v, W) UR g, K) U trmop, (v, ) U StPop, (W, k, WG g) P
($ V& p* Stpop, (v, ], V& p) UK (v wg UV (P, ) - (5.33)

Proof. Since Opsy, decomposes as Opsu E (Opsy —Ops,), there are two casesto con-

sider.
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. CaseOpy 1 Ops,. Assume the antecedents. trmopu(v, J) and (5.4) fix the first compo-
nent t of vto 0, K* and (5.15) fix the third component to w, and let the second component
be u. R‘Op and (5.16) fix the second component of j to k and let the first component bei.
Thusv = (0, u, w) and j = (i, k). From trmopu(v, 1), by (5.4), G(u, w) and Poyi, k, u, w)
hold. G and Pgy, together with StPop, make up the antecedent of the Op PO for the re-
trenchment from Abs to Conc, (5.13). Hence stpopA(u, I, u¢ 0) and (G(u¢ w9 U Ogy(0, g;
ugwg i, k, u, w)) UCop(ug w¢ o, g; i, k, u, w) hold for chosen valuesug o. Let vé¢= (t¢ ug
wa, t¢=0and p = (0, 0). Thenstpop, (V. ], V& p) holdsby (5.2); and K*(vé wg and V" op(p,
g) hold by (5.15) and (5.17) respectively.

- CaseOpy | Opsp. Assume the antecedents. K and (5.15) fix the third component of
v to w and let the first and second components bet and u. Thusv = (t, u, w). R‘op and
(5.18) fix j = k. Weaso have stpopc(w, k, wg g). So, let uspick any state in Abs, u¢say,
any value from T, t¢say, and set v¢= (t¢ u¢ w¢. Furthermore, let p=g. Then stpopu(v, I
VG p) holds by (5.3); and K*(v& wg and V'g(p, d) hold by (5.15) and (5.19) respectively.

|
5.2.3.6 Theoutput finalisation PO
We show

V' op(P; 0) UFinOutopC(q, n) b FinOutgy (P, N) - (5.34)

Proof. Since Ops decomposesas Opsu E (Opsy, —Ops,), there are two casesto con-

sder.

. CaseOpc1 Opsp. Assume the antecedents. By (5.17), V'Op fixes the second compo-
nent of pto g and let thefirst beo. Thusp = (0, ). Next, by (5.22), g =n. Thus FinOu-
topu(p, n) holds, by (5.24).

- Case Opc I Opsp. Assume the antecedents. By (5.19), p = g and, by (5.26), g = n.
ThusFi nOutopU(p, n) holds, by (5.28). n
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5.24 Therelations of theretrenchment from Abs to Conc

In this section we define the relations of the retrenchment from Abs to Conc in terms of
thereationsfor the retrenchment from Abs to Univ and the refinement from Univ to Conc,
and prove that these definitions do recover the relations of the Abs to Conc retrenchment.
Let

G(u,w) = H'(u, v)sK*(v, w) , (5.35)
Pop(i, k,uw) = Q'Op(i, j,»u, v)g(R'op(j, K) UK*(v, W), (5.36)

Oop(0, G UG WG i, k, u, w) =
N'op(0, P UG VG, ], U, )5(Vop(P, @) UK'(vE w UR 5, K) UK'(v, W) (5.37)

Cop(ucl; w¢ o, g; i, Kk, u, w) =
D’ op(U VG 0, p; i, j, u, V)3(K* (v wg UV o(p, ) UR og(i, K) UK'(v, w))  (5.38)

Inthe above OpT Opsa.
We show (5.35) and (5.37); the others are similar.

Proof. Consider (5.35) first. We expand the RHS.

H*(u, v)sK*(v, w)

= [meaning of composition]
($veH(uv) UK (v, W)

= [by (5.6) and (5.15)]

($veH(u,v) UK (v, w) Uv= (0, u,w))
= [one-point rule]

H*(u, (0, u, w)) UK*((0, u, w), w)
= [by (5.15)]

H*(u, (O, u, w))

= [by 58]

G(u, w)

Now consider (5.37). Again, we expand the RHS.
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N'op(0, P; UG V& i, j, U, V)3(V op(p, @) UK (VG Wl UR og(j, k) UK'(v, w))

= [meaning of composition]

($p. V&j, Ve N'op(0, p; UG VG i, j, U, v) UV 'gp(p, G) UK (v W9 UR o j, k) UK (v, w))

= [by (5.8), (5.15), (5.16) and (5.17)]

($p, V6], ve N0, p; UG VG, j, u, v) UV o, §) UK (VG wg UR o j, k) U
K*(v, w) Up= (0,q) Uve= (0,u¢wd Uj = (i,K) Uv= (0, u, w))

= [one-point rule]

N'op(0, (0, @); ug (0, uGwa), i, (i, k), u, (0, u, w)) UV'ox((0, ), @) UK™((0, ug w), wg) U
R op((i, K), K UK*((0, u, w), w)

= [by (5.15), (5.16) and (5.17)]

N*op(0, (0, @); ug (0, ug w9, i, (i, K), u, (0, u, w))

= [by 5.9)]

Opp(0, g; ug wg i, k, u, w)

Thus G = H'sK® and Ogp, = N' o3V op UK CUR 5, UK?). n
Op Op Op Op

5.2.5 Propertiesof Univ
Below we state properties (U1) to (U7) of Univ.

(H*(u, v) UQ (- Uy V) UN" (..., U, V) UD g, U, V) U
N'op(0, B; U, V, ...) UD gg(u, V, ...)) UK"(v, w) U
H'(u,v) UK'(v,w) P v=v (U1)

(Qoplii Js ) UN'Gpleve iy iy ) UD ol i, i ) UR (i, K) U

Qoplis iy ) UR ol K) P j =] (U2)
FinOutg, (P, 1) P ($9+a=nUVoy(p, 0) (U3)
For Op1 Opsy

Initingg (n,j) P ($i,k u,v,wek=hUQ'q(i,j, u, V) U

H'(u, v) UR gp(i, K) UK'(v, w)) (U4
For Opl Opsp
K*(v, W) UR'gpi, k) Utrmgy, (w, k) P trmgy, (v, ) (U5)
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K*(v, W) UR gp(i, K) UK’ (v wg UV o(p, ) U StPop, (v, J, V& p) P
Stpop, (W, k, wé q) (U6)

Initingg (h,j) P ($ k+k=hUR o, K) (U7)

In the above, Q"gy(.-., U, V) is shorthand for ($1, j * Q*oy(i, J, U, v)), and similarly so for
the other relations. We now show these properties hold.

T (U1): (H(u,v) UQ op(-ws U, V) UNTG(-.., U, V) UD (..o, U, V) U
N'op(0, p; U, V, ...) UD"gp(u, V; ...)) U
K'(v, w) UH'(u,v) UK'(v,w) P v=v.

Proof. Assume the antecedents and let v = (t, u, w) and v = (t, U, w). Each one of (5.6)
and H'(u, v); (5.7) and Q gy, U, v); (5.8) and N'gy(..., U, v) or N'gg(0, p; u, v, ...); and
(5.9) and D (.., U, V) or D'gp(u, v, ...) assert that u = uand t = 0. Similarly, from H'(u,
v)wegetu=uandt=0. Thusu=uandt=t. Inaddition, by (5.15), K*(v, w) asserts that

w =w, while K*(v, w) assertsthat w = w. Thusw =w. It thereforefollowsthatv=v. m

(U2 (Qoplivis ) UNGplews iy, ) UD g 1y, ) U
Ropli, KW UQop(i, j, ) UR o, K) P j =]

Proof. Similar to (U1). n

" (U3): FinOutop (P, n) P ($0°a=nUVyp, )
Proof. SinceOpT Opsa E (Opsy —Ops,), there are two cases to consider.

- CaseOpl Opsp. Assume FinOutOpU(p, n) with p= (0o, g). Now, by (5.17), V'Op(p, Q)
holds. Consequently, because (5.24) says q = n, we are done. n

- CaseOpl Opsp. Assume FinOutop, (p, n). By (5.28), p=n. Letq=n. Then, by
(5.19), V'op(p, 0) holds, so we are done. m

" (U4): Initingg (h,j) P
($i,kuv,wek=hUQ g, ], u, v) UH'(U, v) UR o5}, K) UK'(v, W)
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Proof. Assume Initl nopu(h, j). Using (5.21) wederivei, k, uand w for which Po(i, k, u,
w) and G(u, w) hold, withk=handj = (i, K). Letv=(t u,w)andt=0. Then Q' |,
u, v) and H(u, v) hold, by (5.7) and (5.6) respectively. R'oy(j, k) and K*(v, w) hold, by
(5.16) and (5.15) respectively. We therefore have the consequent of (U4). Done. n

" (US): K'(v, W) UR o, K) Utrmopc(w, K P trmgy (V. ]) .

Proof. Assume the antecedents. K°(v, w) and (5.15) fix the third component of v to w.
Let thefirst and second bet and u. Thusv=(t, u,w). R'op(j, k) and (5.18) fixj =k. There-
fore, since trmopc(w, k) holds, trmopu(v, J) holds by (5.5). |

" (UB): K'(v, W) UR og(j, k) UK (VG wg UV (p, q) U StPop, (v, J, V& p) P
StpOpC(W, ka W(I; q)

Proof. Assume the antecedents. By (5.15), K*(v, w) fixes the third component of v to w,
and let the first and second components be t and u. Thusv = (t, u, w). Similarly from
K*(v6 wg we get vé= (¢ u¢ wg. Furthermore, R'oy(j, k) and (5.18) setj = k, and V'gp(p,
g) and (5.19) setp=q. Thus stpopc(w, k, w¢ q) followsfrom StPop,; by (5.3), asrequired.

" (U7): Initingg (h,]) P ($kek=hUR g, K)

Proof. Assumelnitlnopu(h, ). By (5.27),h=j. Letk=h. Thenj =k, and thus, by (5.18),
R'op(i, k) holds. =

This completes part (1) of the theorem.

5.3 Proof for Part (2)

The systems which decompose the retrenchment must belong to a class defined by (X1)
to (X7) below, and the condition that the retrieve, input and output relations for the refine-
ment to Conc aretotal functions. To prove part (2) we must show that for any system Xtra
inthe class, thereisarefinement from Univ to Xtra. We structure the proof asfollows. In
Section 5.3.1 we detail the components of Xtra and state properties (X1) to (X7). In Sec-
tion 5.3.2 we define therelations K°, R°gp,, V°op and then prove that they arethe retrieve,
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input and output relations of the desired refinement. Finally, in Section 5.3.3, we show
that the inclusions stated in part (2) hold.

5.3.1 Thesystem Xtra

The system Xtra has operation names set Opy I Opsy, with Opsy = Ops,;. The state
spaceisVv' 1 V°. For each Opy, the input spaceisj™ 1 Jop, @nd output space is p° ]

P~Opx- Wewill denotetheinitialisation predicate by Inity and the step relation by Stpop, -

L et the retrenchment from Abs to Xtra be given by retrieve relation H, and for each Op,
within relation Q7, output relation N™ and concedes relation D™. Let the refinement from
Xtra to Conc be given by retrieverelation K, and for each Op, theinput relation R'gp, the
output relation Vg, the input initialisation Initl Nop, and the output finalisation
FinOutgp . Let Initing, and FinOutg, betotal and K™, R'g, Vg, betotal functions.

Let Xtra have properties (X1) to (X7) given below.

(H(u, V) UQ op(-., U, V') UN (..., U, V) UD™ (.., U, V) U
N op(0, P U, V', ...) UD gg(u, V7, ...)) UK™(V', W) U
H(u, V) UK(V,w) P v =V (X1)

(Qoplis i ) U N op(-s 1,17 ) U D op(--5 1,17, ) U Rop(i™s K) U

Qoplis I ) UR (i, K P =] (X2)
FinOutop (p7, n) P ($+q=nUVoy(p", 0) (X3)
For Opl Opsp

Initingp (n,]) P ($1,k u, v, wek=hUQgpfi,j", u,v) U

H(u, V') UR o™, k) UK op(V', W)) (X4)
For Opi Opsp
K*(v', W) URop(i™, k) Utrmgy (W, K) P trmoy, (V' ) (X5)

K7, W) UR op(f", K) UKW 6w UV 0P, @) Ustpop (V' 17, VG P) P
StPop, (W, k, WG ) (X6)
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Initingy (n,]) P ($kek=hUR (", K) (X7)

Notice properties (U1) to (U7) are instances of (X1) to (X7) respectively when V™=V, J~
=Jand P~ =P. Inaddition, K*, R'g, and V', are total functions, just like K, R’ g and

Vop- Hence Univ and Xtra belong to the same class of systems which factorise the re-

o
trenchment from Abs to Conc.

5.3.2 Therefinement from Univ to Xtra

To show Xtra is a refinement of Univ we first define the component relations and then
show that the refinement POs hold.

5.3.21 Thecomponent relations

We define the retrieve relation K°, and for each Op, the input relation R°g,, and output

relation V°q, for the refinement from Univ to Xtra.
Ke(v, v?) = K°((t, u,w), V") =((t=0UG(u,w) P H(u,v)) UK(v,w)). (5.39
For Op1 Opsy

R°op(i:17) = Roop((i, K), ") =
((" U, w, v e Po(i, k, u, w) UH(u, V") UK™(v', w) b Qop(is i7 U, V) U

Ropl™ K)) . (5.40)
Veop(P, P7) = Voop((0,0), P7) = Viop(P™, 0) - (5.41)
For Opl Opsp
Roop(i i) = (i =kURop(™K)), (542)
Voop(P. PY) = (P=qUV (P, 0)) . (5.43)

5322 Theinputinitialisation PO

We show

Initingp (n,]7) P ($] « Initingy (N, ) UR0p. ) - (5.44)
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Proof. Since Opsy decomposes as Opsu E (Opsy —Ops,), there are two casesto con-

sider.

. CaseOpy I Ops,. Assumelnitlnopx(h,r). By (X4), we derivei, k, u, v- and w, such
that Q" op(i, j7 U, V), H'(U, V), R'op(i™, K) and K™ gp(v7, w) hold, with k=h. Then, Q"o (i,
7 u V)3(Rop(7, K) U K op(V", W)) gives Poy(i, k, u, w) and H™(u, v')sKop(V", W) gives
G(u, w). Letj=(, k). Hencelnitlnopu(h, j) holds, by (5.23).

It remains to show R°g(j, J7). We take the two conjuncts of (5.40) in turn. To establish
thefirst conjunct assume Po(i, k, u, w) UH™(u, v?) UK™(v", w). We require Q oui, |7, U,
V). Now, Pop(i, k,u,w) = Q~Op(i Nt \:F)g(R‘Op(L KU K™(v", w)). Accordingly, we pick
witnesses |~ and v~ for which Q"o(i, |7, U, V), R'op(l, k) and K™(v", w) hold. Then, by
(X1), v =V, and, by (X2),]"=]j". Thus Q~Op(i, Iy V)= Q~Op(i, 17, u, V), asrequired.

The second conjunct isimmediate because we have R’ k). We are done.

- Case Opy [ Opsp. Assume Initingy (h, 7). By (X7), wederive k such that Rigp(i™, K)
holds, withk =h. Letj =h. Then Initl nopu(h, J) and R°o(j, |7) are true, by (5.27) and
(5.42) respectively. ]

5.3.2.3 Theinitialisation PO

We show

Init, (V') B ($ ves Inity(vd UK°(VG VD) . (5.45)

Proof. Assumelnity(V'¢. Sincewe have Inity(V'9, the Init PO for the retrenchment from
Abs to Xtra,

Inity (V') B ($ uce Inity(ud UH(ug v'9) , (5.46)

gives Inity (U and H(u¢ v'9. Now K™ istotal. Therefore, there is a state, say w¢ for
which K*(v'¢ wq holds. But then, by the composition H*¢K™¢it followsthat G(u¢ wd must
also hold. Let ve= (t¢ u¢ wg and t¢= 0. Then Inity(v® holdsby (5.1). Finaly, since both
(t¢=0UG(u¢ wd P H(ug v') and K~(v'¢ wa hold, K°(v¢ v ¢ holds by (5.39). ]

Chapter 5 The Lifting Theorem 70



5.3 Proof for Part (2)

5324 Theapplicability PO

We show
K°(v, V) UR (i, ) Utrmopu(v, j) P trmoy (V7). (5.47)

Proof. Since Opsy, decomposes as Opsu E (Opsy —Ops,), there are two casesto con-

sider.

. Case Opy I Opsp. Assume the antecedents with v = (t, u, w) and j = (i, k). From
trmopu(v, j), by (5.4), wehavet =0, G(u, w), Poy(i, k, u, w) and trmopA(u, i). Now, K°(v,
V7)), t=0and G(u, w) give H(u, V') and K(v", w), by (5.39). Also, R°op(j, J), Pop(i, k,
u, w), H™(u, v?) and K*(v*, w) give Q~Op(i, i, u,v) and R‘Op(r, k), by (5.40). We now

have all the antecedents of the Term PO for the retrenchment from Abs to Xtra,
H (U, V) UQ (i, 7 U, v) b otr Mop (V1) - (5.48)
Therefore tr Mop, (v, ]7) holds as required.

- CaseOpy | Opsp. Assumethe antecedentswith v = (t, u, w) andj =k. FromK°(v, V),
by (5.39), we get K*(V', w); from R°qq(j, J), by (5.42), we get Ry, k); and from
trmop (v, ]), by (5.5), weget tr mopc(w, k). Therefore we have all the antecedents of (X5).
Hence tr Mop, (v, J7) holds as required. n

5.3.25 Thecorrectness PO
We show

Ke(v, V') URCop(i, 7) Utrmg, (v, ) Ustpoy, (V7,7 V6 ) P
($ V6 p* stpop, (V. J, V& p) UK (VG Vg UV°o(p, ) - (5.49)

Proof. Since Ops; and Opsy decompose asOpsp E (Ops, —Ops,), thereare two cas-

esto consider.

- Case Op1 Opsp. Assume the antecedents and let v = (t, u, w) and j = (i, k). First we
shall derive stpopu(v, ], V¢ p). Weproceed asfollows. From trmopu(v, J) wegett=0, G(u,
w) and Poyi, k, u, w) by (5.4). Thus, because we havet =0, G(u, w) and K°(v, V), we get
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H™(u, v7) and K™(v", w) by (5.39). At this point we have R°q(j, |), Pop(i, k, u, w), H*(u,
Vv7) and K™(V", w). Hencewe get Q o, 7, U, V') and Rop(™, K), by (5.40). Now, H™(u,
V), Qopli; J7, u, V) and StPop, (v, )7, V¢ p7) make up the antecedent of the Op PO for the

retrenchment from Abs to Xtra,

H™(u, V) UQ oI, 7, u, V) Ustpop (V7 VG ) P
($ ug 0+ stpgy, (u, i, ug 0) U
((H(u¢ V9 UN"gg(0, P75 UG viGi, j~, u, v)) U
D~Op(u<I; vV§Gop;iT,uv))). (5.50)

Therefore for chosen values, u¢and o, stpopA(u, i, u¢ o) and (H™(u¢ v-9 U N op(0, P7; Ug
VG, T, u V) UDop(u§ Vg o, pii, 7, u, V) hold. Now because K™ and V', aretotal,
given that we have v'¢and p, there must be values w¢and g say, such that K™ (v"¢ wq and
Vop(P™, g) hold. Let ve= (t¢ u¢ wg, t¢=0and p = (o, g).

If we examine (5.2) we see that we have all the necessary pieces except for (G¢U Ogy,) U
Cop- We can derive this from (H™(u¢ v UNgh(0, P75 uG Vg i, j7, u, V) UD op(ug v'§
0,7 1,j7, u, V). Suppose H(ug v UN"on(0, p7; u§ v§i, j7, u, v) holds. Then H™(u¢
VO5K™(v' W) gives G(ug wd), and N"op(0, P UG V6 i, 17, U, VIV o, ) UK (VG wg
UR o™ K) UKV, W) gives Ogy(0, ; u§ wé i, k, u, w). On the other hand suppose
D~Op(ucl; v¢o pi, 5, u V) holds. Then D~Op(u<|; vGo, pi, T, u V)s(K(VEwd) U
Vop(P™, @) URgp(i™, K) UK (v, w)) gives Cop(ug wé o, g; i, k, u, w). Thus (GEU Ogy,)
U Cop holds and therefore so does stpopu(v, I, V& p). The reader may have noticed we
could obtain stpopu(v, J, VG p) directly from trmopu(v, J)- Unfortunately, we then do not
have enough information to establish K°¢ which we do next.

Wealready have K™(v"¢ wd), so al we need to establishisthefirst conjunct of (5.39). Thus
assume the antecedent G(u¢ wd); t¢isalready 0. We need to derive H™(u¢ v'9. From G(u¢
wd), by composition, there must be some value, v-¢say, such that H™(u¢ v and K™ (V"¢ w
hold. But H™(u¢v9 U D op(u§ Vg o, p7;i, 7, u, v) and K*(v'¢ wd hold. Henceby (X1),
V¢=Vv¢ So because H(u¢ v'9 holds, H*(u¢ v'9 holds as required. The final piece,
Veop(p, P°), is easy to show. We have V op(p™, d), thus V°op, holds by (5.41). This com-
pletes the proof for this case.
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- CaseOp |l Opsp. Assumethe antecedents and let v = (t, u, w) and j = k. From K°(v,
V), by (5.39), we get K*(V", w); and from R°q(j, |°), by (5.42), we get R'op(i™, k). Now,
because K™ and V", are total, there must be values, we¢and q say, such that K™(v'¢ wg and
Vop(P™, 0) hold. Hence by (X6), stpopc(w, k, w¢ g) holds. Let v¢= (t¢ u¢ wg, t¢=1 and
p=q. Thenby (5.3) stpopu(v, J, VG p) holds.

It remainsto show K°(v§ V' and V°o(p, p7). TakeK®(v§ Vv'Q. Sincet¢= 1, thefirst con-
junct of (5.39) istrue. We aso have K*(V'¢ wd. Thus the second conjunct is also true.
Therefore K°(vg v9 holds. Finally, since p = g and we have V'o,(p7, 0), then V°ou(p, p)
holds by (5.43). |

5.3.2.6 Theoutput finalisation PO

We show

Ve op(P: P) UFinOutOpX(pZ n) b FinOutgy (P, N) . (5.51)

Proof. Since Opsy decomposes as Opsu E (Ops —Ops,), there are two casesto con-

sider.

- Case Opy I Opsa. Assume the antecedents and let p = (0, g). From Veop(p, P), by
(5.41), we get V~Op(p~, g). From FinOutOpX(pZ n), by (X3), we get V‘Op(pi ), withg =
n. Hence, as V"o, isafunction, = g. Therefore, FinOutOpU(p, n) holds, by (5.24).

- Case Opy | Opspa. Assume the antecedents. From V°oy(p, P7), by (5.43), we get
Voop(P™, 0), withp = g. From FinOutOpX(pZ n), by (X3), we get Vo(p7, 9), withg =n.
Hence, as Vg isafunction, g = g. Therefore, FinOutopU(p, n) holds, by (5.28). n
5.3.3 Theinclusions

Below we list the inclusions of part (2) of the theorem in detail.

H>(u, v?) P H'(u, v)sK°(v, V') (5.52)

Qopli, I U V) P Qoplis I, U Vs(Roopli, 1) UKV, V) (553)

Chapter 5 The Lifting Theorem 73



5.3 Proof for Part (2)

N'op(0, P UG V'Ei, ", u, v)) P
N'op(0, P; UG VG i, j, U, V)s(V°op(P, P) UK (VG V' UR (i, ) UK?(V, V)
(5.54)

D op(u¢ VG o, p75i, 7, u,v7) b
D’op(UG V& 0, p, i, j, U, V3(K*(v§ V9 UV°op(p, ) UR°opi, ) UK (v, V)

(5.55)
Ke(v, V)$K™(V', w) B K*(v, W) (5.56)
Reopli- )8R opli™. K) P Riop(i. K) (5.57)
Ve(p, P)sVop(P, @) P Viop(p, 0) - (5.58)

We now show these inclusions hold.

" (5.52): HY(u, V) P H(u, v)sK°(v, V).

Proof. Assume the antecedent H™(u, v°). Since K™ is total there must be a state, w say,
such that K*(v", w) holds. Therefore from the composition H™(u, v7)sK™(v", w), we know
G(u,w) alsoholds. Letv=(t,u,w)andt=0. ThenH’(u, v) holds by (5.6). Furthermore,
because both (t = 0 U G(u, w)) and H™(u, v*) hold, K°(v, V") holds by (5.39). Thus H(u,
V") does indeed imply H"(u, v)sK°(v, V). m

" (5:58): Qopli. " U V) P Qo I, U, V3Rl i) UKV, V) .

Proof. Assume the antecedent Q"gp(i, |7, u, V7). Now, both K™ and R'g are total, so there
must be values, w and k say, such that K™(v", w) and R'g(j", K) hold. Therefore, from the
composition Q op(i, 7, U, V1)3(Rop(i™, K) U K*(v", w)), we know that Pop(i, ki U, w) also
holds. Letv=(t,u,w),t=0andj=(i, k). Then Q‘Op(i, J,» u, v) holds by (5.7).

It remains to show R°g(j, J7) and K°(v, v°). Wetake R°gy, first. The second conjunct of
(5.40) istrue because we have R'ogp(j", K). To prove thefirst conjunct assume P, K, U,
w), H™(u, V) and K™(v", w). We need to derive Q"qy(i, j°, U, V). From Poy(i, k, u, w) we
know that Q"gp(i, ™, U, V)$(R op(i™, k) UK™(V', w)) holds. But we also have Qgy(i, ™, u,
V) and R'gy(j™, k). Therefore, by (X2), |” =j". Hence Q gl j°, u, V') holds. This, to-
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gether with K™(v", w), H(u, V") and K™(v", w) means that we can use (X1) toinfer v = v".

Hence Q op(i, I, U, V') holds as required.

Weturnto K°(v, v"). The second conjunct of (5.39) istrue because we have K™(v", w). To
provethefirst conjunct assume G(u, w); tisaready 0. We need to derive H™(u, v°). From
G(u, w) we know that H™(u, V')sK™(v", w) holds. But we also have Q op(i, j7, u, V') and
K*(v", w). Therefore, by (X1), v- =Vv". Hence H™(u, V") holds as required. n

" (5:54): Ng(0, P75 UG VG, |7, u, V) P
N'op(0, P; UG VG i, j, U, V)s(V°op(p, P) UK (VG V' UR (i, ) UK?(v, V) .

Proof. Assume the antecedent N"g,(0, P75 UG V' i, j7, u, V?). Now, K™, R'gp and Vg, are
total, so there must be values, g, wg k and w say, such that V"o(p™, 0), K(V'§ w9, R'o(",
k) and K*(v", w) hold. Therefore, from the composition N~op(o, P ugG vgi, T, u,
V)8V op(P™, @) UK (VG Wi U R i, k) UK(V', w)), we know that Og(0, 0, ug wé i,
k, u,w) asoholds. Letv={(t,u,w),j=(,K), ve=(t¢ u¢ wd,p=(0,q) andt¢=t=0. Then
N*op(0, p; UG VG i, j, u, v) holds by (5.8).

It remains to show V°qu(p, P7), K*(VE V', R°op(j, J7) and K°(v, V7). Take V°qu(p, p7). By
(5.41) this holds because we have V-op(p”, 0).

For K°(vg v'9 we proceed as follows. The second conjunct of (5.39) is true because we
have K*(v"¢ w(). To prove the first conjunct assume G(u¢ wd; t¢isaready 0. We need to
derive H™(u¢ v'9. From G(u¢ wg we know that H™(u¢ v"¢sK™(v'¢ wg holds. But we also
have N"gp(0, p7; U V61, j7, u, V') and K°(V'¢ w9. Therefore, by (X1), v'¢=Vv'¢ Hence
H™(ug v'9 holds as required.

Next take R°o(j, J7). The second conjunct of (5.40) is true because we have Ry, K).
To prove the first conjunct assume Poy(i, k, u, w), H™(u, v°) and K™(V", w). We need to
derive Q~Op(i, I, U, V). From Pop(i, k, u, w) we know that Q~Op(i A% g(R‘Op(r, K)U
K*(V", w)) holds. But wealso haveN"gp(0, p; u¢v'éi, |7, u, V') and R'oy(j™, K). Therefore,
by (X2),["=]". HenceQ q(i, ", u,¥") holds. This, together with K*(v", w), H*(u, V) and

K*(V", w) means that we can use (X1) to infer v" = v". Hence Q op(i, J°, U, V') holds as

required.
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Finaly we show K°(v, V7). The second conjunct of (5.39) is true because we have K™(V",
w). To prove the first conjunct assume G(u, w); tis already 0. We need to derive H™(u,
V7). From G(u, w) we know that H™(u, ¥")sK™(v", w) holds. But we also have N"g(0, p;
u¢ v'¢i,j, u,v?) and K°(v', w). Therefore, by (X1), v =Vv". Hence H™(u, V") holds as
required.

ThusN"oq(0, P75 UG V'§ 1, j7, u, V') doesindeed imply N'g(0, p; UG V& i, j, u, v)5(V° (P,
p7) UK°(v& V') UR (i, J7) UK?(v, V7). n

" (5.55): DgpUGVGo, pii,j7u,v) b
Dop(U6 V& 0, p, i, , u, V)3(K°(v§ V') UV°op(p, P) UR i, ) UK(v, V) -

Proof. Similar to (5.54). n

" (5.56): Ke(v, V)sK™(V, w) B K*(v, W) .

Proof. Assumethe antecedentsand let v = (t, u, w). Thenfrom K°(v, V"), by (5.56), K*(V",
w) holds. But K*(v", w) also holds. Hence, asK™ isafunction, w=w. Thusv = (t, u, w).
Therefore, by (5.15), K*(v, w) holds as required. m

"~ (557): Rogp(i, IR opli™ K P R, K) -
Proof. SinceOpT Opsa E (Opsy —Ops,), there are two cases to consider.

. Case Op1 Ops,. Assume the antecedents and let j = (i, k). Then from R°opli+ ), by
(5.40), Riop(i™, K) holds. But R'g(j, K) also holds. Hence, as R'g, isafunction, k = k.
Thusj = (i, K). Therefore, by (5.16), R‘Op(j, k) holds as required.

- Case Opi Opsa. Assume the antecedents. Then from R°oq(j, J°), by (5.42), R'op(i,
K) holds, with j = k. But R'g,(j", K) also holds. Hence, asR'g, isafunction, k=k. Thus,
asj =k, thenj = k. Therefore, by (5.18), R op(j, k) holds as required. m

©(558): V°(p, p)sVop(P, Q) P V(P 0) -

Proof. Similar to (5.57). m
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5.4 Proof for Part (3)

Part (3) of the theorem follows readily by observing that for a system Univ* having the
same properties as Univ, there will be a refinement from Univ to Univ* and arefinement

from Univ* to Univ. © ]

This completes the proof of Theorem 5.1.

5.5 Ildempotence

We claim Univ is at the level of abstraction of Abs. Additiona evidence to support this
assertion can be obtained by demonstrating that the application of the lifting construction
to the Abs to Univ retrenchment (see Figure 5.2), yields asystem UUniv, which essentially

o e npe e refin
H' Q" N", D efinement
retrenchment

Figure 5.2: Applying the lifting construction to the Abs to Univ retrenchment.

islike Univ in character. The transitions of UUniv are given by

Stpop,,, (V% I, V& p)
= [(5.3) rewritten for H', Q", N", D" retrenchment]
(v=(tuv)Uj=(,j) Uve=(t¢u¢vd Up=(o,p) Ut=t¢=0U
H*(u, v) UQ (i, j, u, v) U Stpop, (U, i, u¢ 0) U
((H'(uG v UN'op(0, p; UG V& i, j, u, v)) UD g(ug VG 0, p; i, j, u,v) ) ) . (5.59)

From this we get
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StPop,, (v, 1 V& p)
= [expanding]
(v=(t,u,v)Uj=(,j)Uve=(tGuG v Up=(o,p) Ut=t¢=0U
v=(t,u,w) Ut=0UG(u,w) U
j=(, K Uv=(t u,w) Ut=0UPqi, k u,w) U
stpop, (U, i, ug o) U
( (vé= (t¢ u¢ wg Ut¢=0 U G(u¢ wd U
p=(0,q) Uve= (t¢u¢wd Uj=(i,k) Uv=(t,u,w) Ut=t¢=0U
Oop(0; G; UG wa i, k, u, w)) U
(ve= (tu¢wd Up=(0,q) Uj=(i,k) Uv=(t,u,w) Ut=t¢=0U
Cop(ug wé o, g; i, k, u, w))) )
=[aUaU a]
(v=(tuv)Uj=(,j) Uve=(t¢u¢vd Up=(o,p) Ut=t¢=0U
v=(tu,w) Ut=0UG(u, w) Uj = (i, K) UPgy(i, k u,w)UstpopA(u,i,ucl;o)U
( (vé= (t¢ u¢ wg U G(ug wg U
p=(0,q) Uj = (i, k) Uv=(t, u,w) Ut =t¢=0UOgp(0, ; uG wé i, k, u, w)) U
(ve= (t¢u¢wd Up=(0,q) Uj=(i,k) Uv=(t,u,w) Ut=t¢=0U
Cop(Ué W6 0, g; i, k, U, w)) ) )
=[(aUb)U(alUc)U aU(Uc)]
(v=(tuv)Uj=(,j) Uve=(t¢ug¢vd Up=(o,p) Ut=t¢=0U
v=(tu,w) Ut=0UG(u, w) Uj = (i, K UPqyi, k, u, w) Ustpop, (u, i, ug o) U
ve= (t¢u¢wd Up=(0,g) Uj=(,KUv=(uw Ut=t¢=0U
((G(ug w9 U Ogp(0, g; u¢ wé i, k, u, w)) UCqp(ug w0, g; i, k, u, w) ) )
= [rearranging,aUa U a,t=t, t¢=1tq
(v=(tu,v)Uj=(,j)Uv=(t¢u¢wgy Up=(o,p) U
v=(t, uw) Uj = (i, k) Uve= (t¢ ug wg Up = (0, g) U
t=1¢=0UG(u, w) UPqy(i, k, u, w) U StPop, (U, i, ug 0) U
((G(ug w9 U Ogp(0, 0; ug wé i, k, u, w)) U Cop(ué we o, g; i, k, u,w) ) )
=1(5.3)]
(v=(tu,v)Uj=(,j)Uv=(t¢u¢wy Up=(o,p) U
v=(t,u,w) Uj=(, k) Uvt= (t¢ u¢wd Up=(o,q) U
stpop, (V+ J, V& p) )

= [substituting]
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(v=(tu, (t u,w) Uj =G, G, K) Uve= (16 ug (16 ug wd) Up = (o, (0, q)) U
tpop, (. U W), (i, K, (t6 UG wo), (0,q)) ) -

So we see that repeating the construction leads to a system whose datais that of Univ but
with redundant duplications. Such a system is obvioudy interrefinable with Univ and

hence equivalent to Univ for all our purposes.

5.6 InsdeUniv

In Chapter 10 we will see retrenchment and the lifting construction applied to extend the
Mondex Purse development. For now, we return to the Number Recycler and use it to
illustrate the structure of Univ. Recall the abstract system Abs models a bin as a set to
which we can add numbersusing the operation Add. If auser triesto add anumber already
inthebin, it isthrown away and the system outputsthe message GOT. The operation Rem

allows an arbitrary number to be removed from the bin. We specify Abs below.

U= P(N), IAddA = N, OAddA = {OK, GOT},
IRemA = /CE, ORG'T]A =N. (560)

u-(i, Addy, OK)->uu{ i}, ifil u,
u-(i, Adds, GOT)- u, ifil u. (5.61)

uw{o} -(Remu, 0)->U. (5.62)
The concrete system Conc models the bin as a sequence of maximum length five. It out-

puts error messages when the bin is either empty or full, as shown below.

W ={wT iseq(N) |len(w) £ 5}, Kagd, =N, Qadd, = {OK, GOT, FULL},

w -(k, Addg, OK)->w” (k), if kT ran(w) Ulen(w) £ 4,
w -(k, Addg, FULL)-> w, if kT ran(w) Ulen(w) =5,
w-(k Addg, GOT)->w, if kT ran(w). (5.64)

( »-(Remy, EMPTY)->( ),
()" w-(Remyp, q)->wW. (5.65)

Lastly, we define the component relations of the retrenchment as follows.
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G(u,w) = (u=ran(w)),
Paga(i, k, u,w) = (i =Kk),
Oagd(0, G, UG WG i, k,u,w) = (0=0q),
Nagg(ué wg o, g; i, k, u, w) =
(u=5UiT uUut=uu{i} Uwé=wUo=0KUp=FULL),
Prem(i, k, u,w) = (u=wU|ult 0),
ORem(0, 0, UG WG i, k, u, W) = (0=0),
Cadgd(uG¢wg o, g; i, k, u, w) = false . (5.66)

The states of Univ aretriples(t, u, w) such that t isatag with value either O or 1, uisaset
of natural numbers and w is a sequence of natural numbers, e.g. (0, {3, 41}, (8, 50, 51)}.
The tag is used to differentiate between operations in both Ops, and Opsg, for which t
= 0, and those that occur only in Opsg, for whicht = 1. We add that for retrenchments
where Opsc = Ops,, the tag becomes redundant and can be omitted entirely, resulting in
aglightly simpler version of the lifting construction. Returning to u and w, notice that the
sequence w is not necessarily a serialisation of the set u. However, by (5.2), this must be
the case for states of non-boundary transitions. For Add,; and Remy, typical non-boundary

steps are
(0,{1, 2}, (2, 1)) -((3, 3), Add, (OK, OK))-> (0,{1, 2,3},¢3,2, 1))
and

(0,{1, 2,3}, (1,2 3)-(Remy, (3,3))- (0,{1, 2},(1, 2) .

Observe that the concrete before and after components of both transitions do not have to
constitute an Addg or Reme step respectively, since Univ is the subset of only abstract
transitions for which G UPg, U ((GEU Ogy,) U Cop) holds. It thus contains abstract tran-
sitions piggybacked by corresponding concrete state and I/0O data, and it isin thisway that
the constraints imposed in the retrenchment to Conc are expressed at the abstract level.

Turning to boundary cases atypical Add, stepis

(0,{1..5}, (1 ..5) -((8, 8), Addy, (OK, FULL))-> (0, {1..5,8},(1..5) .

Chapter 5 The Lifting Theorem 80



5.6 Inside Univ

This brings together abstract and concrete steps with different behaviour, related by the
concedes clause of the retrenchment. When we come to consider Remy,, we find thereis
no step which describes the removal of anumber from an empty bin. For such cases Pre,
does not hold, so denying the possibility of a Univ step. The concrete step (¢ )) -(Remg,
EMPTY)-> ()) falls outside the scope of the retrenchment from Abs to Conc, and therefore

outside the scope of the lifting construction too.

The systemsinvolved in the decomposition belong to a class which articulates conditions
members must satisfy in order that we obtain the required lifting. We briefly look at the
properties defining the class. The condition that the relations for the refinement to Conc
are functions ensuresinclusions (5.56) to (5.58) can be established, and expressesthat the
lifting must preserve the distinction between different concrete data values. The require-
ment that these relations are total, preventsthe lifting from introducing data values which
do not correspond to anything in the concrete system, and ensures the refinement from
Univ to Xtra and the remaining inclusions can be established. Since we are interested in
lifting Conc we consider these restrictions to be reasonable. Properties (X1) and (X2) are
alittle harder to appreciate from their definition, but their presence can be traced to the
need to ensure all of Conc that isrelated to Abs islifted. If thisis not the case, although
GU Pop and thus trmg,_may hold, we are unable to guarantee points v" and j~ for which
H™ U Q op holds and hence the existence of a corresponding tr Mop, - Properties (X3) and
(X4) require FinOutoIOX and Initl Nop, 10 be faithful to the Univ counterparts. Finally, op-
erations only in Opsc are not part of the retrenchment and (X5) to (X7) say we just rep-
licate such operations in any lifted system, thus making certain that the POs for the

refinement to Conc will go through.
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Chapter 6

The Lowering Theorem

This chapter tackles the problem of decomposing a retrenchment from an abstract to a
concrete system into a refinement followed by a retrenchment. We engineer a system
Univ such that its abstract core bound transitions are the most concrete up to equivaence

in the class of systems achieving the same decomposition.

[JB02] investigated the lowering construction in apartial correctness setting. This chapter
tackles the problem in atotal correctness framework. A substantial reworking of the ear-

lier material was required.

6.1 TheLowering Theorem

Theorem 6.1. Let there be aretrenchment from Abs to Conc, as shown in Figure 6.1.
Then the following hold.

(1) Thereisauniversal system Univ such that thereis arefinement from Abs to Univ and
aretrenchment from Univ to Conc whose composition is the given retrenchment, and
which satisfies (U1) to (U6) below.

(2) Whenever there is a system Xtra and a refinement from Abs to Xtra and a retrench-
ment from Xtra to Conc whose composition isthe given retrenchment, and which sat-
isfies (X1) to (X6) below, then there is a refinement from Xtra to the abstract core
bound transitions of Univ such that the following inclusionshold. H™ b KH®, Q"
P (Rop UK)$Qop Nop P (Voop UK CUR 5, UK®)sN" g, D7gp P (KU Vo
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Abs

G,PO,C
retrenchment

K'R,V
refinement

i o e nre e
H,Q,N,D
Univ )——— - (Conc
retrenchment

KO, Ro " Vo
refinement

H,Q,N,D"
retrenchment

Figure 6.1: Lowering Abs to the level of Conc

URop UK*)D g, K3K P K®, RiggsR°gp P R'gpand VsVogn b V', (see dlso
(6.39) to (6.45)).

(3) Whenever a system Univ* has properties (1) and (2) above of Univ, then Univ and

Univ* are mutually interrefinable.

6.2 Proof for Part (1)

We take the retrenchment from Abs to Conc and build anew, universal system, Univ, for
which wethen show thereis both arefinement from Abs and aretrenchment to Conc. See

Figure 6.1.

For Abs the operation names set isOp, I Ops,, state, input and output spaces are u 1

U,il lop, ol Ooy,, and initialisation and step predicates are Inita and stpoy, . Corre-
spondingly, for Conc wehave Opc | Opsc, wl W, Kl Kopc, ql Qopc, Initc and StPop,.
Here, Opsa | Opsc. Let the retrenchment from Abs to Conc have retrieve relation G,

and for each Op, within relation P, output relation Og,, and concedes relation Cgy,.
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6.2.1 Thesystem Univ

We construct Univ out of the elements of Abs and Conc. The operation names set of Univ
is Opsy, with elements Opy and Ops; = Opsp. The state spaceisV =U "~ W with ele-
mentsv = (u, w). Theinput and output spaces are Jop =gy~ Kopand Pop=0Og, " Qop,
with typical elementsj = (i, k) and p = (0, q) respectively.

Let the initialization predicate Inity (v be defined as follows.

Inity (v = (vé= (ug wd U Inity(ud Ulnit(wd U G(ug wd) ) (6.1)
Let the transition (or step) relation for Univ be

Stpop, (V. J, V& P) = stpgp (U, W), (i, K), (UG w9, (0, ) =
(trmop, (u, ) U —~(G(u, w) U Poi, k, u, w)) b stpop, (U, i, ug 0) ) (a)
U
(trmop, (u, ) U (G(u, w) UPg(i, k, u, w)) b
StPop, (U, i, ug 0) U StPop, (W, k, W q) U
((G(ug wg UOgp(o, g; ug we i, k, u, w)) U Cop(uG wé o, q; i, k, u,w) ) ) .

(b)
(6.2
This completes the definition of Univ.
Given the above, the following holds.
trmop, (v, 1) = trmgp ((u, W), (i, K)) =
= trmgyp (U, i) U @
=(G(u, w) U Pop(i, k, u, w)) U (b)

(G(u, w) U Pop(is K, U, ) U
($ ug 0, WG g stpop, (U, i, UG 0) Ustpop, (W, k, wé g) U
((G(ug w9 U Ogp(0, g; u¢ wé i, k, u, w)) U Cop(ug we o, q; i, k, u, w)))(c)
(6.3)

Proof.
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trmop (V. )

= [definition of trmop]

($vGp e stpop, (V. ], V& p))

= [ by (6.2), and using obvious abbreviations]

($vepe (trmg, U-GPg, P stpgp ) U
(trmgp, UGPgp P stpop, Ustpop_ UGOCoqy, )

=[(tUab c)U(tUbb ¢)U (b (ab c)UbP o]

($vgpetrmg, P (<GP P Stpop,) U(GPgp P StPop, U StPop, UG®OCqp) )

=[(-ab byU@p U (-aUb)U@Uc)U(bUc), (-alb)U@Uc)U(bUc) U (-aUb)U(alo)]

($vgpetrmgy P (-GPoy U StPop,) U(GPg, U StPop, U StPop, UG©OCqp) )

=[ap b0 -aUb]

($vgpe-trmgy U (-GPg, U stPop,) U(GPg, U StPop, U StPop, UG®OCqy) )

=[($.,a0bUQ0 ($.2a) UG . .2b)US.20)]

$vgpe-trmop) U($ v p e -GPgp U stPop,) U
($ V6 p e+ GPgy, U StPop, U StPop, UG©OCqp)

= [ expanding ]

BV pe-trmgp (U, 1)) U ($ V6 p + ~(G(u, w) UPqi, k, u,w)) U stpop, (U, i, UG 0)) U
($ V& p * G(u, w) UPg(i, k, u, w) U Stpop, (U, i, ug 0) U stpop, (W, k, wé; ) U
((G(ug wg U Ogp(0, g; ug wé i, k, u, w)) UCqp(ug we o, q; i, k, u, w)))

= [ simplifying and using v = (u, W), j = (i, K) ]

- trmop, (U, 1) U (=(G(u, w) U Pogi, k u,w)) U($ uG o StPop, (U, i, Ug 0))) U
(G(u, w) UPqy(i, k, u,w) U($ ug o, wg g StPop, (U, i, u¢ 0) U stpop, (W, k, g q) U

((G(ug W U Ogyp(0, ; ug wé i, k, u, w)) UCqp(ug wé o, g; i, k, u, w))))
=[($ugo- stpopA(u, i,ugo) U trmopA(u, i1l

~ trmop, (U, 1) U (=(G(u, w) U Pogfi, k, u, w)) UtrrrlopA(u, i) U
(G(u, w) UPqy(i, k, u,w) U($ ug o, wgqge StPop, (U, i, u¢ 0) U stpop, (W, k, g q) U

((G(ug W U Ogp(0, 0; ug wé i, k, u, w)) UCqp(ug wé o, g; i, k, u, w))))
=[-tU(@Ut) U -tUa]

~ trmop, (U, 1) U =(G(u, w) U Pgyi, k, u, w)) U
(G(u, w) UPqp(i, k, u,w) U($ ugo,wgqe StPop, (U, i, u¢ 0) U stpop, (W, k, g q) U

((G(ug wg U Ogp(0, g; u wé i, k, u, w)) UCqp(ug wé o, q; i, k,u, W)  m
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6.2.2 Therefinement from Abs to Univ

In this section we show that Univ is a refinement of Abs. To do this we first define the

component relations of the refinement and then show that the refinement POs hold.

6.22.1 Thecomponent relations

The data for the refinement consists of the retrieve relation K, and for each Op, the input

relation R’ and the output relation V', These are defined as follows.

K'(u,v) = (v=(u,w)). (6.4)
Rop(i,1) = (=(i,K), (6.5)
Vop(o,p) = (p=(0,0)) . (6.6)

Notice that (6.4) to (6.6) are both injective (see Section 2.1) and surjective.

Wealso have the input initialisation and output finalisation relations. Abs isthe only giv-
en system involved in the refinements, thus we use the input and output spaces of its op-

erations to construct those of the global world. Thus for each Op let Ng, = Qgp, and

Hop = {hT lop|$i, k u,wei=hUPqgi, k u,w) UG(u,w)} , (6.7)
Initingy, (i) = (h=i) , (6.8)
FinOutOpA(o, n=(o=n), (6.9)

Initingp (n.]) = ($i, k u,wei=hUj=(i, K UPoyi, k u,w) UG(U,w) , (6.10)

FinOutop (P, 1) = (P= (0, 0) Un=0) . (6.11)

Observe that (6.8) to (6.11) are all total relations.

6.2.2.2 Theinput initialisation PO

We show

Initingp (0, ) P ($i+ Initingy (h, i) UR o1, ) - (6.12)
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Proof. Assumelnitlnopu(h,j)andletj =(i, k). By (6.10) h=i. Then, InitInOpA(h, i) holds,
by (6.8), and R‘op(i, J) holds, by (6.5). We are done. m

6.2.2.3 Theinitialisation PO

We show

Init, (v P ($ ude Inity(ud UK (ug vd) . (6.13)

Proof. Assume Init,(v), with vé= (u¢ wg. By (6.1), Inity(ud istrue. By (6.4), K*(ug vo

istrue. Hence the consequent of the PO holds. m

6.2.2.4 Theapplicability PO

We show
K*(u, v) UR‘Op(i,j) UtrmopA(u, i) P trmopu(v,j). (6.14)

Proof. Assume the antecedents. By (6.4), K'(u, v) fixesthe first component of vto u and
|et the second component bew. Thusv = (u, w). Similarly R'oq(i, J) givesj = (i, K). There

are now two possibilities. Either G(u, w) U Pop(i, k, u, w) holds, or it does not.
- Case =(G(u, w) U Pop(i, k, u, w)). trmopu(v, j) holds by (6.3b).

. Case G(u,w) U Pop(i, k u, w). From the termination PO for the retrenchment from Abs

to Conc,

G(u, W) UPqi, k, u,w) b trmop, (U, ) Utrmopc(w, K , (6.15)

weget tr mopc(w, k). Thelatter guarantees values, pick u¢and o, such that stpopc(w, k, wg
g) holds. We now have the antecedents of the Op PO for the retrenchment from Abs to

Conc,

G(u, w) U Poi, k, u, w) U stpop, (W, k, wé q) P
($ ug 0+ stpop, (U, i, ug 0) U
((G(ug w9 U Ogp(0, g; uG wé i, k, u, w)) U Cop(ug wé o, q; i, k, u, w))) .
(6.16)
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Hence we can derive u¢and o, for which sipg, and (GeU Ogyp) UCq, hold. Wenow have
enough to conclude, by (6.3c), that tr mopu(v, ]) holds. m

6.2.25 Thecorrectness PO

We show

K*(u, v) UR ogi, j) U trmep, (U, 1) U StPop, (v, j, V& p) P
($ ug 0+ stpop, (u, i, ug 0) UK'(u¢ v§ UV op(0, p)) - (6.17)

Proof. Assume the antecedents. By the same process as for PO (6.16), we have v = (u,
w) and j = (i, K). Let ve= (u¢ wd and p = (o, q). Now, either G(u, w) U Pqi, k, u, w)
holds, or it does not. Then, since we have trmopA(u, i), stpopA(u, i, u¢ o) holds, either by
(6.28) or (6.2b). Finally, K*(u¢ v§ and V'(0, p) hold, by (6.4) and (6.6) respectively. m

6.2.2.6 Theoutput finalisation PO
We show

V'op(0, p) U FinOutop (p, 1) P FinOutgy (0, N) . (6.18)
Proof. Assume the antecedents. By (6.6), V'Op sets the first component of p to o and let

the second component beq. Ergop= (0, q). Then, by (6.11), Fi nOutOpU(p, n) setsn=o.
Hence, by (6.9), FinOutopA(o, n) holds, asrequired. m

6.2.3 Theretrenchment from Univ to Conc

I n this section we show that Conc isaretrenchment of Univ. To do thiswefirst definethe

component relations of the retrenchment and then show that the retrenchment POs hold.

6.23.1 Thecomponent relations

The data for the retrenchment consists of the retrieve relation H', and for each Op, the
within relation Q" gy, the output relation N'gy, and the concedes relation Do, These are

defined as follows.

H'(v, w) = (v=(u, w) UG(u, w)) (6.19)
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Qopli kv, W) = (= (i, k) Uv=(u, w) UPoyi, k, U, w)) (6.20)

N.Op(p! qg; v§ W(I;], K, v, W) =
(p=(0,9) Uve= (u¢wg Uj = (i, K) Uv = (u, w) UOpy(0, G; ug wé i, k, u, w))
(6.21)

D op(VG WG p, 0 j, K, v, w) =
(vé=(ugwd Up = (0, ) Uj = (i, K Uv=(u, W) UCop(uGwe 0, g; i, k, u, w))

(6.22)
6.2.3.2 Theinitialisation PO
We show
Initc(wg P ($ vee Init,(vY U H*(vg wd) . (6.23)

Proof. Assume Init(wq. From this, using the Init PO for the retrenchment from Abs to

Conc,

Inite(wq P ($ uts Inity(u UG(ug wa) , (6.24)

we derive u¢for which Init,(u and G(u¢ wq are true. Let vé= (u¢ wd. Then, by (6.1),
Init,(v®) holds, and what is more, by (6.19), H*(v¢ wd holds too. We are done. m

6.2.3.3 Thetermination PO

We show
H*(v, W) UQ o, k, v, W) P trmop, (v, ) U trmop, (W, K) (6.25)

Proof. Assume the antecedents. From H’(v, w), by (6.19), the second component of v
must be w and let the first component beu. Hencev = (u, w). We also get G(u, w). Sim-
ilarly, from Q‘Op(j, k, v, w), by (6.20), we get j = (i, K) and Poy(i, k, u, w). We now have
the antecedents of PO (6.15). Thuswe can concludetr mopc(w, k), which we want, holds.
What ismore, stpopc(w, k, w¢ g), for valueswhich we fix to w¢and g, must also hold. We
now have the antecedents of PO (6.16). Hence stpopA(u, i, ug 0) and (G(ug wg U Ogy(o,
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q; uG wag i, k, u, w)) U Cop(u¢ WG o, g; i, k, u, w) aretrue. Therefore, trmopu(v, ]) holds,
by (6.3c). We are done. n

6.2.3.4 Theoperation PO

We show

H'(v, W) UQ i, k, v, W) U StPop, (W, k, WG g) b
($ V& p* stpop, (V. ), V& p) U
((H'(v& W UN "o, G; V& WG j, K, v, W) UD on(VG WE p, 0; j, K, v, W) )) .
(6.26)

Proof. Assume the antecedents. From H*(v, w) U Q"op(s k, v, w), by the same process as
for PO (6.25), we obtain G(u, w) U Pop(i, K, u, w), with v=(u, w) andj = (i, K). We now
have the antecedents of PO (6.16). Hence, there are values, u¢and o say, such that st-
Pop, (U, i, ug 0) and thus trmgy, (u, i), and also (G(ug wg U Ogp(0, g; ug wé i, k, u, w)) U
Cop(u¢wé o, g; i, k, u, w) aretrue. Let ve=(u¢wg andp = (0, q). Then stpopu(v, I, V& p)
holds.

It remains to show (H'¢UN’g,) UD’ g, This follows from (G¢U Ogy) U Cqyp,. Suppose
(GeU Ogp) holds. Then H*(v¢ wd holds, by (6.19), and N'Op(p, g; v¢ wg j, k, v, w) holds,
by (6.21). Otherwise we have Cop in which case D'Op(vcl; wé p, q; J, k, v, w) holds, by
(6.22). We are done. ]

6.2.4 Therelations of theretrenchment from Abs to Conc

In this section we define the relations of the retrenchment from Abs to Conc in terms of
theredationsfor the refinement from Abs to Univ and the retrenchment from Univ to Conc,
and prove that these definitions do recover the relations of the Abs to Conc retrenchment.
Let

G(u,w) = K*(u, v)sH (v, w) , (6.27)

Pop(i, k, u, w) = (R'Op(i, ) UK'(u, V))gQ'Op(j, K, v,w), (6.28)
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Oop(0, G UG WG i, k, u, w) =
(V' op(0, p) UK"(ug v UR o (i, j) UK (U, V))sN"op(P, 0 VG WG j, K, v, W) (6.29)

Cop(u¢ wWé o, q; i, k, u, w) =
(K'(u6 v UV o0, p) UR o, 1) UK'(U, V3D 0p(VE WE p, G5 , K, v, w) - (6.30)

We show (6.27) and (6.29); the others are similar.

Proof. Consider (6.27) first. We expand the RHS.

K*(u, v)sH* (v, w)

= [meaning of composition]
($veK'(u,v) UH (v, w))

= [by (6.4) and (6.19)]
($veK'(u,v) UH(v, w) Uv = (u, w))
= [one-point rule]

K*(u, (u, w)) UH"((u, w), w)
= [by (6.4

H*((u, w), w)

= [by (6.19)]

G(u, w)

Now consider (6.29). Again, we expand the RHS.
(V'op(0, p) UK'(ug v§ UR'gp(i, ) UK (U, V))sN"op(p, G; v§ WG j, K, v, w)
= [meaning of composition]
($P.VE], v V(0. P) UK (UG v UR i, J) UK (U, V) UN'op(p, G VG WG |, K, v, W)
= [by (6.4), (6.5), (6.6) and (6.21)]
($p, V6], ve Vo0, p) UK (UG v UR i, j) UK™(u, v) U
Nop(P, & V& W6 j, k, v, w) Up = (0, g) Uve= (u¢wg Uj = (i, k) Uv= (u, w))
= [one-point rule]
V'op(0, (0, ) U K*(u¢ (u¢ wg) U Ropfi, (i, K) UK*(u, (u,w)) U
N'op((0, ), g; (UG W, we (i, k), k, (u, w), w)
= [by (6.4), (6.5) and (6.6)]
N'op((0, @), g; (UG W, we (i, k), k, (u, w), w)
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= [by (6.21)]

Oop(0, o, ug g i, K, u, w)

Thus G = K'sH" and Og, = (V' op UK CU R gp UK )sN op(p, G; V& WG, K, v, W). n

6.2.5 Propertiesof Univ
K*(u, v) U (H'(v, w) UQ"gp(..., v, W) UN’ .., v, W) UD’ (..., v, W) U
N'op(- Vs W, ...) UD"gp(V, W, ...)) U
K*(u,v) UH (v, w) b
V=V (U1)

Rops i) U(Qopls K ) UN'op(es s K, ) UD"0p(ei j, K, ) U
R.Op(ia l) U Q.Op(L K, ) P
j=1 (U2)
Rop(i, J) UK'(U, v) UQ (i, k, v, W) UH'(v, W) b
($heh=iUlniting, (h, ) (U3)

Init,(ud UK (ug v UH'(vG wd) Ulnitc(wd b Init, (v (U4)

Stpop, (U, i, u¢ 0) UK'(u, v) UR i, ) UK'(ug v§ UV (0, p) U
H*(v, w) U Qoplis k, v, w) U
((H'(v& wg UN o, G; V& WG j, k, v, w)) UD’op(VG We p, q; j, k, v, w)) U
Stpop, (W, k, w§ g) P
Stpop, (Vs |, V& p) (U3)

Viop(o,p)Un=o0 b FinOutoy, (p, 1) (U6)

- (UD):

K*(u, v) U (H'(v, W) UQ"gp(..., v, W) UN’ .., v, W) UD" (..., v, W) U
N'op(- v, W, ...) UD"op(V, W, ...)) U
K'(u, V) UH(v,w) P v=v

Proof. Assume the antecedents and let v = (u, w) and v = (u, w). By (6.4), from K*(u, v)

we have u = u, and from K'(u, v) we haveu = u. Therefore, u = u. Similarly, each one
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of (6.19) and H'(v, w); (6.20) and Q’py(..., v, W); (6.21) and N, v, W) or N'gp(...; V,
W, ...); (6.22) and D (..., v, W) Or D (v, W, ...) assert that w=w. Lastly, H*(v, w) asserts

w=w. Thusw =w, andsov =V. n
T (U2).
Proof. Similar to (U1). n

T (U3): Rl ) UK (U, v) UQop(j, k, v, W) UH"(v, w) b
($heh=iUlniting, (h, j))

Proof. Assume the antecedents. From Rio(i, j), K'(u, v) and Q gy, k; v, w), by (6.5),
(6.4) and (6.20), ) = (i, k) and v=(u, w). From Q‘Op(j, k, v, w) we also get Pop(i, Kk, u, w);
and H*(v, w), by (6.19), gives G(u, w). Then, by (6.10), Initlnopu(h, J) holds, with h =1i.

We are done. ]

T (U4): Inity(ud UK (ug v UH"(vG wg Ulnite(wd P Inity(vo

Proof. Assume the antecedents. From K*(u¢ vd, by (6.4), and H*(v¢ wd), by (6.19), we
have v¢= (u¢ wd and G(u¢ wd. Thus, since we have Init,(ud and Inits(wg, (6.1) says
Init, (v holds, as required. ]

T (UB):

StPop, (U, i, ug 0) UK'(u, v) UR i, j) UK (ug v UV (0, p) U

H*(v, w) UQ’op(i, k, v, W) U

((H'(v& wg UN o, G; V& WG j, k, v, w)) UD’on(VG We p, 0 j, k, v, w)) U
Stpop (W, k, W& q) P stpop (v, ], V& p)

Proof. Assume the antecedents. Let v = (u, w). From K*(u, v), by (6.4), we have u = u.
From H*(v, w), by (6.19), we havew = w. Hencev = (u, w). Using the same method, we
also obtain from the other antecedentsj = (i, k), v¢= (u¢ wd and p = (0, g). Next, H"(v, w)
and (6.19) give G(u, w), Qo) k, v, w) and (6.20) give Po(i, k, u, w), H*(vg wg U N op(P,
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g; V& wé j, k, v, w) and (6.19) and (6.20) give G(u¢ w U Ogp(0, g; ug wé i, k, u, w),
D op(V& WG p, g; j, k, v, w) and (6.22) give Cop(uGwg o, g; i, k, u, w). In addition, because
stpopA(u, i, ug o) istruethen so is trmopA(u, i). Thus, atogether we have trmopA(u, i) U
G(u, w) U Pgyfi, k, u, w), Stpop, (U, i, U 0) U stpop, (W, k, w¢ ) and (G(ug wg U Ogp(o,
g; UG Wé i, k, u, w)) UCqy(u¢ wé o, q; i, k, u, w). Hence StPop, (v, i, V¢ p) holds, by (6.2b).
We are done. [

"~ (U6): Vigg(o,p)Un=0 b FinOutgy, (P, )

Proof. Assume the antecedents. By (6.6), V'Op sets the first component of p to o and let
the second component be g. Therefore p = (0, g), and since n = o, we have Fi nOutOpU(p,
n), by (6.11). Done. ]

This completes part (1) of the theorem.

6.3 Proof for Part (2)

The systems which decompose the retrenchment must belong to a class defined by (X1)
to (X6), and the condition that the retrieve, input and output relations for the refinement
to Conc are injective and surjective. To prove part (2) we must show that for any system
Xtra in the class, there is a refinement from Xtra to Univ. We structure the proof as fol-
lows. In Section 6.3.1 we detail the components of Xtra and state properties (X1) to (X6).
In Section 6.3.2 we define the relations K°, R°gp, V°op and then prove that they are the
retrieve, input and output relations of the desired refinement. Finally, in Section 6.3.3, we
show that the inclusions stated in part (2) hold.

6.3.1 Thesystem Xtra

The system Xtra has operation names set Opy I Opsy, with Opsy = Ops,;. The state
spaceisVv' 1 V°. For each Opy, the input spaceisj™ 1 T op, @nd output space is p° ]

P~Opx- Wewill denotetheinitialisation predicate by Inity and the step relation by Stpop, -

L et the refinement from Abs to Xtra be given by retrieve relation K~, and for each Op, the
input relation Ro, and output relation V"o, the input initiaisation Initing, and the out-

put finalisation FinOutOpX. Let the retrenchment from Xtra to Conc be given by retrieve
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relation H™, and for each Op, within relation Q~, output relation N~ and concedes relation
D". Let the reations K7, R and V" be injective and surjective, and InitlnoIOX and
FinOutg, betotal.

Let Xtra have properties (X1) to (X6) given below.

K*(u, v) U (H™ (v, w) UQ gp(-+., V', W) UN"gg(.., V', W) UD (..o, V', W) U
N op(--i Vs W, ...) UD (V' W, ...)) U
K*(u, V) UH(v", w) b
vV =V (Xl)

R op(i, 7)) U(Qopli™ K ) UN"gp(ees 17 K, ) UD (i 7, K, ) U
R‘Op(ia l~) U Q~Op(1~’ K, ) P
=i (X2)

Riop(i,]7) UK™(u, v?) U Qopli™ k V', W) UH (v, w) b
($heh=iUlnitingg (h,j)) (X3)

Inita(ud UK (u, v?) UH(V', w) Ulnite(wd b Inity (v (X4)

Stpop, (U, i, u¢ 0) UK (u, v') UR g0, |7) UK (ug v UV gy(0, p7) U
H(v", w) UQ o™ k v, W) U
(H (VW) UN (P, & VEWG ™, k v, W) UD op(VE WG P, g; 7, k, v, w)) U
Stpop (W, k, w§ g) P
Stpop, (V117 V'EP) (X5)

Vop(0,p)Un=0 b FinOutoy, (07, N) (X6)
Notice properties (U1) to (U6) are instances of (X1) to (X6) respectively whenV™ =V, J~
=Jand P”=P. Inaddition, K*, R'g, and V', are both injective and surjective, just like

K", Rigp and V'g,. Hence Univ and Xtra belong to the same class of systems which fac-

torise the retrenchment from Abs to Conc.

6.3.2 Therefinement from Xtra to Univ

To show that the abstract core bound transitions of Univ refine Xtra, we first define the

component relations and then show that the refinement POs hold.
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6.3.2.1 Thecomponent relations

We define the retrieve relation K°, and for each Op, the input relation R°g,, and output

relation V°q, for the refinement from Xtra to Univ.
Ke(v,v) = K°(V", (u,w)) =((G(u,w) b H(V",w)) UK (u,v)), (6.32)

R°op(i™+1) = Roop(™, (1,K)) =
((" U, w, v e Pog(i, k, u, w) UK(u, V) UH (v", w) b Qopli™s k V', W) U
Rop(i,17)) . (6.32)

Veop(P™, P) = Voop(P™, (0,d)) = Viop(0, P) - (6.33)

6.3.2.2 Theinput initialisation PO

We show

Initingp (0, ) P ($]™ « Initingy, (,]) UR® (7, 1)) - (6.34)

Proof. Assume Initlnopu(h, j)andletj = (i, k). By (6.10) there are values, u and w say,
for which Pgy(i, K, u, w) UG(u, w) holds, withh =i. Then, since Po(i, k, u, w) = (R,
i) UK (u, V))8Qopl™, K, V', W), we pick |~ and V', for which Rgp(i, j7), K™(u, V) and
Qop(i™ k, v, w) hold. Next, G(u, w) =K™(u, v?)sH™(vV", w), so we pick v~, for which K*(u,
V™) and H7(V~, w) hold. We have K™(u, v*), Qop(i, k, V", W), K*(u, v7) and H*(V~, w).
Thus, by (X1), vi=v~, which meansH™(v", w) must hold too. Hence, by (X3), Initl nopx(h,
j7) holds.

It remainsto show R°op(j7, j). Wethus confirm both conjunctsof (6.32). The second con-
junct is immediate because we have R'(i, j7). Consider the first conjunct. Assume
Pop(i. k. U, w) UK (U, v) UH(v', w). Wewant Qop(™, k, V', w). From Pog(i, k, u, w),
by composition, we have |~ and v", for which Rg(i, |7), K™(u, ) and Qo[ k, V', W)
hold. Now, Rop(i, J7), Qop(i™, k V', W), Rop(i, [7), Qop(™ ki ¥, W) and (X2) give|™ =
j7. Similarly, K™(u, V"), Q~Op(i~’ k, V7, W), K*(u, V), H°(V", w) and (X1) givev =Vv". Thus,

since Q op((™, k, V', W) holds, then so does Qop(j", k, V', w). We are done. n
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6.3.2.3 Theinitialisation PO

We show

Inity(v® P ($V'es Init, (V') UK°(V'G V) . (6.35)

Proof. Assume the antecedent with v¢= (u¢ w@. From Init,(v9, by (6.1), we thus have
Inita(ug, Initc(wd and G(u¢ wd. From the latter, it follows that K™(u, v?)sH™(V", w) must
betrue. So, picking v, we have K*(u, v°) and H™(V", w). We now have enough to be able
to use (X4) to obtain Inity(v'¢), whichwewant. All we need now isK°(V'¢v@). Therefore
by (6.31), we need G(u, w) b H™(v", w) and K™(u, v°). Both of these hold. Done. n

6.3.24 Theapplicability PO

We show
K°(V', V) L‘JR°Op(j~,j) L‘Jtrrnopx(vir) [} trmopu(v,j). (6.36)

Proof. Assume the antecedents and let v = (u, w) and j = (i, k). Suppose that for these
values trmopA(u, i) isfadse. Then trmopu(v, J) holds by (6.33). Alternatively, suppose
trmopA(u, i) istrue. Then we have two further possibilities. Either G(u, w) U Pofi, k, u,
w) holds, or it does not. The proofs for these two cases mirror those given for PO (6.14)
and establish either (6.3b) or (6.3c). Hence trmopu(v, ]) holds, as required. n

6.3.25 Thecorrectness PO

We show

K°(v', V) UR o0 }) L‘Jtrmopx(vﬂ i Ustpopu(v, i,vGp) b
(S V'GP e stpop, (V,J7, VI p7) UK (VG VY UV (P, ) (6.37)

for Univ steps which are abstract core bound.

Proof. Assumethe antecedentsand letv = (u, w), j = (i, k), v¢= (u¢ wd and p = (0, ). We
areonly interested in stepsin stpopu(v, ], V& p) which are abstract core bound. Hence, by
Definition 3.1, there must be values, w and k say, such that H*(v, w) U Q'opls ki v, W)

Chapter 6 The Lowering Theorem 98



6.3 Proof for Part (2)

holds. Then, by (6.19), we have w = w and G(u, w); by (6.20), we have k = k and Pq(i,
k, u, w). Now, since G(u, w) U Pop(is k, u, w) holds, by PO (6.15), so must trmopA(u, i).

Next, from K°(V", v) and G(u, w), we get K*(u, v°) and H™(v", w), by (6.31). Then, from
R°Op(j~, j) and Pop(i, k, u, w), K (u, v?) and H*(V", w), we get Q~Op(j~, k, v*, w) and R‘Op(i,
"), by (6.32). Wehave stpopu(v, I, V& p), trmOpA(u, i), G(u, w) and Poy(i, k, u, w). There-
fore, (6.2b) says stpopA(u, i, u¢ o), stpopc(w, K, WG q), ((G(u¢ wg U Opp(0; g; UG wé i, k,
u, w)) U Cop(u¢ wWé o, g; i, k, u, w)) are all also true. We now proceed by assuming each
disunct of (G¢U Ogyp,) U Cy in turn.

First suppose (G¢U Ogp) holds. Then Gesays K™(u¢ v 9sH™(v'¢ wq is true. So we have
Vesay, for which K™(u¢ v'9 and H™(v'¢ wq are true. Similarly Og,, implies (V"gp(0, p)
UK (u¢ v UR (i, ) UK (U, V))sN"ou(P™, 0 V& WG ™, k, V', ). Sowe have p™, v'¢

|

and ™ say, for which V"gp(0, p7), K'(u¢ V9, Rop(i, [7), K™(u, V') and N op(p, o) V'§ WG

, K V', w) aretrue. Then, using (X1), first with K™(u¢ v'9 and H™ (V"¢ wd, we get v ¢=

|

V"¢ second with K™(u, v7) and H™(v", w), we get V™ = v". Similarly, using (X2) with R (i,
) and Q7op(™ k, V7, W), we get |” = . Therefore, altogether we have stpopA(u, i, u¢ o),
K~(U, V~)! R‘Op(i! j~)! K~(U¢ \:/~(D, VUOp(O’ E~)! H~(V~! W)! Q~Op(j~! k! v, W)! H~(\:/~¢ W(D U
N~Op(g, g VEWG T, k v, w) and stpopc(w, k, w¢ g). Thus stpopx(vi J7, V¢ p) holds by
(X5).

Second suppose Cop holds.  Then (K™(u¢ v U Vgh(0, P) U Rigei, j7) U K(u,
V8D op(VE WG P, 0 7, k, V7, w) istrue. We now use similar steps to those in the pre-
vious paragraph, and for this case we end up with stpopA(u, i, u¢ o), K™(u, v°), Ropfi, ),
K(U6 V9, Vo0, B), H'(V', W), Qopl™, ki V', W), Diop(V6 W6 7, g |7, k, V', w) and
stpopc(w, k, wg g). Thus stpopx(v~, j, V'¢ p°) holds by (X5) once again.

Sowe have v'¢and p~ and stpopx(v 7,V 6¢p). Itremainsto show K°(V'¢ v and Vo ou(p',
p). TakeV°qy,. Thisholdsby (6.33) becausewe have V'g,(0, p7). To show K°(v'¢ vg we
need to establish both conjuncts of (6.31). The second conjunct holds because we have
K*(u¢ v'9. To show the first assume G(ug wg. We require H*(v'¢ wg. We already have
thisfor the case (G¢U Ogp)- For the case when Cqy, holds we argue thus. As G(ug wg) =

K*(u¢ v'9sH™(v'¢ wd, we can choose a value, v~¢say, for which K™(u¢ v=¢ and H™ (V"¢
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w9 hold. Now, K™(u¢ V' and D"gp(v'¢ ¢ ...) also hold. Therefore, by (X1), v'¢=v~¢

Consequently, since H™(v™¢ wq) is true, then so isH™(V'¢ wg. We are done.

6.3.2.6 Theoutput finalisation PO

We show

Veop(P™, P) UFinOutOpU(p, n) b FinOutgy (7, 1) . (6.38)

Proof. Assume the antecedents and let p = (0, q). From V°q,(p7, p), by (6.33), V'o,(0,
p7) istrue. From FinOutopU(p, n), by (6.11), n=o0. Therefore, by (X6), FinOutopX(pZ n)
holds, as required. [

6.3.3 Theinclusions

Below we list the inclusions of part (2) of the theorem in detail.
H™(V", w) b K°(V", v)sH (v, w) (6.39)
Qopl™ kv, W) P (Rogpfi™, ) UK(V, v)3Q"0p(i. k. v, W) (6.40)

N op(P™, O VG WG ™, k, V', w) b
(Veop(P™, P) UK (VG vl UR o™, ) UK®(V', V)N op(P, G; V& WG j, K, v, W)
(6.41)

D op(VEWE P, q; 7, k, v, w) b
(K°(v'§ v§ UV°op(p™, p) UR°op(i 1) UK®(V", V))3D"op(V6 WG p, 4, j, k, v, W)

(6.42)
K™(u, V)sK°(v", v) B K'(u, V) (6.43)
Riop(i, 1)8R°0pli™: 1) P Ry, 1) (6.44)
Vop(0, P)sV(p, p) P V'op(0, P) - (6.45)

We now show these inclusions hold.

T (6.39): HY(V,,w) P K°(V", V)sH'(v, W) .
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Proof. Assume the antecedent H™(V", w). Since K™ is surjective there must be a state, u
say, such that K™(u, v°) holds. Then from K*(u, v7)sH™(v", w) we get G(u, w). Letv = (u,
w). Then first, K°(V", v) holds, by (6.31); second, H'(v, w) holds, by (6.19). Done. m

" (6.40): Qopl™. kv, W) P (Roop(i™, ) UK(V', v))5Q opi, K, v, W) -

Proof. Assume the antecedent Q"o k, V7, w). Since K™ and R'g, are surjective there
must be values, i and u say, such that R'o(i, j7) and K™(u, v°) hold. Then from (R'g(i, )
UK(u, v~))gQ~op(j~, k, v, w) we get Pop(i, k,u,w). Letj=(,k andv=(u,w). Then
Q’oplis k, v, w) holds, by (6.20).

It remains to show R°op(7, j) and K°(V7, v). Take R°op(j7, J) first. We establish both con-
junctsof (6.32). The second conjunct isimmediate because we have R i, j7). To show
the first conjunct assume Pgp(i, k, u, w) UK™(u, v)) UH(V', w). We require Qop(i" k
V', w). Now Poyfi, k, u, w) implies (R op(i, [7) UK (u, V))8Q op(l™, ki V', W). Thus, fixing
witnesses, we have Ro(i, ), K'(u, V") and Q"op((™, K, V', W). Then, Ro(i, J7), Qop(i™
k, V7, w), R‘Op(i ,17) and Q~Op(r’ k, V', W) give, by (X2),j"=]". Similarly, K*(u, v"), H (",
w), K'(u, V), Qop((™, k V', w) and (X1) givev™ =Vv". Hence, Q"op((", k, V', W) furnishes
Qopl™ ki V', w).

To show K°(V", v) we need to establish both conjuncts of (6.31). The second conjunct is
true because we have K™(u, v°). To show the first conjunct assume G(u, w). We require
H™(v", w). Now G(u, w) impliesK™(u, V")sH™(vV", w). Thus, fixing witnesses, we have K™(u,

V") and H™(V", w). Then, becausewe also have K™(u, V') and Q"op(i™, k, V', w), by (X1), v*

=V". Hence, from H(V", w), we get H(V", w), asrequired. We are done. n
" (6.41) and (6.42).
Proof. Similar to (6.40). n

" (6.43): K (u, V)sKe(v, V) P K'(u, V).

Proof. Assume the antecedent. Thus, fixing the witness we have K™(u, v°) and K°(v", v).
Letv=(u, w). ThenfromK°, by (6.31), K*(u, V") holds. But K™ isinjective. Thusu=u
and therefore v = (u, w). Hence, K'(u, v) holds by (6.4). m
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" (6.44) and (6.45).

Proof. Similar to (6.43). n

6.4 Proof for Part (3)

Part (3) of the theorem follows readily by observing that for a system Univ* having the
same properties as Univ, there will be a refinement from Univ to Univ* and a refinement

from Univ* to Univ. © ]

This compl etes the proof of Theorem 6.1.

6.5 Ildempotence

One of the aims of the lowering construction is for the abstract core bound transitions of
Univ to be at the level of abstraction of Conc. We therefore constructed Univ so that for
all other systems Xtra achieving the same decomposition, there was a refinement from
Xtra to the abstract core bound transitions of Univ. But can we be surethelevel of abstrac-
tion islow enough? As further indication that we are at the desired level, we show that
applying the lowering construction to Univ resultsin a system UUniv whose abstract core

bound transitions are those of Univ.

For the abstract core bound transitions cbtopu(v, ], V& p) of Univ, we saw in Section 6.3.2.5
that G(u, w) UPqpi, k, u, w) U trmop, (u, i) holds. Therefore,

CthpU(V! j! V(l; p)

v=(uw) Uj=(,K Uve=(u¢wd Up=(0,q) U
G(u, w) U Pgi, k, u, w) U trmoyp, (U, i) U StPop, (Vi , V& P)
= [ by (6.2), and using obvious abbreviations ]
trmop, UGPo, U((trmg,, U-GPgp P stpgy, ) U
( trmopA U GPOp P ﬁpopA U Stpopc U G(DCOp ) )
=[aU@UbP ¢)0 aU(bb 0]
trmopA U GPOp U ( ( _'GPOp P ﬁpopA ) U ( GPOp P ﬁpopA U Stpopc U G(DCOp ) )
=[(@U-ab b)U a, aU(ab b)U aUb]

trmopA U ( ( GPOp ) U( GPOp U StpopA U ﬁpopc U G(DCOp) )
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=[aUaU a, trmg, Ustpgy U stpoy ]
GPop U stpop, U stpop_ U GE©Cop
= [ expanding]
G(u, W) UPqyi, k, u, w) U Stpop, (U, i, u¢ 0) U stpop, (W, k, we q) U
((G(ug wd UOq(o, g; ug wé i, k, u, w)) UCq(uGwg o, g; i, k u,w))  (6.46)

Analogously, the abstract core bound transitions of UUniv will be

Chtop,, (V. I, V& p) =
(v=(v,w) Uj=(, K Uve=(v¢wd Up=(p,q) U
H'(v, W) U Q"opfi k, v, W) Ustpop (¥, , V& p) Ustpop (W, k, we o) U
((H*(v& Wl UNop(p, 0; Ve WG j, k, v, W)) UD"op(VE WG p, 0; , K, v, W) ) ) .
(6.47)

Expanding this gives

Chtop,, (V. I, V& p)

(v=(v,w) Uj=(j,k Uve= (v w) Up=(p,q) U

v=(u,w) UG(v, w) U

v=(u,w) Uj = (i, k) UPgy(i, k, u, w) U

StPop, (v, J, V& p) Ustpopc(w, k, wé g) U

((H'(v& W UN"o(p, G; V& WG j, K, v, W) UD op(VG WE p, q; , K, v, W) ) )
= [ expanding ]
(v=(v,w) Uj=(j,k Uve= (v w) Up=(p,q) U

v=(u,w) UG(u,w) U

v=(u,w) Uj = (i, k) UPgy(i, k, u, w) U

StPop, (v, J, V& p) Ustpopc(w, k, w¢ g) U

( (ve= (u¢ wd U G(ug wg U

p=(0,q) Uj =(i,K) Uv=(u,w) UOgpo, g; ug wg i, k, u,w) ) U
(ve=(ugwg Up=(0,q) Uj = (i, k) Uv=(u,w) UCqp(u¢ Wt o, q;i, k,u,w))) )

=[(@aUb)U(alUc)U aU(Uc)]
(v=(v,w) Uj=(, K Uve=(v¢wd Up=(p,q) U

v=(u,w) UG(u,w) U
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v=(u,w) Uj = (i, k) UPgy(i, k, u, w) U
StPop, (v , V& p) U stpop (W, k, wé g) U
ve=(u¢wd Up=(0,q) Uj=(,K Uv=(uw)U
((G(ug w9 U Ogp(0, 0; ug wé i, k, u, w)) U Cop(ug we o, g; i, k, u,w) ) )
=[aUaU a rearranging]
(v=(v,w) Uj=(, K Uve=(v¢wd Up=(p,q) U
v=(uw) Uj=(i,Kk Uvt= (u¢wd Up=(o,q) U
G(u, w) UPqi, k, u, w) U StPop,, (Vi , V& p) U Stpop, (W, k, W q) U
((G(ug w9 UOgp(0, g; u wé i, k, u, w)) UCqp(ug w0, g; i, k, u, w) ) )
=[by (6.15),GUPP trmgy, henceGUP U GUP Utrmg, ]
(v=(v,w) Uj=(j,k Uve= (v w) Up=(p,q) U
v=(u,w) Uj=(i,k) Uvt= (u¢wd Up= (o, q) U
G(u, w) UPqi, k, u,w) U trmoyp, (U, i) U StPop, (V: i, V& P) U stpop, (W, k, wé ) U
((G(ug wd) U Ogp(0, g; uG wé i, k, u, w)) U Cop(uGwg o, g; i, k, u,w) ) )
= [ by (6.46), since G UPg, Utrmg, Ustpog, = cbtop, |
(v=(v,w) Uj=(, K Uve=(v¢wd Up=(p,q) U
v=(u,w) Uj=(i,k) Uvt= (u¢wd Up= (o, q) U
G(u, w) UPqi, k, u, w) U Stpop, (U, i, u¢ 0) U stpop, (W, k, we q) U
((G(ug wh) UOq(o, g; ug wé i, k, u, w)) UCqp(u wg o, g; i, k, u, w) ) U
StPop, (W, k, WG q) U
((G(ug w9 UOgp(0, g; u¢ wé i, k, u, w)) UCqp(ug w0, g; i, k, u, w) ) )
=[aUaU a]
(v=(v,w) Uj=(, K Uve=(v¢wd Up=(p,q) U
v=(uw) Uj=(i,k) Uvt= (u¢wd Up= (o, q) U
G(u, w) U Pgi, k, u, w) U Stpop, (U, i, ug 0) U stpop, (W, k, we q) U
((G(ug wg) UOp(0, g; ug we i, k, u, w)) U Cop(utwg o, g; i, k, u, w) ) )
=[(646)]
(v=(v,w) Uj=(, K Uve=(v¢wd Up=(p,q) U
v=(uw) Uj=(i,k) Uvt= (u¢wd Up= (o, q) U
CthpU(Va J, V& p) )
= [ substituting ]
(v=((u,w), w) Uj=((i, k), k) Uve= ((u¢ wg,w§ Up=((0,q), q) U
chtgp, (U, W), (i, K), (u¢ w9, (0, 0)) )
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So we see that repeating the construction leads to a system whose datais that of Univ but
with redundant duplications. Such a system is obvioudly interrefinable with Univ and

hence equivalent to Univ for all our purposes.

6.6 InsideUniv

To close this chapter we use the Number Recycler example as described in Section 5.6 to
exhibit the structure of Univ. The states of Univ are pairs (u, w) such that u is a set of nat-
ural numbers and w is a sequence of natural numbers, e.g. ({3, 41}, ¢8, 50, 51)}. Note

once again that w is not necessarily a serialisation of u.

From the retrenchment PO (6.15), we know G U Pg, and thus trmgy, U trmgy,_hold for
those parts of Abs and Conc related by retrenchment. We keep thisin mind asweexamine
the transitions of Univ. By (6.2), the transitions separate into three groups. Thefirst con-
sists of transitions for which trmg, does not hold and therefore cannot be concerned with
the Abs to Conc retrenchment. The second group consists of Abs transitions for which
-(GU Pop)- Such Abs transitions, and therefore this group of Univ transitions, also fall
outside the scope of the retrenchment. The function of these two groupsisto providetran-
stions for those parts of Abs, Xtra and Univ, not related to Conc by retrenchment, so that
the relevant refinement POs can be satisfied.

What remainsis the third group which contains Univ transitions for which G U Pop holds.
We saw in Section 6.5 that these are the abstract core bound transitions of Univ. Hence
the abstract core bound transitions are the part of Univ concerned with the retrenchment
from Abs to Conc. The abstract core bound transitions combine Abs and Conc steps that
arein smulation. We can think of the lowering construction as tagging simulable Abs
steps with corresponding Conc steps. Examples of abstract core bound steps for non-

boundary cases for Add; and Remy, are
(1,2}, <2 1) -((3, 3), Addy, (OK, OK))-> ({1, 2,3},(2,1,3)
and

({12 3}, 3, 1,2) -(Remy, (3, 3))-> ({1, 2}, (1, 2),

and we see they pair steps related by the retrenchment.
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For boundary cases atypical Add; stepis
({1..5},{1..5)-((8, 8), Add, (OK, FULL))-> ({1..5,8},(1..5)) .

For Rem, we find the situation is the same as in the lifting construction. Thereisno step
which describes the removal of a number from an empty bin: Pgey, does not hold, conse-

guently there can be no abstract core bound Univ step.

Aswasthe position for the abstract lifting in Chapter 5, the systems which decompose the
retrenchment belong to aclass. The properties which define the classin this case are an-
alogues of ones we saw in the previous chapter, except (X4) and (X5). (X5) restrictsthe
systemsto oneswhich at |east lower the same Abs steps Conc does, and is consistent with
finding a concrete representation of those Abs steps simulated in Conc. (X4) isthe coun-

terpart for initial values.
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Chapter 7
Completing the Square

It was relatively straightforward to get the triangles in the lifting and lowering theorems
to commute. This turns out not to be the case for the squares in the post- and prejoins.
This time we have to work alot harder to obtain commutativity. Consequently the mate-
rial which presentsthe technical details of the constructionsis considerably more compli-
cated. The purpose behind thischapter isthereforeto provide the reader with someinsight
into the function of some of the components used in the construction of the squares. We

only discuss the postjoin construction. By symmetry the prejoin issimilar.

7.1 TheSquareand Its Components

Recall from Chapter 4 that an objective of the postjoin construction is to obtain a system
Univ which is arefinement of Ret and a retrenchment of Ref, such that the square com-
mutes. Thus when the given retrenchment is composed with the new refinement on the
one hand, and the given refinement is composed with the new retrenchment on the other,

they are equal as retrenchments from Abs to Univ. We recap thisin Figure 7.1.

L et the state space of Abs beU withuT U, theinputsbeil |andtheoutputsol O. For
Retwehavevi V,jT J,pl P;forRef wi W, k1 K,ql Q;andforuniv ti T,hi
H,sT S.

Let H, Q, N and D bethe retrieve, within, output and concedes relations for the retrench-
ment from Abs to Ret. Similarly, let H*, Q°, N" and D" be the relations for the retrench-
ment from Ref to Univ. The datafor the refinement from Abs to Ref hasretrieverelation
K, input retrieve relation R and output retrieve relation V. Likewise, let K*, R and V" be
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Figure 7.1: Completing the square in aprejoin.

therelationsfor the refinement from Ret to Univ. Findly, let G, P, O and Cbetheretrieve,
within, output and concedes relations for the retrenchment from Abs to Univ. These are
al showninFigure 7.1. We start by discussing systems with no 1/O components and fo-

cusjust on the retrieve relation G.

7.2 Overtureon G

We define G in terms of the other retrieverelations, and if the square isto commute then

G(u, t) = H(u, vsK'(v, 1) = K(u, wsH"(w, 1) , (7.1)
which we write as G(u, t) = HgK'(u, t) = KgH"(u, t) for short.

Consider Figure 7.2, where the spaces U, V and W consist only of the states shown. It
should be evident that for the square to commute, whatever point w isjoined to in Univ,
let us call it tg, then both v4 and v, must aso be joined to the same point. We can picture
asimilar situation arising when two points wy and w, in Ref share a common point vq in
Ret. To cover such cases we define the individual points in Univ to be ordered pairs of

equivaence classes as follows.

T=Vi~, " Wi~y, (7.2)
where
~v = ((KTsH)Tg(KTsH))* , (7.3)
~w = ((HsK)s(HTsK))* (7.4)
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Woo o tO

Figure 7.2

with[v] T V/~, and [w] T W/~,. Sofor Figure 7.2 we have [v{] = [V5] = {Vvy, Vo}, [W)
={wp}, and ty = ([v4], [wp]). We now define
K(v, (IV], (W) = vi [V, (7.5)

H(w, (IV], (W) = wi [w], (7.6)

and so HgK® = KgH", as shown in Figure 7.3,.

Wo. —ﬁ .to

H

Figure 7.3

The equivalence classes capture more general arrangements, and in fact each [v] is a set
of states from Ret, which are connected (directly or indirectly) to acommon state in Ref
(via Abs); and similarly so for [w]. For instance, the setup in Figure 7.4 resultsin the
classes [vq] = {vy, Vo, V3, Via}, [Wy] = {wy, wo} and [wg] = {wg}. HereT = {([vq].[wq]),

([vq].[wg])}. (Notethat T pairsevery [v] with every [w]. Thissimplifies the definition of
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Wie Wre Wse

Figure 7.4

operationsOpy; I Ops,. These only occur in Ret and not in Ref, and consequently only
affect the first component of any ([v], [w]).)

Unfortunately, what we have so far is not enough to achieve commutativity. Consider
Figure 7.5, where tg = ([vgl, [wg]). Here, K*(vp, tg) cannot hold, otherwise HsK"(uy, to)

H
Use
i,
K K
Wo. H. [ ] tO
Figure 7.5

will hold, even though KsH"(uy, tg) cannot. To exclude such cases we change K* to

K*(v, (IV], [W])) = v [Vl UHK([V], [W]), (7.7)
where
HK(M, (W]) = (" u,vevi [VJUHU V)P ($wewl [w] UK(u,w). (7.8)
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We hasten to add that thisis not the only possible approach, but it is just not feasible to
discuss the pros and cons of each here. Theintention isto give the reader an insight into

the components that form the definitions he or shewill encounter in subsequent chapters.

We must also change H" otherwise KsH"(us,, tg) would be true whilst HsK*(u,, tg) would

not. Hence
H(w, ([V], [W])) = wi [w] UHK([V], [W]) . (7.9)

To rule out with the situation pictured in Figure 7.6, we introduce a further modification.

Uye H oV,
" T
K K
Wpe " oty
Figure 7.6
Let
H'(w, (M, [w])) = wT [w] UHK([V], [w]) UKH(w, [V]) , (7.10)
K'(v, (M, [w])) = v1 [v] UHK([V], [w]), (7.11)
where
KHW, [V]) = (" usKuwpb ($vevi [v] UH(,V)). (7.12)

Thus(7.10) prevents H*(wp, tg) from holding because we have K(u,, wp), but no vto which
H connects u,, which means it is not possible for HgK"(u,, to) to hold. Therefore we do
not want KgH"(u,, tp). Notice we must also prevent K*(vy, tg) from holding, otherwise
HsK*(uq, to) will hold, which compels KsH(uy, tg) to hold, but this requires H"(wp, tg),
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which we have just said must not hold. To disallow K*(vy, tp), we also add KH(w, [V]) to
the definition of HK([v], [w]) asfollows.

HK([V], W) = (" u,vevi [VJUH(u V)P
(Swewl [w] UK(u, w) UKH(W, [V]))) . (7.13)

There is one more constraint that we impose on H*. Consider the situation depicted in
Figure 7.7.

Ulo H .VO
K K
e *t = [Vol [wi]
Wae H° *t, = [Vo] [w]
Figure 7.7

If we examine (7.10), we see that H*(w», t5) holds. However, there is no need for H' to
hold here, sincethereisno path from u, to w,, and thus no possibility of KsH*(u,, t,) hold-
ing. We therefore prevent H" holding, by adding the conjunct ($ u ¢ K(u, w)) to its defi-
nition as follows.

H(w, (IV], (W) = wi [w] U($ ueK(u,w)) UHK([V], [w]) UKH(w, [v]) . (7.14)

Using definitions (7.11) to (7.14), we now have G = HgK® = KsH".

7.3 Workingin C

Thusfar we have not taken into account other relations that involve the state. A retrench-
ment al so has concedesrelations, which can hold for pairs of after states for which the re-
trieve relation does not. The concedes relation for the retrenchment from Abs to Univ is

Cop(u¢t¢ o, s;i, h,u, t). Weareonly interested in the after statesin this section, therefore
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we hide the other components and write Co,(ug t¢ ...) as shorthand for ($0,s5i,h,u,te
Cop(u¢ t§ o, s; i, h, u, 1)), and similarly so for other relations. We define Cgy, in terms of
the concedes relations of the other retrenchments and the retrieve relations of the refine-

ments as follows.
Cop(UG 16 ...) = Dop(ut V6 ... )sK™(vG t§ = K(u§ whsD op(wé t¢ ...) (7.15)

This hasthe same structure as (7.1), with D, and D", replacing H and H' respectively.
It is therefore not difficult to appreciate that in order for (7.15) to hold, we will need to

take steps similar to those we saw above for G.

We start with thefollowing observation. Takethe caseshownin Figure7.8. By (7.3) and

W,e

W e

Figure 7.8

(7.4), the equivalence classes are the singletons [vg], [wq] and [wy], SO T = {([Vg], [w4]),
([vol, [wo])}. Consider linking the state vy to the state ([vg], [Wy]) = tgin Univ. Asshown
in Figure 7.9, since HsK"(uy, tg) and DsK"(us, tg) hold, both wy and wy will need to be
joined to tg, otherwise the square will not commute: G and/or Cop, will not hold. Conse-
quently D" (o, to, ...) must be true. We are therefore going to need to define D gy, in
such away that we can link w, with ([vg], [wy]), even though w, I [wy]. This suggests

that in fact wy and w, should both be in the same equivalence class, and this is the ap-
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Figure 7.9

proach we adopt. We note thereis a similar problem if we choose ([vg], [wo]) for tg, but

thistime with H*. We therefore redefine the equivalence relations to

~v = ((K'sHD)T8(KTsHD))* , (7.16)

~w = ((HDT3K)T3(HDTsK))* , (7.17)
where

HD(u, v) = H(u, v) UDgy(u, v, ...) . (7.18)

For the exampl e, these equivalences give the class [w;] = {wq, Wy}, asrequired.

When defining K* we must now concern ourselves with Do, as well asH. We already
know that to exclude cases like the one shown in Figure 7.5, where for u; we have H(uj,
Vo) but no K, we need HK to hold. But exactly the same problems can arise with Dgp(u¢
v ...). Sowe need to strengthen K* to

K'(v, (IV], (D) = vT [Vl UHK([V], [w]) U YDKgp([v1, [w]) - (7.19)

Hence, H" must change to

H(w, ([V], (W) = wi [w] U($ ue K(u,w)) UKH(w, [v]) U
HK([V], [w]) U YYDKop([M, [W]) - (7.20)
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Toobtain D'oIo we apply the same reasoning we used to derive H*. We find that

D opWe ([vg, [we), ...) = wel [wq U ($ u¢s K(ug wd) UKDop(we [v§) U
HK([v4, [wd) U YDKop(Ivd, [wd) , (7.21)

where

DKop(IM, (W) = (" u,vevi [V UDgy(u, Y, ..) P
Swewl [wW] UK(u, w) UKDgh(w, [V]))) , (7.22)

KDop(w, [V]) = (" ueK(u,w) b ($vevi VU Dop(u, v, -..))) - (7.23)

With these definitions (7.1) and (7.15) both hold. Wewill treat the remaining components

of Coy, including the before states, in the next section.

An alternative approach to the problem in Figure 7.9, would be to simply exclude it.
However, the arrangement arises from the perfectly reasonabl e retrenchment from Abs to

Ret shown in Figure 7.10, which we do not want to rule out. The bold arrowsinthefigure

ug,

/ *
Upe AR

K
K

oW

ot
W;e
Figure 7.10

depict transitions. Thetransition u; — ug is retrenched by vy — Vg, askip, and refined by
the step w; —» w@y. Thisisexactly the same setup asin the previousfigure, only the states
arelabelled differently. Turining to Univ we ask what itstransitions ook like. In this ex-

ample, the classes are [Vg] = {Vg}, [wy] = {w;, wg} and thereis only one Univ state ty =
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([vgl, [wq]). Sotheonly possibility isty — ty. Inthistransition we in effect pair the cor-
responding steps v — Vg and wy — wg. We can think of the equivalence classesin ty —
to astogether forming acontainer for therelated Ret and Ref steps. Wereinforcethisview

with another example.

Consider Figure 7.11. By (7.16) and (7.17), we have the singletons [v4] and [v§], and the

ug, oV
e
K
WE owg
Wie ™ Woe
Figure 7.11

doubletons[w;] = {wy, wo} and [wg;] = {wg;, wé}. Hence, therearefour Univ states ([v4],
[wi]), ([v1], [w&]), ([v4], [wq]) and ([v4], [wg]). The definition for Univ transitions,
which we omit here, identifies the corresponding transition as ([v4], [w4]) — ([v&], [wg]).
Again we can picure this as being a container for v — v§, w; » w§ and w, — wé. Keep
this interpretation in mind when studying the transition definitions in later chapters.

7.4 Encompassing I/O Components

In this section we extend our discussion to cover input and output. Consider the within

relation P, which we define as

Popfi, h, u, 1)
= (Qopli, I u, v) UH(U, v))5(R op(i, h) UK'(v, 1))
= (Rop(i, K) UK(u, w))3(Q"op(k, h, w, 1) UH'(w, 1)) (7.24)
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and abbreviate to Poy(i, h, u, t) = QHsR'K'(i, h, u, t) = RKsQ'H'(i, h, u, t).

Let us focus on the state components first. From what we saw earlier, for cases like the

one shown in Figure 7.12, we perhaps expect to further constrain K* with the conjunct

Uge *

U Q

o VO

Wye . to

Figure 7.12

QKpp Where

QKop(IV, [W]) = (" u,vevT [V UQgy(..., u, V) b
GSwewl [w] UK(u, w) UKQop(w, []))) (7.25)

and
KQopW, [V) = (" usK(u,w) b ($vevi [V] UQgp(.... u,V))). (7.26)

However, let us examine (Qop(i, j, U, V) UH(u, V)3(R oplis h) UK*(v, t)). Thiscan only
hold when Qi) |, u, ¥) and H(u, v) hold for somej and v. Thusany Qqy(i, j, u, v) without
amatching H(u, v) isimmediately excluded, and when H(u, v) does hold, it must satisfy
K*(v, t). Hence caseslike Figure 7.12 are already covered and we need not make any fur-
ther changes to the definition for K°. For similar reasons we do not need to include

Qop(--- U, V) when determining the equivalence classes on state: H is sufficient.

Thisleaves the inputs. They produce the same problems we saw with statesin the previ-
ous sections and thus we handle them in asimilar manner. We define the inputs in Univ

to be pairs of equivalence classes. For each Op we have
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Hop= 3/~ Ki~, (7.27)
where

~3= ((ROp$QQ0p) "8(RSpsQQGR)) ™ (7.28)

~ = ((QQJpsRop) "8(QQRGpERo)) ™ (7.29)

QQop(i, 1) = ($u, v+ Qop(i, , U, ) (7.30)

with[j]T J/~and [K T K/~

We also introduce analoguesto HK and KH. Let

QRop([i], [K]) =
(" Liuwyvvoweil [i1UQop(i, i uv) UH(u,v) UK'(v, (IV], (W) P
Sk wekT [KUwWT [w] URg(i, k) UK(u, w) URQqp(k, W, [j], [M))) ,

(7.30)

RQop(k, W, [il, [V]) = (" i, u* Rog(i, K UK(u, W) b

$iveil [1UVI [V UQgp(i, ], u, v) UH(u, V) . (7.32)

Then

Rop( (i1, [K)) = iT [i] UQRoy([il [K) (7.33)
Q'oplk (1, [KD, w, ([V], [w])) =

kT [KUwT W U(Si,ue Rop(i, K) UK(u, w)) U

RQop(k W, [j], [V]) U QRop([i], [K]) (7.34)

Consider Figure 7.13 (i), where hy = (jo, ky). QRop prevents R‘Op(jo, hg) and thus
QHsR'K*(i1, hg, uy, tg), sincethereisno Roy(i4, ko) and thus no possibility of RKsQ™H™(i4,
ho, Uy, tg). It also bars Q" gp(Kg, Mo, Wo, tg) since now QHsRK (i, hy, Uy, to) cannot hold
and thus RKsQ"H'(i,, hg, U, tg) must not.

Notice the additional antecedents H and K* in QRg, when compared to HK. These ex-
press the fact that we only need to exclude problematic Qs which are candidates for

composition with respect to state, i.e. ones for which H and K* hold.
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Uy iy
QUH u; i.l QUH VO jO
Yz i.z Molo ,
QUH T Uy lp
: KUR KUR KUR
U K. K’
*Wo ko e toho *Wo Ko e toho
(i) (i)
Figure 7.13

In Figure 7.13 (i) RQgoy, prevents Q*og(ko, Mo, W, ). This cannot hold, otherwise we
have RKsQ H(i5, hg, Uy, tg) but no possibility of QHsR'K'(i», hg, Uy, tg). We must also
include RQgy, in the definition of QRgy, in order to preclude R‘Op(jo, hg). This cannot
hold, otherwise we have QHsR'K'(i1, hg, U4, tg), which in turn demands RKsQ"H'(i4, hg,
uy, to), but this requires Q" gp(Ko, ho, W, to), and this we have already ruled out.

We tackle Og, in exactly the same way and therefore omit the details here. Let us now

return to Cop and consider the componentsweignored inthe previous section. We define

Cop(ugté¢ o, s;i, h,u,t)
= (Dop(ué VG 0, p; i, |, U, v) UQop(i, j, U, v) UH(u, V))s
(K*(v& t9 UV op(p, 0) UR opfi, h) UK'(v, 1))
= (K(ug w U Vop(0, 9) URop(i, k) UK(u, w))s
(DopWG 16 0, s k, h, w, ) UQgp(k, h, w, 1) UH'(w, 1)) (7.35)

We construct the outputs of Univ in the expected manner. For each Op

Sop=Pl~" Qi (7.36)
where

~p = (VOpsNDop) "s(VSpsNDop))™ (7.37)

~o = ((NDGpsVop)8(NDGpsVop))™ (7.38)
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ND (0, p) = Nog(0, p; -..) UDgp(..-, 0, p; --.) (7.39)
with[p] T P/~pand [a] T Q/~o

For the same reasons we articulated for Pg,, we do not need to take any further steps to
treat problematic casesinvolving the before states or inputs. The relations involving out-

puts follow the now familiar pattern and for V'Op we get
Vop(R: ([P, [aD)) = T [p] UNVoy(Ipl, [a]) UDVoy(ipl, [d) , (7.40)

where NV, and DV, are analogues of QRg,. NV, excludes rogueinstances of Ngy(0,
p; u¢ v§ i, j, u, v) and DV, does the same with Dop(ug V6 o, p; i, j, U, v). We miss out
the definitions which can be found in the next chapter. We covered after states and thus

K*¢in the previous section, so only D", remains. Its definitionis

D op(W§ ([vd, [wd), g, ([p], [al); k, ([i], [K]), w, ([v], [w])) =
wel [wd UgT [q] UKT [K UwT [w] U
(B ug o, i, ueK(ugwd UVog(o, g) URgy(i, k) UK(u, w)) U
VDop(W6 g, k, w, [vd, [p], [j], [V]) UNVou([p], [a]) UDVoy((pl, [d]) U
HK([vd, [wd) U JDKoy([vg, [wd) (7.41)

Based on what we saw for Q‘Op, we find the terms we expect: VDop(W¢ g, k, w, [v4, [p],
[i]. [V]), NVop(Ipl, [a]) and DVop([p], [a]). We also have HK([vd, [wd) and DKg([vd,
[wd). These are needed to deal with after states. We saw this in the previous section,
wherewe derived adefinition for D‘Op, (7.21), for after statesonly. Thisalso had theterm
KDop(wé [vd) which does not occur in (7.41). However, this missing term follows from
(B ugo,i,usK(uswd UVgn(o, g) URg(i, K) UK(u, w)) and VDo, (w6 g, k, w, [vd, [p],
[j1, [V]), by Lemma A.13.

With the above definitions Cop, = (Dop U Qop U H)3(K™¢U V' oy UR' o UK?) = (KEU Vg,
U Rop u K)g(D.Op u Q.Op UH").

Although at first sight the definitionsfor K*, R, V'op, H', Q"op, N'gp @nd Doy may ap-
pear somewhat complicated, we have seen that they all share acommon structure and that

their components have readily identifiable roles.
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7.5 TheClassof Systems

It follows from what we have seen, that for both the pre- and postjoins, any system Xtra
which completes the square, will be subject to the kinds of constraints we described
above. Thisreality givesrisein each caseto a number of properties which must hold for
the class of systems completing the square. For the postjoin, Univ is then constructed to
be the most abstract in its class up to interrefinability equivalence, while for the prejoin,

Univ is constructed so as to be the most concrete.
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Chapter 8

The Postjoin Theorem

Given asystem Abs which isretrenched to asystem Ret, and also refined to asystem Ref,
the postjoin completes the square by constructing a system Univ with the following prop-
erties. First, Univ isboth aretrenchment of Ref and arefinement of Ret. Second, the com-
position of the Abs to Ret retrenchment with the Ret to Univ refinement on the one hand,
and the composition of the Abs to Ref refinement with the Ref to Univ retrenchment on
the other, are both equal asaretrenchment from Abs to Univ. Third, inthe classof systems
achieving a similar completion, Univ is the most abstract up to equivalence. We make

these ideas precise in the theorem below.

8.1 ThePostjoin Theorem

Theorem 8.1. Let there be aretrenchment from Abs to Ret, and a refinement from Abs

to Ref, as shown in Figure 8.1. Then the following hold.

(1) Thereisauniversal system Univ such that there is a retrenchment from Ref to Univ
and a refinement from Ret to Univ whose compositions with the original refinement
and retrenchment respectively are equal as retrenchments from Abs to Univ, and
which satisfies (U1) to (U12) below.

(2) Whenever thereisasystem Xtra and aretrenchment from Ref to Xtra and arefinement
from Ret to Xtra whose compositions with the original refinement and retrenchment
respectively are equal asretrenchments from Abs to Xtra, and which satisfies (X1) to
(X12) below, then there is arefinement from Univ to Xtra such that H'sK° b H~, (Q°
UH")3(R°UK®) b (Q UHY), (D°UQ UH"3(K°¢Uv° UR°UK°) b (D"UQ UH"),

Chapter 8 The Postjoin Theorem 122



8.2 Basic Definitions

All arrows labelled H, Q, N, D are retrenchments;
all arrows labelled K, R, V are refinements.

Figure 8.1: The relationship between systems in a postjoin.

(N'UHGUQ UH"3(V° UK°¢UR® UK®) b (N"UH ¢UQ~ UH"), and such that K*sK®
P K, RsR°P R, V3V° b V (seedso (8.81) to (8.87)).

(3) Whenever a system Univ* has properties (1) and (2) above of Univ, then Univ and

Univ* are mutually interrefinable.

8.2 Basic Definitions

For Abs the operation names set isOp, I Ops,, state, input and output spaces are u 1

U,il lop, ol Ooy,, and initialisation and step predicates are Inita and stpoy, . Corre-
spondingly, for Ret we have Opy | Opst, vl V, |l JOpT, pl POpT, Inity and StPop.
and for Ref, Opg | Opsg, wl W, ki KOpF, ql QOpF, Initz and StPop, - Here, Opsp =
Opsg ! Opsr.

L et the refinement from Abs to Ref have retrieve relation K, and for each Op, input rela-
tion Rop and output relation Vg, Let the retrenchment from Abs to Ret have retrieve re-
lation H, and for each Op, within relation Qgy, output relation Ng, and concedes relation

Dop
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In the remainder of this section we define the various e ementswe will usein the construc-

tion of Univ and the associated retrenchment and refinement. Let,

HD(u, v) = H(u, v) U Q ($0,p. i1 U Ve Dop(u, v, 0. P i, [, U, V) (8.1)
QQop(i,J) = (B U, v+ Qop(i, j, U, V) , (8.2)
NDop(0, p) =

(BUG VG, [, U Ve No(0, p; UG VG, j, U, v) UDgp(UG VG 0, p; i, [, u, V) . (83)

Given these, we now introduce the following eguivalence relations.

~v = ((K"sHD)"3(KsHD))" , (84)
~w = ((HD"3K)"3(HDTsK))* , (8.5)
~ 1, = (REp3QQ0p) 8(REp3QQ0p)* . (8:6)
~kep = ((QQSp$Rop) "8(QQAGpSRop) ™ (87)
o = (VEpsNDop) '8(VopsNDop))™ (8.8)
~q0p = ((NDgp8Vop) '8(NDGpsVop)) ™ - (8.9)

Let (1T Vi~y, (W1 T Wimy, [1T Jop/~sy [KIT Kop/~koy [PIT Pop~s,, and [l T
Qop/”"Qop. Then,

KH(w, [V]) = (" usKuw) P ($vevi [V UHU v), (8.10)

HK([V], [W]) = (" u,vevi [VJUH(u V)P
(Swewl [w] UK(u, w) UKH(W, [V])), (8.11)

KDop(W, [V]) = (" u=K(u,w) P
Gvevl MUGBO PRI U VeDoyu, v, 0P j, U V)), (812

Swewl [w] UK(u,w) UKDop(w, [V])) , (8.13)

RQop(k, W, [il, [V]) = (" i, u* Rop(i, k) UK(u,w) P
($Lveil [[TUVT [V UQuy(i, j, u,v) UH(u, V), (8.14)
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QRop(Lil, [K) =
(" Li,u v v,weil [j] UQop(i, ], u, v) UH(U, v) UK'(v, ([V], [W])) P
Sk wekl [KUWT [W] URgy(i, k) UK(u, w) URQgp(k, W, [j], [M))) ,
(8.15)
Qoplk, ({1, [K), w, ([V], [W])) =
KT [k OwT [w] U($i,ueRopi, k) UK(u,w) U

RQop(k, W, [j1, V) U QRop([il, [K]) . (8.16)

VNop(@, wé k, w, [p], [v4, [j]. [V]) =
(" 0,uGi, us Vo0, @) UK(ug wl URqi, k) UK(u, w) b
($pve¢j,vepl [plUvel [vUjT [jJUVI MU
Nop(0, B; UG VG i, J, u, V) UH(UG v UQopi, L, U, v) UH(u, V) ,
NVop(Ip, [d]) =

(" p,ou¢v¢i,j, u v, vewgij, kv, we

(8.17)

pl [p] UNop(0, p; UG VG i, j, u, v) UH(UG v§ UQopfi, j, u, v) UH(u, v) U
K*(v§ ([vd, [wd)) UR op(i, ([i], [K])) UK(v, (1V], [w])) P
$awekwegl [q Uwel [wd UkT [KlUwT [w] UVgy(o,q) U
K(ug wd) U Rqp(i, K) UK (u, w) UVNg(a, W k, w, [p], [vd, [j], [V])) ,
(8.18)
VDop(W6 g, k, w, [vg, [p], [j], [V]) =
(" ugo, i, usK(ugwl UVoy(o, g) URqi, k) UK(u, w) b
$Vv¢p,j,vevel [vUpT [plUjT [[JUvT MU
Dop(Ué V& 0, p; i, j, u, v) UQo(i, |, u, ¥) UH(U, ) ,
DVoy([pl. [dl) =
" pug¢vgGo,i,j,uVv,vGwgj, Kk v,we

(8.19)

pl [p] UDey(u¢ Vg o, p; i, j, U, v) UQup(i, J, u, v) UH(u, v) U

K'(v6 ([vd, [wd)) UR op(is (01 [KD)) UK'(v, (1V], [W])) P
Gwea kwewel [wdUgl [o] UkT [KUwT [w] UK(ugwg U
Vop(0, 8) U Rog(i, k) UK (U, w) UVDop(W6 g, k, w, [vd, [p], [i], [V]))) ,

(8.20)
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Top(li], [K]) =
(" Lvvowe T [JUK(Y (v, [wl)) Utrmgp (v, j) P

trmop, (v, (WD), (0, [KD) ) (8.21)
TOp(L h) =
(" v, v,wej=hUK'(v, ([V], [W])) Utrmgy (v, ) P
trmop, ((IV], [W]), ) ) - (8.22)
Finaly, let
K'(v, (IV], (D) = vT [V] UHK([V], [w]) U YDKgp([v1, [wl) (8.23)

H(w, (IV], (W) = wi [w] U($ ue K(u,w)) UKH(w, [V]) U

HK([V], [w]) U YDKop(IM, (W) (8.24)
Rop(, ([i1, [K)) = i1 [i] UQRop([il, [K]) U Topy(lil, [KI) . (8.25)
Qopk (U1, KD, w, ([V], [W])) =

Qop(k, ([i], [KD), w, (1v], [w])) U Tou([i]. [K) , (8.26)
Viop(® ([P1 [aD)) = BT [P UNVoy(Ipl, [a]) UDVoy(pl, [d) . (8.27)

N op(@. ([P], [al); wé ([vd, [wd), k, ([i]. [K]), w, ([V], [w])) =
gl [c] Uwel [wq UKT [KUwT [w]U
($0,uGi, usVog(0, 0) UK(UGwh URq(i, k) UK(u, w)) U
VNop(@, W k, w, [p], [vd, [j], [V]) UNVop([pl, [a]) UDVop(lpl. [a]) . (8:28)

D op(W§ ([vd, [wd), g, ([p], [a]); k, ([i], [K]), w, ([v], [w])) =
wel [wd UgT [q] UKT [K UwT [w] U
(B ug o, i, ueK(ugwd UVog(o, g) URgy(i, k) UK(u, w)) U
VDop(W6 g, k, w, [vd, [p], [j], [V]) UNVou([p], [a]) UDVoy((pl, [a]) U
HK([vd, [wd) U JDKoy([vg, [wd) . (8.29)

8.3 Proof for Part (1)

We take the retrenchment from Abs to Ret and the refinement from Abs to Ref, and build
anew, universal system Univ, to which we then show there is both a retrenchment from
Ref and a refinement from Ret; see Figure 8.1.
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8.3.1 Thesystem Univ

The operation names set of Univ is Ops; with elements Op. State, input and output
spacesaret1 T,hT Hop, sT Sgp . Initidisation and step predicates are Inity and
StPop,- These are all constructed from the systems Ret and Ref asfollows. Firstly Ops,
= Opst = Opsp E (Opsy —Opsp). So each Opy is either an Opp or an Opy | (Opsy
—0psa). Next T=V/~,” W/~,. For Opy1 Opsy theinput and output spaces are Hop
=Jop~1,  Kop/~«e, @d Sop = Poy/~e,, " Qop/~aq, Whereas for Opy I Opsa, Hop =
Jop and Sg, = Poy,

Let the initialization predicate Init,(t9 be defined as follows.

Inity(t) = Inity(([vg, [wd)) =
($ VG- Init(v) UK'(vG ([vd, [wd))) U ($ wee Init-(wg UH"(wg ([vq, [wd)))
(8.30)

We now give the transitions of Univ. The operation names set Ops, decomposes as
Opsy = Opsp E (Opsy — Opsa). There are therefore two possibilities. For Opy 1
Opsp let

Stpop, (t, h, 16'5) = stpop (VI [W). ([il. [K]), ([v4. [wd), ([p]. [d])) =

(" v,jevl MUJT [[1P ($v6pestpop (V. ], V6 p) U

K*(v¢ ([vd, [wd)) UV op(e ([P, [dD))) ) (@
U
(" w, ke H'(w, ([v], (W) UQop(k, ([i], [KI), w, (IV], [w]) P
($ WG g * Stpop (W, k, WG @) U ((H'(wg ([vd, [wd)) U

N'op(@, ([P], [d]); we ([vd, [wd), k, ([i], [K]), w, ([v], [w]))) U

D op(wé ([va, [wd), g, ([p], [d]); k, ([i], [K]), w, ([V], [W])))) ) - (D)

(8.31)
For Opy T (Opsy—Opsa),i.e. Opyl Opspy, let the step relation be
Stpop (t, h, 1¢'s) = stpop ((IVI, (W), h, ([v4, [wd), s) =
(" vjsvi MUj=hb
($V6pestpop (v, j, V6 p) UK'(vG ([vq, [wd)) Up=s) ). (832
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This completes the definition of Univ.

Given the above, observe that the following hold. For Opa T Ops,,

trmop, ((IV1, (WD), (01, [KD) P
((" v.jevi MUJT[] P trmgy (v,])) U
(" w, ke H'(w, (M, (W) UQop(k, ([il. [KI), w, (I, [w])) P trmop, (w, K) ) ) -

(8.33)
For Opy | Opsa,
trmgp ((IV], [W]), h) P
(" vjevli MUj=hP trmop (V1)) - (8.34)

8.3.2 Therefinement from Ret to Univ

We show that Univ refines Ret. We do this by first specifying the component relationsfor
the refinement and then showing that the refinement POs hold.

8.3.2.1 Thecomponent relations

The data for the refinement consists of the retrieve relation K*(v, t), and for each Op, the
input relation R’ o], h) and the output relation V'o(p, s). K™ isgiven by (8.23). For Op
1 Opsp, Ropand V', are given by (8.25) and (8.27) respectively. For Opl Opsp let

Rop(, 1) = (1=hUTgy(, 1)), (8.35)

Viop(s) = (p=5s). (8.36)

We aso have the input initialisations and output finalisations. For Ret let the input ini-
tialisation be Initing, and output finalisation be FinOutgy, . Similarly, for Univ we have
Initingp and FinOutgy, . Since Ret isthe given system refined to both Univ and Xtra, we
use the input and output spaces of its operations to define those of the global world. For

Op1 Opsa, let Nop = Pgp and

Lop = {IT Jop|$i kej=1UQRu[l, [K) UToy(il. [K)} - (837)
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Then,
InitInOpT(I,i) =(l~]), (8.38)
FinOutOpT(p, n=(p~n), (8.39)

Initingy, (I, h) = (h=({l, [K) UIT [i] UQRoy(il, [Kl) UTop(lil. [K)) .  (8.40)

FinOutop, (s, n) = (s=([pl, [dl) UnT [p]) . (8.41)

For Opl Opsa, let Nop=Pgpand

Lop = {17 Jopl$i,hej=1Uh=jUTe(, h)} . (8.42)
Then,

Initing, (1) = (1=) (8.43)

FinOuto, (p.1) = (p=n) , (8.44)

Initingy (1, h) = (1=hUTgy(,h) (8.45)

FinOutop (s,n) = (s=n) . (8.46)

Observethat (8.38) to (8.41) and (8.43) to (8.46) are dl total relations. Thisiseasy to see,
even for (8.40) and (8.45), which, by (8.37) and (8.42) respectively, havefor every | asuit-
ableh.

8.3.22 Theinput initialisation PO

We show

Initlnopu(l, hy b ($j° InitInOpT(l, pu R°op(L h)) . (8.47)
Proof. AsOp1 Opsa E (Opsy, —Ops,), there are two cases to consider.

. CaseOp1 Ops,. Assume the antecedent with h = ([j], [K]). By (8.40) we therefore

have, | 1 [i], QRop([i], [K]) and Top([il, [K]). Letj=1. ThenlnitlnopT(I,i) and R'gp(j, h)
hold, by (8.38) and (8.25) respectively. We are done.
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- CaseOpl Ops,. Assumetheantecedent. By (8.45) we therefore havel = hand Tol,
h). Letj=1. Thennitingy (I,]) and R opfi. h) hold, by (8.43) and (8.35) respectively. m

8.3.2.3 Theinitialisation PO
We show
Init,(t) b ($ vee Inity (v UK (v td) . (8.48)

Proof. Assumelnit,(t9 witht¢=([vq, [wd). Then by (8.30) the consequent isimmediate.

|
8.3.24 Theapplicability PO
We show

K'(v,t) U R‘Op(i, h) UtrmopT(\_/, )P trmopu(t, h) . (8.49)

Proof. Since Opsy decomposes as Opsp E (Opsy, —Ops,), there are two casesto con-

sder.

. Case Opy 1 Opsp. Assume the antecedents with t = ([v], [w]) and h = ([j], [K]). Rop
and (8.25) givej1 [j] and Top([j], [K]). From these, K*(v, t) and trmopT(\_/, 1), therequired
trmopu(t, h) follows by (8.21).

- Case Opy | Opsa. Assume the antecedents with t = ([v], [w]). R'gp and (8.35) givej
=hand Ty, h). From these, K*(v, t) and trmopT(\_/, 1), therequired trmopu(t, h) follows
by (8.22). m

8.3.25 Thecorrectness PO

We show

K*(v, t) UR gp(i, h) U trmop, (v, J) U StPop, (L, h, 16 9) P
($ V6 pe sipop, (¥, J, V& ) UK (VG 19 UV op(p, 9)) - (8.50)

Proof. AsOp1 Opsp E (Opsy —Ops,), there are two cases to consider.
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. Case OpT Ops,. Assume the antecedents with t = ([v], [w]), h = ([j], [K]), t¢= ([vd,
[wd) and s = ([p], [d]). ThenK"and (8.23) givevi [v]; Rgpand (8.25) givejl [j]. The

consequent now follows from (a).

- CaseOpl Opsa. Assume the antecedentswitht = ([v], [w]). Then K® and (8.23) give
vl [V; Rgpand (8.35) givej = h. Hence from Stpop, (L, h, 14 s), by (8.32), there are vl -
ues, v¢and p say, such that stpopT(\_/, i, V& p), K*(v¢ t9 and p=shold. Then from thelatter,
by (8.36), V'op(p, s) holds too, and we are done. m

8.3.2.6 Theoutput finalisation PO

We show

V' op(R, 8) UFinOutgy (s, n) P FinOutgy (B, 1) - (8.51)
Proof. AsOp1 Opsa E (Opsy, —Ops,), there are two cases to consider.

- Case Op 1 Opsa. Assume the antecedents with s = ([p], [d]). From V'gu(p, 9), by
(8.27),p1 [p]. From FinOutoy (s, ), by (8.41), ni [p]. Therefore, p~ n, from which
FinOutOpT(p, n) follows, by (8.39).

- Case Op | Ops,. Assume the antecedents. From V'o(p, §), by (8.36), p = s. From
FinOutopU(s, n), by (8.46), s=n. Therefore, p=n, from which FinOutOpT(p, n) follows,
by (8.44). [

8.3.3 Theretrenchment from Ref to Univ

We show Univ retrenches Ref. We do this by first specifying the component rel ations of
the retrenchment and then showing that the retrenchment POs hold.

8.3.3.1 Thecomponent relations

The data for the retrenchment consists of the retrieve relation H', and for each Op, the
within relation Q"gp, the output relation N'g, and the concedes relation D°,,. These are
given by (8.24), (8.26), (8.28) and (8.29) respectively.
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8.3.3.2 Theinitialisation PO
We show
Inity(t) P ($ wee Inite(wd U H*(wg td) . (8.52)

Proof. AssumeInit,(t9 witht¢= ([vd, [wg). Then by (8.30) the consequent isimmediate.

]
8.3.3.3 Thetermination PO
We show

H*(w, t) U Q‘Op(l_<, h,w,t) b trmOpF(v_v, k) U trmopu(t, h) (8.53)

Proof. For thisrelationship Op only ranges over Ops,. Choosevaluest = ([v], [w]) and
h = ([j], [K]) for which the antecedents hold. From Q‘op, by (8.26) and (8.16), we derive
valuesi and u such that R (i, k) and K(u, w) hold. Wealso get RQou(k, W, [j], [V]). Thus,
by (8.14), we can derive values and v for which Qqop(i, |, u, v) and H(u, v) hold, with ]

[iJandvT [v]. Hence, from the Term PO for the retrenchment from Abs to Ret,
H(u, ) UQqp(i, j, u, V) P trmoyp, (U, i) U trmop, (Y, §) (8.54)

we get trmopA(u, i). Therefore, since we also have K(u, w) and Ro(i, K), we can use the

App PO for the refinement from Abs to Ref,
K(u, w) URq(i, K) U trmop, (U, 1) P trmgy (W, K) (8.55)

to obtain tr mopF(v_v, K), which is the first conjunct of the antecedent of (8.53). We derive
the second conjunct as follows. From H*(w, t) and v [v], by (8.24) and (8.23), we get
K*(v, 1). From Q’gp(k, h, w, t), by (8.26), we get Top([j], [K]). From (8.54) we also have
trmop (Y, J), withj T [j]. Thus, by (8.21), trmgp, (t, h) holds.

8.3.34 Theoperation PO

We show

Chapter 8 The Postjoin Theorem 132



8.3 Proof for Part (1)

H'(w, t) UQ op(k, h, w, ) Ustpgy (&, h, t¢'9) P
($ W6 g » stpop, (W, k, wg g) U
((HWGt9 UN'op(g, s e tG k, h, w, 1) UD"op(We tG g, s k hyw, 1)) ) -
(8.56)

Proof. For thisrelationship Opy only ranges over Ops,. Choose valuest = ([v], [w]), h
= (1, [K]), t¢= ([vd, [wd) and s = ([p], [q]) for which the antecedent holds. Then, by
(8.26), éop(l_g (1 [KD, w, ([v], [w])) holds. Hence, the consequent follows by (8.31b).

8.3.4 Theretrenchment from Abs to Univ

The next step isto show that the composition of the Abs to Ret retrenchment with the Ret
to Univ refinement on the one hand, and the Abs to Ref refinement with the Ref to Univ
retrenchment on the other, yield the same retrenchment from Abs to Univ. To do thiswe
define the relations of the Abs to Univ retrenchment in terms of the Abs to Ret and Ret to
Univ relations, and also in terms of the Abs to Ref and Ref to Univ ones. We then show

that two definitions are equal. Finally, we demonstrate that the retrenchment POs hold.

8.34.1 Thecomponent relations

Let the retrieve, within, output and concedes relations of the retrenchment from Abs to
Univ be given by G, Pgp, Og, and Co, respectively. Then Figure 8.1 commutes in the
following sense. Firstly,

G(u, (IVI, WD) = H(u, v)sK*(v, ([V], [w])) = K(u, wW)sH"(w, ([V], [w])) - (8.57)
We write this for short as

G=HsK = KsH" .
Secondly,

Pop(i, (U1, [K), u, (v, WD)
= (Qop(i. 1 u, ¥) UH(U, w)5(R'op(i, ([, K1) UK'(Y, (1], [W)))
= (Rop(i, K) UK(u, W)3(Q"opk, (i1, [KI), w, ([v], [w])) UH"(w, ([V], [w]))), (8.58)
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or more briefly
Pop = (Qop UH)8(Rop UK?) = (Rop UK)3(Q'op UH?) .
Thirdly,

Oop(o, (IRl [al); ug ([vd, [wd), i, (0], [K), u, ([V], [w]))
= (Nop(0, B, UG VG i, j, u, v) UH(UG v U Qoi, . U, V) UH(u, V))s
(Vop(@, ([P1, [al)) UK (v ([vd, [wd)) UR opl, ([il, [K)) UK'(v, ([v], [w))))
= (Vop(0, 8) UK(ug wg U Rop(i, k) UK(u, w))s
(N"op(@, ([p], [al); we ([vd, [wd), k, ([i], [K]), w, ([v], [w])) U
H (we ([vd, [wd)) UQ op(k, ([i], [K), w, ([v], [w])) UH"(w, ([v], [w]))) ,
(8.59)

or

Oop = (Ngp UHEU Qop UH)3(V'0p UK'CUR o, UK?)
= (Vop UKSU R, UK)$(N'g UH'CU Q" 5 UHY) .

Lastly,

Cop(ug ([vq, [wd), o, (Ipl, [al); i, ([i], [K]), u, (IV], [W]))
= (Dop(u¢ v¢ 0, ; i, J, u, v) U Qop(i, . U, ¥) UH(u, v))s
(K*(v¢ ([vd, [wd)) UV o, ([P], [a])) UR ol ([, [KD) UKy, ([V1, [w])))
= (K(u w9 U Vop(0, ) URop(i, k) UK(U, w))s
(D" op(Ws ([vd, [wd), g, ([p], [d]); k, ({1, [K]), w, ([v], [w])) U
Q op(k, ([i1, [KD), w, (v, [w])) UH"(w, (1M, [W]))) (8.60)

or

Cop = (Dop UQgp UH)s(K*¢U V' 5, UR o, UK?)
= (K¢U Vgp URgp UK)3(D*0p UQ g UH') .

Intheabove Op1 Ops,. The proofs showing that the above compositions hold are given

in Appendix A.
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8.3.4.2 Theinitialisation PO

We show

Inity(t) B ($ uds Inity(ud U G(ug t9) . (8.61)

Proof. Assume Inity(t9 with t¢= ([vq, [wg). By (8.30) thereisavalue, v¢say, for which
Init(vg and K*(v¢ td hold. Hence, fromthe Init PO for the retrenchment from Abs to Ret,

Initr(vd b ($ ute Init,(ud UHUG vQ) , (8.62)

Inita (U9 and H(u¢ vg hold for chosen u¢ We now have H(u¢ vd and K*(v¢ t. Thesecom-
pose to give G(ug t9, by (8.57). Thusthereisauc¢for which (8.61) holds. n

8.3.4.3 Thetermination PO

We show
G(u, t)UPop(i,h, ut) b trmopA(u, i)UtrrrlopU(t, h) . (8.63)

Proof. Assume the antecedents witht = ([v], [w]) and h= ([j], [K]). Now Poy(i, ([i], [K]),
u, (v, [w])) = (Qopfi, I Uy ¥) UH(U, v)s(R op(s ([l [K)) UK'(v, ([v], [w]))), by (8.58),
with, by (8.23) and (8.25), v1 [V andj 1 [j]. Therefore, from H U Qqyp, by (8.54), we
have the first conjunct, trmopA(u, i), of the desired antecedent. We derive the other thus.
(8.54) also gives trmopT(\_/, J)- Inaddition, from R'gp, by (8.25), we have Tou([j], [K])
Then, becausej 1 [j] and K*(v, ([V], [W]) holds, (8.21) gives trmopu(t, h). We aredone.

8.34.4 Theoperation PO

We show

G(u, t) UPgy(i, h,u, ) U Stpop, (L, h, t¢s) P
($ ug 0+ stpgy, (u, i, ug 0) U
((G(ug t9 UOgy(0, s uG t¢i, h, u, 1)) UCo(uGtg o, 50, h,u, 1)) . (8.64)
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Proof. Here Opy, only ranges over Ops,. Assume the antecedents with t = ([v], [w]), h
= (01, [K1), te= ([vq, [wd) and s = ([p]. [a]). Now Pgy(i, ([j], [K]), u, ([v], [w])) = (Qop(i,
i U, V) UH(U, v))3(Roplis ([i], [KD) UKy, (M, []))), by (858), with, by (8.23) and
(8.25),v1 [V andj T [j]. Hence, as stpop (&, h, t¢ s) implies trmoy, (¢, h), trmop (v, j)
holds by (8.33). We now have enough to use (8.50), to obtain stpOpT(\_/, i, V& p), K*(v¢ tg

and V'op(p, ), for chosen values véand p.

Next, H(u, v), Qop(i, i, U, v) and stpopT(\_/, I, V¢ p) make up the antecedent of the Op PO

for the retrenchment from Abs to Ret,

H(u, v) U Qoyi, , Uy v) Usipop (v, j, V6 p) P
($ ug 0+ stpop, (u, i, ug 0) U
(H(ug v UNop(0, p; ug v i, j, u, v)) UDgp(ug v6 0, p; i, j, u, 1)) -
(8.65)

Therefore we can chose values, we pick u¢and o, such that stpopA(u, i, u¢ o) and (H¢U
Nop) UDgyp hold. So we now have the first conjunct of the consequent of (8.64). All we
need is the second, (G¢U Ogy) U Cqyp,. We derive this from (HEU Ngyp) UDgy as follows.
Assume H¢U Nop- Then as K*(v¢ t9 holds, we have H(u¢ vsK*(vg t9 and thus G(ug t9),
by (8.57). Furthermore, because H, Qop, K’ V', R'gp and K™ @l hold, we have (No(o,
p; UG VG, j, u, v) UH(UG v UQop(i, j, U, ¥) UH(U, W)3(V op(R, 9) UK (v6 t9 UR oG, h)
UK'(v, t)) and thus Opp(0, s; UG t¢i, h, u, t), by (8.59). Now assume Dop(ug v o, p; i, j,
u, v). Then (Dog(ué V6 o, p; i, j, U, v) UQgy(i, j, U, v) UH(u, v))s(K"(vG t UV o5(p, 5) U
Ropli, h) UK'(v, 1)) gives Cog(ug t6 0, s, h, u, 1), by (8.60). Hence (G¢U Ogy) U Cqy

holds and we are done. n
8.3.5 Propertiesof Univ
We state properties (U1) to (U12) of Univ.

K'(vGt) UK (vGt) P ve~ve (U1

V'op(P. 9 UV'op(R, 9 P p~p (U2)

(N'op(@, s; WG t6...) UD gp(WG tG g s; ...)) U
(N'op(@, s, We t6..) UD'gp(we t6 g, s, ...)) P q~g Uwe~we (U3)
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K'(vGt Uvel [v@ b K'(ve tg (U4)
Ropli: M UjT [1P Rl h) (US)
Viop(P. 9) UpT [p] P Vo 9) (U6)
K'(vGt) b (H'(WGt) U H(w ([vd, [wd))) (U7)

Ropli, h) UK'(v, t) P
(" kweQ'opk h,w, t) UH(w, t) U
Qopk: ([i1, [KD), w, ([V], [W])) UH"(w, ([V], [w])) )
(U8)

Vop(P, §) UK (vt UR g, h) UK'(v, t) b
(" g WGk weNgn(a, s wétgk, h, w, ) UH"(wg t) U
Qopk, h, w, t) UH"(w, t) U
Nop(a. ([p], [al); wé ([vd, [wd), k, ([i1, [K]), w, ([V], [w])) U
H*(wé ([vg, [wd)) UQ on(k, (i1, [KI), w, ([V], [W])) UH"(w, ([v], [w])))
(U9)

K'(v§ t UV op(p, S) UR o), h) UK'(v, t) P
(" WG,k we D op(W 6 g, sk, h, w, t) UQ gn(k, h, w, ) UH"(w, t) U
D" opW6 ([vd, [wd), q, ([p], [a]); k, ([i], [K)), w, ([V], [w])) U

Q'op(k, ([i1, [KI), w, (1], [W])) UH(w, ([V], [W])) ) (U10)
Ki(vGt) b ($wee K'(vg ([vq, [wd))) (U1l)
Viop(p. ) P ($a+Vop(p, ([P]. [d])) (U12)

Note, (U3), (U5), (U6), (U8), (U9), (U10) and (U12) only hold for OpT Opsa.
In the following we show that the above properties are true.

T (UD: K(vGt) UK (VG t) P vE~ ve.

Proof. Assume the antecedent and let t¢= ([vq, [wd). Then by (8.23) v¢I [vq and v¢i

[v§. Henceve~ ve n
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" (U2) and (U3).

Proof. Similar to (U1). n

T (U4 K'(vGtg Uvel [v@ b K'(VGt9 .

Proof. Suppose K'(v¢ t§ and v¢i [vq hold with t¢= ([vq, [wg). Then (8.23) asserts v¢l
[vd, HK([vd, [wd) and DKog([vd, [wd). But vei [vd, sovel [vq. Hence K'(v§ ([vd,

[wd)) holds, by (8.23), and we are done. n
" (U5) and (U6).
Proof. Similar to (U4). m

TUT): K(vetg P (H'(WGt9 U H(we ([vq, [wg))) .

Proof. FirstweassumeK"(v¢ t9 and H*(w¢ t9, and prove H (w¢ ([vd, [wd)). Let t¢=([vd,
[wd). Then from H'(w¢ t9 and (8.24) we have wei [wd, ($ u * K(u, wd), KH(wg [vg),
HK([vd, [wd) and DKop([v4, [wd); and from K*(v¢ t¢ and (8.23), we have vl [v. Thus
we~ weand vé~ v¢ Hence KH(W¢ [vg), HK([vq, [wg) and DKoy([v4, [wg) are also true.
We now have enough to obtain H*(w¢ ([vd, [wd)) by (8.24).

Now we assume K"(v¢ t and H*(w¢ ([vq, [wd)), and prove H*(w¢ t. Let t¢= ([vq, [wd).
From K*(v6 ([vd, [wd)), by (8.23), vel [v¢, and HK([vq, [w¢) holds. Thus v¢~ vtand so
HK([v§, [wd) holds too. From H*(w¢ ([vq, [wd)), by (8.24), K(u¢ wg holds for chosen
vaue u¢ Then as K(ug wisH*(wg ([vq, [wd)) holds, by (8.57), there must be a value, v¢
say, for which H(ug; v§sK*(vé ([vd, [wd)) holds, with, by (8.23), v¢l [vd. We also have
H(u¢ v and HK([v¢q, [wd). So, by (8.11), there must be a value, wesay, such that K(ug
w holds, withwel [wq. Thuswe~we Now notice we have K(u¢ wd), K(u¢ w9 and H(ug
vd). So by (8.5) we¢~we¢ But as we~ wq we~ wd Finaly recall that vé~ vt Therefore
because H*(w¢ ([vq, [wd)) holds, H*(w¢ ([vq, [w{)) also holds and we are done. m

T (U8):
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Ropi, ) UK'(v, t) b
(" k,weQopk, h,w,t) UH'(w, ) U
Qop(k, ([il, [K), w, (IV], [w])) UH(w, ([V], [])) ) -
Proof. First we assume R'o(j, h), K’(v, t), Q'op(k, h, w, t) and H*(w, t), and prove Q*gy(k,
(1, [KD), w, ([v1, [w])) and H*(w, ([V], [W])).
Let h=([j], [K]) and t = ([V], [W]). From the assumed Q‘op, (8.26) and (8.16) we have k

~kandw ~w. Furthermore R'g,, K, (8.25) and (8.23) givej ~j and v~ v. Hence, since
Qop(k, ([il, [KD), w, ([v], [w])) and H*(w, ([v], [w])) hold, Q"op(k, ([i]. [K]), w, ([V], [w]))
and H*(w, ([v], [w])) follow from the established equivalences.

Now we assume R'op(i, h), K'(v, 1), Q'op(k, ([il, [K]), w, (v, [w])) and H*(w, ([v], [w])),
and prove Q‘Op(k, h, w, t) and H*(w, t). We proceed asfollows. Let h=([j], [K]) and t =
(v, [w]). By (8.26) and (8.16), the given Q"q, lets us assert valuesi and u, such that
Rop(i, K) and K(u, w) are true. Then as (Roy(i, k) U K(u, W))3(Qop(k, ([l [KI), w, ([V],
[W])) UH(w, ([v], [w]))) holds, by (8.58), there must be values, j and v say, such that
(Qopfis §s U, ¥) U H(u, V)3(Ropl, ([, [K)) UKy, (1], [w]))) holds. Hence, by (8.25)
and (8.23),j1 [jJandvi [Vv].

Now take R'Op(j, (il [KD). By (8.25) we get j ~ | and QRoy([jl, [K]), from which
QRop([i], [K]) follows. Since we also havej T [j], Qopfi, I U, V), H(u, v) and K*(v, ([V],
[w])), by (8.15), we derive k for which Ro(i, k) holds, with k ~ k. Now, Ro(i, K), Roy(i,
K) and Qop(i, , U, V) al hold. Soby (8.7), k~k, and ask ~k, thenk ~ k.

Similarly, K*(v, ([v], [w])) and (8.23) givesv ~ v and HK([V], [w]). So we can use (8.11)
to derive value w, with w ~ w, for which K(u, w) holds. Then using (8.5) and w ~ w, we
get w~ w.

So altogether we havej ~ |, k ~k, v ~vand w~w. Hence, because Q"on(k, ([j], [K]), w,

(V1. [w])) and H'(w, ([v], [w])) hold, Q"gp(k, ([il. [K]), w, ([v], [W])) and H*(w, ([v], [w]))
must also hold, as required. m

T (U9):

V'op(p, §) UK'(vG t UR'g(j, h) UK'(v, t) b
(" g, wgk weNgy(a, s wgtgk h,w, ) UH (W tg U

Chapter 8 The Postjoin Theorem 139



8.3 Proof for Part (1)

Qopk, h, w, t) UH"(w, t) U

N'op(a, ([p], [al); we ([vd, [wd), k, ([j], [K]), w, (IV], [w])) U

H' (W ([vg, [wd)) UQ op(k, ([, [KD), w, ([V], [w])) UH"(w, ([v], [w])) ) -
Proof. First we assume V'op(p, ), K'(V6 t9, Rou(i, h), K'(v, 1), N'op(, s; wé t¢ K, h, w,
t), H'(Wg t9, Q'op(k, h, w, t) and H*(w, 1), and prove N'on(a, ([p], [a]); W§ ([v4, [wd), k,
(L1, [KD), w, ([v1, (WD), H(wé ([vg, [wd)), Q"op(k, (i1, [K]), w, ([V], [w])) and H*(w, ([v],
[w]))-
Let s=([p], [d]), t¢= ([v4, [wd), h=([{], [K]) and t = ([V], [w]). From the assumed N'g,,
and (8.28) we haveq ~ g, wé~w¢ k~kandw~w. Furthermore K'¢ V', Ry, K, (8.23),
(8.25) and (8.27) give vé~ Vv p~p, j ~ | and v~ v. Hence, since N'op(q, ([pl, [d]); W&
([va, [wd), k, ([il, [K), w, (1V], [w])), H* (W& ([vg, [wd)), Q*op(k, ([1l. [KD). w, ([], [w]))
and H(w, ([v], [w])) hold, N'op(q, ([p], [a]); w§ ([vd, [wd), k, ([i], [K]), w, ([V], [w])),
H*(Wg ([vd, [w)), Qop(ks ([11, [K), w, ([V], [W])) and H*(w, ([v], [w])) follow from the
established equivalences.

Now we assume V' op(P, 8), K'(va 19, Riop(i, h), K'(v, ), N'op(a, ([p1, [al); WG ([vd, [wd),
k, (011, [KD), w, ([v1, [wD)), H* (W ([vg, [wd)), Q*op(k, ([i], [KD), w, ([v], [w])) and H*(w, ([v],
[w])), and prove N'Op(q, s, WG t¢ k, h, w, t), H(w¢ tg), Q‘Op(k, h, w, t) and H*(w, t). We
proceed asfollows. Let s= ([p], [d]), t¢= ([v4, [wd), h = (], [K]) and t = ([V], [w]). By
(8.28), the given N‘Op lets us assert values o, u¢ i and u, such that V,(0, q), K(ug wo,
Rop(i, K) and K(u, w) are true. Then as (Vop(0, 0) U K(ug w§ U Roii, K) U K(u,
w))s(N"op(a, ([p], [a]); wa ([vd, [wd), k, (i1, [K]), w, ([V], [w])) U H*(wé ([vg, [wd)) U
Qoptk, ([i1, K1), w, ([, [w])) UH"(w, ([v], [w]))) holds, by (8.59), there must be values,
p, v§ j and v say, such that (Nog(0, p; UG V& i, j, u, v) UH(uG v U Qoni, j, u, v) UH(u,
V)3V op(e: (IP], [a)) U K'(v6 ([vd, [wd)) U R opl, (i1, [K)) UK'(v, ([V], [w]))) holds.
Hence, by (8.23), (8.25) and (8.27), p1 [p], v¢l [v4,j1 [jlandvi [].

Now take V'op(p, ([pl, [d])). By (8.27) we get p ~ p and NV([p], [d]), from which

NVop([Pl. [d]) follows. Since we also havepT [p], Nop(o, B; u§ VG i, j, u, v), H(ug v,

Qopfi I, u, ), H(u, ¥), K*(v ([v4, [wd)), R'op(l. ([j], [K])) and K*(v, ([V], [w])), by (8.18),
we derive g for which Vg(0, g) holds, with g ~g. Now, Vg,(0, ), Vop(0, g) and Ngy(o,
p;ug véi, j, u,v)al hold. Soby (8.9),q~g,andasg~g,thenq~g.
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Next take K°(v; ([vq, [wd)). From this, by (8.23), we get v¢~ vtand also HK([vd, [wd),
from which HK([v¢, [wd) follows. Therefore by (8.11), H(ug v9, vel [vg and HK([vd,
[wd) give K(ug¢ w with we~ wg for chosen valuewt So we have K(ug wg, K(ug wg and
H(u¢ vd. Hence by (8.5) we~w¢ But as wé~ wethen we~ wa

Similarly, R'on(, ([, [K])) and (8.25) givesj ~ ] and QRo([j], [K]). This, together with |
T [l Qopfi, I, U, V), H(u, v) and K*(v, ([v], [w])) then give Ro(i, k) with k ~ k, by (8.15).
Therefore because Roy(i, K), Rop(i, k) and Qi I, u, v) hold, from (8.7) and k ~ k, we get
k~k.

Last, K'(v, ([v], [w])) and (8.23) gives v ~ v and HK([V], [w]). So we can use (8.11) to
derive value w, with w ~ w, for which K(u, w) holds. Then using (8.5) and w ~ w, we get

W~ W.

So altogether we have p~p, g ~ ¢, V&~ v§ we~wg j ~ |, k~k, v~vandw~w. Hence,
because N'op(a, ([p], [al); W ([vd, [wd), k, ([i], [KD), w, ([V], [w])), H'(WG ([vg, [wg)),
Qop(k: ([il. [KD), w, ([v], [w])) and H*(w, ([v], [w])) hold, N°op(q, ([l [al); wg ([vg, [wd),
k, ([, [KD), w, ([v1, [wD)), H*(wé ([vd, [wd)), Qop(k, (11, [KI), w, ([v], [w])) and H*(w, ([V],

[w])) must also hold, as required. [
7 (U10).
Proof. Similar to (U9). |

T (U11): K'(VGt) B ($ wee KU(vG ([vd, [wd))) .

Proof. Assume K*(v¢ t9 with t¢= ([vq, [wd). Then by (8.23) ve~ v¢ which means K*(v§

([vg, [wq)) holds and therefore so does the consequent of (U11). n
T (U12).
Proof. Similar to (U11). n

8.4 Proof for Part (2)

The systemswhich complete the square must belong to a class defined by thelist of prop-
erties (X1) to (X12). To prove the second part of Theorem 8.1 we show that for any sys-
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tem Xtra in the class, thereis arefinement from Univ to Xtra. We proceed asfollows. In
Section 8.4.1 we define the elements of Xtra and list properties (X1) to (X12). In Section
8.4.2 we specify the component relations of the refinement and show that the relevant POs
hold. Finally, in Section 8.4.3, we prove the inclusions stated in part (2).

8.4.1 Thesystem Xtra

The operation names set of Xtra is Opsy with elements Opy and Opsy = Opsy. State,
input and output spacesaret™ T T~ h™ 1 H op, ] S op, Initialisation and step pred-

icates are Inity and stpop, -

Let the retrenchment from Ref to Xtra be given by the retrieve relation H™, and for each
Op, the within relation Q~, output relation N”, and concedes relation D”. Let the refine-
ment from Ret to Xtra be given by retrieverelation K~, and for each Op, the input relation
R op: the output relation V' g, the input initialisation Initing, and the output finalisation
FinOutgp . Let Initing, and FinOutgy, betotal.

Finally, let Xtra have properties (X1) to (X12) below.
KVt UK (WGt b ve~ve (X1)
Vop(P, §) UV, ) P p~p (X2)

(N"op(@, S WG ¢ ..) UD (WG 76 g, S5 ...)) U

(N"op(@, S W t¢ ..) UD oW t7¢ g, 575 ...)) P g~gUwe~we (X3)
K (Gt Uvel [vd P K (vgt9 (X4)
Ropli, M ULT [[1P Rgnl, ) (X5)
VP, ) UpT [pl P Viou(p, 5) (X6)
K(vt9 b (HWGt9 U H(we ([vd, [wd))) (X7)

Rop(i, ") UK (v, t7) b
(" kweQ gpk, h™,w, ') UH (W, t7) U
Qop(k: ([i1, [KD), w, ([V], [w])) UH"(w, ([V], [w])) )
(X8)
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Vop(P, 8) UK(VG 79 UR g (j, ) UK (v, 1) P
(" g WGk we Ny, S5 WE TGk, b, w, 1) UH(wg 7 U
Q op(k, b, w, ) UH(w, ) U
N'op(@, ([P], [a); we ([vd, [wd), k, ([i], [K]), w, ([V], [w])) U
H(we ([vd, [wd)) UQ op(k, ([il, [KI), w, ([v], [w])) UH"(w, ([v], [w])))
(X9)

K™(v§ 9 UV on(p, ) UR i, hY) UK (v, 1) P
(" WG g, k,we D WG ¢, S k, h7, w, 17) UQ gp(k, b, w, ) UH(w, t7) 0]
D op(wé ([v4, [wd), g, ([p], [dl); k. (i1, [K]), w, ([V], [w])) U

Q'op(k. ([i1, [KI), w, (1], [W])) UH(w, ([V], [W])) ) (X10)
K'(vG 9 B ($wee K'(vg ([vd, [wd))) (X11)
Viop(p, 8) P ($a= Vop(p. ([p]. [d]) (X12)

Notice properties (U1) to (U12) are instances of (X1) to (X12) respectively when T™ =T,
H*=Hand S”=S. Hence Univ isamember of the class defined by properties (X1) to
(X12).

8.4.2 Therefinement from Univ to Xtra

To show that Xtra refines Univ, we first define the relations for this refinement and then
show that the appropriate POs hold.

8.4.2.1 Thecomponent relations

We define the retrieve relation K°, and for each Op, the retrieve relation R°g, and output

relation V°q, for the refinement from Univ to Xtra.
Kot 1) = K((IV], [W), ©) =
(" vevl MP K1) U (" weH W (v, W) P H(w,t))  (866)

For Opl Opsp

Reop(h, h7) = Roop(([i], [K]), h) =
(" il [P Rpli, ")) U
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(" kW, t,t" e Qop(k, ([j], [K]), w, t) UH"(w, t) UK°(t, ) P
Qoplk, ™, w, ) UH(w, 1) ), (8.67)

Veop(s, ) = Veop((Ipl, [d]), s) =
(" pepl [pIP Vioup,s)) U
(" gwEtG¢k h,w, t,t7¢h™, t7e
N"op(@, ([p], [a); We t6 k, h, w, t) UH"(wé t9 UQ ok, h, w, t) UH'(w, t) U
K(t6 7 URgp(h, b)) UK (t, 1) b
N op(@, S5 WG G K, h™, w, t7) UH (W 79 UQ op(k, b, w, 1) UH(w, ) ) U
(" wGtGg k hwt t¢h, t e
D"op(W6 t¢ g, ([p], [dl); k, h, w, 1) UQ"gp(k, h, w, t) UH'(w, t) U
Ke(t6 7 URgp(h, h) UK (t, 1) b
D opW6 ¢ g, s k ", w, 1) UQop(k, b, w, 1) UH(w, 7)) . (8.68)

For Opl Opsp
Rogp(h, ") = ($j+h=] UR g, ), (8.69)
Voop(s, 8) = ($pes=pUViy(p,s)) . (8.70)

8.4.22 Theinput initialisation PO

We show

Initlnopx(l, h) P ($he Initlnopu(l, h) U R°op(h, 1) . (8.71)
Proof. AsOp1 Opsa E (Opsy —Ops,), there are two cases to consider.

. CaseOpl Opsa,. AssumetheantecedentInitlnopx(l, h™). Then, from the Input Initial-

isation PO for the refinement from Ret to Xtra,
Initlnopx(l, h?) P ($] e Initl nopT(I, pu R‘Op(i, h?)) (8.72)

we derive] such that Initl nopT(I ,]) and R'gp(], h7) hold. Now, from the former, by (8.38),
| ~j. Next, becausel 1 Lop: by (8.37), there are values, j and k say, such that j = | and

QRop([i1, [K]) UTop([il, [K)- Leth=([j], [K]). Then, by (8.40), asIT [j], Initingy, (I, h)
holds.
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It remainsto show R°q,(h, h7). Thiswe do by establishing each conjunct of (8.67). Take
the first conjunct and assume'ﬂ [il. Werequire R'gy(}, h”). Now, from above, | ~j and
j =1.Hence,j ~|, and therefore'LT [il. Thus R'gp(j, h") follows from (X5) because we
have R op(i, ).

To show the second conjunct assume éop(l_g ([i1, [KD), w, 1), H*(w, t) and K°(t, t7), witht =
(Iv], [w]). Werequire Q gpn(k, h™, w, t7) UH(w, t"). Wework asfollows. Given Qgpand
Top, by (8.26), Q‘Op(l_<, (L1, [KD), w, ([v], [w])) holds. Furthermore, j ~ | and, by (8.16), k
~ kand w ~ w, which gives Qgp(k, ([i], [K]), w, ([v], [w])) and H*(w, ([V], [w])). Also,
sincewe have K°(([V], [w]), 1) and \:/T [V], then K*(v, 1) holds by (8.66). Hence, by (X8),
Q op(k, b, w, t7) UH(w, t°) holds as required.

- Case Opl Opsp. Assume Initingy, (I, ). Then, by (8.72), we derive | for which In-
itInOpT(I, ]) and Rgp(i, h7) hold. Hence, by (8.43), | = . Furthermore, asl | Lqp, by
(8.42), thereisavalue, hsay, suchthat ] = h U Tgy(j, h). Hence, by (8.45), Initlnopu(i, h)
and thus Initlnopu(l, h) holds. It remains to show R°gp(h, h7). Thisfollows easily from

(8.69), because we have R'g(j, h") withh=]. Done. n

8.4.2.3 Theinitialisation PO

We show

Init, (79 b ($t¢e Inity(td UK (G t°Q) . (8.73)

Assume the antecedent Inity (™). Now, we know there is a refinement from Ret to Xtra

and the retrenchment from Ref to Xtra for which the Init POs are

Init, () b ($ vee Init: (vl UK (vG t°d) (8.74)

and

Inity (') B ($ wee Inite(wd U H (WG t¢) (8.75)

respectively. Accordingly, for the initial t°¢ we have v¢for which Inity(vd and wefor
which Initz(wg aretrue. Furthermore, K*(v¢ t“¢ and H™(w¢ t™¢ hold, from which, by (X7),
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H*(w¢ ([vg, [wd) holds. From this we can derive K*(v¢ ([vq, [wd)) by using (8.23) and
(8.24). Lette=([vq, [wd). Then, by (8.30), Inity(td istrue.

It remains to show K°, defined by (8.66), holds for this value of t¢ To establish the first
conjunct of (8.66), suppose véi [vd. Then because K*(v¢ t™¢ holds, (X4) asserts K™(v¢
t7¢ holds, asrequired. To establish the second conjunct, assume H'(w¢ ([v§, [wd)). Then,
by (8.24), w¢~ w¢ This means H'(w¢ ([vg, [wd)) holds, and as we have K™(vG t™¢), by
(X7), H(w¢ t°¢ holds, asrequired. We are done. n

8.4.24 Theapplicability PO

K°(t, ) URgp(h, h) U trmop,(t h) P trmg, (17, B7) . (8.76)
Proof. Op,y 1T Opsa E (Opsy —Ops,), so there are two cases to consider.

- CaseOpy T Ops,. Assume the antecedents with t = ([v], [w]) and h = ([j], [K]). Asv
T [v], K°(t, t) givesK™(v, t) by (8.66). Similarly R°op(h, ") gives Rigy(j, h) by (8.67).
Last, trmopu(t, h) gives trmopT(v, j) by (8.33). Now, K*, R'gp and trmg,, are the anteced-
ents of the App PO for the refinement from Ret to Xtra,

K*(v, 1) UR‘Op(j, h”) L‘JtrmopT(v,j) p trmopx(ti hY) . (8.77)
Thustr Mop, (t7, h™) holds as required.

. Case Opy I Opsa. Assume the antecedents with t = ([v], [w]). Asv 1 [V], K°(t, )
givesK™(v, ") by (8.66). From R°g(h, h7), by (8.69), we get R'g(j, h7), withj =h. From
vl [v],j=hand trmop, (¢, h), by (8.34), we get trmoy, (v, j). Hence, by (8.77), trmgy, (T,
h™) holds, as required. [

8.4.25 Thecorrectness PO

K°(t, t7) UR°gp(h, ") U trmop, (t, h) U Stpop, (T, I, ¢ ) P
($ 16 s* Sipop, (4, h, 1¢ 9) UK°(t¢ 9 UV°ru(s ) (8.78)

Proof. Again, OpT Opsp E (Opsy —Opsa), SO there are two cases to consider.
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8.425.1 CaseOpy 1l Opsa.

Assume the antecedents with t = ([v], [w]) and h = ([j], [K]). Then, sincevi [v] andj 1
[i], by Lemma8.2, K*(v, t") and R™gy(j, h”) hold, and furthermore there are values, which
we fix as v¢and p, for which stpopT(v, J, Vg p), K*(v¢ 79 and V'op(p, S7) hold.

At this point, we will split the proof into two parts. First we will establish that there are
t¢and s for which stpopu(t, h, t¢ s), the first conjunct of the consequent of (8.78), holds.

Second, we will show that for such t¢and s, the remainder of the consequent holds.

To show stpopu(t, h, t¢ s), we need to establish both conjuncts of (8.31). Consider (b).
For all values k and w for which the antecedent holds, Lemma 8.3 asserts we have values
weand g for which (H™¢U N op) or D™gp holds. Thuswe have three possibilities: (i) there
are no values for which the antecedent of (b) holds; (ii) for all values for which the ante-
cedent holds, H¢U N op aways holds; and (iii) there is at least one pair of values for
which the antecedent holds for which D™, holds. We take each case in turn.

- Case (i). (b) holdstrividly. It remainsto show (a). Itsantecedent holds for values
v and j, for which we already have stpopT(v, J, V¢ p), K'(v§ 79 and V'op(p, S7). From
K~¢ by (X11), weknow thereisavalue, wtsay, such that K*(v¢ ([vd, [wd)) holds. Sim-
ilarly, from V', by (X12), we get V‘Op(p, (Ipl, [a])) for chosenvalueg. Let t¢= ([vq,
[wd) and s=([p], [g]). Then the consequent of (a) holds.

Having fixed t¢and s, we need to show (@) holdsfor any other choice of antecedent. So
supposevi [v]andjT [j]. Thenby Lemma8.2 there are values, we pick véand p, for
which stpopT(\_/, 1, ¥6 p), K*(vg "9 and V' gp(p, S7) hold. Since we now have both K™(v§
79 and K™(v¢ t°¢), by (X1), v¢~ v¢and thus v¢l [vq§. Therefore, because K*(vq ([vd,
[wd)) holds, by (8.23), K*(v¢ ([vq, [wd)) and therefore K*(v¢ t¢) holds. Likewise, from
Vop(p, $) and Vop(p, S°), by (X2) and (8.27) we establish V'oy(p, s). Done.

- Case (ii). Let the antecedent of (b) hold for H*(w, t) and éop(l_g h, w, t). Then by
Lemma 8.3, we obtain w¢and g such that stpopF(v_v, k, wé g) and H™(w¢ t7¢ U N op(a;
ST WG Gk, h, w, t7) hold (D™gp isfalsefor thiscase). Furthermore, because we have
R°op(h, hY) and K°(t, t7), we have H™(w, t7) and Q"g(k, h™, w, t7), by (8.67). Weknow,
Vop(p, 8, K (V& 79, Rgp(j, 1) and K*(v, t7) hold. Hence we can derive N'g(q, ([p],
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[a]); wé ([vd, [wd), K, ([i], [K]), w, ([v], [w])) and H'(w¢ ([vg, [wd)) via (X9). Whatis
more, because éop(l_g h, w, t) holds with h = ([j], [K]) and t = ([V], [w]), by (8.16), k ~
kandw ~w. Thus N'o(q, ([p], [d]); wé ([vd, [wd), k, ([i], [K]), w, ([v], [w])) holds.
Let t¢=([vg, [wd) and s=([p], [g]). Then the consequent of (b) holds.

Having now fixed t¢and s, it is necessary to show (b) for any other choice of anteced-
ent. Thus, assume H*(w, t) and éop(I:(, h, w, t). Then by Lemmaa8.3, we obtain w¢and
g suchthat stpop, (W, k, wé g) and H™(wé 79 UN"op(a, S’ Wé ¢ k, h™, w, t°) hold (again
D op isfalse). Furthermore, because we have R°gp(h, h) and K°(t, t7), we have H™(w,
t7) and Q op(k, h", w, 1), by (8.67). We know V'ou(p, §), K'(V§ 179, Rop(j, h7) and
K*(v, t) hold. Hence we derive N'op(g, ([p], [al); wé ([vd, [wd), k, ([i], [K), w, (Iv],
[w])) and H'(wé ([vd, [wd)), via(X9). Now N'op(g, S’ g 6 k, ™, w, ) and N"op(,
S WE Gk, b, w, t7) imply g ~ g and we~ weby (X3). What is more, because éop(lzg
h, w, t) holds with t = ([v], [w]) and h = ([j], [K]), by (8.16), k ~k and w ~ w. Thus
N"op(@. ([P], [al); w6 (v, [wd), k, ([j], [K]), w, ([v], [w])) and H'(we ([vd,, [wd)) hold.
Hence (b) isaways true for our choice of t¢and s.

We now show () for t¢and s. Assume the antecedent of (a) forvi [v] andj1 [j]. By
Lemma 8.2, we obtain v¢and p such that stpopT(\_/, 1, V¢ p), K’ (V¢ 79 and V'oh(p, S)
hold. Now K™(v¢ t7¢ and K™(v¢ t7¢ imply v¢~ v¢ by (X1). So, since H*(w¢ td) holds,
by (8.24) and (8.23), K*(v¢; t9 holdsaswell. Similarly, Vop(p, ) and V'gy(p, ) im-
ply p~p, by (X2). Thus, since N'Op(g, s; wG t¢ k, h, w, t) holds, by (8.28) and (8.27),
V op(p, S) does too. We are done.

- Case(iii). Let H'(w, ) and@op(l_g h, w, t) be the choice of antecedent in (b) for which,
by Lemma8.3, stpopF(v_v, k, wg g) and D"gp(WG t°¢ g, S7; k, h™, w, t7) hold, with chosen
vauesw¢and g. FromH® and éop because we have R°gp(h, h”) and K°(t, t°), by (8.67),
we also have H™(w, t) and Q gp(k, h™, w, t). Now, K™(v§ 79, Vo(p, 8, Rgp(i, )
and K*(v, t*) al hold. Thus D gn(w ([v4, [wd), g, ([p], [d]); k ([i], [K]), w, ([V], [w]))
follows from (X10). Note, because we have éop(l_g h, w, t) witht=([v], [w]) and h =
(i1, [K]), by (8.16), k ~ k and w ~w. Hence Dop(W6 ([vd, [wd), g, ([p], [dl); k, ([il.
[K]), w, ([V], [w])) isasotrue. Lett¢=([vq, [wd) ands=([p],[q]). Thenthe consequent

of (b) holds for our choice of antecedent.
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We now show that for thist¢and s, (b) holds for any other choice of antecedent. So
assume H"(w, t) and éop(lzg h, w, t). Then, by Lemma8.3, we have wtand g such that
Stpop, (W, k, WG g) and (H(wé 9 UN"op(g, S Wg 6k, b, w, 1)) UD o (WG ¢ g, 7
K, ", w, ) hold. And, as we have R°gn(h, h”) and K°(t, t°), by (8.67), H™(w, t) and
Qop(k, I, w, t°) hold.

First we assume H™(w¢ 79 UN"o(g, S w6 G k, b, w, 7). Then, by (X9), we have
N'op(@. ([pl, [dl); we ([vd, [wd), k, (], [KD), w, ([V], [w])) UH"(We ([vdq, [wq). Now,

by (X3), Ngp(d, S WG t'¢ k, b7, w, t7) and D"gp(W¢ 76 g, S75 k, 7, w, t7) imply we~ we
and g ~g. Also, because éop(lzg h, w, t) holds with t = ([v], [w]) and h = ([j], [K]), by

(8.16), k~kandw~w. ThusN'o(g, ([P], [al); W& ([v4, [wd), k, ({1, [K]), w, ([V], [w]))

U H*(w¢ ([vd, [wg) holds and therefore so does the consequent of (b).

On the other hand assume D gp(W¢ t°¢ g, S7; k, h™, w, 7). Then, by (X10), we have
D’ op(W6 ([vq, [wd), g, ([p], [d]); k ([i], [K]), w, ([V], [w])). By (X3), from D gp(wé t°¢
g s;...) and D'op(W¢ t¢ g, S7; ...) we obtain we~weand g ~ g; and we already have k
~kand w~w. Hence Do (W§ ([v4, [wd), g, ([p], [dl); k ([i], [K]), w, ([V], [w])) and
the consequent of (b) hold as required.

We now show (&) for t¢= ([v4, [wd) and s = ([p], [q]). Assumev] [V andjT [j].
Then, by Lemma 8.2, we have v¢and p for which stpopT(\_/, I, V¢ p), K’ (v¢ t7¢ and
Vop(p, s”) hold. Next, K*(v§ t°9, K™(vq t™¢ and (X 1) assert ve~ v§ \Fop(p, s), \Fop(p,
S’ and (X2) assert p ~ p. From above we know D'Op(v_vcl; ([va, [wd), a, ([p], [AD); k.
(01, K1), w, ([v], [w])) istrue. Hence (8.29) gives HK([vq, [wq) and DKqp([vd, [wd).
Therefore, asve~v§ K'(v§ ([vd, [wd)) holdsby (8.23). (8.29) also gives NV([p], [d])
and DVoy([pl, [d]), so, sincep ~p, V‘op(p, ([pl, [a])) follows by (8.27). Ergo (a) holds
for t¢and s. Thiscompletesthefirst part of the proof.

For part two we need to confirm K°(t¢ t°9 and V°o (s, s°) for t¢= ([v4, [wd) and s = ([p],
[d]). To show K°¢we prove both conjuncts of (8.66). Take the first conjunct and assume
vel [v@. Then, because K™(v§ t™¢) istrue, (X4) gives K™(v§ t™9), asrequired. Now for the
second conjunct. Assume H*(wé ([vq, [wd)). By (8.24), v:v¢T [w@, which means we also
have H*(w¢ ([vg, [wg)). Fromthis, by (X7), H™(w¢ t"¢ holds, as required.
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We turn to V°,, defined by (8.68). To prove the first conjunct assume pl [p]. Then
because Vgp(p, ) istrue, (X6) gives V'ou(p, S7), asrequired.

Take the second conjunct. Assume N'on(g, ([p], [a]); w6 t§ K, h, w, 1), H'(W§ 19, Q"op(k,
h, w, 1), H'(w, 1), K°(t¢ '), R°gp(h, h”) and K° (¢, t°), with t¢= ([vd, [wd), h = ([j], [K]), t =
(IV, [wl) and ([p], [d]) = s = ([p], [d]); the second components are fixed by (8.28) and
equivalence. Now, vél [vq plusK°(t6 9, by (8.66), give K(v¢ £°9; i T [i] plusR°op(h,
br), by (8.67), give Rigp(j, ); and v T [v] plus K°(t, 1), by (8.66), give K(v, 1'). Then
because we have V'gp(p, S7), by (X9), we get N'op(g, S5 wé t¢ k, b, w, t7) U H(we tg
UQop(k b7, w, t) UH(w, 1), asrequired.

Thethird conjunct issimilar. We are done.

8.4.25.2 CaseOpy | Opsp,.

Assume the antecedents with t = ([v], [w]) and let j = h. Sincev1 [v], by Lemma 8.4,
there are values, which wefix asv¢and p, such that stpopT(v, J,VEp), K'(vg t°g and V" op(p,
s) hold. FromK~(v¢ t™9, by (X11), we know thereisavalue, wesay, such that K*(v¢ ([vd,
[wd)) istrue. Let t¢= ([vq, [wd) and s=p. We now show that for these values of t¢and
S, StPoyp,» defined by (8.32), holds. Suppose the antecedent of (8.32) istruefor vl [v] and
| = h. Then using Lemma 8.4 again, we have values v¢and p such that stpopT(\_/, I, VG p),
K*(v¢ 79 and V'op(p, ) hold. Hence, both K™(v§ ") and K™(v¢ t9 are true. Thus, by
(X1), v¢~ v¢& Therefore, because K*(v¢ ([vq, [wd)) holds, by (8.23), K*(v¢ ([vd, [wd))
must too. We also have Vg(p, S7) and Vgp(p, 7). Thus, by (X2), p = p (because the
equivaence class is a singleton), and therefore p = s. Hence the consequent of (8.32)
holds as required.

Finally we show that K°(t¢ t°Q and V°g(s, ) hold. The proof for K°(t¢ t9) isidentical
tocase Op1 Opsa. Take Vop(s, §), defined by (8.70). This clearly holds because we
have both V"o(p, s7) and s=p. Done. n

8.4.26 Theoutput finalisation PO

We show
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Voop(s §) UFi nOutgy, (S, M) P FinOutgy (S 1) - (8.79)
Proof. AsOp1 Opsa E (Opsy —Ops,), there are two cases to consider.

- Case OpT Opsp. Assume the antecedents with s = ([p], [q]). Then, as pT [p], by
(8.68), V' op(p, S7) holds. Hence, from the Output Finalisation PO for the refinement from
Ret to Xtra,

Vop(P: §) UFinOutopX(sZ n) b FinOutgy (p, ) (8.80)

we obtain FinOutOpT(p, n). Therefore, by (8.39), p~n. Hence, n1 [p], and consequently,
by (8.41), Fi nOutopU(s, n) holds as required.

- Case Opl Opsp. Assume the antecedents. By (8.70), we therefore have s = p and
Vop(p, s7). Hence, by (8.80), we have FinOutopT(p, n). From the latter, by (8.44),p=n.
Thuss=n, and so, by (8.46), Fi nOutopU(s, n) holds as required. n

This completes part (2) of the theorem.

8.4.3 Theinclusions

Below we list the inclusions of part (2) of the theorem.

K*(v, isK°(t, ) b K(v, ) (8.81)
R oplls MsR°op(h, 1) P R, ) (8:82)
V'op(R 9)5V°0p(S S) P V(B §) (8.83)
H*(w, isK°(t, t7) b H(w, 1) (8.84)

Theremaining inclusions only apply to OpT Ops,.

(Q'op(k, h, w, t) UH"(w, t))g(R°op(h, h?) UK°(t, t)) b
(Qop(k, b7, w, ) UH(w, 1)) (8.85)

(N'op(@, s; W tg k, h, w, 1) UH(wg t9 U Qoplk, h, w, 1) UH"(w, )3
(Voop(s, ) UK(t6 7 UR gp(h, h7) UK (t, 1)) b
N"op(@ 7 WE 6k, I, w, £) UH (WG 9 UQ op(k, b, w, ) U
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H™(w, t°)
(8.86)
(D’opWG t6 0, 5, k, h, w, 1) UQop(k, h, w, t) UH'(w, 1))3
(K°(t6 9 UV°on(s, ) URgp(h, h) UK°(t, 1)) P
(D opWE t7¢ g, s75 k, h™, w, t7) U Qopk, h™, w, t7) UH"(w, t7)) (8.87)

We now show these inclusions hold.

T (8.81): K*(v, t)sKe(t, t7) P K (v, T).

Proof. Assume the antecedents and let t = ([v], [W]). Then from K*(v, ([V], [w])), by
(8.23), v1 [v], and thus from K°(([v], [W]), t), by (8.66), K*(v, t*) follows, as required.

|
" (8:82): Ropll, MsRop(h, ) P Rigp(l, ).
Proof. OpT Opsp E (Opsy —Opsa), so there are two cases to consider.

. CaseOpl Ops,. Assumethe antecedentsand let h = ([j], [K]). Thenfrom R‘Op(i, (1.
[K])), by (8.25),j1 [j], and thus from R°op(([i], [K]), "), by (8.67), Rop(i, h) follows.

- CaseOp| Opsp. Assume the antecedents. From R'qy,, by (8.35), j = h, and therefore

from R°gp(h, 1), by (8.69), R'op(i, h) follows. m
T (8.83).
Proof. Similar to (8.82). m

7 (8.84): H'(w, )sK°(t, t) b HY(w, tV).

Proof. The consequent follows immediately from the antecedents by (8.66). n

" (8.85): (Q'Op(k, h, w, t) U H"(w, 1)3(R°op(h, ) UKe(t, t) P (Qopk b7, w, t7) U
H™(w, t7)).
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Proof. Assume the antecedents. As Q‘Op(k, h, w, t) gives éop(k, h, w, t) by (8.26), the

consequent follows from the antecedent, by (8.67). n
"~ (8.86) and (8.87).
Proof. Similar to (8.84). m

8.5 Proof for Part (3)

Part (3) follows readily by observing that for a system Univ* having the same properties
as Univ, there will be a refinement from Univ to Univ* and a refinement from Univ* to

Univ. © ]

This completes the proof of Theorem 8.1.

8.6 Lemmas

Lemma8.2. Suppose K°(t, t7), R°op(h, 1Y), trmopu(t, h) and stpopx(ti h™, t°¢ s”) hold with
t=([v], [w]) and h=([j], [K]). Furthermoresupposev! [v]andj| [j]. Then K*(v, t") and
Rop(l, h7) hold, and moreover there are values, which we fix as v¢and p, for which st-
Pop, (V. 1, ¥& p), K*(v¢ 79 and V'gp(p, §7) hold.

Proof. FromK°(t, t) andv1 [v] we get K*(v, t*), by (8.66); from R°op(h, h7) and it [
we get R op(i, "), by (8.67); and from trmgy, (¢, h), vl [V andjT [j] weget trmop (Y, J)
by (8.33). K*, Ry, trmop, and Stpop, are the antecedents of the Op PO for the refinement

from Ret to Xtra,

K™(v, ') URgp(j, h7) U trmop, (Y, J) U Stpop, (T, I, ¢ ) P
($ V6 pe Sipop (v, J, V& ) UK (V6 £ UV (R, S)) - (8.88)

Thus we can pick values, which we fix as v¢and p, for which stpOpT(\_/, I, V& p), K7 (v t79
and Vop(p, s°) hold. Done. m

Lemma8.3. Suppose K°(t, t7), R°op(h, h) and stpopx(ti h™, t°¢ ") holdwitht = ([V], [w])
and h = ([j], [K]). Furthermore suppose H*(w, t) and éop(l_g h, w, t) hold. Then there are

Chapter 8 The Postjoin Theorem 153



8.7 Inside Univ

values, which we fix as weand g, for which stpgy, (w, k, wg g) and (H™(wg t79 U N op(a,
S~; W¢ t~¢ I_(l h~1 Wl t~)) U D~Op(V_V¢ t~¢ gi S~1 I_(l h~1 Wl t~) hOId

Proof. From R°gp(h, h7), H'(w, t), Qop(k, h, w, t) and K°(t, t7) we get H™(w, ) and Q" gp(k,
h", w, t°), by (8.67). H", Q"op and stpg,, arethe antecedents of the Op PO for theretrench-

ment from Ref to Xtra,

H™ (W, ) UQ gp(k, ™, w, t7) U Stpop, (T, I, ¢ $) P
($ W6 g Stpog, (W, k, wg ) U
(H (W6 9 UN"op(q, S WG 6 k, b, w, 1)) UD " gp(w6 ¢ g, 75 k, b, w, 1))
(8.89)

Thus we can pick values, which we fix as w¢and g, for which stpopF(v_v, k, w¢ g) and
(H" (W6 ) UNgp(a, S WG G k, b7, w, 7)) UD gp(W6 t¢ g, s k, h™, w, t) hold.  m

Lemma8.4. SupposeK°(t, t7), R°op(h, 1Y), trmopu(t, h) and stpopx(ti h™, ¢ s”) hold with
t=([v], [wW]). Furthermore supposevi [v] andlet] =h. Then there arevalues, which we

fix as v¢and p, for which stpOpT(\_/, I, V¢ p), K’(v6 79 and V' op(p, S) hold.

Proof. From K°(t, t) and v 1 [v] we get K*(v, t*), by (8.66); from R°op(h, h7) we get
Rop(l, 1), by (8.69). Then from vi [v] andj = h, we get trmopT(\_/, 1), by (8.34). K7,
Rops trmgp,_ and Stpop, are the antecedents of PO (8.88), so we can pick values, which
we fix as v¢and p, for which stpopT(\_/, 1, V6 p), K*(v¢ t°9 and V'op(p, S7) hold. n

8.7 InsdeUniv

L et us again go back to the Number Recycler and the Add operation, and see what we get
for Univ. Asin Chapter 5, Abs specifies an unbounded bin modelled by aset. We repro-

duce the parts of Abs germane to our discussion.
U= P(N), IAddA = N, OAddA = {OK, GOT} . (890)

u-(i, Addy, OK)-»>uu{i}, ifil u,
u-(i, Adds, GOT)- u, ifil u. (8.91)
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For the retrenchment to Ret we introduce a limit on the size of the bin. We restrict the

capacity to five and add a message to indicate when the bin isfull. We still use a set for
the bin. The specification for Ret is therefore

V={vl P(N) ||V £ 5], Jngd, =N, Pagq, = {OK, GOT, FULL} . (8.92)

v-(j, Add, OK)-»>vu{j}, ifji vU|V|£E4,
v-(j, Addg, FULL)> v, ifj T vU|v|=5,
v-(j, Addg, GOT)- v, if jT v. (8.93)

The datafor the retrenchment is as follows.

H(u,v) =(u=v),
Qagd(i, J, uv) = (i =]),
Nagd(0, p, UG V¢ i,j,u,v) = (0=p),
Dagg(Ué VG o, p; i, j, u,v) =
(Ju=5UiT uUut=uu{i}Uvt=uUo=0OKUp=FULL). (8.94)

Therefinement from Abs to Ret replaces the set by asequence. Likethe set, the sequence
isboundless. So we have

W =iseq(N), Kagg, = N, Qagq, ={OK, GOT} . (895)

w -(k, Addg, OK)-> w” (k), if ki ran(w),
w -(k, Addg, GOT)-> w, if kT ran(w) . (8.96)

Last we define the relations for the refinement.

K(u, w) = (u=ran(w)),
Ragd(i, k) = (i =K),
Vadd(0, @) = (0=0). (8.97)

Having specified all the relations, we can look at how the spaces of Ref and Ret are par-
titioned by (8.4) to (8.9). We start with W, the state space of Ref. Thisis divided up as
follows. Sequences of length four or less occur in the same class if they have the same
range, i.e. if they are serialisations of the same set. For example, for {1, 2} we have
KTsHD((1, 2), {1, 2}) and KT'sHD((2, 1), {1, 2}). Thisresultsintheclass[w] = {(1, 2), {2,
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1}. Sequencesof length five and six fall in the same classwhen the range of thefirst five
elementsisequal, eg.[W] ={(1..5),(1..5,6),(1..5, 7, ..., (5..1),(5..1,6),(5..1, 7,
.2,1,34,5),2,1,3,4,5,6), ..}. Figure8.2showswhy (1..5 and(1..5, 6) arein

0=0K W v=vl={1..5}
i:/s/,///. p=FULL
u={1.5e H 1=6

eWC=(1..5,6)

q=0K
=6

N

w=(1.5)e

Figure 8.2

the same class: both are linked to {1 .. 5}. Notice Dpgq IS shown joining just the after
states, because, by (8.1) and (8.5), only these components are involved in the definition
of theclass. Lastly, each sequence of length seven or more formsits own singleton class,
e.g. [w] = {11, 22, 88, 1, 2000, 3, 318)}. Thisisbecause H (and Dqq for before states)
does not hold for sets of cardinality greater than 5. The situation for V, the state space of
Ret, is much smpler. Each set just formsits own singleton, e.g. [v] ={{1..5}} or [Vv] =
{{16, 77, 1001} }.

(8.6) and (8.7) partition the input spaces J Add, and KAddF into singletons with elements
fromN, e.g. [j] ={48} and [K] ={1}. For the output spaces, we note Naqq linkso = GOT
with p=GOT and 0 = OK with p = OK, whereas Dpqq links 0 = OK withp=FULL. There-
fore, by (8.8), P Add,_ is partitioned into the singleton [GOT] and the doubleton [OK] =
{OK, FULL}. From QAddF, by (8.9), we get the two singletons [OK] and [GOT].

Let us now consider the transitions of Univ for OpT Ops,. These are given by (8.31),

which looks pretty complicated. Fortunately, the definition is easily tamed by picturing
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a Univ step as being a container which brings together corresponding Ret and Ref steps.
Suppose (8.31) holds for the step ([v1, [w]) -(([i], [K]), Opu. ([P, [a]))-> ([v4, [wd). Then,
by (8.31a), w -(k, Op, 0)-> w¢ will be contained in the Univ step if H* U Qg U ((H'¢U
N*op) UD‘Op)) holds. Similarly, by (8.31b), sowill v-(j, Opy, p)-> v¢if vi [V]UjT [j]U
K"¢U Vo, holds. Notice, sincevi [v] andjT [j], each Univ step must incorporate at | east
one Ret step. Further, if (8.31b) holdstrivially, Univ may contain no Ref steps. Werefer
to such Univ stepsasjunk. However, when we restrict attention to that part of Univ which
is aretrenchment of Abs, G U P, must hold, which implies, by (8.58), Q"op UH" holds
aswell. Hence, the part of Univ whichisaretrenchment of Abs will bring together at |east

one Ret and one Ref transition.

A smple exampleis shown in Figure 8.3, in which /O has been suppressed. The Ret and

g Y
v s e

A g Ret
““%.u@ Vo 'é,vg

oug

Conc

J¢
« ts / ¢
Ref WO.A.WQ: — .A.tg Univ
Figure 8.3

Ref transitions satisfy (8.31). Transitionswith matching subscripts arerelated in that one

retrenches or refines the other. Thuswg — wg, refinesug — ug; and v — v retrenches us
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— UG. Each Univ step is an amalgam of Ret and Ref steps which match it on subscripts.

Hence, ty — t¢ is a combination of the steps vy — v and wy — W,

Univ isthe most abstract completion in theclass. Therefore any other member of the class
completing the square will be refinable from Univ. Asrefinement is concerned with re-
duction in nondeterminism, this therefore precludes solutions like the Univ in Figure 8.3
but with, for instance, the transition t; — t¢ omitted (the old Univ still completes the

square so must be refinable from the one with the omitted transition).

Returning to our running example, the Addy, step which brings together the two boundary

trangitions shown in Figure 8.2 is

([{1..5}], [ .. D) -(([€], [6]), Addy, ([FULL], [OK]))-> ([{1 .. 5}], [<1 .. 5, B)]) .

Of coursg, (1 .. 5) -(6, Addg, OK)->(1 .. 5, 6) is not the only Add step which corresponds
to{1..5} -(6, Addt, FULL)-> {1..5}. All Addg stepswhose before state w isa serialisa-
tionof {1 .. 5} and after stateisw * (6), will also be part of the Add, step, e.g. (4,2, 1, 5,
3) -(6, Addg, OK)-> 4, 2,1,5, 3, 6).

We see asimilar situation for non-boundary steps, e.g.
({1, 23], [<2, D) -(([2]. [2]), Addy, ([GOT], [GOT])-> ([{1, 2}], [<2, D)]) -

This brings together the corresponding steps {1, 2} -(2, Addy, GOT)-> {1, 2}, (1, 2) -(2,
Addg, GOT)-> (1, 2) and (2, 1) -(2, Addg, GOT)-> (2, 1).

We concludewith thefollowing remark. A point sometimes madeisthat surely asolution
for Univ isjust the system Ret. Why thisisnot so is clearly shown in Figure 8.3. Putting
Ret in place of Univ means v — v& will not have a suitable step in Ref which it can re-

trench.
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Chapter 9

ThePrgoin Theorem

Given a system Conc that is both a refinement of a system Ret and a retrenchment of a
system Ref, such that the refinement and retrenchment are preconjoint (see below), the
prejoin completes the square by constructing a system Univ with the following properties.
First, from Univ there is both a retrenchment to Ret and arefinement to Ref. Second, the
composition of the Univ to Ret retrenchment with the Ret to Conc refinement on the one
hand, and the composition of the Univ to Ref refinement with the Ref to Conc retrench-
ment on the other, are both equal as aretrenchment from Univ to Conc. Third, inthe class
of systems achieving a similar completion, Univ is the most concrete up to equivalence.

We make these ideas precise in the theorem below.

9.1 ThePrgoin Theorem

Theorem 9.1. Let there be aretrenchment from Ref to Conc, and arefinement from Ret
to Conc, asshown in Figure 9.1. If the retrenchment and refinement are preconjoint, the

following hold.

(1) Thereisauniversa system Univ for which there is a retrenchment from Univ to Ret
and a refinement from Univ to Ref whose compositions with the original refinement
and retrenchment respectively are equal as retrenchments from Univ to Conc, and
which satisfies (U1) to (U7) below.

(2) Whenever thereisasystem Xtra and aretrenchment from Xtra to Ret and arefinement
from Xtra to Ref whose compositions with the original refinement and retrenchment

respectively are equal as retrenchments from Xtra to Conc, and which satisfies (X1)
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HQND

—— s (Conc

R
\%
(Cone)

All arrows labelled H, Q, N, D are retrenchments;
all arrows labelled K, R, V are refinements.

Figure 9.1: The relationship between systemsin aprejoin.

to (X7) below, then thereis arefinement from Xtra to Univ suchthat K°sH" b H™, (R°
UK®)3(Q"UH") b (QUH", (V°UK°¢UR> UK®)g(N'UHCUQ UH" )b (N"UH¢
UQ UHY), (K¢UV° URUK°)3(D°'UQ UH") b (D°UQ UH"), and such that
KsK b K™, RSR' P R, VsV' P V™ (see also (9.74) to (9.80)).

(3) Whenever a system Univ* has properties (1) and (2) above of Univ, then Univ and
Univ* are mutually interrefinable.

9.2 Basic Definitions

For Ret the operation names setisOpy 1 Opsr, state, input and output spaces arevi V,
il JOpT,pT Pop, andinitialisation and step predicates are Initr and stpgy, . Correspond-
ingly, for Refwehave Opg | Opsg, wl W, kl Koy, gl Qgp ., Initg and stpgy, , and for
Conc, Opcl Opsc, tl T,hl Hop, sl Sgp., Initc and stpg, . Here, Opsg | Opsc
= Opsr.

L et the refinement from Ret to Conc have retrieve relation K, and for each Op, input re-
lation Ry, and output refation Vg, Let the retrenchment from Ref to Conc haveretrieve
relation H, and for each Op, within relation Qgy, output relation No,, and concedes rela-
tion Doy,

Chapter 9 The Prejoin Theorem 160



9.2 Basic Definitions

In the remainder of this section we define the various e ementswe use in the construction

of Univ and the associated retrenchment and refinement. Let,

HD(w, ) = Hw, ) U (89,5, b i L+ Doy, £, 6,5 K 0w, ). ©1)
QQop(k, h) = (3w, t * Qoplk, h, w, 1)) , (92)
NDOp(qa s) =

(SWG Gk b, w, £+ Nop(q, s W tG k h, w, ) UDop(wG 16, 5,k h w, 1)) . (9.3)

Using the above, we specify the following equivalence relations.

~v = ((KsHDT)g(KsHD™)")* , (9:4)
~w = ((HDsKT)g(HDsK")")* (9.9)
~30p = ((RopsQQOp)3(RopsQQGp) ™ » (9.6)
~kgp = ((QQOPRAR)H(QQOKERA))* (9.7)
~pep = (VopsNDGp)$(VopsND ) )™ (9.8)
~on = ((NDOpsV&p)s(NDops V&) )* - (99)

Let [T Vi~y, (W11 Wimy, [1T Jop/~sy [KIT Kop/~koy [PIT Pop~s,, and [l T
Qop/”"Qop. Then,

KH(, [w]) = (" t*Kw, )P Swewl [w] UHW, 1)), (9.10)

HK([V], [W]) = (" w,tewl [w] UH(w,t)P
(Svevi [v] UK(v, t) UKH(Y, [W]))) ; (9.12)

KDop(w, [W]) = (" t+K(w ) P
s k h,w, 1)) (9.12)

($vevi [v] UK(, ) UKDop(y, [wW)))) » (9.13)
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RQop(l, v [K], [W]) =
trmop (v, ) U (" h, te Ropli, h) UK(y, ) P
Sk wekl [KUwWT [wW] UQgpk, h,w,t) UH(w, 1)), (9.14)
QRop(lil, [K) =
(" khwtv,wekl [K] UQop(k h,w,t) UH(w, t) UK*(([V], [W]), w) P
$Lveil [1UVI [V] URoy(, h) UK(Y, t) URQqop(, V. [Kl, [w]))) -
(9.15)
VNop(R, V& |, v, [d], [wd, [K], [w]) =
trmop (v ) U (" s 1§ h, t+ Vo(p, 8) UK(VE t§ URo(, h) UK(y, t) P
Ggwtkwegl [q Uwel [wd UkT [KUwI [w]U
Nop(a, s W tg k, h, w, t) UH(WG t9 UQqp(k, h, w, t) UH(W, 1)), (9.16)
NVop([P], [d]) =
" g, swEtGk h,w, t, vGwg |, k, v, we
al [g] UNop(@, s wé tg k, h, w, t) UHWG t§ U Qop(k, h, w, t) UH(w, t) U
K'(([vd, [wd), w) UR on(([i], [K)), k) UK*(([V], [W]), w) P
$pv6j,vepl [plUVEl [vdUjT [jJUVT [V] UVgn(p, ) U
K(v¢ t9 URgg(i, h) UK(Y, t) UVNoy(p, V& |, v, [], [wd, [K], [w]))) »  (9.17)
VD (V6 B, j, v, [Wd, [d], [K], [W]) =
trmop (v, ) U (" 165, h, te KV t9 UVop(p, ) URo(, h) UK(y, 1) P
Sweg, kwewtl [wqUgT [q] UkT [KUwWT [w]U
DOp(V—V(I; ¢ g, s, k h, w, t) U Qop(l—(! h, w, t) U H(V_V, t))) J (918)
DVop([pl, [d]) =
(" g wGtGs k h,w, t,vGgwgj, k, v, we
al [l UDgywe t¢ g, s; k h, w, ) UQgp(k, h, w, t) UH(w, t) U
K'(([vd, [wd), w) UR on(([i], [K)), k) UK*(([V], [w]), w) P
($v¢p,j,vevel [v§UpT [pJUjT [[JUVT [V] UK(vGt9 U
Vop(R: 9) URog(i, h) UK(Y, t) UVDo(V6 . , v, [wd, [q], [K, [w]))) . (9.19)
Top([K) =
(" wetrmg, (W, k) P

(" wkewl [w] UkT [P trmgy (w,K)) . (9.20)
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Finaly, let
K*((M, (WD), W) =w T [w] UHK([V], [w]) U DKoV, [W)) » (9.21)

H((], [w]), ¥) = v T V] U($te Ky, 1)) UKH(Y, [w]) U
HK([V], [w]) U YYDKop(IM, [W]) » (9.22)

Rop(([i1. [KI), K) = kT [Kl UQRoy([il, [K) U Toy(KI) - (9.23)

Q op((lil: [KD, L. (I, [W]), v) =
T [10VT [V U$h teRop, h) UK(y, 1) U
RQop(i. ¥, [Kl, [W]) U QRop([l, [K]) U Toy(IKI) - (9.24)

Vop(([P]. [a). @) =aT [a] UNVop(Ipl, [al) UDVoy(lpl, [al) (9.25)

N op(([p], [a), p; ([vd, [wd), v& ([i], [K]), I, ([V], [W]), V) =

pl [plUvel [vd UjT [jJUVI [V U

($s t¢h, te Vog(p, s) UK(VG t) URqy(j, h) UK(y, 1)) U

VNop(®, V6 , v, [d], [wd, [K], [w]) UNVog(Ip], [q]) UDVog(lpl, [d]) » (9.26)
D op(([ve, [wd), V& ([p], [d]), p; ([i], [K]), L, ([V], [W]), v) =

vel [vd UpT [p] UjT [jJUvI MU

($t¢s h, te K¢ t9 UVon(p, 8) URg(i, h) UK(y, 1)) U

VDop(V¢ b, J, v, [wd, [], [K], [w]) UNVop(Ipl, [al) UDVoy(Ip, [a]) U
HK([v4, [wd) U UDKoy(Ivg, [wd) . (9.27)

9.3 Preconjointness

A retrenchment from Ref to Conc and refinement from Ret to Conc, are said to be pre-
conjoint when they satisfy the following. Note that in (9.28) to (9.31), al the ingredients

are built out of the given retrenchment and refinement.
Inite(wd P ($ v§ wee K*(([vq, [wd), wg) , (9.28)

K*((IV], [w]), W) UR op(([i1, [K]), K) U'stpop, (w, k, wé ) P
($ V& WG p, g+ K'(([vd, [wd), wh UV on(([p]. [dl), 9)) » (9.29)

Initr(vg P ($ vGwee H(([vq, [wd), v9) . (9:30)
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H((V], [w]), v) U Q op(([i1, [KI), i, (I, [W]), V) U'stpop, (v, ), v§ p) P
($VewWg p, g« (H'(([v4, [wd), v U
N"op(([p], [al), B ([vd, [wd), v& ([j], [K]), i, (IV], [w]), v)) U
Dop(([va, [w), v& ([p]. [al). p; ([il, [KD). L (v, [w]), v)) - (9.31)

9.4 Proof for Part (1)

We take the retrenchment from Ref to Conc and the refinement from Ret to Conc, and
build anew, universal system Univ, from which we then show thereisboth aretrenchment

to Ret and arefinement to Ref; see Figure 9.1.

9.4.1 Thesystem Univ

The operation names set of Univ is Ops; with elements Op. State, input and output
spacesareul U, iT lgp, 01 Ogy,. Initialisation and step predicates are Inity and
Stpop,- These are all constructed from the systems Ret and Ref asfollows. U = V/~, *
Wi/~ and Opsy = Opsg. For each Opy, lop = Jop/~5,  Kop/~«e, @d Oop = Pop/~+,,
" Qop/~ag,

Let the initialization predicate be

Inity(ug = Inity(([vg, [wd)) =

($ wee Inite(wd) U K*(([vd, [wd), wd) @
U
($ v Inity(vd UH(([vd, [wd), v9) . (b)
(9.32)

Let the transitions of Univ be

Stpop, (U, i, UG 0) = stpgp (V1 (W), ([j]. [KD). ([v4, [wd), (F]. [a])) =

($w, k we g K(([v], [w]), w) UR op(([il, [K]), k) U
stpop, (W, k, wg 6) UK'(([vd, [wd), w9 UV ou(([P], [d]), 9) ) @
U
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(S, ], v& pe H((IV], [W]), v) UQop(([il, [K]), i, (V] [W]), v) U
Stpop, (v, 1, V& p) U ((H'(([v4, [wd), v U
N"op(([p], [al), B ([vd, [wd), v& ([j], [K]), i, (IV], [w]), v)) U
D*op(([va, [wd), v& ([p], [al). p; (01, [KD. i (v, (W), ) ) ) - (b)
(9.33)

This completes the definition of Univ.

Given the above, the following holds.

trmopu(u, i) =

($w, ke K'(u W) UR'gp(i, K) Utrmop w, K) ) (@
0
($v.]*H'U V) UQ o, uv) Utrmoy (v, ) (b)
(9.34)

Proof. First we show the RHS follows from trmopu(u, i).

trnyjpu(u,i)
P [definition of trmgy]
($u¢o-§QmJuLu¢®)
P [(9.33)]
($ugo-
($w, k we g« K'(u, w) UR'gpi, k) Ustpop (w, k, wé g) U
K*(ug¢ w UV'g(0,0) )
U
(S, ], v&peH(u,v) UQ'gy(i, J, u, v) Ustpop (v, J, v p) U
((H'(uG v UN'gp(0, p; uG VG, j, u, v)) UD gp(u6 VG 0, p; i, j, U, V) ) ) )
P [stpop U stpgp Utrmgy]
($ugo-
($w, k we g« K'(u, w) UR'gp(i, k) Ustpop (W, k, we g) Utrmg, (w, k) U
K*(ug w UV (0, 0) )
U
($v,],¥6 peH(u,v) UQop(i, f, U, V) Ustpop (v, J, v6 p) Utrmgp (v, j) U
((H'(ug v9 UN'op(0, p; uG V6 i, , u, V) UD op(UG V6 0, pi i j, 1, 1) ) ) )
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P [($.KUR UstpUtrmUK¢UV)U ($..K'UR Ustp Utrm UK ¢UV?) U($... K" UR Utrm),
and similarly so for the other disjunct]
($ugo-
(($w, kwe g K'(U, w) UR op(i, k) Ustpop (W, k we g) Utrmg, (w, k) U
K'(u6 w UV o0, 6)) U ($ w, k* K'(u, w) UR op(i, k) Utrmop (w, k) )
U
(V] v peH(U ) UQ o, J, U, ¥) Ustpop, (v, ], v& p) Utrmop (v, ) U
((H'(ug v9 UN"op(0, p; uG V& i, , u, v)) UD op(ué V6 0, pr i, j, 1, ) ) U
(S w, ke H(u,v) UQ'gy(i, ], u, v) Utrmgy (v, ]) ) )
b
($ugoe
($w, ke K'(u, w) UR op(i, K) Utrma, (w, k) )
U
($w, ke H(u,¥) UQop(i, j, u, v) Utrmop (v, 1)) )
P [expression independent of ut¢and o]
($w, ke KU, w) UR'opfi, k) Utrmgy (w, K) )
U
($w, ke H(u,v) UQ'gp(i, ], u, v) Utrmop (v, ]) ) -

Now we show that the LHS, tr mopu(u, i), follows from digunct (9.34a). tr mopF(v_v, K) im-
pliesthere exist w¢and g such that stpopF(v_v, k, w¢ g) holds. Then, by (9.29), we have val-
ues u¢and o such that K*(u¢ wd) and V'(0, g) hold. Hence, by (9.33a), Stpop, (U i, ug 0)
holds from which we have trmopu(u, i) as required. The proof starting with disjunct
(9.34b) issimilar. [

9.4.2 Therefinement from Univ to Ref

We show Ref refines Univ. We do thishby first specifying the component relations for the
refinement and then showing that the refinement POs hold.
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9.4.21 Thecomponent relations

The datafor the refinement consists of the retrieve relation K*(u, w), and for each Op, the
input refation R’g(i, k) and the output relation V'o,(0, 9). K*, R'gpand V' are given by
(9.21), (9.23) and (9.25) respectively.

We also have the input initialisations and output finalisations. For Ref let the input ini-
tialisation be Initing, and output finalisation be FinOutgy, . Similarly, for Univ we have
Initingp and FinOutgy, . Since Ref isthe given system which refines both Univ and Xtra,
we use the input and output spaces of its operations to define those of the globa world.
Let Nop = Ogp and

Lop = {IT Kop|$], kek=1UQR(i], [K) UTop([K])} - (9.35)
Then,

Initing, (LK) = (1~k) |, (9.36)

FinOutop (g, 1) = (g~n) | (9.37)

Initing (1, 1) = (i = ([, [K) UIT [K UQRo(l, [Kl) UTop(KD) ) (9.39)

FinOutop (0,n) = (o= ([p], [a) UnT [d]) . (9.39)

Observe that (9.36) to (9.39) are dl total relations. Thisis easy to see, even for (9.38),
which, by (9.35), hasfor every | asuitablei.

9.4.22 Theinput initialisation PO

We show
InitInOpF(I,I_<) P ($ie Initlnopu(l, i) UR‘Op(i,I_<)). (9.40)

Proof. Assume InitInOpF(I, K). Then, by (9.36), | ~k, and as| 1 Lop: by (9.35), we have
inputs, j and k say, such that QRo([j]1, [K]) and Tou([K]), withk=1. Leti = ([j], [K]). Then,
ask ~k, Initingy (1, 1) and Rop(i, k) hold, by (9.38) and (9.23) respectively. n
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9.4.2.3 Theinitialisation PO

We show

Inite(wd P ($ ude Inity(ud UK (ug wd) . (9.41)

Proof. Let w¢be an initia value. By (9.28) we have values, v¢and w¢say, for which
K*(([ve, [wg), wd holds. Let u¢= ([vq, [wd). Then, since Init(wd holds, Init,(ud holds
by (9.32). Thusthe consequent of (9.41) holds as required. n

9.4.24 Theapplicability PO

We show
K*(u, w) UR o, k) Utrrrlopu(u, i) P trmgp (W, K) . (9.42)

Proof. Assume the antecedents with u = ([v], [w]) and i = ([j], [K]). From K", by (9.21),
wi [w]. FromR g5, by (9.23), kT [K] and Tp([K]). From trmop, (u, i), either (i), disiunct
(9.34a), or (ii), digunct (9.34b) holds. We consider each case in turn.

+ Case (i). From (9.34a) we have trmgoy, (w, K), with wi [w]andkT [K. Hence, w~w
~wand k ~k~k. Thus To([k]) holds and therefore, by (9.20), trmopF(v_v, k) holds asre-
quired.

- Case (ii). From (9.34b) we have H'(u, v) UQ‘Op(i, I, u, V) and trmgp (v, ), with vi [V
andj | [j]. From Q‘Op, by (9.24), we know RQq((, v, [K], [w]) holds and furthermore,
we can derivet and h such that Rop(j, h) and K(v, t) hold. Therefore, by (9.14), we obtain
values, k and w say, such that kT [K], wT [w], H(w, t) and Qop(k, h, w, t). We can now

use the termination PO for the retrenchment from Ref to Conc,
H(w, t) UQop(k, h,w, t) b trmgy, (w, k) Utrmoy, (t, h) (9.43)

to derive trmopF(v:v, k). Finaly, we argue as for case (i) to obtain tr mopF(v_v, K). n

9.4.25 Thecorrectness PO

We show
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K*(u, w) UR ogfi, k) U trmop, (U, i) U Stpop, (W, k, wg g) P
($ ug 0 stpop, (U, i, ug 0) UK'(ug wh U'Vi(0, g)) - (9.44)

Proof. Assume the antecedentswith u=([v], [w]) andi = ([j], [K]). From (9.29) we know
there are values, which wefix asvg wg p and g, such that K*(([vd, [wd), wg and V" o(([p],
[d]), g) both hold. Let u¢=([vq, [w§) and o = ([p], [q]). Then, by (9.33a), stpopu(u, i, ug¢
0) holds. Hence the consequent of (9.44) holds and we are done. n

9.4.26 Theoutput finalisation PO

We show

V'op(0, g) U FinOutop (g, n) P FinOutgy, (0, 1) . (9.45)

Proof. Assume the antecedents with o = ([p], [d]). From V'o5(0, d), by (9.25), g1 [d].
From FinOutOpF(g, n), by (9.37), g~ n. Therefore, nT [q], from which FinOutOpU(o, n)
follows, by (9.39).

9.4.3 Theretrenchment from Univ to Ret

We show Ret retrenches Univ. We do this by first specifying the component rel ations of
the retrenchment and then showing that the retrenchment POs hold.

9.4.3.1 Thecomponent relations

The data for the retrenchment consists of the retrieve relation H', and for each Op, the
within relation Q"q, the output refation N'o, and the concedes relation D°g,. These are
given by (9.22), (9.24), (9.26) and (9.27) respectively.

9.4.3.2 Theinitialisation PO

We show

Initr(v B ($ ude Inity(ud UH"(ug va) . (9.46)

Chapter 9 The Prejoin Theorem 169



9.4 Proof for Part (1)

Proof. Assume the antecedent. By (9.30) we have values, v¢and w¢ say, for which
H'(([vq, [wd), vO holds. Let u¢= ([vdq, [w¢). Then, since Init;(vQ holds, Init,(ud holds
by (9.32). Hence the consequent of (9.46) holds as required. n

9.4.3.3 Thetermination PO

We show
H*(u, v) UQ op(i, . u, V) P trmop, (U, i) UtrrrlopT(\_/, ) (9.47)

Proof. Assumethe antecedentswith u = ([v], [w]) andi = ([j], [K]). From Qg by (9.24)
and (9.14), trmopT(\_/, ]) holds. What is more, given the latter, trmopu(u, i) follows by
(9.34b) . We are done. [

9.4.34 Theoperation PO

We show

H'(u, v) UQ gp(i, by U, V) Ustpop (V. ], V& p) P
($ ug 0 stpop, (U, i, ug 0) U
((H'(u¢ v UN"gp(0, p; uG v i, j, u, v)) UD op(ug V6 0, p; i, j, U, ))) -
(9.48)

Proof. Assume the antecedentswith u=([v], [w]) andi = ([j], [K]). From (9.31) we know
there are values, which we fix as vg wg p and g, such that (H*(([vd, [wd), v U N*op(([PI,
[al). p; ([va, [wd), v& ({1, [K]), i, ([VI, [w]), V) UD" op((Ive, [wdh), v& ([p], [a]), p; (], [K)),
I, (Iv], [W]), v) holds. Let u¢= ([vq, [wg) and o = ([p], [q]). Then (9.33b) and thus st-
popu(u, i, u¢ o) holds. Hence (9.48) holds. Done. m

9.44 Theretrenchment from Univ to Conc

Thenext step isto show that the composition of the Univ to Ret retrenchment with the Ret
to Conc refinement on the one hand, and the Univ to Ref refinement with the Ref to Conc
retrenchment on the other, yield the same retrenchment from Univ to Conc. To dothiswe
define the relations of the Univ to Conc retrenchment in terms of the Univ to Ret and Ret

to Conc relations, and aso in terms of the Univ to Ref and Ref to Conc ones. We then
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show that two definitions are equal. Finally, we demonstrate that the retrenchment POs
hold.

9.4.4.1 Thecomponent relations

Let the retrieve, within, output and concedes relations of the retrenchment from Univ to
Conc be given by G, Pgp, Og, and Cgy, respectively. Then Figure 9.1 commutes in the
following sense. Firstly,

G(([V], WD), ) = H((IV], [W]), WsK(y, ) = K*(([V], [w]), w)sH(w, t) . (9:49)
We write this for short as

G=H$K=K'sH.
Secondly,

Pop(([il [KD), h, ([V], [W]), 1)
= (Qop(([i1, [K. L (1v1, [w), ¥) UH(([V], [w]), V)s(Rop(i h) UK(Y, 1)
= (R'op(([il, [K]), k) UK*((1v], [w]), w))5(Qop(k, h, w, 1) UH(w, 1)), (9.50)

or more briefly
Pop = (Q"op UH")3(Rop UK) = (R'op UK")3(Qop UH) -
Thirdly,

Oop(([pl, [d]), s; ([v4, [wd), t§ ([j1, [K]), h, ([V], [w]), ©)

(Nop(([P1, [aD), B; ([vd, [wd), v& ([j], [K]), i, ([V], [w]), V) U

H'(([vd, [wd), v§ U Q" o(([il, [KD. i, (1M, [W]), ¥) UH(([V], [w]), v))s

(Vop(®, 8) UK(VE t9 URq(, h) UK(y, 1)

(Vop(([pl, [d), @) UK'(([vd, [wd), wd UR o(([i1, [K), K) UK*(([V], [W]), w))s
(Nop(@, S WG tG K, h, w, t) UH(WG t UQgp(k, h, w, t) UH(w, 1)

(9.51)

or
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Oop= (N'op UHCU Q" U H)3(Vgp UKEU Ry, UK)
= (V'op UK CUR gy UK")3(Nop UHEU Qg UH) .

Lastly,

Cop(([vd, [wd), t¢ ([p], [a]). s, (], [KD), h, ([V], [W]), 1)
(D op(([vd, [wd), v& ([p], [d]), p; ({1, [K]), i, (V] [w]), v) U
Q op(([i1, [KD), is (1M1, [wl), v) UH(([V], [w]), V)3
(K(VS t9 UVop(R, 9 URg(i, h) UK(Y, 1)
(K*((Ive, [wd), wd UV on(([p], [a]), ) UR op(([i1, [K]), k) UK'(([V], [W]), w))s
(DopWé t¢ g, s; k, h, w, 1) UQpp(k, h, w, ) UH(W, 1) ,

(9.52)

or
Cop= (D"op UQ"op UH")3(KEU Vo, URg, UK)

= (K'¢UV 5y UR 5y UK")$(Dp U Qo UH) .

The proofs showing that the above compositions hold are given in Appendix B.

9.4.4.2 Theinitialisation PO

We show
Initc(t) P ($ uce Init,(ud U G(ug td) , (9.53)
Proof. Assume Init-(t9. Then the Init PO for the refinement from Ret to Conc,
Initc(t) P ($ vée Init(vd UK(vG tg) , (9.54)

implies the existence of a state, let it be v§ such that Init;(v9 and K(v¢ td are true. From
Inity(vQ we can assert, by (9.46), u¢for which Inity(ud and H(u¢ v hold. All we need
now is G(u¢ t¢), and this follows from H*(u¢ v@sK(v¢ t9. Done. =

9.44.3 Thetermination PO

We show
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G(u, ) UPgp(i, h,u t) P trmgy (u, i) Utrmg, (4 1), (9.55)

Proof. Assume the antecedents with u = ([V], [w]) and i = ([j], [K]). Now Pgy(i, h, u,t) =
(Qopli i» U, V) UH'(u, ))3(Rop( h) U K(v, 1)), by (9.50). Thuswe have Qop H'. Rop
and K for values which we fix as j and v. From Q’g, and H', by PO (9.47), we get
trmopu(u, i), and alsotrmopT(\_/, 1), fromwhich, by the App PO for the refinement from Ret

to Conc,
K(v, t) U Rop( h) U trmopT(\_/, P trmopc(t, h) . (9.56)
we get tr mopc(t, h). We are done. n

9.444 Theoperation PO

We show

G(u, t) UPgy(i, h,u, ) U Stpop, (&, h, t§s) P
($ ug 0 stpgy, (U, i, ug 0) U
((G(ug t9 UOgy(0, s uG t¢i, h, u, 1)) UCo(uGtg o, 50, h,u, 1)) . (9.57)

Proof. Assume the antecedents with u = ([V], [w]) and i = ([j], [K]). Now Pq(i, h, u, t) =
(Q"opfis i» Uy V) UH"(u, W)3(Rop(is h) UK(y, 1)), by (9.50). Thus we have Q"gp, H', Rop
and K for values which we fix asj and v. From Q'g, and H°, by PO (9.47), trmop (V, J)

holds. Thuswe have the antecedents of the Op PO for the refinement from Ret to Conc,

K(¥, ©) URop(i, h) Utrmoy, (v, j) Ustpop, (t, h, t¢s) P
($ VG P+ stpop (V. ], V& p) UK(VG 19 UVpg(p, 9)) - (9.58)

Hence we have values, v¢and p say, such that stpopT(\_/, 1, VG p), K(v§ t9 and Vu(p, s) hold.
So stpop.. H" and Q"p are true. These are the antecedents of PO (9.48). Therefore we
have values, u¢and o say, such that stpopu(u, i, u¢ 0), which we require, and (H*(u¢ v U
N'op(0, B; U§ V& i, j, u, v)) UDop(ué V6 0, p; i, j, u, v) hold.

It remains to show (G¢U Ogy,) U Cqyp,. This follows from (H'¢UN'gp) UD’ . Assume
H*(u¢ v UN’op(0, B; UG VG i, j, u, V). Then H'(ug vgsK(vG tg gives G(ug tg), by (9.49),
and (N'op(0, p; UG VG i, j, u, v) UH"(ug v9 U Q o, ], U, v) UH'(U, V)s(Vop(R, 9) UK(ve
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t9 URop(i, h) UK(Y, 1)) gives Ogy(0, s; ug t¢ i, h, u, 1), by (9.51). Alternatively assume
D*op(Ué VG 0, p; i, j, U, V). Then (D’op(ué VG o, p; i, j, u, v) UQgp(i, j, U, V) UH'(u,
V))3(K(V t9 UVop(p, 5) URg(i, h) UK(y, 1)) gives Con(ué t§ o, s; i, h, u, 1), by (9.52).
Hence (G¢U Ogp) U Co,, holds and we are done. n

9.45 Propertiesof Univ

We state properties (U1) to (U7) of Univ.

K'(ugwg Uwel [wd b K'(ug wg (U1)
Roop(i, K UKT [k P Roni, K) (U2)
Viop(0,0) Ugl [al P V'on(0,0) (U3)
K'(u¢wg b (H'(ugvg U H'(([vd, [wd), v9) (U4

R op(i, K UK'(u, w) b
(" j,veQop(i,j, u,v) UH'(u,v) U
Q op(([i1, [KD), , (1M1, [wl), v) UH"(([V], [w]), V) ) (U5)

V'op(0, @) UK (ug Wl UR (i, K) UK (u, w) b
(" P, VGj, ve N0, p; UG VG i, j, u, v) UH'(ug v U
Qopli j, U, v) UH(u,v) U
N op((P1, [aD), p; ([vd, [wd), v ([j], [K]), j, ([V], []), V) U
H'(([vd, [wd), v§ U Q" o(([i1, [KD. J, (1M, [W]), V) UH(([V], [w), v))

(Ue)
K*(u¢ wg) UV o5(0, g) UR (i, K) UK'(u, W) P
(" v§p,j,veD op(UG VG 0, p;i, j, U, v) UQ opi, j, U, V) UH'(u, v) U
D op(([vd, wd), v ([p], [al), p; (L1, [K), J, (V] [w]), v) U
Qop(([il, [KD). . (v, [wl), v) UH'(([V], [w]), v)) (U7)

In the following we show that the above properties are true.

T (UD: K(ugwg Uwel [wd P K'(ug wo
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Proof. Assume the antecedents with u¢= ([vq, [wg). From K*(u¢ wd), by (9.21), wé~ we

Fromw¢l [wd, wé~wé Hence we~ we Therefore because K*(u¢ wd holds, then so does

K*(ug wi. m
" (U2) and (U3).
Proof. Similar to (U1). n

T (UA): K(ugw P (H(ugvg U H'([vd, [wd), v9)

Proof. First we assume K*(u¢ w@ and H*(u¢ v9, and prove H*(([vg, [wd), v). Let u¢=
(Iv4, [wd). From K*(u¢ w9, by (9.21), we~wé From H"(ug v, by (9.22), vé~ v¢ There-
fore because H*(([vd, [wd), v9 holds, then so does H*(([vd, [w§), V9.

Now we assume K*(u¢ wg and H*(([v4, [wd), v9, and prove H (u¢ v. Let ut= ([vq, [wd).
From K*(u¢ w9, by (9.21), we have we¢~ weand HK([vq, [wd). Therefore HK([vd, [wd)
holds. From H*(([vd, [wd), v0, by (9.22), we can derivet¢ for which K(v¢ td) istrue. Then
as H'(([vg, [wd), vhsK(vg t9 holds, by (9.49), there must be a vaue, wtsay, for which
K*(([vg, [wd, wd)sH(w¢ t9 holds, with, by (9.21), wel [wq. Asaresult, we have HK([vd,
[wd), Hw¢ td and wel [wd. So, by (9.11), there must be a value, vésay, such that K(v¢
td) holds, with vei [vqg. Hence, K(v¢ t9, K(v¢ t9 and H(wg td all hold. Therefore, by (9.4),

Ve~ V6 But vé~ v So ve~ v§ and earlier we showed wé~wé Therefore because H'(([vd,

[wd), vg holds, H*(([vd, [wd), v holds, as required. n
T (UB).
Proof. Similar to (U4) and (U6). |
" (U6):

V'op(0, @) UK (ug Wl UR (i, K) UK (u, w) b
(" P, V&j, Ve N0, p; UG VG, j, u, v) UH(UG v UQ ol j, U, v) UH(u,v) U
N op((P1, [aD), p; ([vd, [wd), v ([j], [K]), j, ([V], [W]), v) U
H'(([vd, [wd), v§ U Q" o(([i1, [KD. J, ([, [W]), V) UH(([V], [w), v))
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Proof. Firstwe assume\/'op(o, g), K'(ug w, R‘Op(i, K), K*(u, w), N'Op(o, p; ug vGi, j, u,
V), H'(ug v, Q"op(i, j, u, v) and H(u, v), and prove N'o(([p], [d]), p; ([v4, [wd), V& ([i],
(KD, i, ([V], [w]), v), H*(([vd, [wd), v, Q"op(([i], [K). i, ([V], [W]), v) and H*(([V], [W]), V).

Leto=([p], [d]), u¢= ([v4, [wd), i = ([i], [K]) and u = ([v], [w]). From the assumed N'g,
and (9.26) we have p ~p, vé~vg j ~j and v ~ v. Furthermore V', K'¢ R, K, (9.21),
(9.23) and (9.25) givewe~w¢ g ~ ¢, k~kand w~w. Hence, since N'Op(([g], [dD). p; ([vd,
[wd), v& ([il, [KD). j, ([v], [w]), v), H(([vd, [wd), v8, Qop(([il, [KD. J, ([v], [w]), v) and
H*(([v], [w]), v) hold, N'op(([p], [al), p; ([v4, [wd), v ([i], [K]), i, (Iv], [w]), v), H*(([vd,
[wd), VO, Q" op(([il, [KD), j, ([V], [W]), V) and H*(([v], [w]), V) follow from the established

equivalences.

Now we assume V'o5(0, 0), K*(u§ w, R'oi, K), K*(u, w), N'op(([p], [d]), p; ([v4, [wd),
VG (11, [K), §. ([0, [w), v), H™(([vg, [wd), vO, Q"op(([il, [K). J, (v, [W]), v) and H*(([V],
[w]), v), and prove N'Op(o, p; uG vé i, j, u, v), H(ug vo, Q‘Op(i, j»u,v)and H(u, v).

We proceed asfollows. Leto=([p], [q]), u¢= ([vq, [wd), i = ([i], [K]) and u = ([V], [w]).
By (9.26), the given N'Op lets us assert values s, t¢ h and t, such that Vou(p, ), K(V§ t9,
Rop(i, h) and K(v, t) are true. Then as (N'op(([p], [d), p; ([v4, [wd), V6 ([i], [K]), ], ([V],
[w]), v) UH"(([vd}, [wd), v§ U Q" op(([i], [K]), j, (v, [w]), V) UH'((IM], [W), V))s(Vop(P, 9)
UK(VG t URgp(j, h) UK(v, 1)) holds, by (9.51), there must be values, g, w¢ k and w say,
such that (V' o(([p], [d]), @) U K'(([vd, [wd), w§ U Riog(([i], [K]), k) U K*(([V], [w]),
w))3(Nop(@, s; w6 t6 k, h, w, 1) UH(WG t9 U Qop(k, h, w, t) UH(w, 1)) holds. Hence, by
(9.21), (9.23) and (9.25), g1 [q], wel [wd, k1 [Kl andwi [w].

Now take V'op(([g], [d]), a). By (9.25) we get g ~ g and NVpy([p], [d]), from which
NVop([pl, [q]) follows. Sincewealso havegl [d], Nop(d, S; WG t6 k, h, w, 1), H(w t9),
Qop(k, h, w, 1), H(w, 1), K’(([vd, [wd), wg, R'op(([il. [K]), K) and K*(([V], [w]), w), by
(9.17), we derive p for which V,(p, ) holds, with p ~ p. Now, Vgu(p, s), Vop(B, s) and
Nop(d, s; W t§ k, h, w, t) al hold. Soby (9.8), p~p,andasp ~p, thenp~p.

Next take K*(([v4, [wd), wg. From this, by (9.21), we get wé~ weand also HK([vd, [wd),
from which HK([v4, [wq) follows. Therefore by (9.11), H(w¢ t9, wel [wg and HK([vd,
[wd) give K(v¢ t9 with ve~ vg for chosen valueve So we have K(v6 t9, K(v§ td and H(wg
t9. Hence by (9.4) v¢~ vC But as v¢~ vthen v¢~ ve
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Similarly, Rop(([il, [K]), K) and (9.23) gives k ~ k and thus QRo([i], [K]). This, together
withkT [K], Qop(k, h, w, t), H(w, t) and K*(([v], [w]), w) then give Ro(j, h) withj ~ |, by
(9.15). Therefore, because Roy(j, h), Rop(l, h) and Qop(k, h, w, t) hold, from (9.6), we get
j~j,adasj~], thenj~].

Last, K’(([v], [w]), w) and (9.21) givesw ~ w and thus HK([v], [w]). Therefore, by (9.11),
H(w, t), wl [w] and HK([V], [W]) give K(v, t) with v ~ v, for chosen valuev. So we have
K(v, 1), K(v, t) and H(w, t). Hence, by (9.4),v~Vv. Butv~Vv,sov~V.

So altogether we have p~p, g ~ ¢, V&~ v§ we~wg j ~ |, k~k, v~vandw~w. Hence,
because N'op(([p], [d]), p; ([v4, [wd), v& (i, [KD), J, ([v], [W]), v), H'(([vd, [wd), v9,
Qop((lil, [KD), i, (V1 [w]), v) and H(([V], [w]), v) hold, then N'op(([RI. [d]), P; ([vd, [wd),
VG ([0, K. i, (11, [w), v), H™(([vg, [wd), vO, Q"on(([il, [KD). J, (Iv], [W]), v) and H*(([v],

[w]), v) must also hold, as required. [
T(UY).
Proof. Similar to (U6). |

9.5 Proof for Part (2)

The systemswhich complete the square must belong to a class defined by thelist of prop-
erties(X1) to (X7) below. To provethe second part of Theorem 9.1 we show that for any
gystem Xtra in the class, there is arefinement from Xtra to Univ. We proceed as follows.
In Section 9.5.1 we define the elements of Xtra and list properties (X1) to (X7). In Section
9.5.2 we specify the component rel ations of the refinement and show that the relevant POs
hold. Finally, in Section 9.5.3, we prove the inclusions stated in part (2).

9.5.1 Thesystem Xtra

The operation names set of Xtra is Opsy with elements Opy and Opsy = Ops;. State,
input and output spacesareu™ 1 U™, i~ 1 "op, o1 Ogp, - Initialisation and step predi-

cates are Inity and stpgy, -

L et the retrenchment from Xtra to Ret have the retrieve relation H™, and for each Op, the

within relation Q"gp, output relation N"gp, and concedes relation D™gp.  Let the refine-
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ment from Xtra to Ref have retrieve relation K, and for each Op, the input relation Ry,
the output relation Vg, the input initiaisation InitlnopX and the output finalisation
FinOutg . Let Initing, and FinOutg, betotal.

Finally, let properties (X1) to (X7) below, hold for Xtra.

K'(Ugw) Uwel [wq P K (UG wd (X1)
Ropli K UKT [ P Ryl K) (X2)
Vop(0, @) Ugl [d] P Vo0, 0) (X3)
K ugwy b (HUGv) O H([vg, [wd), v9) (X4)

Rop(i™, K) UK (U7, w) b
(" j,veQopli™j,u, V) UH (U, v) U
Q op((lil, [KD, j, (1M1, [W), v) UH(([V], [w), v)) (X5)

Vop(07, @) UK™ (UG wl) UR o (i7, K) UK (U7, w) P
(" P VG, Ve N ou(07, p; UG VG, j, U™, v) UH (UG vy U
Qopli™j, U, V) UH (U, v) U
N op(([P1, [aD), p; ([vd, [wd), v ([j], [K]), j, ([V], []), V) U
H'(([vd, [wd), v U Q" op(([i1, [K]), j, (1v], [w]), v) UH(([V], [W]), v) )

(X6)
K™ (U w UV gp(07, 0) URg(i7, K) UK (U™, w) b
(" V&P, j,veDop(UGVE 0T, p; i, j, U7, V) UQon(i, j, U7, V) UHT(UT, V) 0]
D’ op(([ve, [wd), V& ([p], [a), p; ([i]. [KI). j, ([V], [w]), v) U
Qop(([il, [K]), j ([V], [W]), V) UH(([V], [W]), V) ) (X7)

Notice properties (U1) to (U7) are instances of (X1) to (X7) respectively, when U™ = U,
I"=1and O~ =0. HenceUnivisamember of the classdefined by properties(X1) to (X7).
9.5.2 Therefinement from Xtra to Univ

To show that Univ refines Xtra, we first define the relations for this refinement and then
show that the appropriate POs hold.
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9.5.21 Thecomponent relations

We define the retrieve relation K°, and for each Op, the input relation R°g,, and output

relation V°q, for the refinement from Xtra to Univ.

Ke(Ur, u) = KU, ([V], [W])) =
HK([V], [w]) U YDKgp(IV1, [w]) U
(" wewl [w] P K(u,w) U (" veH(([V],[W]),Y) P H(u,Y) (9.59)

Roop(i™, 1) = R°op(i™, ([il, [K])) =
QRop([il, [KI) UTog([K]) U
(" kekl [P Royi",K)) U
(" Ly v, u e Qon(([il, [KD), by U, v) UH'(u, v) UK(U™, u) P
Qopli™ b U, Y UH (U, V), (9.60)

Veop(07,0) = Voop(07, ([F]. [a])) =
NVop([pl, [a]) UDVoy([pl, [a]) U
(" g+al [qP Voy0,09)U
(" puGvGi,j,uv,uGiv,u e
N op(([p], [d]), B; u§ V& i, j, u, v) UH(ug v U Q (i, j, U, v) UH"(u, V) U
Ke(u™6 ug UR (i, i) UK°(U, u) b
N op(07, B UG VG i, j, U7, ¥) UH(U¢ v UQ (i, j, U™, v) UH (U7, v) ) U
(" u¢vGp,i,j,uv,uGiT,u e
D" op(u V& ([p], [a]), p; i, j, u, v) UQ o, , U, v) UH(u, V) U
Ke(u™6 ug UR (i, i) UK°(U, u) b
D op(U¢ V6 07, p; i, J, U7, v) UQ (i, j, U™, v) UH(U™, V) ) . (9.61)

9522 Theinput initialisation PO

We show
Initlnopu(l, )P ($ie Initlnopx(l, iM L‘JR°Op(i~, i)) . (9.62)

Proof. Assume Initing,, (I, 1) withi = ([j], [k]). Then, by (9.38), | T [K, QRop([il, [K])
and To([K]) @l hold. So, sincel ~k, by (9.36), InitInOpF(I, k) holds. Thus, from the Input
Initialisation PO for the refinement from Xtra to Ref,
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Initl nOpF(I, Ky b ($i ¢ Initl nopx(l, MU Rop(i™, K) (9.63)
we derivei” such that Initl nopx(l, i7), the first predicate we seek, and R'g(i7, K) hold.

It remains to show R°q(i7, i). Thiswe do by establishing each conjunct of (9.60). The
first conjunct holds because we have both QRoy([j], [K]) and Top([K]). Take the second
conjunct and assumek1 [k]. Werequire Rop(i™, K). Thisfollowsfrom (X2) becausewe
have Rou(i", K).

To show the third conjunct assume Q"ou(([i], [K]), j, u, V), H'(u, v) and K°(U”, u), withu =
(Iv], [w]). Werequire Q gp(i", |, U, v) and H'(U", v). We work asfollows. From Q‘Op,

by (9.24),  ~jand v ~v. So ([j]. [K]) = ([il, [K]) and ([v], [W]) = ([v], [w]). From K°(u,
(v, [w)), asv:vT [w], by (9.59), K™(u", w) holds. Hence, since we have R'g(i7, K), K*(U,

w), Q*op(([il, [K). i, ([V], [w]), v) and H*(([V], [w]), V), using (X5) we obtain Q o(i", |, U,
v) and H™(u™, v), asrequired. This completes the proof. n

9.5.2.3 Theinitialisation PO

We show

Inity(ud P ($ uCe Inity (U™ UK°(U™¢ ud) . (9.64)

Proof. Assumethe antecedent withu¢= ([vq, [wd). Sincewe have Inity(ud, either (9.32a)
or (9.32b) must hold. We take each casein turn.

- Case (i). (9.32a) holds, so we have value wesay, for which Init-(w¢ and K*(u¢ wd
aretrue. Therefore, because Initg(wd holds, we can use the Init PO for the refinement
from Xtra to Ref,

Init=(w) P ($ u ¢ Inity (U UK (UG wd) , (9.65)

to obtain Inity (u™9, which we want, and also K™ (u™¢ wq, for value u™¢ It remains to
show K°(u™¢ ud. This holds by Lemma 9.2, because we have both K*(u¢ wd and
K™ (u"¢ wa.
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- Case (ii). (9.32b) holds, so we have value v¢say, for which Init(v@ and H*(u¢ vq is
true. Therefore, because Inity(vQ holds, we can use the Init PO for the retrenchment
from Xtra to Ret,

Init;(vd B ($ uCe Init, (U") UH (U6 vd) , (9.66)

to obtain Init,(u™®, which we want, and H™(u™¢ v, for value u™¢ It remains to show
K°(u™¢ ug. Thisholds by Lemma 9.3, because we have both H*(u¢ v@ and H™(u™¢ va).

9524 Theapplicability PO
Ke(u, u) U R°op(i™ 1) L‘Jtrmopx(ui iM) b trmopu(u, ). (9.67)

Proof. Assume the antecedents with u = ([v], [w]) and i = ([j], [K]). Sincew1 [w], from
K®, by (9.59), K*(u”, w) holds. Similarly, by (9.60), R°q, gives R'(i™, k). Hence, from
the applicability PO for the refinement from Xtra to Ref,

K™(u™, W) UR opfi™, k) Utrmgp, (U™, 1) P trmgp (W, K), (9.68)

we know trmopF(w, k) holds. From K° we also get HK([v], [w]) and ggDKop([v], [w]),
therefore, by (9.21), we know K*(u, w) holds. From R°op We also get QRo([j], [K]) and
Top([K]), therefore, by (9.23), R‘op(i, k) holds. Hence, (9.34a), and thustrmopu(u, i) holds
as required. [

9525 Thecorrectness PO

We show

Ke(u, u) UR° (i, i) U trmop, (U, i7) U Stpop, (U, i, UG 0) P
($ UG o *stpop (U, 17, UG 0) UK°(U¢ ug UV°gy(07, 0)) . (9.69)

Proof. Assume the antecedents with u = ([v], [w]), i = ([j], [K]), u¢= ([v4, [w) and 0 =
([pl, [a]). Since we have StPop,; either (9.33a) or (9.33b) must hold. We take each case

inturn.
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- Case (i). (9.33a) holds, so we have values w, k, w¢and g, say, for which K*(u, w),
R'opi, K), Stpop, (W, k, we g), K*(u§ wg and V'o(0, g) are true, with, by (9.21), wi

[w] and, by (9.22), k1 [K]. Thenfrom K, by (9.59), we get K*(u", w), and from R°q,,
by (9.60), we get R'op(i™, k). We can now use the correctness PO for the refinement

from Xtra to Ref,

K™(u, w) UR (i, K) Utrmgy (U7, %) Ustpop (W, k, wg g) P
($ UG o *stpop (U, 17, UG 0) UK (UG w9 UV on(07, Q) , (9.70)

to obtain stpopx(ui i, u"¢ 07), whichwe want, and also K™(u"¢ w9 and V"o,(07, g), for
valuesu'¢and o™. It remainsto show K°(u™¢ ug and V°g,(07, 0). Thesehold by Lemma

9.2 and Lemma 9.5 respectively, because we have both K*(u¢ wd and K™(u™¢ wd), and
V' op(0, ) and V"o (07, 9).

- Case (ii). (9.33b) holds, so we have vaues v, j, véand p, say, for which H*(u, v),
Qopli, I U, ), StPop, (¥ |, V6 p), (H'(ug v UNg(0, B; UG & i, |, u, v)) UDgp(ud ve
0,p; i, ], u,v) aretrue. Thenfrom H', Q"gp, K° and R°gy, by (9.60), we get H™(U, v),

Qop(i™, L, U7, ¥). We can now use the Op PO for the retrenchment from Xtra to Ret,
H™ (U™, v) UQ (i, J, U™, ¥) Ustpop (v, ), V6 p) P
($UG o * stpgp (U7, 17, U6 0) U

(H(U¢ v UNou(07, B UG VG, j, U™, V) UD (UG v6 07, p; 17, ), U, V) )
(9.71)

to obtain stpop, (U, i, UG 07), which we want, and (H"¢U N gp) U Dgy, to boot, for
values u“¢and 0™. Then, because we also have (H"(u¢ vd U N'op(0, p; UG VG i, , u, v))
UD"op(UG VG 0, p; i, j, U, V) and H™(U7, v) UQ (i, |, U7, V), by Lemma9.4 and Lemma
9.6, K°(U'¢ ug and V°p(07, 0) hold. We are done. m

9.5.2.6 Theoutput finalisation PO

We show

V°op(07, 0) UFinOutopU(o, n) P FinOutgp (07, ). (9.72)
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Proof. Assume the antecedents with o = ([p], []). From V°q,, by (9.61), because ql
[a], we get V'op(07, g). From FinOutopU(o, n), by (9.39), n1 [q], so, by (9.37), FinOu-
tOpF(q, n) holds. Hence, we can use the output finalisation PO for the refinement from

Xtra to Ref,
Vop(07, g) U FinOutop (g, n) P FinOutgy, (07, 1) (9.73)
to obtain FinOutgy, (07, n). We are done. m

This completes part (2) of the theorem.

9.5.3 Theinclusions

Below we list the inclusions of part (2) of the theorem.

Ko(ur, upsK'(u,w) P Ko (U™, w) (9.74)
Reop(i™, )8R op(i, k) P Rigp(i™, K) (9.75)
Veop(07, 0)8V'op(0, @) P V(07 0) (9.76)
Ke(ur, u)gH (U, v) P HY(U', V) (9.77)

(RPop(i™, 1) UK (U™, u))3(Qop(i, > U, v) UH'(u, v)) P
(Qop(i™ b, U, ¥) UH (U™, V) (9.79)

(V°op(07, 0) UKe(u ¢ ud U Roop(i™ ) UKe(u, u)s
(N'op(u§ V¢ 0, p; i, j, u, v) UH'(ug v UQ (i, j, U, v) UH"(U, v)) P
N op(0, B UG VG 7, j, U7, v) UH™(UG v UQop(i7, j, U7, V) UHT(UT, V)

(9.79)
(K°(u™6 u U V° (07, 0) UR (i, i) UKS(U, U))s
(D" op(ué v§ 0, p; i, j, u, V) UQ (i, J, U, v) UH'(u,v) P
D op(U¢ V6 07, p; i, j, U, V) U Qop(i™ 1, U7, V) UH (U, v) (9.80)

We now show these inclusions hold.

T(9.74): Ke(u, u)sK'(u,w) POKY(UT, w) .
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Proof. Assume the antecedents and let u = ([v], [w]). Then from K*(([v], [w]), w), by
(9.21), w1 [w], and thusfrom K°(u™, ([V], [W])), by (9.59), K*(u", w) follows, asrequired.

[
" (9.75) and (9.76).
Proof. Similar to (9.74). n
T (9.77): Ko(uT upsH (U, v) BOH(UT,Y) .
Proof. The consequent follows immediately from the antecedents by (9.59).

[
" (9.78) to (9.80).
Proof. Similar to (9.77). m

9.6 Proof for Part (3)

Part (3) follows readily by observing that for a system Univ* having the same properties
as Univ, there will be a refinement from Univ to Univ* and a refinement from Univ* to

Univ. © ]
This completes the proof of Theorem 9.1.
9.7 Lemmas

Lemma 9.2. Suppose K'(u¢ wd and K™(u™¢ wd hold. Then K°(u™¢ ud holds.

Proof. Let u¢= (v, [wd). Then, from K*(u¢ wd), by (9.21), wel [wd. To show K°¢we

now establish each of the three conjuncts of (9.59) in turn.
- 1% conjunct. HK([vq, [wd) and ggDKop([vq, [wd) follow from K*(u¢ wd), by (9.21).

. 2" conjunct. Assume v:v¢T [wq. We require K*(u"¢ wg. We have we¢~we~wt So we
T [wq, and since K™(u'¢ w9 holds, (X1) gives K™(u"¢ wg. Done.
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. 3" conjunct. Assume H'(([vd, [wd), v). Werequire H*(u"¢ v. From H'¢ by (9.22),
V¢~ v and we have wé~wé Thus H'(([vd, [wd), v holds. Hence, aswe have K™(u™¢ wd),

(X4) gives H™(u"¢ v9, asrequired. ]

Lemma 9.3. Suppose H*(u¢; v) and H™(u™¢ v hold. Then K°(u™¢ ud) holds.

Proof. Let u¢= ([vd, [wg). To show K°¢we now establish each of the three conjuncts of
(9.59).

. 1% conjunct. HK([vq, [wd) and ggDKOp([vq, [w@) follow from H*¢ by (9.22).

. ond conjunct. Assume v:vcl:T [wg. We require K™(u"¢ wg. By Lemma 9.7, K™(U"¢ w(
holdswith wel [wq. Hence, we~we~we Therefore, wei [wd, and so, by (X1), K*(u¢
wd holds, as required.

. 39 conjunct. Assume H*(([vd, [wd), V). Werequire H*(u"¢ vd. From H*(([vd, [wd),
vd), by (9.22), v¢~v¢ Next, by Lemma9.7, K*(u ¢ wg holdswith wel [wg. Hence, asve
~ véand we~ wq H'(([vg, [wd), v9 holds. Thus, by (X4), H*(u¢ vg holds. Done. m

Lemma 9.4. Suppose (H'(ug v UN"g(0, p; UG V& i, j, u, V) UDon(uG VG 0, p; i, |, U, V)
and (H™ (UG v9 UN"on(07, p; UG VG i, j, U™, V) UD (UG VG 07, ; i, j, U, v) hold, along
with H(U", v) and Q"o (i7, , U7, V). Then K°(u™¢ ug holds.

Proof. Let o =([p], [q]) and u¢= ([vq, [wg). To show K°¢we establish each of the three
conjuncts of (9.59).

- 1% conjunct. HK([v4, [wd) and ggDKop([vq, [w@d) followsfrom both H*¢ by (9.22), and
D"op: by (9.27).

. ond conjunct. Assume v:vcl:T [wg. We require K’(u¢ wg. By Lemma 9.7, K(u"¢ wq
holds with wel [wq. Hence, we~we~w¢ Therefore, wel [wdq, and so, by (X1), K™(u™¢
w holds, as required.

. 39 conjunct. Assume H*(([vd, [wd), vQ. Werequire H(u ¢ v§. From H*(([vq, [wg),
vd), by (9.22), vé~v¢ Next, by Lemma9.7, K*(u'¢ wg holdswithwei [wg. Hence, asve
~ véand we~ wa H*(([vd, [wd), v9 holds. Thus, by (X4), H*(u™¢ vg holds, as required. m
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Lemma 9.5. Suppose V'Op(o, g) and V'o,(07, ) hold. Then V°q,(0", 0) holds.

Proof. Let o= ([p], [g]). Then, from V‘Op(o, ), by (9.25), g1 [q]. To show Voop We
now establish each of the four conjuncts of (9.61) in turn.

. 1% conjunct. NVOp([p], [q]) and DVOp([p], [q]) follow from V'Op(o, q), by (9.25).

- 2" conjunct. Assumegi [q]. We require V-o(07, ). Wehaveg~q~g. Sogl [d],
and since V'op(07, g) holds, (X3) gives V'g,(07, g). Done.

+ 3" conjunct. Assume N'op(([p], [a), B UG VG i, j, u, v) UH"(ug v§ U Q (i, j, U, v) U
H'(u, ) UK°(U'¢ ug UR° (i, i) UK®(U, u). Werequire N"g(07, p; U6 v6 i~ j, u™, v) U
H (U6 v UQop(i, [, U™, ¥) UH(U, v). We proceed as follows. From N'oq(([pl, [d]),
p; u¢ VG i, j, u, v), by (9.26), the first component of u¢is [vd, and let the second be [wd.
Thus u¢= ([v4, [wd). Similarly, we obtaini = ([j], [K]), u = ([v], [w]) and 0 = ([p], [q]) =
([, [al); recdll g~q.

Next, K°(u ¢ ud and v:vT [wd, by (9.59), giveK™(U"¢ wg. Likewise, R°qy(i", i), by (9.60),
gives R'ogp(i”, K); K°(UT, u), by (9.59), gives K™(u”, w). Notice that we also have V'g(0,
o) and N'op(([8], [al), i (v, [wd), v6 (i1, (KD, i (v, [w]), ¥) UH(([vd, [wd), v9 U
Qop([il, K, i, (1], [w), v) UH(([], [w]), V). So, (X6) gives N"gp(0™, p; UG VG i, |,
U™, V) UH(U6 v UQ (i, |, U7, ¥) UH™(U™, v), asrequired.

. 4" conjunct. Similar to that for the 3. n

Lemma 9.6. Suppose N'op(0, p; UG VG i, j, U, V) UD"o,(u§ V& 0, p; i, j, U, V) and (N"gp(0,
P UG VG i, j, U, v) UHT(UG v) UD op(u 6 v6 07, p; i7, |, U, V) hold, along with H™(ur,
v) and Q"op(i7, , U7, V). Then V°g,(07, 0) holds.

Proof. Let o= ([p], [d]) and u¢=([vq, [wg). To show V°q, we establish each of the four

conjuncts of (9.61).

. 1% conjunct. NVop([Pl. [d]) and DV([pl, [d]) follow from both N'Op, by (9.26), and
D"op: by (9.27).
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. 2 conjunct. Assume gT [q]. We require V~Op(o~, g). By Lemma9.8, V‘Op(oi [o)]
holds, with g1 [g]. Hence, g~qg-~g. Therefore, gT [d], and o, by (X3), V'op(07, 9)
holds, as required.

- 3" conjunct. Assume N'oo(([p], [a]). p; UG VG i, ], u, v) UH"(ug v UQ o, j, u, ¥) U
H(u, v) UK°(U ¢ ud UR (i, i) UK®(UT, u). Werequire N"g(07, p; UG v&i™, j, u,v) U
H (U6 v UQ (i, |, U™, ¥) UH™(U™, v). We proceed as follows.

First, by Lemma9.8, V‘Op(oi g) holds, withqT [q]. Next, from N'Op(([p], [a]), p; UG V¢
1,1, 4,V), by (9.26), the first component of u¢is[vq, and let the second be [w¢. Thusu¢=
(vd, [wd). Similarly, we obtain i = ([j], [K), u = (Iv], []) and 0 = (p], [q]) = ({p], [al);
recall g~q. Last, K°(u"¢ ug and v:vT [wd, by (9.59), give K™ (U"¢ w9. Likewise, R°op(i",
i), by (9.60), gives R oyfi”, K); K°(U", ), by (9.59), gives K*(u, w).

Hence, because we also have V'o(07, 0) and N'op(([], [d]), p; ([vd, [wd), v6 ([, [K]). L,
(V1. W), ) UH(([vd, [wd), v9 U Q'op(([il, [K), . (1M, [W]), v) UH(([V], [W]), V), by
(X6), N"op(07, B UG VG i, , U™, v) UH (U6 v U Q op(i, , U™, v) UH™(U™, V) holds and

we are done.
. 4" conjunct. Similar to the 3" conjunct. -

Lemma 9.7. Suppose H'(u¢ v@ and H™(u™¢ vg hold, with u¢= (v, [wd). Then K™ (u™¢
wd holds, with wel [wd.

Proof. From H*(u¢ v9, by (9.22), KH(v¢ [wd) holds and we can derive t¢for which K(v§
t9 holds. It thusfollows, by (9.10), that we have avalue, wesay, such that H(w¢ t9 holds,
with weT [wd. Then because H™(U™¢ visK(v¢ tQ is true, by (9.49), we have K™ (U ¢
wsH(w¢ t@. Accordingly, we can pick witnesswefor which K™(u™¢ wg and H(w¢ t¢ hold.
Therefore, H(w¢ t9, H(w¢ t9 and K(v¢ tg areall true. Thus, by (9.5), wé~we So we have
K™(u'¢ wg and wel [wq. Hence, by (X1), K*(u"¢ wd holds, withwel [wg. -

Lemma 9.8. Suppose N'on(0, p; UG VG i, j, U, v) UD"gp(ug Vg o, p; i, , u, v) and (H™(u™¢
v UN"op(07, p; UG V67, j, U7, V) UD op(U 6 V6 07, p; i, , U, v) hold, along with H(ur,
V) UQop(i™, J, U, v), and let 0 = ([p], [q]) and u¢= ([vq, [wd). Then K*(u"¢ wg and
V" op(07, 0) hold, withwel [wd andgi [q].
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Proof. We have N'Op(o, p;u¢véi,j,uv)U D'Op(ucl; vGo,p;i,j,u, V). Sofirst assume
N'op- Then by (9.26), VNoo(p, V6 |, v, [d], [wd, [K], [w]) holds and we can derives, t¢ h
and t for which Vg(p, ), K(v6 t9, Rop(i, h) and K(y, t) hold. It thus follows, by (9.16),
that we have avalue, g say, such that Nop(q, s; ...) holds, with g T [g]; and avaue, wesay,

such that H(w¢ td) holds, with wel [wd.

On the other hand, assume D"o,(Ug V¢ 0, p; i, j, U, V). Then by (9.27), VDgy(V6 p, |, V,
[wd, [d], [K], [w]) holds, and we can derivet§ s, hand t for which K(v6 t9, Vop(b, S), Rop(,
h) and K(v, t) hold. It thus follows, by (9.18), that we have a values, w¢and g say, such
that Dop(W6 tG g, s; ...) holds, withwei [wd and gl [q]. Hence, from N'g, UD"g, we
have (Nop(a, S; -.) UH(WG t9) U Dog(wé t¢ g, s; ...), with g T [q], wel [wd and also
Vop(®: 9). K(V6 19, Rog(i, h) and K(v, 1).

Now, (N"gp(07, B; UG V6 i, j, 7, v) UH (UG v§) UD op(U ¢ v 07, p; i7, |, U7, v) is also
true, together with H™(u™, v) U Qi j, U™, V). So, first assume N"g, UH™¢ Then, be-
cause (N"gp(07, p; UG VG ™, |, U™, v) UHT(UG v U Q op(i, J, U, v) UH(U 6 v)s(Vop(p,
s) UK(VG t9 URqp(i, h) UK(y, 1)) istrue, by (9.51), we have (V" gp(07, @) UK (UG wg U
Riop(i™, K) UK™(U™, W))s(Nop(@, S; wé t6 k, h, w, t) UHWE t9 U Qop(k, h, w, t) UH(w, 1)).
Accordingly, we can pick witnesses g and wefor which V~Op(o~, a), K (U ¢ wa, Nop(g, S,
...) and H(w§ g hold.

Therefore, Nop(g, S; ---), Nop(d, S; --.) U Dop(-- 4, S; -..) and Vop(p, s) are dl true. Thus,
by (9.9), 9~ 9. SowehaveV (0", g) and gl [d]. Thereforeby (X3), V'ou(07, g) holds,
withgT [q], asrequired.

Additionally, H(wg t), H(wé t§ U Dop(wé t¢ ...) and K(v¢ t9 are all true. Thus, by (9.5),
we~w¢ Sowe have K™(u¢ wg and wel [wg. Therefore by (X1), K™(u™¢ w holds, with
wel [wd, as required.

Alternatively, assume D gp(U™¢ v§ 07, p; i, |, U7, V). Then, because (D"gp(U™¢ V¢ 07, p; i7,
LU, V) UQog(i™, , U™, v) UHT(U, v))3(K(VG t) U Vog(, S) URg(l, h) UK(y, 1) istrue,
by (9.52), we have (K™(U™¢ w UV (07, 9) UR gp(i™, K) UK™(U™, w))s(Dop(Wé t6 g, s; k,
h, w, t) UQgp(k, h, w, t) UH(w, t)). Accordingly, wecan pick witnessesweéand g for which
K™ ("¢ wd, Vop(07, ), Dop(Wg t¢ g, s; ...) hold.
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Therefore, Dop(.., @, S; ), Nop(@, S; --) UDgp(.+, G, S; -..) @and V(P S) hold; and so do
Dop(Wé t§ ...), H(wé tg U Dop(Wé t¢ ...) and K(v§ t§. We now argue asfor (N"op UH™9
U D gy, to derive V' g(07, 0) and K™(u¢ wd) once again. Done. n

9.8 InsdeUniv

To end this chapter we return to the Add operation of the Number Recycler and consider
the structure of Univ. We have aready described the systems Ref and Ret in the previous
chapter, and Conc was covered in Chapter 5. Both Ref and Conc represent the number
bin by a sequence, while Ret usesa set. Further, recall that the retrenchment from Ref to
Conc introduces abound on the sequence, whilethe refinement from Ret to Conc replaces
setswith sequences. We reproduce the relevant part of Conc below, to keep notation con-

Sistent.
T={tT iseq(N) |len(t) £ 5}, Hadd_ =N, Sagg, = {OK, GOT, FULL}. (9.81)

t -(h, Adde, OK)->t~(h), if hi ran(t) Ulen(t) £ 4,
t-(h, Add, FULL)-> t, if hT ran(t) Ulen(t) =5,
t-(h, Addg, GOT)-> t, if hT ran(t) . (9.82)

We now give the data for the retrenchment from Ref to Conc.

Hw, t) = (w=1),
Qadgd(k, h,w, 1) = (k=h),
Naga(G, s WE t k, h,w,t) = (@=9),
DagdW6 tG g, s k, h, w, 1) =
(en(w) =5 KT ranu) Uwe=w" (k) Ute=wUg =3, 059

For the refinement from Ret to Conc we have

K(v, t) = (v=ran(t)),
Ragdl, h) = (=h),
VaddP, ) = (p=9). (9.84)

The equivalence relations partition the spaces of Ret and Ref in exactly the same way as

we saw for the postjoin. We can thusmove on to discussthetransitionsfor Univ. Wefind
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that Univ groupstogether corresponding Ret and Ref transitions. For non-boundary cases,

we have stepslike
({1 2], [<1, 2]) -(([3], [3]), Addy, ([OK], [OK]))-> ([{1, 2, 3}], [<1, 2, 3)]) .

This satisfies (9.33) and through the equivalence classes brings together the related steps
(1,2) -(3, Addg, OK)->(1,2,3), (2,1) -(3, Addg, OK)->¢2,1,3) and {1,2} -(3, Addy, OK)-
>{1,2,3}.

An example of aboundary stepis

([{1..5}], [<1 .. D) -(([€], [6]), Addy, ([FULL], [OK]))-> ([{1 .. S}], [<1 .. ©)]),

which also satisfies (9.33). This time the Univ step bundles together (1 .. 5) -(6, Addp,
OK)-> (1 .. 6, al the other smilar Ref steps where the before state w is a serialisation of
{1..5} and the after stateisw " (6), and the Ret step {1 .. 5} -(6, Addy, FULL)-> {1..5}.
Noticethat [(1.. 5] =[(1 .. 6)].

In general, sinceaUb° aU(aUb) Ub, (9.33) states that a Univ transition consists of a
group of corresponding Ret and Ref transitions (as in the above cases), one or more Ret
transitionsonly, or one or more Ref transitionsonly. Thisisillustrated by the case shown
inFigure9.2. Inthefigure /O has been suppressed, and the Ret and Ref transitions shown
satisfy (9.33a) and (9.33Db) respectively. Transitions with matching subscripts are related
in that one retrenches or refines the other. Thus wg — W refines ug — ug and vy — v
retrenches ug — ug. Each Univ step is an amalgam of Ret and/or Ref steps which match
it on subscripts. Hence, ug — U6 is a combination of the steps vy — v and wp — W, Ug

— UG contains just the step v — V& and ug — ug; contains just wg — W,.

Going back to Addg, the transition wi — Wg represents any step which adds a number to
a sequence of length six or more, eg. (1.. 9, 15) -(21, Addg, OK)-> (1 .. 9, 15, 21). This
of course has no match in the bounded system Ret (or Conc for that matter). Notice that
there are no such comparable steps for Ret. AsQ’g, UH® implies Qop UH, whichinturn
impliestrmopF, for every Ret step in Univ, its trmoIDT must have a corresponding trmopF.

So at most we have are transitions like vy — v&; where v corresponds with wy. We refer
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Figure 9.2

to Univ steps for which either only (9.334a) or (9.33b) holds asjunk, since they fall outside

the scope of the retrenchment from Univ to Conc.

We also require Univ to be the most concrete completion of the square. By thiswe mean
that any other system which also completes the square must be refinable to Univ. Asre-
finement is concerned with reduction in nondeterminism, this therefore precludes solu-
tions like the Univ in Figure 9.2 but with, for instance, the additional transition ug — ug
(the old Univ still completes the square so must be refinabl e to the one with the extratran-
gtion). Finaly, noticethat Ref isnot a solution for Univ, as is sometimes suggested. As
can be seen from the example in Figure 9.2, putting Ref in place of Univ resultsin vy —

V& no longer having a suitable step which it can refine.
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Chapter 10
Lifting the Mondex Purse

This chapter outlines how thelifting construction has been applied in [BPJS053] to extend
the scope of the Mondex Purse Development [SCW98, SCWO00]. The precise details are
considerable and beyond the scope of thisthesis. A review of work on Mondex and re-
trenchment can also be found in [BJPS]. The material in this chapter is closely based on
[BPJSO05a]. A knowledge of Z, the notation used for the Mondex development, is as-

sumed.

10.1 The Mondex Purse Development

The Mondex Purse isasystem of electronic purses hosted on Smartcardsthat provides an
aternative to the use of physical money. The system was developed by the NatWest De-
velopment Team in the 1990s, and was followed by a pilot in Swindon, U.K. Mondex is
obvioudy an extremely security-critical application. To increase confidence in the prod-
uct, in particular that there were no errors in design or implementation with security im-
plications, formal techniques were employed. An abstract model capturing required
security properties, and a concrete model closely reflecting the actual purse design were
developed, and anontrivial refinement was manually shown to hold between thetwo. The
Mondex product was the first ever to earn an ITSEC rating of E6 [DTI91], equal to the

present day Common Criteria EAL 7 certification.

The abstract model, Abstract, describesaworld of purseswhich exchange monetary value
viaatomic transactions. It aso expresses security properties that must be preserved by the

world. These necessitate the total amount of money in the entire system is maintained and
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transfers only occur between authentic purses. An important feature of the model is that
it isstraightforward to understand, allowing the client to see that required properties have
been captured. In the concrete model, Concrete, transactions occur via a three-step pro-
tocol and the communication medium isinsecure and lossy. Purses must log unsuccessful
transactions locally (for later uploading), and there are no global properties: each purseis

on its own.

Theintroduction of non-atomic transactions in the concrete model resultsin certain non-
determinism being resolved earlier in the abstract model than in the concrete. We men-
tioned in Chapter 2, that the backward simulation rules are needed to establish a
refinement between such models. However, as explained in [SCW98], to discharge the
backward rulesin this case, information embedded in the global propertiesisneeded, and
thisinformation cannot be included in the concrete model, since there, the purses exist in
isolation. To overcome this hurdle, an additional model Between was introduced, which
included the global information. A backward refinement could now be established from
Abstract to Between, and the more usual forward refinement holds from Between to Con-
crete. Since the security properties expressed in the abstract model are functional, and
refinement is transitive, the security properties are preserved in the concrete model. The

three models in the development are shown in the left column of Figure 10.1.

juswauljal
juswauljal

trenchment
B-etween) —SreNCNMENt F |evated

juswauljal
o
>
juswauljal

1 h t N
C-oncrete) LN "B iscrete

Figure 10.1: The Tower Pattern applied to the Mondex Purse
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The success of Mondex isan important accomplishment and showsthat formal techniques
can make acontributionin real, industrial-scale developments. Nevertheless, in order for
arefinement to be established, anumber of issues were deemed to be outside the scope of
the project or were handled in arather unnatural way. One of these issues concerns the
transaction protocol. To differentiate between separate transactions, each is stamped with
asequence number. In Concrete these numbers are modelled as naturals whereasin real -
ity they are bounded. A more accurate representation of the purse design should reflect
the nature of the transaction sequence numbers. By using retrenchment we can capture
the transformation from infinite to finite sequence number and thus narrow the gap be-
tween the most concrete model and thereal purse and so increase the veracity of the Mon-

dex development.

[BPJS05a] addresses the sequence number disparity. A suitable retrenchment is con-
structed from Concrete to anew model Discrete, as depicted in Figure 10.1, in which the
transaction number isrestricted. Discrete is then lifted by the construction in Chapter 5
to give anew model Elevated, which is at the level of Between. It turns out that for the
operation considered in the paper, Elevated is a backward refinement of Abstract. Thus
Filtered, the top level model on the right side of the tower, which isto be at the level of
Abstract, is obtained by simply relabelling the latter. 1n the sequel we will usually refer

to the models by just the first letter of their name; thus Between isthe B model.

10.2 Refinement and Retrenchment in Z

For completeness we first recall the forward refinement rules in Z, after which we give
the rules for (forward) retrenchment in what is for the latter a less familiar setting. We

will not need to concern ourselves with the backward refinement rules.

We give the refinement rules in the context of a forward simulation from model B to C.
Let model B be given by the ADT (B, Blnit, { BOp, Bl,, BOg, | Op € Ops}), and let
model C begivenby the ADT (C, Clnit, { COp, Cl,,, COg,, | Op € Ops}). So schemas
B, C give the abstract and concrete state spaces, and the corresponding per-operation 1/0O
spaces are given by schemas B ,,,, BO,, and Cl,,, CO,,. We assume aretrieverelation

Rgc : [B; C] between the two state spaces, and for each operation Op, input and output
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mapping relations Rlgc oy : [Blp, ; BOg,] and ROgc op : [Cly, ; COp,]- Theinitialisa-

tion, applicability and correctness POs for forward refinement in Z are as follows™.
V C® Clnit = 3 BCe Blnit A Rl (10.1)
vV B; BIOp; C, CIOp ® Rgc/\ RIBC,Op A pre BOp = pre COp (102)

VY B; BIOP; C; CIOP; C¢ COOp ® Rpc A RIBC,Op A pre BOp A COp =
3 B(l; BOOp L4 BOp A\ R%C A\ ROBC,Op (103)

We now turn to the retrenchment from model C to D. Let model D be given by the ADT
(D, DInit, { DOp, DI,, DO, | Op € Ops}). Let theretrieve relation be Rcp : [C; D].
For each operation, the within, output and concedes relations are W¢p g, : [CIOp , C
DI, ; D] and Ocp o, Cep.op - [Clo, s C; CE; COg,, ; DI, ; D ; DE; DOg,]. Theini-

tialisation and operation PO for (forward) retrenchment in Z are shown bel ow?.
V D@e DInit = 3 CCe Clnit A R (10.4)

\v C, CIOp; D, DIOp; D(E DOOp L RCD AN WCD,Op AN DOp =
= C(E COOp ° COp A\ ((R%D A\ OCD,Op) \4 CCD,Op) (105)

10.3 TheRetrenchment Step

The state of a concrete purse CConPurse consists of various components including
CnextSeqNo : N which stores the transaction sequence number. Severa operations can
increase CnextSeqNo. The treatment in [BPJS05a] considered only ClncreasePurse-

Okay, shown below, which for smplicity was taken as being representative.

— ClncreasePurseOkay

ACConPurse
Cm?, Cm! : CMESSAGE

ZECConPurselncrease
CnextSeqNo' = CnextSeqNo
Cm! ="

1. B and C operations have identical inputs and outputs so input initialisation and output finalisation POs
can be omitted.

2. Since dl operationsin the Mondex devel opment and those we define are total, the termination PO istriv-
ialy true and so can be omitted.
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where
CConPurselncrease == CConPurse \ (CnextSeqNo)

CConPurselncrease hides CnextSeqNo, so ZECConPurselncrease stipulates that
CincreasePurseOkay does not change any of the other purse state components. The
operation outputs the value ”*, which need not concern us here (but does not represent
undefinedness asit did in Chapter 2).

We want to modify the C model to obtain a more faithful representation of the physical
purse in which the transaction sequence number is bounded This is the job of the D
modell. We define DnexiSegNo to take values from 0..BIGNUM, where BIGNUM
representstheimplemented limit. For the actual operation, the choice made wasto disturb
the original behaviour as little as possble. Thus the purse just skips once the maximum
sequence number is reached and produces the output message DpurseBlocked Dname,
where Dname is the name of the purse involved. No new purse states are introduced.
DIncreasePurseOkay 1s detailed below.

— DlincreasePurseOkay

ADConPurse
Dm?, Dm! : DMESSAGE

EDConPurselncrease
(DnextSeqNo < BIGNUM =
DnextSeqNo' = DnextSeqNo A Dm! =)
(DnextSeqNo = BIGNUM =
DnextSeqNo' = DnextSeqNo A Dm! = DpurseBlocked Dname)

In the above schema DConPurselncrease ‘is as?

CConPurselncrease.  The
transformation from the C to D operation can be captured by a retrenchment with the

following data

1. Wefollow [BPJS053a]. As stated therein, we employ a convention of pre-capitalizing only the names of
types. Thisis extended by prefixing asingle letter 4, B, etc. to aname as required, to denote the model in
question. Thus CThing is a schema or other type in the C model, whereas Dthing is a variable, usualy a
schema component, in the D model.

2. We write DSchema ‘is as CSchema to indicate that the text of DSchema can be obtained from that of
CSchema by replacing all Cthingsby Dthings.

Chapter 10 Lifting the Mondex Purse 196



10.3 The Retrenchment Step

Rep
CConPurse; DConPurse
CDConPurselncreaseEquality

CnextSeqNo = DnextSeqNo

WCD,IncreasePurseOkay
CConPurse; DConPurse
Cm? : CMESSAGE
Dm? : DMESSAGE

— OCD,IncreasePureseOkay
Cm! : CMESSAGE
Dm! : DMESSAGE

Cm! = Dm!

—— CCD,IncreasePurseOkay
CConPurse', DConPurse'
CDConPurselncreaseEquality
Cm! : CMESSAGE

Dm! : DMESSAGE

Al

CnextSeqNo' = DnextSeqNo'
Cm! ="
Dm! = DpurseBlocked Dname

CDConPurselncreaseEquality is shorthand for equalities between corresponding

variablesin CConPurselncrease and DConPurselncrease.

Having dealt with a single purse, we use promotion (a Z specification structuring
mechanism, see e.g. [DBO1] or [WD96]) to create the D world of purses DConWorld.
This mirrors the formation of the C world of purses in the Mondex development. Thus
DConWorld, which we give below, ‘isas’ CConWorld (which we do not quote sinceitis

easily derivable from its D counterpart; we adopt this practice in general).
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— DConWorld

DconAuthPurse : NAME > DConPurse
Dether : P DMESSAGE
Darchive : P DLogbook

¥V n : dom DconAuthPurse  (DconAuthPurse n).Dname = n
V nld : Darchive e first nld € dom DconAuthPurse

— _FDOp

ADConWorld; ADConPurse
Dm?, Dm! : DMESSAGE
Dname? : NAME

Dm? € Dether

Dname? € dom DconAuthPurse

0DConPurse = DconAuthPurse Dname?

DconAuthPurse' = DconAuthPurse ® { Dname? — 0DConPurse'}
Darchive' = Darchive

Dether' < Dether o {Dm!}

DIncrease == DIgnore v (3 ADConPurse @ F DOp A DiIncreasePurseOkay)

The (global) state of DConWorld consists of the index function DconAuthPurse of purses,
aswell as Dether, acollection of all messages sent so far, and Darchive, a secure store of
transaction logs downloaded from purses. To complete the promotion we also need the
promotion or framing schema FDOp which ‘is as FCOp. Finally we can define
DIncrease which ‘is as' Clncrease and promotes the individual purse operation
DIncreasePurseOkay. The digunct Dignore (which ‘is as' Clgnore) is a do-nothing

operation which again need not concern us'.

We can now turn to the promotion of the retrenchment between the single purse states to
one between the C and D worlds. The promotion of a refinement would involve the
definition of a global retrieve relation between the two worlds in question, such that for
every purse the (local) retrieve relation R holds. The case for retrenchment offers
additional possibilitiessince aparticular pursein the D world, may either re-establish R
or establish Cp fuereasepurseokay ON COMpletion of a DIncreasePurseOkay step. If we
ingist that the global retrieve relation holds only if Ry holds for all purses (as for the

refinement case), we have what is called strong promotion. An alternative, is to define

1. Aswe haveremarked, all operationsare total and thisis achieved here by the disjunction with DIgnore.

Chapter 10 Lifting the Mondex Purse 198



10.3 The Retrenchment Step

the global retrieve relation to be true so long asthere is at least one purse for which R,
istrue. Thisisweak promotion. A more intricate approach involves keeping track of
which purses are still retrieving and which have conceded. Thislatter form, called precise
promotion, is the approach we adopt here. More details on al these forms of promotion
canbefoundin[BPJ0O4]. Tokeep track, wewill useaworld-level variable, the set Dgood,

to maintain the names of pursesthat are still retrieving.

For precise promotion to function properly, since retrenchment does not prohibit R, and
CeD,IncreasePurseokay from both being true simultaneously, we need the following

separability axiom (which must hold for each pair of corresponding abstract and concrete

operations).

DEstRethp /\DEstCOngZp U false (10.6)
where

DEstRet g, == D;Dlp,; D& DO, | DOp A

(E' C, CIOp; CQ COOp o RCD 7 WCD,Op 7 COp A (R%D N OCD,Op))

DEstCon py,, == D; Dly,; D& DO, | DOp A

(E' C, CIOp; CQ COOp o RCD N WCD,Op N COp AN CCD,Op)

DNotEstRetpy,, == D; Dlg,; D& DOg, | DOp A
Q(E' C, CIOp; CQ COOp o RCD N WCD,Op A COp A (R%D N OCD,Op))

When (10.6) holds, we can determine from a concrete step alone whether it re-establishes
the local retrieve relation or whether it concedes. This alows the concrete promotion to
accurately maintain Dgood. With the above framework in place, we can now write down
the schema for the promoted world DConWorld"™ .

—— DConWorld™
DConWorld
Dgood : P NAME

Dgood < dom DconAuthPurse

The associated framing schema F DOp®” only differs form F DOp in the replacement of
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DConWorld by DConWorld™ sowe do not reproduceit here. Finally, we define the pro-

moted operation, Dincrease’* as follows.

Dincrease’” == Dignore v (3 ADConPurse o FDOpP PA DincreasePurseOkay N
(DEstRetZI;ncrease = Dgood' = Dgood) A

(DNotEstRetg;C,ease = Dgood' = Dgood \ { Dname?}) )

All that remains is to define the relations for the precisely promoted retrenchment. We

give these below?.

RPP
CD
CConWorld, DCon World™?

dom CconAuthPurse = dom DconAuthPurse

¥ Dnm : Dgood e
(CconAuthPurse Dnm).CnextSeqNo = (DconAuthPurse Dnm).DnextSeqNo A
“ CDnamedConPurselncreaseEquality Dnm "

Dgood <1 Carchive = Dgood < Darchive

(Dgood x Dgood) < Cether = (Dgood x Dgood) < Dether

CD,Increase
CConWorld, DCon World™?
Cm? : CMESSAGE
Dm? : DMESSAGE
Cname?, Dname? : NAME

Cname? = Dname?
Cname? € Dgood

CD,Increase
ADConWorld™?
Cm! : CMESSAGE
Dm! : DMESSAGE
Dname? : NAME

Dgood' = Dgood
Cm! = Dm!

1. A simplification made in arriving at the promoted relations is that all messages in the ether are tagged
with the names of the credit and debit pursesinvolved in atransaction, asthefirst two fields of the message.
Although thisis not the casein reality, the required information can be derived from the message contents.
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PP
CD,Increase

CConWorld'; DCon World"™?
CDConPurselncreaseEquality’
Cm! : CMESSAGE

Dm! : DMESSAGE

Dname? : NAME

Dgood' = Dgood — { Dname? }
“ CDnamedConPurselncreaseEquality Dnm "
(CconAuthPurse' Cname?).CnextSeqNo >
(DconAuthPurse' Dname?).DnextSeqNo
Cm! ="
Dm! = DpurseBlocked Dname?
Dgood' < Carchive' = Dgood < Darchive'
(Dgood' x Dgood'") <1 Cether' = (Dgood' x Dgood') < Dether'

In the above, * CDnamedConPurselncreaseEquality Dnm ” stipulates that the compo-
nents of DConPurselncrease and its C counterpart for the named purse are equal. This

completes the retrenchment from the C to D world.

10.4 Lifting and the Tower

We now have the bottom of the tower in Figure 10.1. In this section we show how to ob-
tain models E and F, which together with D form the right column of thetower. The first
stageinvolves using the lifting construction to get Elncrease by lifting DIncrease’” tothe

level of Blncrease, whichis given by
Blncrease == Blgnore v (3 ABConPurse ® F BOp A BlncreasePurseOkay) .

BlncreasePurseOkay ‘isas ClncreasePurseOkay and therest |ooksto be what we expect,
but recall that the B world contains additional global propertiesthat are not present in the
C (and D) worlds. In the B model, promotion is to a BetweenWorld and not to
BConWorld. The BetweenWorld imposes additional properties on BConWorld, in the
form of constraints on the ether, that allow the backward refinement from A to B to be
established. In outline, the B world has the following structure.
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— FBOp

ABetweenWorld,; ABConPurse
Bm?, Bm! : DMESSAGE
Bname? : NAME

Bm? € Bether

Bname? € dom BconAuthPurse

0BConPurse = BconAuthPurse Bname?

BconAuthPurse' = BconAuthPurse ® {Bname? — 0BConPurse'}
Barchive' = Barchive

Bether' = Bether v {Bm!}

— BetweenWorld
BAuxWorld

constraints on the ether

___ BAuxWorld

BConWorld
auxiliary variables

definitions of auxiliary variables

where BConWorld ‘isas DConWorld. The auxiliary variables do not put any additional
constraints on the state, they are introduced purely to make some of the proofsin the Mon-
dex development easier to discharge. The constraints in BetweenWorld have no bearing
on the lifting of DIncrease’™ so we will not dwell on them further.

To apply the lifting we need a retrenchment from B to D. By Proposition 4.2, page 48,
we know that we can compose the forward refinement from B to C and the retrenchment

from Cto D to obtain the required retrenchment. For the B to C refinement, R is

Rpc
BetweenWorld
CConWorld

CconAuthPurse = BconAuthPurse
Cether S Bether
Carchive = Barchive
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and the inputs and outputsin B and C areidentical. For the C to D retrenchment the com-
ponent relations have already been defined. Let the retrenchment from B to D have re-
trieverelation Ry, withinrelation Wep 1,,creqse: OUtPUL relation Opp 1,,creqse 8N CONCEdes

relaion Cpp 1crease- Wefindthat Rpp ‘isas Rep, andsimilarly sofor theother relations.

We could now use (5.2), which gives the transitions of Univ in Chapter 5, to obtain
Elncrease. However, wewill first make asimplification. The retrenchment from Cto D,
and hence the one from B to D, does not introduce additional operations. We can there-
fore simplify Univ by dropping the tag t from the state space, because thisisonly required
for cases where aretrenchment introduces new operations. Thetransitionsfor Univ inthe

smpler case are

Stpop, (V. ], V& P) = stpgp (U, W), (i, K), (UG w9, (0, ) =
( G(u, W) UPqyi, k, u,w) U Stpop, (U, i, ug 0) U
((G(ug w9 UOgp(0, g; uG wé i, k, u, w)) UCqp(ug wé o, q; i, k, u,w) ) ) .(10.7)

Rewriting (10.7) as aZ schemain the current context we obtain

— protoElncrease

Bincrease; ADCon World™?
Dm?, Dm! : DMESSAGE

RBD A WBD,Increase A ((R’BD A OBD,Increase) Vv CBD,Increase)

in which Blncrease contributes the steps of the B model. By Theorem 5.1, DIncrease’”

refines protoEIncrease. \We could proceed to expand protoEIncrease 10 see precisely
what we have, and simplify to obtain the final Elncrease model. But instead, the follow-
ing observation will enable us to employ alabour saving simplification. Asdiscussed in
Section 5.6, (10.7) describes the subset of BIncrease transitions for which Rgp, U Wy U
((R&p U Ogp) U Cgp) holds. A quick examination soon reveals that the transitions in

protoEIncrease are (ignoring other state components as they do not change)

(BnextSeqNo, DnextSeqNo)-(protoEIncrease, (™, ))->(BnextSeqNo', DnextSeqNo")
where BnextSeqNo < BIGNUM A BnextSeqNo < BnextSeqNo' < BIGNUM
and
(BIGNUM, BIGNUM)-(protoEIncrease, (™, DpurseBlocked Dname))->(BIGNUM, BIGNUM) ,
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PPiS

and each of these transitions has a corresponding transition in D. Hence Dincrease
interrefinable with protoEIncrease and therefore by Theorem 5.1 we can replace
protoEIncrease with

Elncrease which ‘isas’ Dincrease’™
giving our final E model. So DIncrease’™ was at the right level of abstraction after all,

and this can be attributed to the minimal change in the construction of D.

In general, to obtain the F model, we would need to carry out afurther lifting. However,
recall that in this case the refinement from A to B is abackward ssmulation, and we have
not considered such refinementsin any of the constructions we have presented in thisthe-
sis. Fortunately, for theincrease operation, thisturns out not to be aproblem. Inthe Mon-
dex development the Increase operation in the B and C models is required to refine
Algnore (ado-nothing operation). Remember that Abstract has no sequence numbers, and
the only change we have introduced by the retrenchment is the skipping behaviour of the
E purse. Thisistherefore simulated by the do-nothing behaviour of the A operation. Thus
Elncrease is a (backward) refinement of Algnore. Hence, we can smply relabel the A

model to obtain FL,

10.5 Conclusion

We have seen how retrenchment can be integrated with an existing refinement-based
development, and how for Mondex, retrenchment permitted the construction of a more
accurate concrete model of the actual purse design. Once the retrenchment step had been
completed, we proceeded to lift the resulting D model to the level of the initial abstract
specification, building the tower in Figure 10.1 from the bottom up. The objective of this
exercise was to obtain the specification refined by the D model. For the operation we
considered we were able to exploit a property of the lifting construction to obtain model
E. Finaly, we observed that E wasin fact arefinement of A, allowing usto complete the
tower. Ingenera, thefinal lifted model will not be afacsimile of theinitial specification,

in which case, since retrenchment is not a correctness preserving transformation, the

1. If we widen our scope beyond just the Increase operation, thisisno longer true, since our final E model
does not contain any global properties and, aswe have already noted, thisinformation is necessary to estab-
lish a backward refinement.
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ability to generate a refinable initial specification, which can be examined, increases
confidence in the appropriateness of the retrenchment steps undertaken to arrive at afinal

concrete system (D in this case).

10.6 Other Retrenchment Opportunities

The transaction sequence number isonly one of several areas of the Mondex development
where we can incorporate retrenchment in order to increase the fidelity of the final con-
crete model. These other retrenchment opportunities involve the purse log, log clear

codes and a balance enquiry operation. We summarise these briefly.

- purselog Each purse hasalocal log to record unsuccessful transactionswhichin redlity

isbounded and small, but in the Mondex development is modelled as an unbounded store.

- log clear A purse needs to be assured that datain itslog isin an off-card archive before
deleting it from memory. A message containing a clear code instructs the purse to clear
thelog. In the concrete model, the purse log contents are assumed to be in total injective
correspondence with the clear codes, asimplification necessary to enable proofsto be suc-
cessfully discharged. In reality acryptographic hash function is used, which isnot injec-

tive.

- balance enquiry Each purse has a balance enquiry operation. If thisisinvoked at a par-
ticular point in the middle of a B model value transfer, a discrepancy can occur between
themodel A and B balances dueto differencesin where nondeterminismisresolved in the
two models. Thisishandled in the Mondex development in a somewhat unnatural man-

ner.

Thetwo issues concerning the purse log are discussed in [BPJS05b, BPJS05c]. These pa-
persalso employ the Tower Pattern, using thelifting construction to build from the bottom
up. [BPJSO5d] describes how retrenchment helped in establishing a genuine forward re-

finement for Mondex.
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Chapter 11

Conclusion

11.1 Summary

We have described stepwise refinement and the use of forward and backward simulation
as amethod for proving its correctness. We have aso briefly looked at the limitations of
refinement and why a more expressive development relation is needed. We introduced
retrenchment, a liberalisation of refinement that addresses the restrictions encountered
with the latter. We saw how the retrenchment POs are obtained by modifying the refine-

ment forward simulation rules.

The contribution made by the work in thisthesisis detailed in Chapters 4 to 8. Therewe
joined retrenchment and refinement steps in structures which furnished new canonical
systems possessing particular properties. One end goal of this activity isacomplete age-
braic theory of the integration of retrenchment and refinement. Thefirst stage to this ob-
jective must be the composition of retrenchment and refinement steps. This we studied
in Chapter 4 where we showed that both a retrenchment followed by a refinement and the

converse compose to give a retrenchment.

We have looked in detail at four combinations of retrenchments and refinements and sug-
gested waysin which they can be utilised at a practical level. Chapter 5 reported the first
such combination: the lifting construction. This takes a retrenchment from an abstract to
aconcrete system and decomposesit into aretrenchment followed by arefinement to give
anew system at thelevel of abstraction of the abstract one. Thelifting offersamechanism
by which concrete structure introduced by one or more retrenchment steps can be raised

all the way up to the abstract most level.
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The reciprocal lowering construction in Chapter 6 decomposes a retrenchment from an
abstract to a concrete system into a refinement followed by a retrenchment and gives a
system at the level of the concrete one. It can be understood as a mechanism which gen-
erates a system that identifies abstract and concrete transitions related by a retrenchment.
This offers a useful perspective on retrenchments introduced in the course of a develop-

ment.

Chapter 8 presented the postjoin. Given a refinement from A to B and a retrenchment
from A to C, the postjoin reconciles the retrenchment and refinement by constructing a
new canonical system that is both arefinement of C and a retrenchment of B. It can be
used to incorporate a change to the top level model A, expressed as a retrenchment to C,

into the existing refinement B of the top model.

The last construction, the prejoin, was the subject of Chapter 9. This takes a refinement
from A to C and aretrenchment from B to C (that are preconjoint) and engineers a new
canonical system from which there is a retrenchment to A and arefinement to B. If the
retrenchment from B to C captures a change to C expressed as B, the prejoin can be used
to incorporate the change to the bottom level model C into the top level model A which

C refines.

Chapter 10 gave an account of how the lifting construction and the Tower Pattern have
been employed in work on extending the Mondex Purse. We built a new model which
took account of the finite nature of transaction sequence numbers and related thisviare-
trenchment to the original development’s concrete model. Using the lifting theorem we
then showed that there was a refinement from the origina development’ s abstract speci-
fication to our newly constructed model. The operation we modified in constructing the

new model was therefore correct with respect to the original specification.

11.2 Conclusions and Further Resear ch

We have answered the question as to whether refinements and retrenchments can be com-
bined in the four configurations we have considered in this thesis affirmatively. There-
sults we have obtained demonstrate that retrenchment and refinement can work smoothly

together, and therefore that the inclusion of retrenchment in a development will not shut
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out refinement. This is important because it increases confidence in the relatively new
technique of retrenchment, helping to promoteitsvaluein the formal methods community
and encouraging its adoption by system developers. Moreover, the configurations we
have considered provide atoolbox of mechanismsthat permit the direct generation of new
systems from previously constructed ones. The application of one of these configura-
tions, the lifting, in the extension of the Mondex Purse development clearly indicates the
kinds of benefitsthat the tools haveto offer. Giventhe entirely formal nature of the mech-
anisms, they should be of particular interest to devel opers of high consequence software

systems.

The application of our resultsin extensions to the Mondex Purse has led to the identifica-
tion of the Tower Pattern as a structure that encapsul ates how retrenchment steps may be
incorporated into a refinement based development strategy. The configurations of re-
trenchments and refinements we have studied, enabl e the construction of the tower in sev-
eral ways, starting from the top or the bottom and working from the left or from the right,
with the process being essentially transparent to the particular requirements issues dealt

with by the component retrenchments.

The postjoin and prejoin resultswe have obtained are certainly not straightforward; in fact
they are somewhat involved and opaque to the non-specialist. These constructionsarere-
ally afirst attempt so seeif the desired configurations were at al feasible. We wanted to
discover what needed to be done to bring together retrenchments and refinements of as
genera akind as possible, rather than to look for a particularly elegant but restricted re-
sult. However, given the complexity of the solutions, the pre- and postjoin need to be re-
examined to seeif thereisamore easily accessible formulation of the desired integrations.
One possible avenue isthe expression of the theory in terms of the simulation relation for
retrenchments and refinements. These are relations between abstract and concrete varia-
blesfor which all the predicatesinvolved in the principal PO hold. Thusfor retrenchment
itisonefor which (3.7) istrue. Another avenue, isareformulation in terms of a double
category of retrenchment/refinement two-cells. We could aso consider whether by im-
posing conditions on the nature of the retrenchments and refinementsweintegrate, we can

obtain simpler solutions that still admit enough cases as to make them worthwhile.
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The algebraic theory of the integration of retrenchment and refinement we have devel-
oped thus far, only considers the forward simulation form of refinement. An obvious di-
rection in which to extend present work is therefore to incorporate backward refinement
in the various integrations. However, before this can be done, we need to investigate the
appropriate shape of the POs for backward retrenchment.

We have claimed that the constructionsin this thesiswill prove useful in system devel op-
ment. Of course such claims can only be backed up by the application of our results. To
make thisaviable proposition, especially in the case of industrial scale developments, we
need to mechanise the constructions we have developed. Thiswill permit the automatic
generation of the new systems that our constructions produce. What is more, recall that
the theorems permit the replacement of the system generated by a more convenient one
which isinterrefinable with it. We exploited this very property in the Mondex Purse ex-
tension in the previous chapter. Such replacement can also benefit from mechanisation.
A toolkit for retrenchment, named FROG, is currently under development. The intention
isfor the theorems we have presented to be automated in FROG when the tool is mature

enough.
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Appendix A

Postjoin Composition Proofs

A.1 Composition Proofs

In Section 8.3.4.1 we defined the retrieve, within, output and concedes relations, G, Pqy,
Opp and Coy, respectively, for the retrenchment from Abs to Univ. Inthis section we show
that the two compositions given for each relation, which correspond to the two paths
around the square from Abs to Univ in Figure 8.1, are equal. To smplify the proofs, we
assume that Ops, only has one operation.

" (8.57): G=HsK ' =KsH".
Proof. We expand each part in turn. Take HsK" first.
H(u, WsK*(v, ([v], [w]))
= [definition of composition]
($veH(uv) UKy, (1M, W)
= [definition of K* (8.23)]
($veH(uv) UvT [V] UHK([V], [W]) UDKgy([V], [w]))
= [LemmaA.1]
($veH(uv) UvT [V] UHK([V], [W]) UDKgp([V], [w]) U
Gwewi [w] UK(u,w) UKH(W, [V]))
= [rewriting in prenex normal formj

($v,weH(uv) UvT [v] UHK([V], [w]) UDKop([V], [w]) U
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wi [w] UK(u, w) UKH(w, [V]))
= [rearranging]
($v,wevi [V Uwi [w] UH(U, v) UK(U, w) UHK([V], [w]) UDKoy([v], [w]) U

KH(w, [V]) ) -

Now for KgH".

K(u, w)sH*(w, ([V], [w]))

= [definition of composition]

($we K(u,w) UH'(w, ([v], [w]) )

= [definition of H* (8.24)]

($weKuw) UwT [w] U($ueK(u w) UKHW, [V]) UHK([V], [w]) U
DKop([V1, [W]) )

= [K(u,w) U usK(u,w) O K(u,w)]

($weK(uw) UwT [w] UKH(w, [V]) UHK([V], [W]) UDKop([V], []))

= [LemmaA.2]

($weK(uw) UwT [w] UKH(W, [V]) UHK([V], [W]) UDKqy([V], [w]) U
$vevl [V]UH(U,v))

= [rewriting in prenex normal form]

($w, veK(uw) UwT [w] UKH(w, [V]) UHK([V], [w]) UDKgg([V, [w]) U
vl M UH(u,v))

= [rearranging]

($v,wevl [V UwT [w] UH(u,v) UK(u, w) UHK([V], [w]) UDKgy([V], [W])

UKH(w, [v]))

Hence K*sH = H'sK. n

" (858): Pop = (Qop u H)g(R.Op UK") = (Rop u K)g(Q.Op UH").

Proof. We expand each part in turn. Take (H U Qqgp)3(K* UR'qp) first.
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(H(u, v) UQop(i, i, u, W)s(K*(v, (v, [W])) UR ol ([, [K)))

= [definition of composition]

($ v, *H(u, v) UQop(i, , u, v) UK™(v, ([V], [W])) UR o, ([i], [K]) )

= [definition of R'op (8.25)]

($V,]*H(U,v) UQpp(i, j, u, V) UK'(v, (IV], [W])) Ui T [i] UQRG(Li], [K])
UTop(li], [KD))

= [LemmaA.3]

($v,]*H(U,v) UQgp(i, j, u, v) UK'(v, (I, [W])) Ui T [i] UQRay([i]. [K) U

U Tou(lil, [K) U
Sk wekT [KUwWT [w] URgg(i, k) UK(u, w) URQqop(k, w, [j], [M)) )

= [rewriting in prenex normal form]

($V, ],k weH(U,v) UQop(i, ], u, v) UK'(v, (M, [W])) UjT [i] UQRop([i], [KI) U
UTop(lil, [K) UkT [k UwT [w] URg(i, K) UK(u, w) URQqp(k, w, [i1, [V]) )

= [definition of K* (8.23)]

($V, ), k weH(U,v) UQou(i,j, u,¥) UvT [v] UHK([V], [W]) UDKgp([V], [W]) U
iT [[1 UQRo([i], [K) UTop(lil, [Kl) UKT [K] UwT [w] URgy(i, K) UK(u, w) U
RQop(k W, [, [V]))

= [LemmaA.4]

($V, ], k weH(U, V) UQqp(i, j, u, v) UvT [v] UHK([M], [w]) UDKgg([V], [w]) U
iT [[1 UQRo([i], [K) UTop(lil, [Kl) UKT [K] UwT [w] URgy(i, K) UK(u, w) U
RQop(k, W, [1, [M) UKH(w, [V]) )

= [rearranging]

($ikvwejT [[JUKT [KUvT [V UwT [w] UH(u, V) UQqi,, u,v) U
K(u, w) U Rop(i, K) UHK([V], [w]) UDKgp([V], [W]) UQRop(j], [K) U

Top(li], [K) URQop(k, w, [j], [V]) UKH(w, [V]) )

Next, we expand (K U Rgp)s(H* UQ"qp).
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(K(u, w) U Rop(i, k)s(H"(w, ([v], [w])) UQ op(k, ([il, [K), w, ([v], [w])))

= [definition of composition]

($w, k* K(u, w) URgy(i, K UH(w, (], [w])) UQ op(k, ([i1, [K]), w, (IV], [w])))

= [definition of Q" (8.26)]

($w, ke« K(u, w) URgy(i, k) UH'(W, ([v], [W])) U Qop(k, ([i], [K), w, (IV], [w])) U
Top([il, [KD))

= [definition of Q (8.16)]

($w, ke K(u, w) URgy(i, K UH"(w, ([v], [w])) UKT [K UwT [w] U
($1, u* Rop(i, k) UK(u, w)) URQop(k, W, [j], [V]) UQRop([il, [K]) U Top([il, [K]))

= [K(u, W) URop(i, ) U (S, u* Rop(i, K) UK(u, w) U K(u, w) UReyi, K]

($w, ke K(u, w) URgy(i, K UH"(w, ([v], [w])) UKT [K UwT [w] U
RQop(k, W, [j1, [V]) U QRop([i], [KI) U o[l [K]))

= [LemmaA.5]

($w, ke K(u, w) URgy(i, K UH(w, ([v], [w])) UkT [K UwT [w] U
RQop(k, W, [j1, [V]) U QRop([i], [K]) U Top((il, [K) U
($j,veil [[TUVT M UQopi,j uv) UH(U, v))

= [rewriting in prenex normal form]

($w, k j, v e K(u, W) URgy(i, k) UH(w, ([v], [W])) UKT [K] UwT [w] U
RQop(k, W, [i], [v1) U QRop(il, [KI) U Top(lil, [KI) ULT [ UvT [V U
Qopi, 1, U, V) UH(u, v))

= [definition of H* (8.24)]

($w, K, J, v o K(u, W) URg(i, k) Uw T [w] U($ u e K(u,w)) UKH(w, [v]) U
HK([V], [w]) UDKgp(IV], [w]) UKT [k UwT [w] URQqp(k, w, [j], [V]) U
QRop([il, [KI) UTop(ll, [K) UjT [UVT [V] UQup(i, i, u, v) UH(U, v))

= [K(uw) U@ u K, w) 0 K(u,w)

($w, k j, veK(u,w) URg(i, k) UwT [w] UKH(w, [v]) U

HK([V], [w]) UDKop(IV], [w]) UKkT [K UwT [w] URQop(k, w, [j], [v]) U
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QRop([il, [KI) UTog(lil, [K) UjT [[TUVT [V UQqogi, . u, v) UH(, v) )
[rearranging, aUaU g

($Lkvwejl [[JUKT [UvT [V UwT [w] UQqyi, ], u,v) UH(u, v) U
K(u, w) U Royp(i, K) UHK([V], [w]) U DKop([V, [W]) UQRop([il, [K]) U

Top(lil, [K) URQop(k, w, [j], [V]) UKH(w, [V]) )

Hence (H U Qgp)s(K" U R gp) = (K URg)s(H" UQ"gp). -

" (8.59): Ogp = (Ngp UHEU Qg U H)3(V g UK'EU R, UK?)
= (Vop UKEU Ry UK)g(N'gp UH'CU Q"o UHY).
Proof. We expand each partin turn. Take (N UH¢U Q U H)s(V" UK ¢UR' UK") first.
(Nop(0, B UG VG i, j, u, v) UH(UG v§ U Qopfi, j, u, v) UH(U, V) )g
(Vop(e, ([P, [a])) UK (v6 ([vd, [wd)) UR opl, (1], [K)) UK'(v, ([v], [w])) )
= [definition of composition]
($0 V6], v Nog(0, p; ug v i, j, u, v) UH(UG v9 UQopi, f, u, v) UH(u, v) U
Vop(®, (IP1, [a])) UK (v& ([vd, [wd)) UR o5, (il [K)) UK'(y, (1], [w])))
= [definition of V"o (8.27)]
($p, V6], Ve Nop(o, B; ug V& i, j, u, v) UH(UG v U Qi j, u, v) UH(u, v) U
pT [p] UNVoy(lpl, [dl) UDVoy(Ipl, [a]) UK (vé ([vd, [wd)) U
Ropls ([i], [K)) UK™(y, (IV], [w))))
= [LemmaA.9]
($p, V6], Ve Nop(0, B; ug V& i, j, u, v) UH(UG v U Qi j, u, v) UH(u, v) U
pT [p] UNVou([pl, [d]) UDVoy([pl, [d]) UK'(v6 ([vd, [wd)) U
R'oplis ({1, [K) UKy, (IV], [w])) U
($gwekwegl [o] Uwel [wq UkT [K Uwl [w] UVgg(o,0) U
K(ug wé) U Rop(i, K) UK(u, w) UVNop(g, wé k, w, [p], [v4, [i], [M) ))

= [rewriting in prenex normal form]
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($p, V6], v, g, Wk, we Nog(0, p; uG v i, j, u, v) UH(UG v9 UQpp(i, j, u, v) UH(u, v) U
pT [Pl UNVoy(Ipl, [a]) UDVog(Ipl, [a]) UK'(v6 ([vd, [wd)) UR o, ([, [KI)) U
K'(v, (M, [w])) UgT [q] Uwel [wq UkT [K UwT [w] UVgy(o,9) U
K(ug wé) U Roy(i, K) UK(u, w) UVNoy(g, wé k, w, [p], [v4, [i], [V]) )

= [LemmaA.12]

($p, V6], v, g, Wk we Nop(0, p; UG vGi, j, u, v) UH(UG v UQop(i, j, u, v) UH(u,v) U
pT [Pl UNVoy(Ipl, [a]) UDVog(Ipl, [al) UK'(v6 ([vd, [wd)) UR o, ([, [K)) U
K'(v, (M), [w])) UgT [o] Uwel [wq UKT [K] Uwi [w] UVg(0,g) U
K(u¢ wg URgp(i, k) UK(u, w) UVNog(a, wé k, w, [p], [vd, [j], [V]) UKH(WG [vd) )

= [LemmaA.10]

($p, V6], v, g, WGk, we Nog(0, p; uG Vi, j, u, v) UH(UG v9 UQpp(i, j, u, v) UH(u, v) U
pT [Pl UNVoy(Ipl, [a]) UDVoy(Ipl, [al) UK'(v6 ([vd, [wd)) UR o, ([i], [KI)) U
K'(v, (M), [w])) UgT [o] Uwel [wq UKT [K] Uwi [w] UVg(0,g) U
K(ug wé) U Rop(i, k) UK(u, w) UVNoy(g, wé k, w, [p], [v4, [j], [V]) U
KH(w¢ [vd) URQop(k, w, [j], [V]))

= [LemmaA 4]

($p, V6], v, g, Wk, we Nog(0, p; uG Vi, j, u, v) UH(UG v UQpp(i, j, u, v) UH(u, v) U
pT [Pl UNVoy(Ipl, [a]) UDVoy(Ipl, [a]) UK'(v6 ([vd, [wd)) UR o, ([i], [KI)) U
K'(v, (M), [w])) UgT [o] Uwel [wq UKT [K] Uwi [w] UVg(0,g) U
K(u¢ wl) U Rop(i, K) UK(u, w) UVNg(a, w k, w, [p], [vd, [j], [V]) U
KH(WG [v) URQgp(k, w, [j], [M) UKH(W, [V]) )

= [definition of K', K'¢(8.23) and R (8.25)]

($p, V6], v, g, WGk, we Nog(0, p; uG Vi, j, u, v) UH(UG v UQpn(i, j, u, v) UH(u, v) U
pT [p] UNVoy([p], [a]) UDVou([pl, [al) Uvel [v§ UHK([v4, [wd) U
DKop([vd, [wd) Uj T [j] UQRe([il. [KI) UTop([il, [KI) UvT [v] UHK([V], [w]) U
DKop(IVl, [W]) UgT [q] Uwel [wq UkT [KlUwT [w] UVgy(o, g) UK(ugwg U

Rop(i, k) UK(u, w) UVNop(a, wé k w, [p], [vd, [j], [V]) U
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KH(wWS [vq) URQqp(k, w, [i], [V]) UKH(W, [V]) )

= [rearranging]

($p.v6jv,qw¢k wepl [plUvel [vdUjT [JUvT [V UgT [d] Uwel [wqU
kT [KUwT [w] UNgy(0, p; uG vGi, j, u, v) UH(uG v§ UQoy(i, , U, v) UH(u, v) U
Vop(0, @) UK(ug wl URey(i, K) UK(u, w) UNVoy(pl, [d]) UDVo(Ipl, [d]) U
HK([v4, [wq) UDKop([vd, [wd) UQRop([il. [KI) U Top(il, [K) UHK([V, [w]) U
DKop(IV1, [W]) U VNop(d, wé k w, [p], [vd, [i], [VI) UKH(we [vd) U
RQop(k, W, [j], [M]) UKH(w, [v]))

Now for (Vg UKEU Rg, UK)s(Ngp UHCU Qg UH?).

(Vop(0, 8) UK(ug wo U Rop(i, k) UK(u, w))s

(N'op(@. ([Pl [al); we ([vd, [wd), k, (i1, [KI), w, ([v], [w])) UH"(wg ([vg, [wd)) U
Qop(k, ([l [KD), w, (Iv], [w]) UH'(w, ([v], [w])))

= [definition of composition]

($ ., wé k, w e Vop(0, 6) UK(ug wi) URgy(i, K) UK(u, w) U
N'op(@. ([P], [a); wé ([vd, (wa), K, ([i], [K]), w, ([V], [w])) U H'(wé ([vd, [wd)) U
Qop(k, ([l [KD), w, ([v], [w]) UH'(w, ([v], [w])))

= [definition of H*, H'¢(8.24), Q" (8.26) and N’ (8.28)]

($0, WGk W+ Vo(0, 6) UK(uG W URq(i, k) UK(u,w) UgT [q] Uwel [wq U
kT [K Uwi W] U($o,ugi,ue Voo g) UK(ugwd URsi, k) UK(u, w)) U
VNop(@, W k, w, [p], [vd, [j], [V]) UNVop([pl. [a]) UDVop([pl, [a]) U
wel [wd U ($ uee K(ug wg) UKH(WG [vd) UHK([v, [wd) UDKpy([v4, [wd) U
Qoptk, (i1, [KI), w, ([v1, [w1)) U Top((il, [K) U
wi [w] U($ ueK(u w) UKH(w, [v]) UHK([V], [w]) U DKoy([, [w]))

= [definition of Q (8.16)]

($9, w6 k w e Vop(0, ) UK(uG wh URop(i, K) UK(u, w) UgT [o] Uwel [wq U

KT [KUwT [w] U($o0,ugi,usVog(o, q) UK(UGwl URq(i, K) UK(u, w)) U
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VNop(@, W& k, w, [p], [vd, [j], [VI) UNVoy([p, [a]) UDVoy([pl, [a]) U

wel [wg U ($ uds K(ug wg) UKH(WE [vg) UHK([vE, [wd) UDKop(vg, [wg) U
kT [KUwT [w] U($i, u*Rop(i, k) UK(u, w)) URQop(k, w, [i], [V]) U
QRop(il, [K]) U Top([i], [KI) U

wi [w] U($ ueK(u w) UKH(W, [v]) UHK([V], [w]) U DKoy([], [w]))

= [Vop(0, 9) UK(uG wl U Roi, k) UK(u, w) U($VUKEURUK) U($K9 U(SRUK)U($K) U

Vop(0, @) UK(ug w URp(i, k) UK(U, w) ]

($9, w6k w e Voy(0, ) UK(UG wd URpp(i, k) UK(u, w) UgT [q] Uwel [wq U
KT [K] UwT [w] UVNoy(@, wé k w, [p], [vd, [j], [V]) UNVou([p], [q]) U
DVop([pl, [a]) Uwel [wq UKH(wG [vd) UHK([vd, [wd) UDKop([vd, [wd) U
kT [KUwT [w] URQop(k w, [j], [V]) U QRo([il, [K]) U Top(il, [K]) U
wi [w] UKH(w, [V]) UHK(M, [w]) UDKop([V], [W]))

= [LemmaA.11]

(G, W6 k W+ Vo0, @) UK(UG g URop(i, k) UK(U, W) UgT [q] Uwel [w U
KT [K] UwT [w] UVNoy(@, wé k w, [p], [vd, [j], [V]) UNVou([p], [q]) U
DVop([pl, [a]) Uwel [wq UKH(wG [vd) UHK([vd, [wd) UDKo([vd, [wd) U
kT [K UwT [w] URQop(k w, [j], [V]) U QRo([il, [K]) U Top(il, [K]) U
wi [w] UKH(w, [V]) UHK([V], [w]) UDKoy([V], [w]) U
($p,v6j,vepl [plUVEl [vdUjT [jJUVT VU

Nop(0, ; UG VG i, j, u, V) UH(UG v UQopi, j, U, ¥) UH(U, ) ))

= [rewriting in prenex normal form]

(3, W6 kW, P, VG |, v+ V(0. @) UK(u6 wh URoy(i, k) UK(u, w) Ug T [q] U
wel [wq UKT [K UwT [w] UVNoy(g, wg k, w, [p], [vd, [j], [V]) U
NVop([pl, [a]) UDVoy((pl, [a]) Uwel [wq UKH(we [va) UHK([vd, [wd) U
DKop(Ivd, [wd) UkT [K] UwT [w] URQop(k, w, [j], [v1) UQRoy((il, [Kl) U
Top(lil, [K) UwT [w] UKH(w, [V]) UHK([V], [w]) UDKgg([V], [w]) U

pl [plUvel [vd UjT [[JUVT [v] UNgg(0, p; UG vGi, j, u, v) UH(uG v U
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Qopi, J, U, V) UH(u, v))

[rearranging, aUaU 4]

($p v6j,v, g wek wepl [p] Uvel [v§UjT [JUvT MUgT [o] Uwel [wq U
kT [KOwT [w] UNoy(0, b ugvgi, j, u, v) UH(U¢ v UQoy(i, j, u, v) UH(u,v) U
Vop(0, ) UK(ug wg U Rey(i, K) UK(u, w) UNVoy(Ipl, [a]) UDVoyIpl, [d]) U
HK([vd, [wd) UDKop(vd, [wd) U QRop((il, [Kl) U Top((il, [KI) U
HK([V], [w]) U DKop(V1, [w]) UVNoy(a, wé k, w, [p], [v4, [j], [V]) U

KH(wWG [vq) URQqp(k, w, [i], [V]) UKH(W, [V]) )

Hence (N UHCU QU H)3(V' UK ¢UR UK") = (VUKCURUK)3(N"UHCUQ UH"). m

" (8.60): Cop = (Dop UQop UH)S(K'¢U V' o UR' o, UK?)
= (K¢UVop URgp UK)8(D"0p UQ' g UH) .
Proof. Weexpand each sideinturn. Take (Dgp UQgp UH)s(K'¢UV o, UR g, UK?) first.
(Dop(u¢ V6 0, p; i, j, u, V) U Qop(i, J, 1, ¥) UH(U, V) )s
(K*(vG ([vd, [wd)) UV op(e ([P, [al)) UR opl, (1], [KD) UK'(Y, ([v], [w])) )
= [definition of composition]
($VEp,j, Ve Dog(ut Vg 0, p; i, j, U, v) UQqy(i, |, u, v) UH(u, v) UK"(vG ([vd, [wd)) U
Vop(®, (IP1, [a])) UR o, (i1, [K)) UKy, (IV], [w])))
= [definition of V"o (8.12)]
($6p, Ve Dop(ug v§ 0, p; i, j, u, ¥) UQpy(i, j, U, v) UH(u, v) UK™(v6 ([vd, [wd)) U
pT [p] UNVou([p], [a]) UDVouIpl, [al) UR o, ([il, [K)) UK'(y, ([, [W])) )
= [LemmaA.§]
($VE D, j, Ve Dog(ut VG 0, p; i, j, U, ¥) UQqy(i, j, u, v) UH(u, V) UK"(vG ([vd, [wd)) U
pT [Pl UNVoy(Ipl, [a]) UDVoy([pl, [a]) UR opl, ([l [K])) UK'(y, ([, (W) U
(Swgg kwewtl [wqUgT [q] UkT [KUwT [w] UK(ugwg U

Vop(0, ) U Ry (i, k) UK(u, w) UVDop(we g, k, w, [vd, [p], [j], [M])) )
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= [rewriting in prenex normal form]

($V6p j, v, w6 g, k we Dop(ué v6 0, p; i, j, U, v) UQop(i, j, u, v) UH(u, v) U
K*(v6 (Ivg, [wd)) UpT [p] UNVou([pl, [al) UDVop(Ipl, [al) UR op, (i1, [KD) U
K*(v, ([V], [w])) Uwel [wq UgT [q] UKT [K] UwT [w] UK(u¢wg U
Vop(0: @) U Rop(i, k) UK(u, w) UVDop(wé g, k, w, [vd, [p, [j], [V]) )

= [LemmaA.7]

($V6p j, v, w6 g, k we Dop(ué v6 0, p; i, j, U, ¥) UQop(i, j, u, v) UH(u, v) U
K*(v6 (Ivg, [wd)) UpT [p] UNVou([p], [a]) UDVoy(Ipl, [al) UR opl, (i1 [KD) U
K*(v, ([V], [w])) Uwel [wq UgT [q] UKT [K] UwT [w] UK(u¢wg U
Vop(0, ) U Rop(i, k) UK(u, w) UVDop(wg g, k, w, [v4, [p], [i], [V]) U
RQoptk, W, [i], [v]))

= [LemmaA.4]

($V6 D j, v, w6 g, k we Dop(ué v6 0, p; i, j, U, v) UQop(i, j, U, v) UH(u, v) U
K*(v6 (Ivg, [wd)) UpT [p] UNVu(Ip], [a]) UDVoy(Ipl, [al) UR opl, (i1 [KD) U
K*(v, ([V], [w])) Uwel [wq UgT [q] UKT [K] UwT [w] UK(u¢wg U
Vop(0, ) U Rop(i, k) UK(u, w) UVDop(wg g, k, w, [v4, [p], [i], [V]) U
RQop(k, W, [j], [M]) UKH(w, [v]))

= [definition of K*, K'¢(8.23) and R" (8.25)]

($V6p j, v, w6 g, k we Dop(ué v6 0, p; i, j, U, v) UQop(i, j, U, ¥) UH(u, v) U
vel [v§ UHK([vd, [wd) UDKog([vd, [wd) UpT [p] UNVe([pl, [a]) U
DVop(Ipl, [al) UiT [i] UQRoy([l, [K) UTop(il, [KI) Uy T [v] UHK([V], [w]) U
DKop([V], [W]) Uwel [wd UgT [q] UkT [K] UwT [w] UK(ugwd UVgg(o, g) U
Rop(i, k) UK(u, w) UVDgp(wg g, k, w, [vd, [p], [j], [M]) URQou(k w, [j], [V]) U
KH(w, [V]))

= [rearranging]

($v¢p,j,v,wéa kwevel [vdUpl [pUjT [j]UvT [v] Uwel [wd Uqgl [o U

kT [KUwT [W] UDgp(ug vé o, p; i, j, u, v) UQopi, j, u, v) UH(u, v) U
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K(ug w9 U Voy(0, 6) URop(i, K) UK(u, w) UHK([vg, [wd) UDKoy([vd, [wd) U
NVop([Pl, [a]) UDVoy(Ipl, [al) U QRop(il, [KI) U Top([il, [K]) UHK([V], [w]) U
DKop([v], [W]) UVDop(wé g, k, w, [v4, [p], [i], [V]) URQop(k, w, [j], [V]) U

KH(w, [V]))

Now for (K¢U Vg, URg, UK)3(D'gp UQ"gp UHY).
(K(ug w9 UV,(0, 6) URop(i, K) UK(u, w))s
(D" op(ws ([vd, [wd), g, ([p], [d]); k, ({1, [K]), w, ([v], [w])) U
Qoplk, ([i1, [K]), w, ([V], [w])) UH"(w, ([V], [W])))
= [definition of composition]
(8 w6 g, k w + K(ug wg UVop(o, 6) URop(i, K) UK(u, w) U
D’ opWé ([vd, [wd), g, ([p], [a]); k, ([i], [K)), w, ([V], [w])) U
Qoplk, ([il, [K]), w, (v, [w])) UH"(w, ([V], [])))
= [definition of D* (8.29), Q" (8.26) and H" (8.24)]
($ WG g, k, we K(ug wl) UVy(0, 0) URq(i, k) UK(u, w) U
wel [wd Ugl [q] UKkT [k UwT [w]U
($ UG 0,1, U+ K(ug Wi UVy(0, @) URo(i, k) UK(u, w)) U
VDop(We g, k, w, [vd, [p], [i], [V]) UNVou(Ipl, [al) UDVoy(Ipl, [a]) U
HK([v4, [wd) UDKgp([vd, [wd) U
Qoplk, ([il, [K), w, (1], [w])) U Top([i], [K) U
wi [w] U($ueK(u,w) UKH(W, [V]) UHK([V], [w]) UDKgg([V], [W]) )
= [definition of Q (8.16)]
($wai g,k we K(ug w UVop(0, 6) URgyli, k) UK(u,w) U
wel [wd UgT [q] UkT [KlUwT [w]U
(B ugo,i,usK(ugwd UVoy(o, g) URqi, k) UK(u, w)) U
VDopW6 g, k, w, [vd, [p], [j], [V]) UNVop([pl, [a]) UDVoy((pl, [d]) U

HK([vq, [wd) UDKop([vd, [wd) U
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KT [ UwT [w] U($i, ue Ropi, k) UK(u, w)) URQgg(k, w, [j], [V]) U
QRop(il, [K]) U Top([i], [KI) U
wi [w] U($ueK(u w) UKHW, [v]) UHK([V], [w]) U DKoV, []))

= [K(ug w9 UVop(0, @) URgy(i, k) UK(u, w) U($ ugo,i,us KBUVURUK) U($i,usRUK)U($u-K)U

K(ug wg U Vop(0, @) URogp(i, k) UK(u, W) |

($we g, k we K(ugw UVgp(0, g) URgy(i, k) UK(u, w) Uwel [wq UgT [q] U
kT [ Uwl [w] UVDonwe g, k w, [vd, [p], [i], [V]) UNVou([pl, [d]) U
DVop([pl, [a]) UHK([vd, [wd) U DKoy([vd, [wd) U
kT [ UwT [w] URQgp(k, w, [j], [V]) U QRog([il, [K]) U Tou([il, [K]) U
wi [w] UKH(w, [V]) UHK([M], [w]) UDKgy([V], [w]) )

= [LemmaA.§]

($wa g, k we K(ug wl UVoy(o, 6) URgp(i, k) UK(u, w) Uwel [wd UgT [q] U
kT [ UwT [w] UVDo W g, k, w, [vd, [p], [j], [M]) UNVo(Ipl, [q]) U
DVop([pl, [a]) UHK([vd, [wd) U DKoy([vd, [wd) U
kT [ UwT [w] URQgg(k, w, [j], [v]) U QRog([il, [K]) U Tou([il, [K]) U
wi [w] UKH(w, [V]) UHK([M], [w]) UDKgy([V], [w]) U
($vGp,j,vevel [vdUpT [plUjT [JUVI MU

Dop(UG V6 0, p; i, , U, ¥) UQuyi . U, v) UH(U, V) ))

= [rewriting in prenex normal form]

($w6 g,k w, v§p,j, ve KUt wd UVoy(o, 6) URgp(i, K) UK(u, w) Uwel [wg U
al [a] UKT [KUwT [w] UVDo(we g, k,w, [vd, [p], [i], [V]) UNVoy([pl, [q]) U
DVop([pl, [a]) UHK([vd, [wd) U DKog([vd, [wd) U
kT [ UwT [w] URQgp(k, w, [j], [V]) U QRog([il, [K]) U Tou([il, [K]) U
wi [w] UKH(w, [V]) UHK([, [w]) UDKgy([V], [w]) U
vel [v¢ UpT [pl UjT [j] UvI U
Dop(U6 V6 0, p; i, . U, ¥) U Qi . U, v) UH(U, V) )

= [rearranging,alUaU 4
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($v¢p,j,v,wéa kwevel [vdUpl [p]UjT [j]UvT [v] Uwel [wd Uqgl [o U
kT [K OwT [w] UDgp(ug v o, p; i, j, u, v) UQqy(i, i, u, v) UH(u, v) U
K(ug wg U Vop(0, @) URop(i, K) UK(u, w) UHK([vg, [wd) UDKop([vd, [wd) U
NVop(Ipl, [al) UDVoy(Ipl. [a]) U QRoil, [Kl) U Top(il, [Kl) UHK([V], [w]) U
DKop(IV1, [W]) UVDop(w§ g, k, w, [vd, [pl, [i], [V]) URQop(k, w, [j], []) U
KH(w, [V]))

Hence (H UQUD)3(K*¢UV' UR UK") = (KCUVURUK)3(H*UQ UD"). n

A.2 Lemmas
LemmaA.l
vl [Vl UH(u, V) UHK(V], (W) P ($wewT [w] UK(u,w) UKH(wW, [v]))
Proof.
vl V] UH(u, v) UHK([], [w])
= [definition of HK (8.11)]
vi [V UH(u,v) U
(" u,vevi MUHU V)P ($wewl [w] UK(u, w) UKH(W, [V])))
= [meaningof * ,aUal g
vi [V UH(u,v) U
(I [MUHUYP @wewl [w] UK(u w) UKH(w, [V]))) U
(" u,vevi MUHU V)P ($wewl [w] UK(u, w) UKH(W, [V])))
P [aUbUcpk aUb]
vi M UH@U v)UNT [V UHU v P ($wewl [w] UK(u, w) UKH(W, [v])))
P [@U(ab b)) b b

Swewl [w] UK(u, w) UKH(w, [V])) m

LemmaA.2. K(u,w) UKH(Ww, [V]) P ($vevi [V] UH(u,v))

Proof.
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K(u, w) UKH(w, [V])

= [definition of KH (8.10)]

K(u,w) U(" usKuw) b ($vevl [v] UH(u, V)

= [meaningof " ,aUaU 4

K(u, w) U(K(u,w) P ($vevl [v] UH(u,v)) U
(" ueKuwb ($vevi [V UH(u, V)

P [aUbUch aUb]

K(u, w) U(Ku,w) b $vevi [V UH(u,v)))

b [(aU(@aPb b) b b]

($vevi [Vl UH(u, V) n

LemmaA.3.
i1 [i1UQop(i, j, u, ) UH(u, ¥) UK'(y, ([v], [w])) U QRoy((i], [K]) P
Sk wekT [KUwT [w] URgi, k) UK(u, w) URQop(k, W, [j], [M]))
Proof.
i1 [i1YQop(i, j, u, ¥) UH(u, ¥) UK'(y, ([v], [w])) U QRop((i], [K])
= [definition of QR (8.15)]
i1 [i1YQop(i, j, u, ¥) UH(u, v) UK'(y, ([v], [w])) U
(" Liuwyvvyweil [i1UQop(i i uv) UH(u,v) UK'(v, (IV], (W) P
Sk wekl [KUwT [w] URgy(i, k) UK(u, w) URQop(k, w, [j], [V1)))
= [meaningof " ,aUaU 4
i1 [i1YQop(i, i, u, ¥) UH(u, v) UK'(y, ([v], [w])) U
(T [ YQop(i, i u, ¥) UH(u, v) UK'(y, ([V], [w])) P
Sk wekl [KUWT [W] URg(i, K) UK(u, w) URQop(k, W, [j], [V]))) U
(" Liuyvvoweil [i1UQop(i i uv) UH(u,v) UK'(v, (IV], (W) P
Sk wekl [KUwT [w] URgy(i, k) UK(u, w) URQop(k, w, [j], [V1)))

P [aUbUcb aUb]
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iT 111 UQopli, I Uy v) UH(U, v) UK(y, ([, [W))) U
(T [ UQopli, s u, v) UH(u, v) UK'(v, (I, [w])) P
Sk wekT [KUWT [w] URoyi, k) UK(u, w) URQoy(k, W, [j], [V])))
P [(aU@P b)p b

(Skwekl [KUwWT [w] URgy(i, k) UK(u, w) URQop(k, w, [j], [V1)) m

LemmaA.4. Rop(i, K) URQop(k, w, [il, [V)) P KH(w, [V])
Proof.
Rop(i, k) URQop(k, w, [, [V])
= [definition of RQ (8.14)]
Rop(i k) U (" i, u* Rop(i, K) UK(u, w) P
(S veil [[TUvT M UQui, i, u v) UH(u, v)

S[(Shyveil [1UvT M UQupi, i u,v) UH(u, v) U

($Lveil [[1UVT [V] UQoi,j, u,v) UH(U, V) U(Svevi [V UH(u, V)]
Rop(i, K U(" i, us Ropfi, k) UK(U, w) P

(®hveiT [10vT 1V UQop(i, v u¥) UH(u, v) U
Gvevi M UHU )

= [meaningof " ,ab (bUc)U (ab b)U@Pp o)

Rop(i, ) U (" i, u* Rop(i, k) UK(u,w) P ($vevi [v] UH(u,v))U
(" i, u* Ropfi, k) UK(u, w) P

(S, veil [TUVT [V UQop(i,j, u,v) UH(U, V) )

P [aUbUck aUb]

Rop(i, K U (" i, u* Rop(i, K) UK(U, W) P ($vevi [V] UH(u,V))

P [meaningof",alal 4

Rop(i, K) U (" U Rop(i, K) UK(u,w) b ($vevi [v] UH(u,v)) U
(" i,u*Rop(i, ) UK, W) P ($vevi [V] UH(u,V))

P [aUbUcb aUb]
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Rop(i, ) U (" u* Rog(i, k) UK(u,w) P ($vevi [v] UH(u,V)))
P [meaningof " ,aUal aal(@Ubp o) U al(bb o]

Rop(i, W U (" usK(u,w) P ($vevi [v] UHU V))

P [aUbb b]

(" ueKuwb ($yvevi [V UH(,Y))

P [(810)]

KH(v, [w]) u

LemmaA.5.
Rop(i: k) UK(u, w) URQop(k, w, [j], [v]) P
@Lyepl [iJUvIE [V UQop(i, ], u, v) UH(u, v))
Proof.
Rop(i, K) UK(u, w) URQog(k, w, [j], [V])
= [definition of RQ (8.14)]
Ropfi, k) UK(u, w) U
(" i, U Ropfi, K) UK(u, w) P
($iveil [1UvT [Vl UH(u v) UQopi, i, u, V)
= [meaningof " ,aUaU 4
Rop(i, K UK(u, w) U
(Ropi, K UK(U,w) b ($],v+i1 [i]UvT [ UH(u,v) UQopi, i, u, W) U
(" i, U Ropfi, K) UK(u, w) P
($hveil [1UvT [V] UH(u v) UQopi, i, u, V)
P [aUbUck aUb]
Ropfi, k) UK(u, w) U
(Rop(i, k) UK(u,w) b ($],vejT [j1UT [v] UH(u,v) UQopi, j, u, V)
P [@U(@P b) P b]

(S veil [[JUVT [V UH(u, v) UQuyi, j, u, v)) u
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LemmaA.6.

pl [p] UDy(u¢ Vg o, p; i, j, U, v) UQup(i, J, u, v) UH(u, v) U
K(v6 ([vd, [wd)) UR op(is (1, [KD)) UK'(v, ([V], [W])) UDVoy((pl, [d]) b
($wg g kwewel [wqUgl [q] UKT [ UwT [w] UK(ugwg U

Vop(0, 9) URop(i, K) UK(u, w) UVDoy(wé g, k, w, [vd, [p], [i], [V]) )
Proof.
1 [Pl UDop(u¢ v¢ 0, p; i, j, u, v) UQop(i, j, u, v) UH(u, v) U
K*(vg ([vd, [wd)) UR op(, (i1, [KD)) UK (v, (1v], [w])) U DVoy(Ipl, [d])
= [definition of DV (8.20)]
1 [Pl UDop(u¢ v¢ 0, p; i, j, u, v) UQop(i, j, u, v) UH(u, v) U
K*(vg ([vd, [wd)) UR op(, (i1, [KD) UK(v, (1v], [w])) U
(" puGvGo,i,j, u v, vEwWgj, kv,we
pl [p] UDgp(u¢ V6 o, p; i, j, u, v) UQop(i, j, u, ) UH(u, v) U
K*(vg ([vd, [wd)) UR on(, (i1, [KD)) UKy, (1M, [w])) P
(Swgg kwewel (wdUgT [q] UKT [K UwT [w] UK(u¢wg U
Vop(0, @) URgp(i, K UK(u, w) UVDoy(wé g, k, w, [vd, [p], [i], [V])) )
= [meaningof " ,aUal 4
pT [p] UDop(ug v§ o, p; i, j, U, v) UQopi, j, u, v) UH(u, v) U
K*(vg ([vd, [w)) UR op(, (i1, [KD) UK(v, (1v], [w])) U
(T [p] UDop(ug VG o, p; i, j, u, v) UQop(i, f, u, v) UH(u, v) U
K*(vg ([vd, [wd)) UR op(, ([, [KD)) UKy, (1M, [w])) P
(Sweag kwewel [wdUgl [q] UKT [ UwT [w] UK(u¢wg U
Vop(©: 6) U Rop(i, k) UK(u, w) UVDop(wé g, k, w, [v4, [p], [i], V) ) U
(" puGvGo,i,j, u v, vEWEj, kv, we
pl [p] UDgp(u¢ V6 o, p; i, j, u, v) UQop(i, j, u, ) UH(u, v) U
K*(vg ([vd, [wd)) UR on(, (], [KD)) UKy, (1M, [w])) P
(Sweag kwewel [wdUgl [q] UKT [ UwT [w] UK(u¢wg U
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Vop(0, @) URo(i, K) UK(u, w) UVDp(we g, k, w, [v4, [p], [j], [V])) )
P [aUbUcpk aUb]
pl [p] UDop(u6 V6 o, p; i, j, u, v) UQqy(i, j, U, v) UH(u, v) U
K*(vg ([vd, [w)) UR op(, (i1, [KD) UK(v, (1v], [w])) U
(T [Pl UDop(u6 v6 0, p; i, . u, ¥) UQop(i, J, U, v) UH(u, v) U
K*(vg ([vd, [wd)) UR op(, ([, [KD)) UKy, (1M, [w])) P
(Sweag kwewel [wdUgl [q] UKT [ UwT [w] UK(u¢wg U
Vop(0, @) URo(i, K) UK(u, w) UVDn(we g, k, w, [v4, [p], [j], [V])) )
P [(aU@P b) P b
($wg g kwewel [wqUgl [q] UKT [k UwT [w] UK(ugwg U

Vop(0, 6) U Roy(i, K) UK(u, w) UVDgp(we g, k, w, [vd, [p], [j], M) ) m
LemmaA.7.

K(ug wd U Vg(0, @) UVDop(We g, k, w, [vd, [p], [j], [V]) P RQop(k, W, [j], [V])
Proof.

K(ug wd U Vg(0, 6) UVDep(We g, k, w, [vd, [p], [j], [V])

= [definition of VD (8.19)]

K(uG w9 UVoy(0, 6) U

(" ugo,i, ueK(ugwl UVog(o, g) URg(i, k) UK(u, w) b

($Vv¢p,j,vevel [v§Upl [pUjT [[JUVI MU
Dop(Ué v6 0, p; i, J, u, v) UQop(i, [, U, v) UH(u, v)) )

=[($vepjvevel [vdUpl [p]UjT [[JUYT [ UDUQUH)U

($vep, i vevel [v§UpT [p] UJT [[JUVT [ UDUQUH)U($L veiT [i] Uvi [MUQUH)]
K(ug w9 UVgp(o, g) U
(" ugo,i,usK(uswh UVgho, g) URpy(i, k) UK(u, w) b
(($v¢p,j,vevel [v§UpT [p] UjT [j]UVI [V U

Dop(U6 v6 0, p; i, J, U, v) UQop(i, . U, V) UH(u, 1)) U
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(S, veil [TUVT [V UQopi, j, u, v) UH(U, v))))
= [meaningof ", (@b (bUc)) U (@b b)U(aPb 0))]
K(ug w9 UVoy(o, ) U
(" ugo,i,ueK(ugw UVoy(o, g) URgy(i, k) UK(u,w) b
($vEp,j,vevel [vUpT [plUjT [JUVI MU
Dop(ué v6 0, p; i, j, u, v) UQop(i, j, u, ¥) UH(u, v)) ) U
(" ugo,i,ueK(u¢w UVoyo, q) URgy(i, k) UK(u, w) b
(S, veil [[TUVT M UQopi, i, uv) UH(U, V)
b [aUbUch alq
K(uG w9 UVoy(0, 6) U
(" ugo,i,ueK(ugw UVay(o, q) URgy(i, k) UK(u,w) b
(S, veil [TUVT [V UQoi,j, u,v) UH(U, v))
P [meaningof",alal 4
K(uG w9 UVoy(0, 6) U
(" i, u KU w UVoy(0, 6) URapli, K) UK(u, w)
(S, veil [[TUVT [M UQopi, i, u,v) UH(u, v)) U
(" ugo,i,ueK(ug¢w UVoy(o, q) URgy(i, k) UK(u,w) b
(S, veil [1UVT [V UQopi,j, u,v) UH(U, v))
P [aUbUch aUb]
K(u¢ w9 UVoy(0, @) U
(" i, u KU w UVoy(0, 6) URapli, K) UK(u, w)
($j,veil [[TUVT M UQopi,j, uv) UH(U, V)
P [meaingof " ,aUal aal@Ubb ¢) 0 alU(bb o)
K(ug w9 UVo(0, @) U(" i, u Rop(i, K) UK(u, w) P
(S, veil [[TUVT M UQoi,j uv) UH(U, V)
P [aUbb b]

(" i, ueRop(i, ) UK w) P (S, vl [[TUVT [V UQoyi, j, u¥) UH(u, v)))
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P [(8.14)]
RQop(k, W, [j], [V]) -

LemmaA.8.

K(ug wd) U V0, @) URqp(i, k) UK(u, w) UVDay(wé g, k, w, [vd, [p], [j], [V) P
$vep j,vevel [v§UpT [p]UjT [jJUVT MU
Dop(ué V& 0, p; i, j, U, v) UQup(i, j, U, V) UH(U, v))

Proof.
K(ug wg U Vop(0, g) URp(i, k) UK(u, w) UVDopwe g, k, w, [vd, [p], [i], [V])
= [definition of VD (8.19)]
K(uG w9 UVo(0, @) URo(i, K) UK(u, w) U
(" ugo,i, usK(ugwl UVog(o, g) URg(i, k) UK(u, w) b
($vép,j,vevel [vdUpl [p] UjT [JUvT MU
Dop(ué v6 0, p; i, J, u, v) UQop(i, [, U, v) UH(u, V) )
= [meaningof " ,aUal &
K(uG w9 UVo(0, @) URo(i, K) UK(u, w) U
(" ugo,i,ueK(ug¢w UVoy(o, q) URgy(i, k) UK(u,w) b
($vép,j,vevel [vdUpl [p] UjT [JUvT MU
Dop(ué V¢ 0, p; i, j, U, v) UQopfi, f> U, V) UH(u, v)) ) U
(K(u6 w U V0, 0) URoyfi, k) UK(u, w) b
$vep,j,vevel [vdUpl [p] UjT [JUvT MU
Dop(Ué v6 0, p; i, J, u, v) UQop(i, [, U, v) UH(u, v)) )
b [aUbUch alq
K(uG W) U Vp(0, 6) URopl, K) UK (U, w) U
(K(u6 w U V0, 0) URoyfi, k) UK(u, w) b
($vép,j,vevel [vdUpl [p] UjT [JUvT MU

Dop(ué v6 0, p; i, J, u, v) UQop(i, I, U, v) UH(u, v)) )
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b [(aU(aD b)) b b]
($vGp,j,vevel [v§UpT [p]UjT [j]UvI VU

Dop(ué v6 0, p; i, J, u, v) UQop(i, L, U, v) UH(u, v) ) m

LemmaA.9.

pl [p] UNop(0, p; UG VG i, j, u, v) UH(UG v§ UQopi, j, u, v) UH(u, v) U
K(v ([vd, [wd)) UR on(i, ([i], [K])) UK'(v, (M, [W])) UNVo(lp], [q]) P
($agwtk wegl [q Uwel [wd UkT [K] UwT [w] UVoy(0,q) U
K(ug w) U Rgp(i, K) UK(u, w) UVNgg(a, wé k, w, [p], [v4, [i], [M))
Proof.
pl [p] UNop(0, p; UG VG i, j, u, v) UH(UG v§ UQopi, j, u, v) UH(u, v) U
K (v ([vg, [wd)) UR op(is ([ [KD) UK'(v, (v, [W])) UNVog(Ip], [a])
= [definition of NV (8.18)]
pl [p] UNop(0, p; UG VG i, j, u, v) UH(UG v§ UQopi, j, u, v) UH(u, v) U
K*(v6 ([vd, [wd)) UR op(is (01 [KD)) UK'(v, (1V], [w])) U
(" p,o,uGvGi,j, u v,v¢wgj, k v,we
pT [Pl UNop(0, B; UG VG i, j, u, v) UH(UG v9 UQpp(i, J, u, v) UH(u, v) U
K'(v§ ([vd, [wd)) UR op(i, ([i], [K])) UK(v, (1V], [W])) P
($gwekwegl [q] Uwel [wq UKT [KUwT [w] UVgy(o, g) U
K(ug w) U Rgp(i, K) UK(u, w) UVNgg(a, wé k, w, [p], [vd, [j], [V])) )
= [meaningof " ,alaU ¢
pl [p] UNop(0, p; UG VG i, j, u, v) UH(UG v§ UQopi, j, u, v) UH(u, v) U
K*(v ([vd, [wd)) UR on(i, ([i], [K])) UK (v, (1M, [w])) U
(pT [p] UNgp(0, p; ug va i, j, u, v) UH(UG v U Qopfi, j, u, v) UH(u, v) U
K*(v§ ([vd, [wd)) UR op(i, ([i], [K])) UK(v, (1V], [W])) P
($gwekwegl [q] Uwel [wq UKT [KUwT [w] UVgy(o, g) U
K(ug wg) U Rgp(i, K) UK(u, w) UVNgg(a, w k, w, [p], [vd, [j], [V])) ) U
(" p,o,uGvGi,j, u v, vewgj, k v,we
pT [Pl UNop(0, B; UG VG i, j, u, v) UH(UG v9 UQpp(i, J, u, v) UH(u, v) U
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K*(vg ([vd, [wd)) UR op(, ([, [K) UK'(, (IV], [W])) P
$awekwegl [q Uwel [wd UkT [K Uwl [w] UVoy(0,q)U
K(ug wl) U Ro(i, K) UK(u, w) UVNg(a, wg k, w, [p], [v4, [j], [V])) )
P [aUbUch alb]
pl [p] UNop(o, p; UG VG i, j, u, v) UH(UG v§ UQopi, j, u, v) UH(u, v) U
K*(vg ([vd, [wd)) UR op(, ([, [K]) UK'(y, (IV], [w])) U
(pT [p] UNoy(0, B; ug VG i, j, u, v) UH(UG v U Qqy(i, j, U, V) UH(u, v) U
K*(vg ([vd, [wd)) UR op(, ([i1, [K) UK'(, (IV], [W])) P
$awekwegl [q Uwel [wq UkT [K] Uwl [w] UVgy(o,q) U
K(ug wl) U Rop(i, K) UK(u, w) UVNg(a, wé k, w, [p], [v4, [j], [V])) )
P [@U@p b) b b]
($a,wtk wegl [q Uwel [wq UkT [K UwT [w] UVgy(0,q)U
K(ug w U Rop(i, K) UK(u, w) UVNoy(a, w k, w, [p], [vd, [j], [V]) ) m

Lemma A.10.

Vop(0, @) UK(ug wl) UVNg(a, we k, w, [p], [vd, [j], M) P RQgop(k, w, [j], [V])
Proof.

Vop(0, @) UK(ug wl) UVNg(a, wé k, w, [p], [v4, [j], [V])

= [definition of VN (8.17)]

Vop(0, @) UK(ug wi) U

((" 0,ui, us Vg0, @) UK(uG wh URq(i, k) UK(u, w) b
($pve¢j,vepl [plUvel [vUjT [jJUVI MU
Nop(0, B; UG VG i, j, u, v) UH(UG v UQopi, L, U, v) UH(u, 1)) )

=[ ($pveivepl [p]Uvel [v§UjT [JUVT [ UNUHCUQUH)U

($p ve¢j, vepl [plUvel [v§ UjT [jJUYT [V UNUHCUQUH)U($j, vejil [[JUVI [V] UQUH)]
Vop(0, g) UK(ug wg U
(" 0,ugi, ue Vo0, q) UK(ug wg URqy(i, K) UK(u, w) P
(($p,v6j,vepl [p]Uvel [vdUjT [jJUvI [V]U

Nop(0, B; U V& i, j, u, V) UH(ug vo U Qopi I U, V) UH(u,v)) U
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(S, veil [TUVT [V UQopi, j, u, v) UH(U, v))))
= [meaningof ", (@b (bUc)) U (@b b)U(aPb 0))]
Vop(0, @) UK(ug wi U
(" 0,UG1, U+ Vop(0, @) UK(UG wh URy(i, K) UK(u, w) b
$p v6j,vepl [plUVe [vUjT [jJUvI VU
Nop(0, B; UG V& i, j, u, V) UH(UE v U Qqp(i, j, U, v) UH(U, V) ) U
(" 0,UG1, U+ Vop(0, @) UK(UG wh URy(i, K) UK(u, w) b
(S, veil [[TUVT M UQopi, i, uv) UH(U, V)
b [aUbUch aUq
Vop(0, @) UK(ug wi) U
(* 0,UG1, U+ Vop(0, @) UK(UG wh URy(i, K) UK(u, w) b
($j,veil [[TUVT M UQopi,j, uv) UH(U, v))
P [meaningof",alal 4
Vop(0, @) UK(ug wi) U
(" i, u* Vop(o, @) UK(ug wg U Rofi, k) UK(u, w) b
($Lveil [[1UvT M UQqyi i, uv) UH(u,v)) U
(" 0,UG1, U+ Vop(0, @) UK(UG w URy(i, K) UK(u, w) b
($j,veil [[TUVT M UQopi,j, uv) UH(U, v))
P [aUbUck aUb]
Vop(0, @) UK(ug wi U
(" i, u* Vop(o, @) UK(ug wg U Rofi, k) UK(u, w) b
($j,veil [[TUVT M UQopi,j, uv) UH(U, V)
P [meaningof",alal aaU@Ubb ¢) 0 aUbp c)]
Vop(0, @) UK(UG w U(™" i, us Rop(i, K) UK(u, w) P
(S, veil [[TUVT M UQoi,j uv) UH(U, V)
P [aUbb b]

(" i, ueRop(i, ) UK w) P (S, vl [[TUVT [V UQoyi, j, u¥) UH(u, v)))
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P [(8.14)]
RQop(k, W, [j], [V]) -

LemmaA.11.

Vop(0, @) UK(ug wl) URop(i, K) UK (U, w) UVNgs(d, w k, w, [p], [vd, [i], [V]) P
$p vej,vepl [p]Uvel [vUjT [[JUVI [V]U
Nop(0, B; UG V& i, , u, v) UH(Ug v U Qopi, j, u, v) UH(u, v))

Proof.
Vop(0, 9) UK(ug w U Rop(i, k) UK(u, w) UVNg(g, wé k, w, [p], [v4, [j], [V])
= [definition of VN (8.17)]
Vop(0, @) UK(ug wl) URq(i, k) UK(u, w) U
(" 0,ugi, ue Vo0, q) UK(ug wg URqy(i, K) UK(u, w) P

($p v6j,vepl [plUvel [vqUjT [JUVT MU
Nop(0, B; UG V& i, , u, ¥) UH(uG v9 UQoyi, J, u, v) UH(u, v)) )

= [meaningof " ,aUal &
Voop(0, 6) UK(u6 w URoy(i, K) UK(, w) U
(* 0, UG, U Vop(0, 6) UK(uG w9 URqy(i, K) UK(u,w) b
$p v6j,vepl [plUVE [vUjT [jJUvI VU
Nop(0, B; UG VG i, j, u, v) UH(UG v UQopi, i, u, v) UH(u,v)) ) U
(Vop(0, @) UK(ug wl URgy(i, k) UK(u, w) b
$p v6j,vepl [plUVe [vUjT [jJUvI VU
Nop(0, B; UG V& i, j, u, ¥) UH(UG v9 UQuyi, j, u, v) UH(Y, v)) )
P [aUbUch aUq
Voop(0, 6) UK(u w URoy(i, K) UK(, w) U
(Vop(0. @) UK(ut wh URo(i, k) UK(u, w) b
($p v6j,vepl [plUvel [vqUjT [JUVT MU
Nop(0, B; UG V& i, j, u, ¥) UH(UG v9 UQuyi, j, u, v) UH(Y, v)) )

P [@U@Pp b) b b
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($p,vGj,vepl [plUVEl [v§UjT [jJUVI MU

Nop(0. B; UG V6 i, J, u, ) UH(UG v9 U Qqyp(i, J, u, v) UH(u, v) ) =
LemmaA.12.

Vop(0, @) URgp(i, K) UK(u, w) UVNgg(a, wé k, w, [p], [vd, [j], [V]) P KH(wg [vd)
Proof.

Vop(0. @) URop(i, K) UK(u, W) UVNoy(, we k, w, [p), [v4, [i], [v])

= [definition of VN (8.17)]

Vop(0, ) URop(i, K UK(u, w) U

((" 0,uGi, u*Vog(o, @) UK(u w9 URoi, k) UK(u, w) P
($p vGj,vepl [plUvel [vUjT [[JUVI MU
Nop(0, B; UG V& i, j, u, v) UH(uG v§ U Qop(i, . u, v) UH(U, V) )

=[ ($pveivepl [p]Uvel [v§UjT [JUVT [ UNUHCUQUH) U

($p v, vepl [plUvEl [vd UjT [jJUVT [vV] UNUHCUQUH) U ($vee vl [vg UHQ]
Vop(0, ) U Rop(i, k) UK(u, w) U
(" 0,uGi, ue Vg0, @) UK(uG wl) URqy(i, k) UK(u, w) b
(($pv¢j,vepl [p] Uvel [vgUjT [j]Uvi MU
Nop(0, B; UG V& i, j, u, V) UH(ug v UQop(i, i,u,v) UH(u, v)) U
($ vee vel [v@ UH(UG v9)))
= [meaningof " ,ab (bUc) U (ab b)U(ab 0
Vop(0, ) U Rop(i, k) UK(u, w) U
(" 0,uGi, ueVgn(0, q) UK(uG wl) URqy(i, k) UK(u, w) b
$p vej,vepl [plUvel [vqUjT [JUVT [V U
Nop(0, B; UG V& i, j, u, V) UH(UE v U Qqp(i, j, U, v) UH(U, V) ) U
(" 0,uGi, ue Vg0, @) UK(uG wl) URqy(i, k) UK(u, w) b
(S vee vel [vd UH(uG v9))

P [aUbUcb aUq
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Vop(0, ) U Rop(i, k) UK(u, w) U
(" 0,uGi, ue Vg0, q) UK(uG wl) URqy(i, k) UK(u, w) b
($ vee vel [vq UH(UG v9) )
P [meaningof",aUal 4
Vop(0, ) U Rop(i, k) UK(u, w) U
(" Ut Vog(o, @) UK(ug wg URq(i, k) UK(u, w) P
($ vee vel [vq UH(ug ve) ) U
(" 0,uGi, ue Vg0, @) UK(uG wl) URqy(i, k) UK(u, w) b
(S vee vel [vd UH(uG v9))
P [aUbUchk aUh
Vop(0, ) U Rop(i, k) UK(u, w) U
(" Ut Vog(o, @) UK(ug wg URq(i, k) UK(u, w) P
($ vee vel [vq UH(UG v9) )
P [meaningof",alal a (@aU@UbP c) U (@aU(bb o)

Vop(0, 8) U Ro(i, K) UK(u, w) U
(" ute K(ugwd b ($vee vel [vg UH(ug vg))

P [aUbp b
(" uCe K(uGwg b ($vee vei [vq UH(uUG v9))
P [(8.10)]

KH(wg [vg) ]
LemmaA.13.

Vop(0, 6) URo(i, K) UK(u, w) UVDoy(wé g, k, w, [vd, [p], [i], [V]) P KDgp(wé [vd)
Proof.

Vop(0, 9) URop(i, K) UK(u, w) UVDop(We g, k, w, [v4, [p], [il, [V])

= [definition of VD (8.19)]

Vop(0, 9) URop(i, K) UK(u, w) U
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((" ugo,i,usK(ugw) UVay(o, g) URqi, k) UK(u, w) b
($v¢p,j,vevel [vqUpT [p]UjT [j] UvT [V U
Dop(ug v§ 0, ; i, [, U, v) UQop(i, I, u, ¥) UH(U, ))) )

=[($v¢pj,vevel [vUpT [p]UjT [jUvT M UDUQUH)U
($vep,j vevel [v§UpT [p] UjT [JUVT [ UDUQUH)U

($vep.jvevel [viUpT [p]UjT [j] Uyl [V UD)]
Vop(©, 6 URop, K UK(u, w) U
(" ugo,i,ueK(u¢w UVoyo, q) URgy(i, k) UK(u, w) b
(($vEpj,vevel [vgUpT [p]UjT [jJUvI [V U
Dop(ué V6 0, p; i, |, U, v) UQoy(i, |, U, v) UH(u, v)) U
($vep,j,vevel [vdUpT [p]UjT [j]UVI [V] UDgy(u¢vGo,p;i,j, u,v)))
= [meaningof " ,ab (bUc)U (ab b)U(ap o)
Vop(©, 6 URop, K UK(u, w) U
(" ugo,i,ueK(ugw UVoy(o, q) URg(i, k) UK(u,w) b
($v¢p,j,vevel [vUpl [p]UjT [JUVI MU
Dop(ué V6 0, p; i, |, U, v) UQop(i, |, U, v) UH(u, v)) ) U
(" ugo,i,ueK(ugw UVoy(o, q) URg(i, k) UK(u,w) b
($vep,j,vevel [vdUpl [p] UjT [jJUVI [V] UDoy(ugvGo, p;i,j u,v))
b [aUbUch ald
Vop(0: @) U Rop(i, K UK(u, w) U
(" ugo,i,ueK(ugw UVoy(o, q) URg(i, k) UK(u,w) b
($v6p j,vevel [v§Upl [p] UjT [jJUVT [V UDgy(ug V6o, p;i,j, u,v))
P [meaningof",aUal 4
Vop(0: @) U Rop(i, K UK(u, w) U
(" ube K(ug wh UVou(0, ) URog(i, ) UK(u, w) P
($v¢p,j,veved [vdUpT [p]UjT [jJUVT [v] UDgp(u¢ v o, p;ij, u,v))) U

(" ugo,i, ueK(ugwl UVgg(o, g) URq(i, k) UK(u, w) b
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($v¢pj,vevel [vdUpl [p] UjT [[JUVT [v] UDgy(ugvgo, p;i,j u,v))
P [aUbUcpk aUb]
Vop(©. 6) URop(i, ) UK(u, w) U
(" Ut K(ug w UVop(0, @) URop(i, k) UK(u, w) b
($v¢pj,vevel [vdUpl [p] UjT [[JUVT [v] UDgy(u¢vgo, p;i,j u,v))
P [meaningof",alal a(al@UbP ¢) U (@U(P 0)]
Vop(0, ) URop(i, K) UK(u, w) U
(" uCe K(ug¢ wg b
($v¢pj,vevel [vdUpl [p] UjT [[JUVT [v] UDgy(ugvGo, p;i,j u,v))
P [aUbP b]
(" uCe K(ug wg b
($v¢p j,vevel [v@Upl [plUjT [i]UxT [V] UDgp(uGvéo,p;i,j, u )
P [($v¢pj vevel [vdUpT [p] UiT [JUVT [y UD)U
(3v¢p,j,vevel [vdUpl [p]UjT [jJUVI M UD)U($veevel [vU($o0,p,i,j,uveD)]
(" uCe K(ugwq b
($vee vel [v§U($o,p i, j, uve Dog(ut vé o, p; i, j, u v))))
P [(812)]

KDOp(V_V(I; [vg) ]
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Appendix B

Prejoin Composition Proofs

B.1 Composition Proofs

In Section 9.4.4.1 we defined the retrieve, within, output and concedes relations, G, Pqy,
Opp and Cqp, respectively, for the retrenchment from Univ to Conc. In this section we
show that the two compositions given for each rel ation, which correspond to the two paths
around the square from Univ to Conc in Figure 9.1, areequal. To ssmplify the proofs, we
assume that Ops only has one operation.

" (9.49): G=HSK =K"sH .
Proof. We expand each part in turn. Take H'sK first.
H*(([V], [W]), V)sK(y, t)
= [definition of composition]
($v e H((V], W), ) UK(v, 1))
= [definition of H' (9.22)]
($yvevl [V] U(SteK(y, 1) UKH(Y, [w]) UHK([V], [w]) UDKgy([V, [w]) UK(, t) )
S[KEHUEG KW )) 0 Ky, 9]
($vevi [V] UKH(Y, [w]) UHK([V], [w]) UDKop([V], [w]) UK(v, 1))
= [LemmaB.1]
($vevi [V] UKH(Y, [w]) UHK([V], [w]) UDKoy([v], [w]) UK(v, t) U

(Swewl [w] UH(w,1))
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= [rewriting in prenex normal form, rearranging]

UKH(, [w]))

Now for K'sH.
K*(([V, [w]), w)sH(w, t)
= [definition of composition]
($weK(([V], [W]), W) UH(w, 1))
= [definition of K (9.21)]
($wewl [w] UHK([V, [w]) UDKoy([V], [w]) UH(w, t) )
= [LemmaB.5]
($wewT [w] UHK([V], [w]) UDKgy([V, [w]) UH(w, t) U
(Svevi [v] UK(y, ) UKH(, [w]))
= [rewriting in prenex normal form, rearranging]
($yv,wevl [V UwT [w] UH(w, t) UK(y, t) UHK([V], [w]) UDKgp(V], [w]) U

KH(y, [W]) ) -

Hence H'sK = K"sH. ]

" (9.50): Pop = (Q'op UH"3(Rop UK) = (R'gp UK?)3(Qop UH) -

Proof. We expand each part in turn. Take (Q"op UH")3(Rop UK) first.
(Qop(([il, [K, i, (Iv1, [w]), ¥) UH((IV], [W]), W))3(Rop(i, h) UK(y, 1)
= [definition of composition]
($v, ]+ Qop((il, [K), i, (1], [w]), ¥) UH((IM], [W]), v) URo(i, h) UK(Y, 1) )
= [definition of Q" (9.24)]
($v,jjil [[JUVT MU h, teRoi, h) UK(Y, 1)) URQo, v, [K], [w]) U

QRop([il, [KI) UTop(IK) UH((1V], [w]), v) U Ropli, h) UK(Y, 1) )

= [ Rop(is h) UK(¥, ) U($ h, t* Rog(i, h) UK(Y, 1)) U Rog(i, h) UK(Y, 1)]
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($v,i=iT (10T [V] URQop( v: [Kl, [Wl) UQRop([il. [K)) UTop([K) U
H'((IM, [W)), V) U Rop(i, ) UK(, 1))

= [LemmaB.2]

($v,i=iT [10VT [V] URQop( v: [Kl, [Wl) UQRop([il. [K)) UTop([KI) U
H'((IV, W), V) U Rop(i, ) UK (v, 1) U
(SkwekT [KUwT [w] UQop(k, h,w, ) UH(w, 1)) )

= [rewriting in prenex normal form|

($v. i kwel [ UVT [V] URQop(, v, [K, [W]) UQRop((il, [K)) U Top([Kl) U
H'((IM, [W), ) U
Rop(i: 1) UK(v, 1) UKT [ OwT [W] UQop(k, h, w, t) UH(w, 1))

= [definition of H' (9.22)]

(v, kwel [ UVT [V] URQop(, v, [K, [W]) UQRog((i], [K)) U Top([K]) U
vI [V U($teK(v, 1)) UKH(Y, [w]) UHK([V], [W]) UDKop([V], [w]) U
Rop(i: 1) UK(v, 1) UKT [ UwT [W] UQop(k, h, w, t) UH(w, 1))

SR YUKW 9) 0 K, 9]

($v.j kwejT [JOVT [v] URQoy(, v [K], [w]) UQRop(il. [K]) U Top([K) U
VI [v] UKH(v, [w]) UHK([V], []) UDKgp([v], [w]) U
Rop(i ) UK(v, 1) UKT [ UwT [W] UQop(k, h, w, t) UH(w, 1))

= [rearranging, aUa (U 4

($kw,j,vekl [UwT [W UjT [] UV [V] UQop(k, h,w, ) UH(w, t) U
Rop(i> h) UK(v, ) UQRop([i], [KI) URQop(, . [K], [w]) U Top([K]) U
HK([V], [W]) U DKop([V], [w]) UKH(v, [w]))

Now for (R'g, UK")3(Qop UH).

(R op(([i1, [K]), k) UK*(([V], [W]), w))5(Qop(k, h, w, ©) UH(w, 1))

= [definition of composition]

($w, ke Rop(([il, [K]), K UKV, (W), w) UQop(k, h, w, t) UH(w, 1))
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= [definition of R’ (9.23)]

($w, kekT [Kl UQRo([i], [K) UTog([K) UK'(([V], [W]), w) U
Qop(k, h, w, t) UH(w, t) )

= [LemmaB.6]

($w, kekT [Kl UQRo([i], [K) UTog([K) UK'(([V], [W]), w) U
Qoplk h, w, t) UH@, 1) U
(B, veil [[1UVT [V] URgy(, h) UK(Y, t) URQoy(, v, [Kl, [W])) )

= [rewriting in prenex normal form]

($w, K, j,vekT [K UQRop(l, [K]) UTop(K) U
K(([V], [w]), w) U
Qop(k, h, w, t) UH(w, ) Uj T [jJUVT [v] URgy(, h) UK(v, t) U
RQop(l, v, [K], [W]) )

= [definition of K" (9.21)]

($w,k j,vekT [K UQRo(lil, [Kl) UTou([K) U
wi [w] UHK([V], [w]) UDKgg([V], [W]) U
Qoplk h, w, ) UH(w, § U} [j] UvT [ URyi, ) UK, § U
RQop(l, V. [K], [W]) )

= [LemmaB.g]

($w,k j,vekT [K UQRo(lil, [Kl) UTou([K) U
wi [w] UHK([V], [w]) UDKgg([V], [W]) U
Qop(k, h, w, t) UH(w, ) Uj T [jJUVT [v] URgg(, h) UK(v, t) U
RQop(i, Vi [Kl, [W]) UKH(Y, [w]) )

= [rearranging]

($kwj,vekl [KUwT (W UjT [JUVT [V] UQop(k h,w,t) UH(w, t) U
Ropti- 1) UK(Y, 1) UQRop(ll, [K) URQoyl, v, [kl [w) U Ty(([K) U
HK([V], [W]) UDKgg([V], [w]) UKH(y, [w]))
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Hence (Q"op U H")3(Rop UK) = (R'gp UK")3(Qop U H). n

" (951): Ogp = (N'op UH"CU Qg U H)5(Vop UKEU Rg, UK)
= (V'op UK CU R g, UK")3(Ngp UHEU Qo UH) .
Proof. We expand each partin turn. Take (N° UH¢U Q" U H")s(V UKCUR UK) first.
(N op(([p], [d]), p; ([vd, [wd), V¢ ([i], [K]), j, ([V], [w]), v) U
H'(([vd, [wd), v U Q" op(([i, KD, i, (IV], [W]), ¥) UH(([V], [W]), v))s
(Vop(R, 5) UK(¥6 t9 URp(l, h) UK(Y, 1)
= [definition of composition]
($p, V6], v e Nop((pl, [d), B (v, [wd), v& ([j1, [K]), i, ([V], [w]), V) U
H'(([vd, [wd), v U Q" op(([il, [KI), i, (IV], []), ¥) UH"(([V], [w]), v) U
Vop(®, 9) UK(¥6 1 URn(i, h) UK(y, 1))
= [definition of N* (9.26), Q" (9.24) and H'¢ H* (9.22)]
($p,v¢j,vepl [plUvel [vUjT [[JUVI [V U
(8,16 h, t+ Vop(p, s) UK(VE 19 URg(i, h) UK(y, 1)) U
VNop(R, V& J, v, [al, [wd, [K], [w]) UNVo(p], [a]) UDVoplpl, [a]) U
vel v U ($ tee K(vG t9) UKH(vE [wd) UHK([vd, [wd) UDKog([vd, [wd) U
iT [TUVT [V U@ h, teRoyi, h) UK(Y, 1)) URQo, v, [K], [w]) U
QRop([i], [K) UTop(IK) Uy T [Vl U($teK(y, 1)) UKH(y, [w]) U
HK([V], [w]) U DKop(IV], [W]) U Vop(p, 8) UK(VS t9 URop(, h) UK(Y, 1) )

= [ Vop(: 9 UK(¥6 t9 URgy(l, h) UK(v, ) U($ VUKEURUK) U($ K9 U(SRUK) U($K) 0

Vop(R: 8) UK(V6 t9 URoy(l, h) UK(, 1) ]

($p. v, vepl [p] Ovel (g 0T [j] OvT [ O
VNop(®. V6 J, v, [l [wd, [K, [w]) U Vo[, () UDVoy([p, [d) U
vel [vg UKH(YG [wd) UHK(vg, [wd) UDKop(vd, [wd) Uj 1 [j] Uvi [ U
RQop(i- v [, [w]) U QRoy[il, [K) UTop([K) Uy T [v] UKH(y, [w]) U
HK([v1, [w]) U DK o[V, [w]) UVop(R, 9) UK(WG 19 URop(l, ) UK, 1)
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= [LemmaB.3]

($p,v6j,vevel [v@UpT [p]UjT [[JUVI U
VNop(R, V& J, v, [al, [wd, [K], [w]) UNVo(Ip], [a]) UDVoplpl, [d]) U
vel [v§ UKH(v6 [wg) UHK([v, [wd) UDKgg([vd, [wd) U T [jJUVT [v] U
RQop(i v, [K], [W]) U QRop([il, [KI) UTop(IKl) Ux T [v] UKH(y, [w]) U
HK([V], [w]) U DKop([V], [W]) UVop(p, 8) UK(vG t§ URop(j, h) UK(y, t) U
($gwtk wegl [g] Uwel [wq UkT [K] UwT [w]U

Nop(a, s, W t§ k, h, w, t) UH(WG t9 UQqp(k, h, w, t) UH(w, t) ) )

= [rewriting in prenex normal form]

($p,v6j, v, g wek w «vel [vg@ UpT [plUjT [jJUvI [V]U
VNop(R, V& J, v, [al, [wd, [K], [w]) UNVop(p], [a]) UDVoplpl, [a]) U
vel [v§ UKH(v6 [wg) UHK([v, [wd) UDKgg([vd, [wd) U T [JUVT [v] U
RQop(i v, [K], [W]) U QRop([il, [KI) UTop(IKl) Ux T [v] UKH(y, [w]) U
HK([V], [w]) U DKop([V], [W]) UVop(R, 8) UK(vG t§ URo(j, h) UK(y, t) U
al [q Uwel [wd UkT [KUwT [w] UNgg(a, s; wé t6 k, h, w, t) UH(wG tg U
Qoplk, h, w, t) UH(w, t) )

= [rearranging, aUaU 4

($9, WGk w,p,vGj,veql [q Uwel [wq UkT [K] UwT [w] UpT [p] U
vel [vg UjT [[JUVT [V] UNgn(a, s WG t6 k, h, w, t) UH(WG tg U
Qoplk, h, w, t) UH(w, t) UVog(p, ) UK(v§ t9 URog(j, h) UK(v, ) U
NVop(Ipl, [al) UDVoy(Ipl, [a]) UVNgp(®, ¥& , v, [d], [wd, [K], [w]) U
HK([vd, [wd) UDKop([vd, [wd) UKH(v¢ [wd) UQRo([j], [K) U

RQop(i, v; [, [W]) U Top([k]) UHK([V], [w]) UDKop([V], [W]) UKH(y, [w]))
Now for (V' gp UK'¢U R g, UK)3(Ngp UHEU Qg U H).

(V'op(([pl, [d]), @) UK'(([vd, [wd), w U R on(([j], [K]), K) UK'(([V], [W]), w))s
(Nop(@, s; wé t¢ k, h, w, t) UH(wg td U Qop(k, h, w, 1) UH(w, t))

Appendix B Prejoin Composition Proofs 243



B.1 Composition Proofs

= [definition of composition]

($, w6k we Vo(([pl, [d]), @) UK'(([vd, [w), wd UR o(([i1, [K]), k) U
K*(([V], [w]), W) UNop(@, S wé t6 K, h, w, t) UH(WE t9 UQpp(k, h, w, ) UH(w, 1) )

= [definition of V* (9.25)]

($gwtkwegl [a] UNVoy(Ip], [a]) UDVoy(lpl, [al) UK'(([vd, [wd), wg U
Riop(([i1. [KD), K UK'(([V], [W]), W) UNop(g, s; wé t6 k, h, w, t) UH(we t9 U
Qoplk, h, W, 1) UH(w, 1) )

= [LemmaB.7]

($gwtkwegl [a] UNVoy(Ip], [al) UDVoy((pl, [al) UK'(([vd, [wd), wg U
Rop(([il, [K), k) UK*(([V], [W]), W) UNop(@, s; wé t6 Kk, h, w, t) UH(we tg U
Qop(k, h, w, t) UH(w, t) U
($p Vi, vepl [plUvel [vdUjT [jJUVT [V] UVoy(p, 9 U

KV 19 URop(, h) UK(Y, 1) UVNoy(R, V6 |, v, [d], [wd, [K], [w])))

= [rewriting in prenex normal formi

($g Wk w,p vGjveql [a UNVoy([p], [a]) UDVoy(pl, [q]) U
K*(([vg, [wd), w) UR op(([i], [K]), k) UK((IV], [w]), w) U
Nop(@, S W6 t¢ k, h, w, t) UHWG t§ U Qgp(k, h, w, t) UH(w, t) U
pl [plUvel [vg UjT [j]UxT [V] UVop(p, s) UK(VG 19 URop(j, h) U
K(v, ) UVNou(p, V6§, v, [d], [wd, [K], [w]))

= [LemmaB.12]

($g Wk w,p vGjveql [a UNVoy([p], [a]) UDVoy(pl, [q]) U
K*(([vg, [wd), w) UR op(([i], [K]), k) UK((IV], [w]), w) U
Nop(@, S W6 t¢ k, h, w, t) UH(WG t§ U Qgp(k, h, w, t) UH(w, t) U
pl [plUvel [vgUjT [j]UxT [V] UVop(p, 8) UK(VG 19 URpp(j, h) U
K(¥, ©) UVNog(p, V&, v, [al, [wd, [K], [w]) UKH(vG [wd) )

= [LemmaB.10]

($a,wek w, p,v6j,veql [q] UNVoy(Ipl, [q]) UDVop(lpl, [q]) U
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K*(([vg, [wd), w) UR op(([i], [K]), k) UK(([V], [w]), w) U
Nop(a, s, W t§ k, h, w, t) UH(WG t) UQqp(k, h, w, t) UH(w, t) U
pl [plUvel [vg UjT [j]UxT [V] UVop(p, 8) UK(VG 19 URpp(j, h) U
K(¥, 1) UVNgg(p, v& , v, [a], [wd, [K], [w]) UKH(VS [wd) URQop(, v, [K], [W]))
= [LemmaB.9]
($g w6k w,p vGjveql [a UNVoy([p], [a]) UDVoy(pl, [q]) U
K*(([vg, [wd), w) UR op(([i], [K]), k) UK(([V], [w]), w) U
Nop(a, s, W t§ k, h, w, t) UH(WG t) UQqp(k, h, w, t) UH(w, t) U
pl [plUvel [vg UjT [j]UxT [V] UVop(p, 8) UK(VG 19 URpp(j, h) U
K(¥, ©) UVNoy(p, V6 j, v, [al, [wd, [K], [w]) UKH(vG [wd) URQoi, v, [K], [w]) U
KH(Y, [w]))
= [definition of K*, K'¢(9.21) and R (9.23)]
($g w6k w,p vGjveql [a UNVoy([p], [a]) UDVoy([pl, [q]) U
wel [wg UHK([vg, [wd) UDKop(Ivd, [wd) UkT [K UQRo([], [K) U
Top([K) UwT [w] UHK([V], [w]) UDKoy([V], [w]) U
Nop(a, s, W t§ k, h, w, t) UH(WG t9 UQqp(k, h, w, t) UH(w, t) U
pl [plUvel [v§ UjT [j]UvT [V] UVey(p, 9) UK(vG t9 URoy(, h) U
K(v, ©) UVNoy(p, V6 j, v, [al, [wd, [K], [w]) UKH(v¢ [wd) URQop(i, v, [K], [w]) U
KH(Y, [w]))
= [rearranging]
($a,wek w,p vGj,veql [of Uwel [wqUkT [K Uwl [w]UpT [p]U
vel [vd UjT [j] UvT [V] UNgy(a, s WG t6 k, h, w, t) UH(wG tg U
Qop(k, h, w, t) UH(W, t) UVh(p, 8) UK(vG t9 URG(j, h) UK(v, t) U
NVop(Ipl, [al) UDVoy(Ipl, [a]) UVNop(R, ¥& , v, [d], [wd, [K], [w]) U
HK([vd, [wd) UDKgp([vd, [wd) UKH(v¢ [wd) UQRo(i], [K) U
RQop(i, ¥, [K], [W]) U Top([Kl) UHK([V, [w]) UDKgg([V, [W]) UKH(y, []))
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Hence (N' UH¢U Q" UH")3(V UKCURUK) = (VUK CUR UK")$(NUHCUQUH). m

" (9.52): Cop = (D"op UQ gp UH")3(KEU Vg, U Rp, UK)
= (K'¢U Vg UR 5, UK")3(Dop UQop UH) .
Proof. Weexpand each part inturn. Take (D"gp UQ"gp UH")3(KEU Vg, UR, UK) first.

(D op((Ive, [wd), v& ([p], [a]), p; (], [KD), J, (1], [w]), ) U
Q op(([i1, [KD), iy (11, [wl), v) UH(([V], [w]), V)3
(K(vS t9 UVop(R, 9 URop(i, h) UK(Y, 1)

= [definition of composition]

($VvGp, i, veD'op((Ivd, [wd), v ([p], [al), B (], [K), i, (v, [w]), ) U
Qop(([il, [K), i, (V1 [w]), v) UH((IV], [w]), v) U
K (V6 19 UVop(p, 5) URop(i, h) UK(Y, 1)

= [definition of D* (9.27), Q" (9.24) and H* (9.22)]

($vep,j,vevel [vqUpT [p]UjT [[JUVI U
($1t¢s h, te KG9 UVon(p, 8) URg(i, h) UK(y, 1)) U
VDop(¥6 . J, v, [wd, [q], [K], [w]) UNVoy([pl, [a]) UDVoy(Ipl, [a]) U
HK([vq, [wd) UDKop([vd, [wd) U
iT [[TUvT [V U@Sh, teRoi, h) UK(v, )) U
RQop(i, v, [Kl, [w]) U QRop(i], [K]) U Top([K]) U
vl [V U($teK(v, 1) UKH(Y, [w]) UHK([V], [W]) UDKoy([V], [w]) U
K(v6 19 UVop(p, 8) URop(i, h) UK(Y, 1))

= [K(¥6 t9 UVop(p, 8) URopli, h) UK(Y, ) U 6 h, t+ KCUVURUK) U($h t+RUK) U($teK) U

K6 19 UVop(2. 9 URgp(i, h) UKW, 1]
($v6p,j,vevel [vdUpT [p]UjT [jJUVI [V U

VDop(Ve p, J, v, [wd, [], [K], [w]) UNVop([p], [a]) UDVop(lp], [a]) U

HK([v, [wd) UDKgp([vd, [wd) UjT [j] UvI [v] URQgy(, v, [K], [w]) U

QRop([il, [K]) UTop(K]) UxT [Vl UKH(y, [w]) UHK([V], [w]) UDKgp([V], [w]) U

Appendix B Prejoin Composition Proofs 246



B.1 Composition Proofs

K(v6 19 UVoy(e, 9) U Ry ) UK(v, 1))

= [LemmaB.4]

($v6p,j,vevel [vdUpT [p]UjT [JUVI [V U
VDop(V6 p, j, v, [wd, [], [K], [w]) UNVou(Ipl, [al) UDVoy(Ipl, [al) U
HK([vd, [wd) UDKqg([vd, [wd) UiT [j] UvT [v] URQop(, v [K], [w]) U
QRop([il, [KI) UTop([K]) UVT [v] UKH(v, [w]) UHK([V], [w]) UDKou([V], [w]) U
K(v§ t9 UVou(p, 8) URo(j, h) UK(v, ) U
($wg gk wewel [wdUgT [q UkT [k UwT [w] U

DopW¢ t¢ g, sk, h, w, ) UQpp(k, h, w, t) UH(w, 1) ) )

= [rewriting in prenex normal form]

($vGpj,v,wtg kw evel [vg@UpT [plUjT [jJUvI [V]U
VDop(V6 p, j, v, [wd, [], [K], [w]) UNVou(Ipl, [a]) UDVoy(Ipl, [al) U
HK([vd, [wd) UDKgp([vd, [wd) UiT [j] UvI [v] URQop(, v [K], [w]) U
QRop([il, [KI) UTop([K]) UVT [v] UKH(v, [w]) UHK([V], [w]) UDKou([V], [w]) U
K(v6t9 UVop(R, 5) URop(i, h) UK(v, t) Uwel [wq UgT [q] UkT [k Owi [w] U
DopWe t¢ g, s; k, h, w, ) UQpp(k, h, w, t) UH(w, 1) )

= [rearranging, aUa( 4

($wea kwvgp,j,vewe [wugl [q UkT [ Uwl [w]Uvel [v§ U
pl [p] UjT [[JUVT [V] UDgp(wG t6 g, s k, h, w, ) UQop(k, h, w, ) UH(w, ) U
K(v& t9 UVop(p, 8) URop(i, h) UK(Y, t) UHK([vE, [wd) UDKgp([vd, [wd) U
NVop([pl, [a]) UDVoy([pl, [a]) UVDon(V6 p, j, v, [wd, [, [K], [w]) U
QRop([i1, [K1) URQuy(i, V. [K, [W]) UTop([K]) UHK([V], [w]) U DKoV, [w]) U
KH(v, [w]) )

Now for (K*¢U V" UR UK")3(Dgp U Qg UH).

(K*(([vd, [wd), wg UV on(([p], [al), 9) UR op(([i1. [KD), K UK(([V], [w]), w))s
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(DopWe t¢ g, s k, h, w, 1) UQop(k, h, w, t) UH(W, 1))

= [definition of composition]

($we g, k we K(([vg, [wd), w§ UV on(([p], [a]), ) URop(([il [K]), k) U
K*(([V], [W]), W) UDgp(wé t6 g, s; k, h, w, ) UQop(k, h, w, t) UH(w, 1) )

= [definition of V" (9.25)]

($w6 g,k we K'(([vg, [wd), w UgT [a] UNVoy(lpl, [a]) UDVoy([pl, [d]) U
Rop(([il, [K]), k) UK'(([V], [W]), W) UDgp(wg t6 g, s; k, h, w, ) U
Qop(k, h, w, t) UH(w, 1) )

= [LemmaB.g]

($w6 g,k weK'(([vg, [wd), w UgT [a] UNVe([p], [a]) UDVoy([pl, [a]) U
Riop(([i1. [KD), K UK'(([V], [W]), W) UDop(w t¢ g, s, k, h, w, t) U
Qop(k, h, w, 1) UH(w, 1) U

($v¢p,j,vevel [vgUpT [pJUjT [[JUVT [V] UK(vGt9 U
Vop(R: 9) URog(i, h) UK(Y, t) UVDop(V6 , |, v, [wd, [q], [K], [w])) )

= [rewriting in prenex normal form

($w6 g,k w, v6p, j, ve K'(([vd, [wd), wd UgT [q] UNVeu([p], [a]) U
DVop(Ipl, [d]) UR op(([i], [KI), k) UK*(([V], [W]), W) UDopW§ t¢ g, s k, h, w, ) U
Qop(k, h, w, t) UH(w, t) Uvel [v@ UpT [p] UjT [jJUvT [V] UK(Gt9 U
Vop(®, 9) URgg(i, h) UK(Y, ) UVDou(v6 p, j, v, [wd, [d], [K], [W]) )

= [LemmaB.11]

($WGq, kw, VG p,j, ve K(([vd, [wd), wd UgT [q] UNVog([p], [d]) U
DVop(Ipl, [a]) UR on(([i], [KI), k) UK*(([V], [W]), W) UDop(w§ t¢ g, s k, h, w, ) U
Qoptk, h, w, t) UH(w, t) Uvel [vg UpT [p] UjT [j] UvT [v] UK(WGtg U
Vop(R: 9) URop(i, h) UK(Y, t) UVDoy(v6 p, j, v, [wd, [d], [K], [w]) U
RQop(, Y, [K], [W]))

= [LemmaB.9]

($wG g, kw,vep,j,veK(([vd, [wd), wd UgT [qd] UNVeg(lp], [a]) U
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DVop(Ipl, [a]) UR op(([i1. [K]), K) UK*(([V], [W]), W) UDgp(Wé t6 g, s, k, h, w, t) U
Qop(k, h, w, t) UH(w, t) Uvel [vg UpT [p] UjT [j] UvT [v] UK(vGt9 U
Vop(R, 8) URop(i, h) UK(Y, t) UVDoy(ve p, j, v, [wd, [d], [K], [w]) U
RQop(i, Vi [Kl, [W]) UKH(Y, [w]) )

= [definition of K*, K'¢(9.21) and R’ (9.23)]

($w6a kw, vgp,j,vewe [wd UHK([v], [wl) UDKoy([vd, [wd) U
al [l UNVou([pl, [d]) UDVoy([pl, [dl) UkT [K] UQRou([], [K]) UTop((Kl) U
wi [w] UHK([V], [w]) UDKgp([V], [w]) UDgp(WG t6 g, s; k, h, w, t) U
Qop(k, h, w, t) UH(w, t) Uvel [v@ UpT [p] UjT [jJUvT [V U
K(v& t9 UVop(p, 8) URop(i, h) UK(Y, t) UVDey(VE p, |, v, [wd, [d], [K], [w]) U
RQop(i, V. [Kl, [w]) UKH(v, [w]))

= [rearranging]

($wGq, kw, vp,j,vewel [wqugl [o] UkT [KUwT [w] Uvel [v§ U
pl [Pl UjT [[1UVT [V UDgp(wét6 g, s; k h,w, t) UQup(k, h,w, t) UH(w, t) U
K(v& t9 UVop(p, 8) URop(i, h) UK(Y, t) UHK([vE, [wd) UDKgp([vd, [wd) U
NVop([pl, [al) UDVou([pl, [a]) UVDog(V6 p, j, v, [wd, [, [K], [w]) U
QRop([l, [K) URQop(, v, [K], [w]) UTop([K]) UHK([V], [w]) UDKo([V], [w]) U
KH(y, [W]) )

Hence (D°UQ  UH")3(K¢UV URUK) = (K¢UV' UR UK"3(D UQUH). n
This completes the proofs for the compositions.

B.2 Lemmas
LemmaB.1. K(v,t) UKH(v,[w]) P ($wewl [w] UH(w, t))
Proof.

K(v, ) UKH(y, [w])

= [definition of KH (9.10)]
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KM OUE te KW, )P (Swewl [w] UHW, b))

= [meaningof " ,aUal d

KV UKW, )P ($wewl [w] UHW, 1)) U
(" teK )P (Swewl [w] UH(W, 1))

P [aUbUck aUb]

K, ) UKW, ) P (Swewl [w] UH(W, 1))

P [(aU(@P b)P b]

Swewl [w] UH(w, t)) m

LemmaB.2.
Rop(i, 1) UK(Y, ) URQop(, v, [K], [W]) P
($kwekl [KUwT [w] UQgp(k h,w, t) UH(w, 1))
Proof.
Rop(is ) UK(Y, 1) URQqp(, v, [Kl, [W])
= [definition of RQ (9.14)]
Rop(i» ) UK(y, ) Utrmoy, (v, ) U

(" h,teRogli, h) UK(, 1) P
Sk wekl [KUwT [w] UQgp(k h,w, ) UH(w, 1))

= [meaningof " ,alUal 4
Rop(is ) UK(v, t) Utrmgy, (v, j) U
(Rop(i, W) UK(v, ) P ($k,wekT [K UwT [w] UQqgy(k, h, w, t) UH(w, t))) U
(" h,teRogi, h) UK(v, t) P
Sk wekT [ UWT [W] UQop(k h,w, t) UH(w, 1))
P [aUbUck aUb
Rop(i» h) UK(v, t) Utrmgy, (v, ) U
(Rop(: h) UKV, ) P ($k,weki [ Uwl [w] UQqpyk, h, w, t) UH(w, 1))

P [(@Ub)U@P )b
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Sk wekl [KUWT [W] UQop(k, h, w, t) UH(w, 1)) n

LemmaB.3.

Vop(R: 8) UK(v6 19 U R, h) UK(Y, t) UVNg(, VG j, v, [d], [wd, [K], [w]) P
$awikwegl [q Uwel [wd UkT [K UwT [w] U
Nop(@: S WG t§ k, h, w, t) UH(WG t9 U Qop(k, h, w, t) UH(W, )

Proof.
Vop(®, 9) UK(VG t9 URny(i, h) UK(Y, 1) UVNoy(R, V6, v, [d], [wd, [K], [w])
= [definition of VN (9.16)]
Vop(R: 8) UK(VG 19 U Rop(j, h) UK(v, 1) Utrmgy (v, j) U
(" st h, teVoy(p, 8) UK(VG t) URG(j, h) UK(v, t) P
$gwikwegl [q Uwel [wqUKT [K UwT [w]U
Nop(a, s, W t§ k, h, w, t) UH(WG t9 UQqp(k, h, w, t) UH(w, 1)) )
= [meaningof " ,alUal 4
Vop(, ) UK(6 19 U Rop(j, h) UK(y, ) Utrmep (v, j) U
(" st h, teVon(p, 8) UK(VG t) URG(j, h) UK(v, t) P
$gwikwegl [q Uwel [wqUKT [K UwT [w]U
Nop(@, S W6 t¢ k, h, w, t) UHWG t§ U Qgp(k, h, w, t) UH(w, t)) ) U
(Vop(R, 8) UK(VG 19 URp(j, h) UK(y, ) P
$gwikwegl [q Uwel [wq UKT [K UwT [w]U
Nop(@, S W6 t¢ k, h, w, t) UHWG t§ U Qgp(k, h, w, t) UH(W, 1)) )
P [aUbUck aUg
Vop(R, 8) UK(v6 t9 URgy(j, h) UK(y, t) U
(Vop(R, 9) UK(vG t9 URo(j, h) UK(y, 1) b
$gwikwegl [q Uwel [wqUKT [K UwT [w]U
Nop(d, s W t6 k, h, w, t) UH(WE 19 U Qop(k, h, w, t) UH(w, 1)) )

P [@U(@Pp b)p b
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($awtkweqgl [q Uwel [wq UKT [K] Uwi [w]U

Nop(a, S, W t§ k, h, w, t) UH(WG t) UQqp(k, h, w, t) UH(w, t)) n

LemmaB.4.

K(v¢ t9 UVop(R. 8) URop(i, h) UK(Y, t) UVDop(v6 p. |, v, [wd, [a], [K], [w]) P
(Sweg kwewel [wdUgT [ UKT [ Uwl [w] U
Dop(Wé t6 g, s; k, h, w, t) UQgp(k, h, w, t) UH(w, 1))

Proof.
K(v6 t9 UVop(p, 5) URop(i, h) UK(Y, t) UVDep(v6 p, j, v, [wd, [d], [K], [w])
= [definition of VD (9.18)]
K(v t UVop(p: 8) URop(i, h) UK(Y, 1) Utrmgy, (v, ) U
(" t6s, h, te K(vGt) UVog(p, s) URg(i, h) UK(v, 1) b
Swgg, kwewtl [wqUgT [q] UkT [KUwWT [w]U
DopWé t¢ g, s; k, h, w, ) UQqp(k, h, w, t) UH(w, 1)) )
= [meaningof " ,alUal 4
K(v6 9 UVop(, ) URop(l, h) UK(v, t) Utrmgy, (v, ) U
(" t¢s h, teK(vt) UVoy(p, ) URo(j, h) UK(v, t) P
Swgg, kwewt [wqUgT [q] UkT [KUwWT [w]U
DopWé t¢ g, s; k, h, w, ) UQop(k, h, w, t) UH(w, 1)) ) U
(K(v§ 19 UVop(p, 8) URo(i, h) UK(y, 1) b
Sweg, kwewt [wqUgT [q] UkT [KUwWT [w]U
DopWé t¢ g, s; k, h, w, ) UQqp(k, h, w, t) UH(w, 1)) )
P [aUbUck aUg]
K(v6 t§ UVop(p, 8) URgu(i, h) UK(v, t) U
(K t9 UVop(p, 8) URo(i, h) UK(y, 1) b
Sweg, kwewt [wqUgT [q] UkT [KUwWT [w]U

Dop(Wé t6 g, s; k, h, w, t) UQqp(k, h, w, t) UH(w, 1)) )
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P [@U(ab b)b b]
($wg g kwewtl [w§Uql [o] UkT [ UwT [w]U

DOp(V—V(I; t¢ q,s I—(! h! w, t) U QOp(I—(! h! W, t) U H(V—V! t) ) n

LemmaB.5.

wi W] UH(w, t) UHK(V, [W]) P ($vevi [v] UK(y, t) UKH(Y, [w]))

wi [w] UH(w, t) UHK([V], [w])
= [definition of HK (9.11)]
wi [w] UH(w, t) U

(" w,tewl [W]UHW, )P ($vevi [V] UK(, t) UKH(, [W]))
= [meaningof * ,aUal g
wi [w] UH(w, t) U

Wi [w] UHw, )P ($vevT [V] UK(y, t) UKH(y, [w]))) U

(" w,tewl [W]UHW, )P ($vevi [V] UK(y, t) UKH(, [W])))
P [aUbUcpk aUb]
wi W] UH(w, ) UwT [w] UHW, )b ($vevi [v] UK(y,t) UKH(Y, [w]))
P [@U(ab b)b b]

($vevi [V UK(Y, t) UKH(, [w])) n

LemmaB.6.
kT [k UQgp(k, h, w, t) UH(w, t) UK'(([V], [w]), w) UQRy([il, [K]) P
SLveil [TUvI [V URoy(i, h) UK(Y, 1) URQog(, v, [K], [w]))
Proof.
kT [K] UQop(k, h, w, t) UH(w, t) UK'(([V], [w]), w) UQRop([il. [K])
= [definition of QR (9.15)]

kT [Kl UQop(k, h, w, t) UH(w, t) UK'(([V], [w]), w) U
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(" khowt,v,wekT [KlUQpp(k h, w, t) UH(w, t) UK'(([V], [w]), w) b
($iveil [1UvT [Vl URgy(, h) UK(Y, t) URQop, v, [K], (W)
= [meaningof " ,aUal 4
kT [K UQop(k, h, w, t) UH(w, t) UK'(([V], [w]), w) U
(kT [K UQop(k, h,w, ) UH(w, ) UK*(([V], [w]), w) P
iyl [1UvT [Vl URgy(, h) UK(Y, t) URQop(, v, [K], (W) U
(" khowt,v,wekT [KlUQppy(k h, w, t) UH(w, t) UK'(([V], [w]), w) b
($hveil [1UvT [Vl URgy(, h) UK(Y, t) URQop, v, [K], (W)
P [aUbUck aUb
kT [Kl UQop(k, h, w, t) UH(w, t) UK*(([V], [w]), w) U
(kT [K UQop(k, h, w, t) UHW, t) UK*(([V], [W]), w) P
($Lveil [1UvT [Vl URgy(, h) UK(Y, t) URQop, v, [K], (W)
P [(aU@P b)Pp b

$Lveil [1UVT [V URou(, h) UK(Y, t) URQop(, v, [K], [W])) n
LemmaB.7.

al [q] UNop(@, s wé tg k, h, w, t) UHWG t§ U Qop(k, h, w, t) UH(w, t) U
K*(([vd, [wd), wd) UR op(([i], [K)), K) UK(([V], [w]), w) UNV([p], [a]) P
Gp v, vepl [plUVEl [v§UjT [jJUvI [V] UVgp(p, 9 U
K(v& 19 URpp(i, h) UK(Y, 1) UVNgp(R, V6 |, v, [d], [wd, [K], [w]))
Proof.
al [l UNoy(a, s WG tG k, h, w, t) UH(WE t9 UQqpy(k, h, w, t) UH(w, t) U
K*(([vd, [wd), wd UR op(([i], [K]), K) UK(([V], [W]), w) UNVo([pl, [al)
= [definition of NV (9.17)]
al [l UNoy(a, s WG tg k, h, w, t) UH(WE t9 UQqpy(k, h, w, t) UH(w, t) U
K*(([vg, [wd), w) UR op(([i], [K]), k) UK((IV], [w]), w) U
(" 9 sWEtGK hw, t, vGwgj, k v, we

al [ UNoy(@, s Wt k, h, w, t) UH(WE t9 U Qup(k, h, w, ) UH(w, t) U
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K*(([vq, [wd), w9 UR op(([i], [K]), K UK*(([V], [w]), w) P
($p v6j,vepl [plUVEl [v§UjT [[JUVT [V] UVgy(p 9 U
K(v6 19 URop(, h) UK(Y, 1) UVNoy(R, V6 |, v, [d], [wd, [K], [w])))
= [meaningof " ,alUal 4
al [l UNoy(a, s WG tG k, h, w, t) UH(WE t9 UQqp(k, h, w, t) UH(w, t) U
K*(([vq, [wd), w9 UR op(([i1, [K]), K) UK*(([V], [w]), w) U
@T [a] UNop(@, s; wé t6 k, h, w, t) UH(WG 19 UQpp(k, h, w, ) UH(w, t) U
K*(([vq, [wd), w9 UR op(([i], [K]), K UK*(([V], [w]), w) P
($p,v6j,vepl [plUVEl [v§UjT [[JUVT [V] UVoy(p, 9 U
K6 19 U Ry, h) UK(Y, 1) UVNgy(R, V6 1, v, [d], [wd, [K], [w]))) U
(" g, sWEtGKk hw, t, v wgj, Kk v, we
al [q] UNop(@, s wé tg k, h, w, t) UHWG t§ U Qop(k, h, w, t) UH(w, t) U
K*(([vq, [wd), w9 UR op(([i], [K]), K UK*((IV], [w]), w) P
($p v6j,vepl [plUVEl [v§UjT [[JUVT [V] UVpy(p 9 U
K(v¢ t9 URop(j, h) UK(Y, t) UVNop(R, V6, v, [a], [wd, [K], [w])))
P [aUbUchk aUh
al [l UNoy(a, s WG tG k, h, w, t) UH(WE t9 UQqpy(k, h, w, t) UH(w, t) U
K*(([vq, [wd), w9 UR op(([i1, [K]), K) UK*(([V], [w]), w) U
@T [a] UNop(@, s; wé t6 k, h, w, t) UH(WG 19 UQpp(k, h, w, ) UH(w, t) U
K*(([vq, [wd), w9 UR op(([i], [K]), K UK'(([V], [w]), w) P
($p,v6j,vepl [plUvel [v§UjT [[JUVT [V] UVoy(p, 9 U
K(v§ t9 URgp(, h) UK(Y, 1) UVNG(p, v 1, v, [, [wd, [K], [w])))
P [(@U(@P b)b b]
($p vgj,vepl [p]Uvel [v§UjT [j]UVT [V] UVop(p, s) UK(vGt9 U

Rop(i, 1) UK(Y, ) UVNoy(p, V6§, v, [a], [wd, [K], [w])) m

LemmaB.8.
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al [q] UDop(w§ t6 g, s k h, w, 1) UQqp(k, h, w, t) UH(w, ) U
K(([vd, [wd), w) UR op(([i], [K)), K) UK*(([V], [w]), w) U DVo([pl, [q]) b
($vGp,j,vevel [vgUpT [pJUjT [[JUVT [V] UK(vGt9 U
Vop(B, 8) URop(i, h) UK(Y, 1) UVDop(VE p, |, v, [wd, [d], [K], [w]))
Proof.
al [l UDgywe t¢ g, s; k h, w, t) UQgp(k, h, w, t) UH(w, t) U
K(([vd, [wd), w) UR on(([i], [K)), K) UK*(([V], [w]), w) UDVoy([pl, [q])
= [definition of DV (9.19)]
al [l UDgywe t¢ g, s; k h, w, t) UQgp(k, h, w, t) UH(w, t) U
K*(([vd, [wd), w9 UR op(([i], [K]), K) UK*(([V], [w]), w) U
(" g wétGs k hw,t, vGwgj, kv, we
al [l UDgywe t¢ g, s; k h, w, ) UQgp(k, h, w, t) UH(w, t) U
K*(([vd, [wd), wg UR op(([i], [K]), k) UK*(([V], [W]), w) P
($vGp,j,vevel [vgUpT [pUjT [[JUVT [V] UK(vGt9 U
Vop(R, 8) URop(i, h) UK(Y, t) UVDoy(ve p, |, v, [wd, [d], [K], [w])))
= [meaningof * ,aUal g
al [q] UDop(w 6 g, s k h, w, 1) UQqp(k, h, w, t) UH(w, ) U
K*(([vd, [wd), w9 UR op(([i], [K]), K) UK*(([V], [w]), w) U
@ [a] UDoyWs 16 g, s k, h, w, t) UQpyu(k, h, w, ) UH(w, t) U
K*(([vd, [wd), w9 UR op(([i], [K]), k) UK*(([V], [W]), w) P
($Vv¢p,j,vevel [v§UpT [pUjT [[JUVT [V] UK(vGt9 U
Vop(®, 9) URg(i, h) UK(Y, t) UVDop(v6 p, j, v, [wd, [], [K], [w]))) U
(" g wétGs k hw,t, vGwgj, kv, we
al [l UDgywe t¢ g, s; k h, w, ) UQgp(k, h, w, t) UH(w, t) U
K*(([vd, [wd), wg UR op(([i], [K]), k) UK*(([V], [W]), w) P
($vGp,j,vevel [v§UpT [pUjT [[JUVT [V] UK(vGt9 U

Vop(B. 9) URop(i, h) UK(Y, ) UVDoy(v¢ p, ., v, [wd, [d], [K], [w])))
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P [aUbUcpk aUb]
al [q] UDop(w t6 g, s k h, w, 1) UQqp(k, h, w, t) UH(w, ) U
K*(([vd, [wd), w9 UR op(([i], [K]), K) UK*(([V], [w]), w) U
@ [a] UDoyWs ¢ g, s; k, h, w, t) UQpyu(k, h, w, ) UH(w, t) U
K*(([vd, [wd), wg UR op(([i], [K]), k) UK*(([V], [W]), w) P
($v¢p,j,vevel [v§UpT [pUjT [[JUVT [V] UK(vGt9 U
Vop(B: 8) URo(i, h) UK(Y, t) UVDoy(ve p, |, v, [wd, [d, [K], [w])))
P [@U(ap b)P b
($Vv¢p,j,vevel [v§UpT [plUjT [jJUVT [V] UK(Gt9 UVey(p,s) U

Rop(i, 1) UK(Y, ) UVDop(ve . j, v, [wd, [, [K], [w])) u

LemmaB.9. Rop(i, h) URQop(l. v, [K], [w]) P KH(y, [w])
Proof.
Rop(i> 1) URQop(. V. [K], [w])
= [definition of RQ (9.14)]
Rop(i. ) Utrmgp, (v, ) U (™ h, t* Rop(, h) UK(v, ) P
($kwekl [KUwWT [w] UQppy(k, h, w, t) UH(w, 1)) )

= ($kwe K Uwl [w] UQop(I_(, h, w, t) UH(w, t)) U

kwe ki
($kwekl
Rop(i, h) Utrmop, (v, ) U
(" h,teRop(i, h) UK(v, ) P
((Skwekl [UwWT [w] UQop(k h,w,t) UH(w, t)) U
Gwewl [w] UH(w,1)))

(K UwT [w] UQop(k, h,w, t) UH(w, 1)) U($wewl [w] UHW,1))]

= [meaningof " ,ab (bUc)U (ab b)U(ab c)]
Ropl, h) Utrmg, (v, ) U

(" h,teRop(i, h) UK(v, t) P
Sk wekl [KUwT [w] UQop(k h,w, 1) UH(w, 1)) U
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(" hteRopi, ) UK, ) P (Swewl [w] UH(w, 1))

P [aUbUck ald

Rop(i» h) Utrmop (v, )) U(" h, te Rog(i, h) UK(v, t) b (Swewl [w] UHw, 1))

P [meaningof",alUal 4

Ropll; h)UtmepT(\_/, DU(" teRopli, H UKy, ) P ($wewT [w] UH(w, 1)) U
(" hteRopi, ) UK, ) P (Swewl [w] UH(w, 1))

P [aUbUck alb]

Ropll; h)UtmepT(\_/, DU(" teRopli, D UK, ) P ($wewT [w] UH(w, 1))

P [meaningof " ,aUal aal(@Ubb ¢ U al(bb o]

Rop(i» h) Utrmop, (v, ) U(" teK(v, ) P (Swewl [w] UH(w, 1))

P [aUbb b]

(" teKv P Swewl [wW] UHW, 1))

P [(9.10]

KH(v, [w]) u

Lemma B.10.

K(v6 t9 UVop(p, 9) UVNou(R, V&, v, [al, [wd, [K], [w]) P RQop(, v, [K], [w])
Proof.
K(v 19 UVop(p, s) UVNop(R, V6, v, [d], [wd, [K], [w])
= [definition of VN (9.16)]
K(v t9 UVop(p, 8) Utrmgy (v, ) U
(" s tGh, teVon(p, s) UK(VE t9 URgH(j, h) UK(v, 1) b
$gwikwegl [q Uwel [wqUKT [K UwT [w]U
Nop(a, s W t§ k, h, w, t) UH(WG t) UQqp(k, h, w, t) UH(w, 1)) )

=[($gwekwegl [0 Uwel [wqUkT [K]Uwi [w] UNUHCUQUH)U
(g wtkwegl [q Uwel [wqUKT [KUwi [w] UNUHCUQUH)U

($kwekl [KUwT [W]UQUH)]
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K(v6 19 UVop(p, 8) Utrmgy (v, ) U
(" st h, teVon(p, 8) UK(VG t) URo(j, h) UK(v, t) P
(($gwekwegl [ Uwel [wq UKD [KUwT [w]U
Nop(a, s W t§ k, h, w, t) UH(wG t9 UQqp(k, h, w, t) UH(w, t)) U
Sk wekT [KUwWT [W] UQgp(k h,w,t) UHW,1))))
= [meaningof " ,ab (bUc)U (ab b)U@p )]
K(v 19 UVop(p, 8) Utrmgy (v, ) U
(" st h, teVoy(p, 8) UK(VG t) URq(j, h) UK(v, t) P
Swgg, kwewtl [wqUgT [q] UkT [KUwWT [w]U
Nop(a, s; W t§ k, h, w, t) UH(WG t9 UQqp(k, h, w, t) UH(w, 1)) ) U
(" st h, teVon(p, 8) UK(VG t) URG(j, h) UK(v, t) P
($kwekT [KUwT [w] UQop(k, h,w, ) UH(w, 1)) )
P [aUbUck aUd
K(v¢ t9 UVop(p, 8) Utrmgy (v, ) U
(" s tGh, teVon(p, s) UK(VE t9 URgH(j, h) UK(v, 1) b
Sk wekT [JUWT [W] UQog(k h,w, ) UH(w, 1))
P [meaningof",aUal 4
K(v6 9 UVop(p, s) Utrmog (v, j) U
(" h,te VoD, ) UKVt URG(, h) UK(v, ) P
(SkwekT [ UwT [W] UQqop(k, h,w, t) UH(w, 1)) U
(" 16, h, teVon(p, s) UK(VG t9 URgH(j, h) UK(v, 1) b
Sk wekT [JUWT [W] UQog(k h,w, ) UH(w, 1))
P [aUbUck aUb
K(v6 9 UVop(p, s) Utrmog (v, j) U
(" h,teVop(p, ) UKV t) URG(, h) UK(v, ) P
Sk wekT [JUWT [W] UQog(k h,w, ) UH(w, 1))

P [meaningof",aUal aaU(@Ubb c) U aU(b o]
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K(v6 19 UVop(p, 8) Utrmgy (v, ) U

(" hteRopl, h) UKy, ) P

($kwekT [ UwT [w] UQop(k, h,w, ) UH(w, 1)) )

P [aUbp b
trmop (v ) U(" h,t* Rop(, h) UK(v, 1) P

($kwekl [KUwT [w] UQgp(k, h,w, ) UH(w, 1))
P [(9.14)]
RQop(ii V: [K], [w]) .

LemmaB.11.

K(v6 t9 UVop(p, S) UVDop(v6 p, j, v, [wd, [d], [K, [W]) P RQop(i, v, [K], [w])
Proof.
K(v§ t UVop(p, 8) UVDoy(VE p, j, v, [wd, [d], [K], [w])
= [definition of VD (9.18)]
K(v¢ t9 UVop(p, 8) Utrmgy (v, ) U
(" 16, h, te K(vG ) UVog(p, s) URg(i, h) UK(v, 1) b
Swgg, kwewt [wqUgT [q] UkT [KUwWT [w]U
DopWé t¢ g, s; k, h, w, ) UQqp(k, h, w, t) UH(w, 1)) )

=[ (Sweg kwewel [wqUgT [q] UkT [KUwT [w]UDUQUH)U

($weg kwewel [wqUql [q] UKT [ UwT [W]UDUQUH) U(Sk wekT [ UwT [w] UQUH)]
K(v6 9 UVop(p, s) Utrmog (v, j) U
(" 16, h, te K(vG ) UVog(p, s) URg(i, h) UK(v, 1) b
(GSwtg k wewel [wdUgT [o] UKT [K]Uwi [w] U
DopWé t6 g, s; k, h, w, 1) UQop(I_<, h, w, t) UH(w, t)) U
(Skwekl [KUwT [w] UQop(k h w,t) UH(w, 1)))
= [meaningof " ,ab (bUc)U (ab b)U@p )]

K(v6 19 UVop(p, 9 Utrmop, (v, ) U
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(" t¢s h, teK(vt) UVoy(p, ) URo(j, h) UK(v, t) P
Swég kwewel [wqUgT [q] UKT [KUwT [w]U
Dop(Wé t¢ g, s, k, h, w, ) UQop(k, h, w, t) UH(w, 1)) ) U
(" t¢s h, teK(vt) UVoy(p, ) URo(j, h) UK(v, t) P
Sk wekT [JUWT [W] UQog(k h,w, ) UH(w, 1))
P [aUbUck aUd
K(v6 19 UVop(p, 8) Utrmgy (v, ) U
(" t¢s h, teK(vt) UVoy(p, ) URo(j, h) UK(v, t) P
($kwekT [KUwT [w] UQop(k, h,w, ) UH(w, 1)) )
P [meaningof",aUal 4
K(v¢ t9 UVop(p, 8) Utrmgy (v, ) U
(" h,te KVGt9 UVop(p, 9) URo(, h) UK(v, t) P
(SkwekT [ UwT [W] UQgyk h,w,t) UHWw, 1)) U
(" t¢s h, teK(vt) UVoy(p, ) URo(, h) UK(v, t) P
($kwekT [KUwT [w] UQop(k, h,w, ) UH(w, 1)) )
P [aUbUck aUb
K(v¢ t9 UVop(p, 8) Utrmgy (v, ) U
(" hte K19 UVop(p, 9 URoy(l, h) UK(Y, ) P
Sk wekT [JUWT [W] UQoy(k h,w, ) UH(w, 1))
P [meaningof",alal aalU@Ubbk c) U aU(bp o]
K(vg 19 UVop(p, ) Utrmoy (v, ) U
(" h,teRogli, h) UK(, t) P
Sk wekT [JUWIT [W] UQog(k h,w, ) UH(w, 1))
P [aUbp b
trmop (V1) U(" h, t* Ropli, h) UK(v, ) P
Sk wekT [JUWT [W] UQog(k h,w, ) UH(w, 1))

P [(9.19)]
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RQop(i: v, [K], [W]) -
LemmaB.12.

Vop(®. ) URog(i, h) UK(Y, ) UVNog(p, V6 , v, [a], [w, K], [w]) b KH(vG [wd)
Proof.

Vop(R: 9 URop(i, ) UK(Y, ) UVNog(p, v, v, [al, [wd, [K], [w)

= {adfnton of VN (0.16)

Vop(®. 9 URop(i, 1) UK(, ) Utrmgy, (v, ) U

(" s t¢h, teVoy(p, ) UK(VG t) URq,(j, h) UK(v, t) P
Ggwtkwegl [q Uwel [wd UkT [KUwI [w]U
Nop(@, S W6 t¢ K, h, w, t) UHW t9 U Qop(k, h, w, 1) UH(W, 1))

=[ ($gwtkwegl [q Uwel [wqUKT [KUwl [w] UNUHeUQUH)U

(Sawekweql [q Uwel [wd UkT [ Uwl [w] UNUHEOQUH) U($weewel [wq UHY ]
Vop(R: 8) URop(i, h) UK(v, 1) Utrmgp, (v, ) U
(" s tGh, teVon(p, s) UK(VE t9 URgH(j, h) UK(v, 1) b
($gwekweqgl [ Uwel [wqUKT [KUwT [w]U
Nop(@, S W6 t¢ k, h, w, t) UHWG t§ U Qgp(k, h, w, t) UH(w, t)) U
(S wee wel [wd UH(WE ) ) )
= [meaningof " ,ab (bUc) U (ab b)U(ab 0)
Vop(R: 8) URop(i, h) UK(v, 1) Utrmgp, (v, ) U
(" s tGh, teVon(p, s) UK(VE t9 URgH(j, h) UK(v, 1) b
$awikwegl [q Uwel [wd UkT [K Uwl [w]U
Nop(@, S W6 t¢ k, h, w, t) UH(WG t§ U Qgp(k, h, w, t) UH(w, t)) ) U
(" s tGh, teVon(p, s) UK(VE t9 URgH(j, h) UK(v, 1) b
(S wee wel [wd UH(We tg) )
P [aUbUch ald

Vop(®, 9 URop(i, ) UK(Y, 8) Utrmey, (v, ) U
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(" st h, teVon(p, ) UK(VG t) URq(j, h) UK(v, t) P
(S wee wel [wd UH(We tg) )
P [meaningof",aUal 4
Vop(R: §) URop(i. ) UK(v, ) Utrmgp, (v, ) U
(" € Vop(R, 9) UK(VG 19 URoy(j, h) UK(y, ) P
($ wee wel [wd UH(wG t9) ) U
(" st h, teVoy(p, 8) UK(VG t) URG(j, h) UK(v, t) P
(S wee wel [wd UH(We tg) )
P [aUbUcpk aUb]
Vop(R: §) URop(i. ) UK(v, ) Utrmgp, (v, ) U
(" € Vop(R, 9) UK(VG 19 URoy(j, h) UK(y, ) P
(S wee wel [wd UH(We tg) )
P [meaingof*,alal aaU@Ubb ¢) U aU(bb d)]
Vop(®, 8) URop(, h) UK(, ) Utrmoy, (v, j) U
(" tee KVGt) P ($wee wel [wq UHWE t9))
P [aUbb b
(" e KVGtY P (S wee wel [wq UH(WEt9))
P [010)

KH(vG [wd) ]
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