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CS3222 Exercises 2 (Quantum Theory)

A physical system can be described by a four dimensional state space, and there is an ob%eitiable
eigenvectors$a [ | B0 |yG) |80 and with eigenvalues, B, y, 8, respectively. Assume that 3, , d, are all
different. Consider the staf&[E 1/2(a* |BC+ |y |80). What outcomes are possible and with what
probabilities if A is measured in state)® Now suppos@ =y. Answer the same question. Now do
everything again starting with the st@e= 1/y2|a+ y3/8|BH+ V4|yT+ 1/4|80

In Q1, suppose that the unitary operdtdrn H (whereH is the Hadamard transformation @) and the
first H acts on{|a[)|B0, and the second di]y(]|d}) is applied to the statdgyCand |y Cprior to meas-
urement. How are the probabilities of the various outcomes affected?

What would be involved if in Q2 we applied]H instead oHIH?

Verify that the expectation value of the spin polarisatiamin the statd = [cos@/2), e,i‘psin(e/Z)]T is
Wn.g|ly= ny = cosO(n,y).

Check thaft|n.g|-[= n, — iny and that#|n.g|+0= n, + in,, where|+Cand|-Carea, eigenstates.
Check that the spin correlati@ing|(n;.a;) 0 (n,.05) | singC= —n4.n, = —cos{(n4,n,)) as advertised.

In Q, consider the operater= (0, —i0y)/2. Whatis its adjoint’? What are their matrix representa-
tions? Show thaa|+O= |-[Ja|-C= 0; and that'|-0= |+[Ja’|+[= 0. Work out the commutator and
anticommutator of anda’, namely b, a']_=aa' —a'a, and p, a'], = aa' + a'a. What areaa’ anda'a?

(The Fly — with apologies to Jeff Goldblum.) We model the state of a human being Q<ithis is a

little simplistic, maybe). Statp-[Torresponds to ‘human being present’, written hereaftfinagwhile
|-Ccorresponds to ‘human being absefithl Likewise for the Californian stonefly (allocapnia vivip-
ara),|avij |a«[] A mad scientist, not having mastered quantum mechanics very thoroughly but intending
to build a teleportation mechanism nevertheless, builds by mistake the apparatals [ a, + a,0a',)

where the subscriptg’‘and ‘;’ refer to human and fly subsystems respectively. Check that this is her-
mitian (i.e. that it corresponds to a valid physical observable). What are the eigenvalues and eigenvecic
of A?

He now applies the apparatago himself, i.e. tdhb,a«[] What happens? Determine whether the result
IS separable or entangled.

(Gruesome isn't it? Pity now subatomic particles, which have to put up with this kind of thing all the
time. It's not for nothing thad' anda are known in the trade as creation and annihilation operators.)

(Bell's Inequality.) Assume experimental arrangements as for the CHSH inequality but assume that tt
orientation ofB and C are the sameAssume further that the classical measured outcomes for B and C
are guaranteed to be the samg€rhis is true for photons but not for electrons.) Show h&t — A) =

+(1 —CA) = £(1 —BA) for any classical measurement. Hence show that if quantum theory was a local
realistic theory, the corresponding quantum expectation values should $aDi€fy- DA < 1 — [CA
which is Bell's Inequality.

What was the role @8 in the preceding?

Show that the corresponding result if the measured outcomdé&sdodC are guaranteed to l@ticor-
related(as for electrons) iEKIDCO- DA < 1 + [CAL

(Trickier.) Determine the extent to which the various versions of Bell's Inequality can be derived as spe
cial cases of the argument used to derive the CHSH inequality.
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