R. Banach, Computer Science Department, University of Manchester, UK

CS3222 Exer cises 1 (Linear Algebra)

1. Derive in detail the ‘BasicProperties’of inner product spaces, i.e. the Parallelogram Identity, the Polarisation Identity, the Cauchy-Schwartz Inequality, and the Triangle Inequalities.

2. Show that if |y〉= λ_0|x_0〉+ λ_1|x_1〉+ … + λ_d|x_d〉= μ_0|x_0〉+ μ_1|x_1〉+ … + μ_d|x_d〉where {|x_0〉, |x_1〉, … ,

|x_d〉}is a basis, then λ_0 = μ_0, λ_1 = μ_1, … , λ_d = μ_d. (So the expansion in terms of basis elements of any |y〉 is unique.)

3. In Q, which of the following pairs of vectors is (a) a basis, (b) orthogonal (if a basis), (c) normalised (if an orthogonal basis)? (Hints: For (a) solve some simultaneous equations, for (b) check some inner products, for (c) check some norms.)

(i) {[27, 18]^T , [3, 2]^T}, (ii) {[12 + 5i, 17i]^T , [3, 2 + i]^T}, (iii) {[5, 10i]^T , [2i, 1]^T}, (iv) {1/√5[1, 2i]^T , 1/√5[2i, 1]^T}, (v) {1/√5[1, 2i]^T , 1/√5[–2, i]^T}.

4. Show that any maximal finite orthonormal set of vectors is a basis. (Hint: Suppose that λ_0|x_0〉+ λ_1|x_1〉 + … + λ_d|x_d〉= 0, where at least one of the λ_i is nonzero. Then show that the norms of LHS and RHS are necessarily different.)

5. Show that a matrix is unitary iff its columns (or its rows) form an orthonormal basis.

6. Show that a permutation of an orthonormal basis is a unitary transformation. (N.B. This is an extremely important result, despite its simplicity.)

7. Show that any linear operator on Q can be written in the form A= αI + βσ_x + γσ_y + δσ_z. (Hint: Solve some simultaneous equations.) If Ais hermitian, show that α, β, γ, δ, are all real. If Ais unitary, show the following: (i) |α |^2 + |β|^2 + |γ|^2 + |δ|^2 = 1, (ii) the phases of β, γ, δ, are pairwise either equal or differ by π, (iii) the phase of α differs by π/2 from the phases of β, γ, δ, (iv) Acan be written as e^{iϕ}(cos(θ)I + i sin(θ)(n_xσ_x + n_yσ_y + n_zσ_z)) = e^{iϕ}(cos(θ)I + isin(θ)n.σ ), where ϕ, θ, are both real and n = (n_x, n_y, n_z) is a real unit vector in 3D space.

8. Show that v is an eigenvalue of an operator Awith eigenvector |v〉iff μvis an eigenvalue of μAwith eigenvector |v〉.

9. Show that the eigenvalues of e^{iϕ}(cos(θ)I + isin(θ)n.σ ) are e^{i(ϕ ± θ)}. Show that the eigenvector for e^{i(ϕ + θ)} is proportional to [(n_x – in_y), (1 – n_z)]^T and the one for e^{i(ϕ − θ)} is proportional to [(n_x – in_y), (–1 – n_z)]^T.

10. (A bit harder.) Let r and n be two real unit vectors in 3-D space. Show that (r.σ )(n.σ ) = (r.n)I + i((r×n).σ ). Show that (n.σ )(r.σ )(n.σ ) = (r.n)(n.σ ) – ((n×(r×n)).σ ).

11. (A bit harder.) What is the adjoint of U = e^{iϕ}(cos(θ)I + isin(θ)n.σ )? When a change of basis of Q described by U is applied to a unitary operator V= e^{iδ}(cos(ξ)I + isin(ξ)r.σ ), show that the result is UVU^† = e^{iδ}(cos(ξ)I + isin(ξ)(cos^2(θ)(r.σ ) + 2sin(θ)cos(θ)((r×n).σ ) + sin^2(θ)((r.n)(n.σ ) – ((n×(r×n)).σ ))). Check that the result is unitary by examining the coefficients of I and σ in the answer.

12. If A_1 and A_2 are hermitian, show that A_1⊕ A_2 and A_1⊗ A_2 are hermitian. If U_1 and U_2 are unitary, show that U_1⊕ U_2 and U_1⊗ U_2 are unitary.

13. Show that the Hadamard transformation can be written as e^{–iπ/2}(cos(π/2)I + isin(π/2)n.σ ) where n = (1, 0, 1)/√2.

14. Show that the representation of σ_x in the Hadamard basis is σ_z. And that the representation of σ_z in the Hadamard basis is σ_x. And that the representation of σ_y in the Hadamard basis is –σ_y.