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CS3222 Exercises 1 (Linear Algebra)

1. Derive in detail the ‘Basic Properties’ of inner product spaces, i.e. the Parallelogram Identity, the Polar-
isation Identity, the Cauchy-Schwartz Inequality, and the Triangle Inequalities.

2. Show that if|y〉 = λ0|x0〉 + λ1|x1〉 + … + λd|xd〉 = µ0|x0〉 + µ1|x1〉 + … + µd|xd〉 where{|x0〉 , |x1〉 , … ,
|xd〉} is a basis, thenλ0 = µ0, λ1 = µ1, … , λd = µd. (So the expansion in terms of basis elements of any
|y〉 is unique.)

3. In Q, which of the following pairs of vectors is (a) a basis, (b) orthogonal (if a basis), (c) normalised (if
an orthogonal basis)? (Hints: For (a) solve some simultaneous equations, for (b) check some inner prod-
ucts, for (c) check some norms.)

(i) {[27, 18]T , [3, 2]T},
(ii) {[12 + 5i, 17i]T , [3, 2 + i]T},
(iii) {[5, 10i]T , [2i, 1]T},
(iv) {1/√5[1, 2i]T , 1/√5[2i, 1]T},
(v) {1/√5[1, 2i]T , 1/√5[–2, i]T}.

4. Show that any maximal finite orthonormal set of vectors is a basis. (Hint: Suppose thatλ0|x0〉 + λ1|x1〉
+ … + λd|xd〉 = 0, where at least one of theλi is nonzero. Then show that the norms of LHS and RHS
are necessarily different.)

5. Show that a matrix is unitary iff its columns (or its rows) form an orthonormal basis.

6. Show that a permutation of an orthonormal basis is a unitary transformation. (N.B. This is anextremely
important result, despite its simplicity.)

7. Show that any linear operator onQ can be written in the formA = αI + βσx + γσy + δσz. (Hint: Solve
some simultaneous equations.) IfA is hermitian, show thatα, β, γ, δ, are all real. IfA is unitary, show
the following: (i) |α|2 + |β |2 + |γ |2 + |δ|2 = 1, (ii) the phases ofβ, γ, δ, are pairwise either equal or differ
by π, (iii) the phase ofα differs byπ/2 from the phases ofβ, γ, δ, (iv) A can be written as eiφ(cos(θ)I +
i sin(θ)(nxσx + nyσy + nzσz)) = eiφ(cos(θ)I + i sin(θ)n.σ), whereφ, θ, are both real andn = (nx, ny, nz) is
a real unit vector in 3D space.

8. Show thatv is an eigenvalue of an operatorA with eigenvector|v〉 iff µv is an eigenvalue ofµA with ei-
genvector|v〉.

9. Show that the eigenvalues of eiφ(cos(θ)I + i sin(θ)n.σ) are ei(φ ± θ). Show that the eigenvector for ei(φ + θ)

is proportional to [(nx – iny), (1 –nz)]
T and the one for ei(φ − θ) is proportional to [(nx – iny), (–1 –nz)]

T.

10. (A bit harder.) Letr and n be two real unit vectors in 3-D space. Show that (r.σ)(n.σ) = (r.n)I +
i((r ×n).σ).  Show that (n.σ)(r.σ)(n.σ) = (r.n)(n.σ) – ((n×(r ×n)).σ).

11. (A bit harder.) What is the adjoint ofU = eiφ(cos(θ)I + i sin(θ)n.σ)? When a change of basis ofQ de-
scribed byU is applied to a unitary operatorV = eiδ(cos(ξ)I + i sin(ξ)r.σ), show that the result isUVU†

= eiδ(cos(ξ)I + i sin(ξ)(cos2(θ)(r.σ) + 2sin(θ)cos(θ)((r ×n).σ) + sin2(θ)((r.n)(n.σ) – ((n×(r ×n)).σ))).
Check that the result is unitary by examining the coefficients ofI  andσ in the answer.

12. If A1 andA2 are hermitian, show thatA1⊕A2 andA1⊗A2 are hermitian. IfU1 andU2 are unitary, show
thatU1⊕U2 andU1⊗U2 are unitary.

13. Show that the Hadamard transformation can be written as e–iπ/2(cos(π/2)I + i sin(π/2)n.σ) wheren =
(1, 0, 1)/√2.

14. Show that the representation ofσx in the Hadamard basis isσz. And that the representation ofσz in the
Hadamard basis isσx.  And that the representation ofσy in the Hadamard basis is –σy.
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