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This document is the supplementary material of [10]. In section 1, we provide
a list of the notations used in the paper. In section 2, we provide the formal
definitions of the similarity measures and the stability measures discussed. In
section 3, we provide the proof of the table of properties (Table 1). In section 5,
we provide the proofs of the 3 theorems in the paper and of Equation 3.

1

Notations

We shortly remind the notations of the paper.

M the number of bootstrap samples taken, also the number of feature sets.
d the total number of features

A = [s1,..,8m]T = (zif)icqr. vy is a binary matrix where s; is the it
fe{1,..., d}

feature set in A and where z; y = 1 if the fth feature has been selected in
the i*" set, 0 otherwise.

Vi e {1,..., M}, k; = |s;| is the cardinality of set s; (i.e. the number of features
selected in s;). When all feature sets in A are of identical cardinality, we will
simply denote it by k.

ri; = |s; N's;| the number of features that s; and s; have in common.

Ev(ri;] = k'i;j is the expected size of the intersection of a procedure ran-

domly selecting two sets of cardinality k; and ;.

® Oname Stands for a similarity measure.
- M . . .
o Dpume = m Y is1 >i=1 OName(Si,s;) is the resulting stability measure
=l

2

using similarity measure ¢nqme-
Dy = %Zij\il x;,  is the observed frequency of occurrence of the fi, feature

in A.

Measures

2.1 Similarity measures

The Jaccard index [4] (a modified version of the Taminoto distance) is defined

as:

_ |S7;mSj| _ Ti,j
si Usj| kit kj =i

d)Jaccard(si, Sj) =1- Tanimoto(si, Sj)
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A similarity measure based on the relative Hamming distance [2] is given as:

|Si\S'|+|S‘\Si| ki+k‘—2’r‘i"
DHamming(Si,s;) =1 — ’ d ’ =1- ]d o

where |s; \ s;] is the number of features selected in s; and not selected in s;.

The Dice coefficient [13]:

- 2|siﬂsj| . QTi,j
sl sl ki +kyC

¢Dice (Sia Sj)

We can point out that the Dice coefficient is also called the Fj-score in the
binary classification literature, and is used to measure the degree of agreement
between the set of true labels s; and the set of predicted labels ss.

The POG measure (Percentage of Overlapping Genes) [9]:

|S7;ﬂSj| Tij
droc(si;sj) = ——— = ..
(27 ]) |Si‘ kz

Kuncheva’s similarity measure [7] (also called the consistency index) is defined
only for feature sets s; and s; such that |s;| = |s;| as follows:

rij — Evlril
maz(r; ;) — Ev[r; ;]

¢Kunche'ua (Si 5 Sj) =

Lustgarten’s measure [8]:

rij — Evlrigl
mzn(kl, k']) — HlaX(O7 kz + ]Cj — d) '

¢Lust(si7 Sj) =

The nPOG measure (a normalized version of the POG measure) [9]:

oy = Tid — Ev[ri]
¢nPOG(Sz7Sj) - kz — ]EV[T'LJ'}
Wald’s measure [12]:

rij — Evlrigl
mm(/cl, kj) — EV [Ti,j] '

dwald(si,sj) =

2.2 Stability measures

For every similarity measure ¢nqme presented in the section above, the corre-
sponding stability measure is taken as the average pairwise similarities between
the sets in A as follows:

M M

- 1
gpname = m ZZ¢Name(Sivsj)~

i=1 j=1
Jj#i
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Krizek [6] defines a stability measure for feature sets of identical cardinality as
follows:

where G, is the frequency of occurrence of subset j in A over all the C(d, k)
possible combinations of k features taken amongst d features. Its minimum is 0
and its upper bound has been shown to depend on d and k. It is only defined
when A is made of feature sets of identical cardinality k. The use of such a
measure implies a relatively big number feature subsets in the sequence A, as
we need frequency estimates for every possible choice of k features taken out of
d features, which limits its use in practice. We also note that this measure is the
only one for which low values correspond to high stability.

Somol’s measure [11] is an improved version of two other measures (the Con-
sistency Measure C' and the Weighted Consistency Measure CW [11]) that we
omitted for simplicity. This measure is constructed so that it is not subset-size
biased and is defined for any feature set size:

CW,er(A) = ! [Zi]\il ki =D+ 35, Mps(Mps — 1)] B (Zij\il kz‘)2 + D27

d[HMM(Z?iler) fD} . (Zi]\ilki>2+D2

where D = (Zle k; ) mod d and H = (Zf\il k; ) mod M and py is the fre-

quency of occurrence of the f feature in the M feature sets.

3 Proof of Properties

3.1 Fully defined

This property directly follows from the definitions of the stability measures.

3.2 Bounds

The bounds of most similarity measures (and therefore stability measures) can
be easily found in the literature. Jaccard, Hamming, Dice, POG and CW,.; are
all in the interval [0, 1] [1], [11]. Kuncheva and Pearson measures are in the in-
terval [—1,1] ([3], [7]). Lustgarten’s similarity measure can also easily be shown
to be in [—1,1].

Contrarily to some misconceptions in the literature, n POG and Wald’s similarity
measures have a minimum of 1 —n and a maximum of 1 therefore not verifying
the property of bounds. Krizek’s stability measure is shown to take values in the
interval [0, log(min(M, C(d, k)))] [5].



4 S. Nogueira and G. Brown

4 Maximum
Deterministic Selection — Maximum Stability

Let us assume that all the feature sets in A4 are identical of cardinality k, there-
fore 7; ; = k and by definition, we have that ¢joccard = PHamming = PDice =
¢POG = ¢Kuncheva = ¢Wald =1

o k2

In that case, ¢rust = WM’ meaning that its maximum depends on the

values of k and n as shown by Figure 1 of the paper.

Maximum Stability — Deterministic Selection

Showing that Lustgarten and Wald’s stability measure do not have this property
can easily be done with a counter-example as done in the paper (c.f. Figure 2).

Let us show that the property is true for Krizek . The maximum stability for
that measure corresponds to a value of 0.

(A) =0
C(d,k)
= — Z CTJ logCTj =0
j=1
=Vj € {1,...,C(d, k)},G, logG; = 0 since all elements of the sum are negative,

:>v_] S {1, ,C(d,k’)},GJ =0 or Gj =1

=-All feature sets in A are identical.

All other measures have a maximum of stability of 1. We therefore assume that
P(A) = max(P) =1 and we want to show that this implies that all feature sets
in A are identical.

=Vi € {0,1}%,Vj € {0,1},j # i, ¢(si,8;) = 1.

Then using the constraint that r;; is a natural number less or equal than
min(k;, k;) (maximal possible size of intersection between two sets of size k;

and kj)7 it can be shown for ¢Jaccard7 ¢Dice7 ¢POG7 (anOG and ¢Kuncheva that
this implies that k; = k; = r; ; which means that s; = s;.
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4.1 Correction for Chance

Using the linearity of the expected value and the definitions given in section 2,
we get that: EV [(ZSKuncheva} = ]EV [¢Lust} = EV [¢nPOG] = EV[d)Wald] = 0 and
therefore the stability measures using these similarity measures also have an ex-
pected value of 0 and have the property of correction for chance. CW,.¢; is by
construction subset-size unbiased and is shown empirically to hold the property
of correction for chance [11].

When the FS procedure is randomly selecting feature sets of cardinality k, the
1

expected value of the frequency of occurrence of a feature set is equal to oCHOE
Therefore Krizek’s stability measure is not corrected by chance as its expected
value when the FS is random will depend on & and d.

Using the fact that Ey[r; ;] = k'i:j and the linearity of the expected value, we
can see that the other similarity measures will have an expected value depending

on k;, k; and d and therefore do not have the property of correction for chance.

5 Proofs of theorems

Theorem 1. For all (i,5) € {1,..., M}?, the sample Pearson’s coefficient can be
re-written:

op (s: S‘):Ti,j—Ev[m]‘] _Tij
earson 1927 d U,LUJ d UZU]
where Vi € {1,...,M},v; = %(1 — %) Therefore it possesses the property of

correction for chance.

Proof.

We remind that the sample Pearson’s correlation coefficient between two feature
sets s; and s; is by definition:
1\d = _
P Zf:l(xi,f =% ) (x5 — 7j,.)
¢Pearson (Si7 Sj) = 1 p 1 2
\/a 2= (@ip = l‘z',.)2\/a D= (@i = T5)2
where Vi € {1,...,M},z; =% Z‘;:l Tif = % since there are k; features selected

in S;-
Let us calculate the denominator term:

(@)

d d

1
d
1 2 1
_ 2 = . =52
= szlf _a$l"le’f+ddxi"'
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As z; 5 is binary (equal to 0 or 1), we have that (x; f)> = x; . Therefore:

1< 1< 2
P Z(ﬂﬁi,f —Zi5) = 7 Z Tif | — E@,.ki +Z
F=1 F=1

2 -2
i, —2%; + Ty

Z;, (1—2;)
N A

Similarly, ’UJ2» =1 Z?Zl(xj,f — Z;. )% Replacing in Equation 1, we get that:

Il
81

1 d
¢Pearson(si7sj) = d E (xi,f - ji,.)(ajj,f - i‘jw)
V; U5
J f=1
1 d
= > (@i gy — T @i g — By + T T
dUin
f=1
d o o o
1 Ti, Xj,. T Ty Ti Tj,
= Li,fZg,f | — -
dUi’Uj =1 ViU ViU VU
d
1 T, Ty,
= E T; £ -
dv;v; o) A ViUj

As, x; yx; 5 will only be equal to 1 when both z; y and z; ; are equal to 1,
we have that Z?Zl xi 5 = |s; Nsj| = r; ;. Therefore:

_ — _ — klk‘g
rig o BBy iy —dTi Xy Tig— =g Tij — Ev[rig]

Si,8;) =
¢Pearson( ! j) dUin VU5 d’Uin d’Ui’Uj d’Ui’Uj
Theorem 2. When k is constant, the stability using Pearson’s correlation s
equal to some other measures, that is:

¢Pearson = ¢Kuncheva = ¢Wald = ¢nPOG~

Proof.
Straightforward using the definition of the measures given in section 2.1 and

Theorem 1 for k; = k; = k. Indeed the similarity measures of Kuncheva, Wald,
2

K2
nPOG and Pearson will all be equal to Tkjikz‘d Therefore the stability measures

d
using these similarity measures are all equal.

Theorem 3. The stability estimate dspeamm 18 asymptotically in the interval
[0,1] as M approaches infinity.
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Proof. .
The upper bound is trivial: @pearson < 1 = Ppearson < 1
We prove the lower bound by showing that :
2
~ o T f — Xg,f/ 1
épearson — d2 Z [Z ] o M -1
f<f Li= SN——
>0 1\4;:»300
which gives us that lim [épearson] > 0. Indeed, we have:
M —+o00
2
T, f — g, f!
e [
f<f/ ) —
2
1 1 Z [M Ly, f < xlaf’]
_ 2 }
M(M-1)d oy = A
1 1A (M 2 1AM 2
- i, f N i, f
w1 (D) - (iE s
f=1 \i=1 f=11i=1
M M M d 2
1 1 Ty T ¥ 1 1 1
M(M—l)dz, Z ViV, M(M —1) dzvi Zx”‘
f=1i=1j=1 i=1 f=1
M M <—d M 2
_ 1 EZ Zf:l Li, f L5, f _ 1 EZ&
M(M — ].) d =1 j—1 VU5 M(M — 1) d im1 (o
M M M M
_ 1 1 Z Ti,j . 1 1 k'lk’j
M(M-1)d = v M(M —1)d? = v
MM —1) | =4 duow; MM —1) & dv; MM —1)d* = v}
J#i
1 ii”: ri g — B L1 L1k 1 i 1 k2
M(M —1) — dv;v; M(M —1) — vZd M(M-1) P v? d?
£i
M M M M
1 1 k; 1 1 k?
_1 ;;(bpearson"‘ (M—l);;?g_iM(M—l);Uigﬁ
FE)
M
- 1 1 (ki k2
=P earson —|=-=
P +M(M—1);u§<d d2>
1

:QSPearson +
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Proof of Equation (3).

Let @"(Xf) = 2_p¢(1 — ps) be the unbiased sample variance of the variable
Xy. We want to show that when the cardinality of the feature sets is constant
and equal to k, we have that:

S

Smaw

QASPearson =1- )

where S = %Z;:l @"(Xf) and where Sy0p = 2 (1 - 7) the maximal value of
S given that the FS procedure is selecting k features per feature set. Indeed, we
have that:

d - .
1_ S :1_1\/1%52]0:11%‘(1—%)
Smaz Sma:c
[ a d
1 M 1 . )
=1- S M—1d ZPf‘Z(Pf)
| F=1 f=1
I d M 2
1 M 1 1
—1- ) B
S [ Mzw)
L f=1 i=1
I M M
1 M 1
:175ma$M—1& k,7 Z:Z?fojf
L f=11i=1 j=1
M M
1 M 1
I M M
1 M 1 1
:1—Sma$M_1d k*jzzrlj
L =1 j=1
M M M
1 M 1 1 1
=1- - k= — i i1
Smaz M —1d MQ;Z:: 7 MZ;T’
L i
M M M
1 M 1 1 1
=1- ) — i k
Smax M — 1d M2;;T’J MQZ;
L J#i
M M
1 M 1 1 k
—1- = :
S M —1d | IE 2 T
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M M
1 11 1 M 1]k
It oo > Ty A g
+SmazM(M1)di=1J§1T,J+SmMM1d[M ]

J#i
M M v
1+ ]\4(]\41_1);;¢Pemon+ Simj\m}_l);;;l; B 5;@%
i =
1+ P pearson + Sriax ]:Tz S,iax S
14+ D pearson — d glm:j)
b pearson
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