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Some settings for constructive mathematics

Dependent Type Theory (DTT)
Constructive Set Theory (CST)

Local Constructive Set Theory (LCST)

DTT is intensional and keeps the fundamental
constructive notions explicit.

CST Is fully extensional and expressed In the
single-sorted language of axiomatic set theory.

# LCST Is also extensional, but many-sorted and is a
predicative variation on higher order arithmetic.

My motivation: To have a setting for topics in constructive
mathematics, such as point-free topology, that allows a
rigorous presentation that can be simply translated into
both the DTT and CST settings.
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Pragmatic Constructivism

# LCST Is a setting for pragmatic constructivism. Itis a
generalised predicative version of John Bell’s local set
theory for impredicative constructivism (topos
mathematics)

# Pragmatic constructivism has its origins in Bishop style
constructive mathematics, as further developed by
Bridges, Richman et al and influenced by Martin-Lof’s
DTT, by CST and by topos theory.

# Roughly, it Is generalised predicative mathematics with
Intuitionistic logic. But it uses no form of choice, so as to
be compatible with topos mathematics and allow sheaf
models.

# A lot of elementary mathematics can be carried out in
LCST,; e.g. the categorical axiomatisation of the
constructive Dedekind reals.
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Simpletype structures over the set V.

#® |mpredicative: N PN PPN ..
For each set A, PA is the set of all subsets of A.

# Predicative: N Pow(N) Pow(Pow(N))
For each class A, Pow(A) Is the class of all subsets of
A.

#® N Is a set, but the assertion that Pow(/V) Is a set IS
tabool!.

Given A, what is a set of elements of A?

e

#® Some notions of set of:
s logical
s combinatorial
s hybrid
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Notions of set of

#® Logical: Sets of elements of A are given as extensions
B ={x: A| R(x)} of propositional functions R on A.
Then a € B = R(a). But this is the notion of class on A.

# Combinatorial: Sets of elements of A are given as
families B = {a;};.r of elements q; of A, indexed by an
iIndex type I. Thena € B=(3i: I)|la =4 a;].

# Hybrid Sets of elements of A are given as
B={a;|i:1I|R()}, where {a;};.7 Is a family of
elements a; indexed by an index type I and R Is a
propositional function on 1. Then
a€ B=(Ji:I)[R(1)Na=4 a.

# The combinatorial notion works when the type theory
uses propositions-as-types. The hybrid notion works
more generally for type theories that use a suitable
treatment of logic.
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Interpreting CST InDTT

# The iterative notion of set, used to interprete CST In
DTT, uses an inductive type VV whose single
Introduction rule is

a IS a set of elements of VV
a:V

# The combinatorial notion of set of is used, assuming
propositions-as-types, or more generally the hybrid
notion might be used. The index types of the families
are the ‘small’ types; I.e. the types in some type
universe.

# The interpretation of LCST in DTT does not need the
iInductively defined type V. The powertype of a type A is
just the type of sets of elements of the type A.

Local Constructive Set TheoryOberWC)lfaCh, Aprll, 2008 — p6/'?';



Many-sorted predicatelogic

¥

We assume given an infinite supply of variables,
x,v, ..., and some sorts, o, 5, . . ..

A context I' has the form 21 : o1, ..., 2, : oy, Where
r=ux1,...,2, 1S a list of distinct variables.

We assume that, for each context I', the ['-terms of sort
« are defined in the standard way using variables
declared in I and sorted individual constants and
function symbols.

The formulae are generated from the atomic formulae in
the usual way using the logical operations, the logical
constants L, T, the binary connectives A, V, — and the
quantifiers (Vz : «), (dz : «). Each formula being a
['-formula for some context I' that declare the variables
that may occur free in the formula.
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Sequents

e \We use a sequent version of natural deduction to
formulate the axioms and rules of inference for intuitionistic
logic. Sequents have the form (I') ® = ¢ where ' Is a
context, ® Is a finite set of I'-formulae and ¢ Is a I'-formula.
In writing sequents we will omit (I') when I' is the empty set
and omit & = when @ Is the empty set.

e We present the logical axioms and rules of inference
schematically, suppressing the parametric variable
declarations and parametric assumption formulae.

Local Constructive Set TheoryOberWC)lfaCh, Aprll, 2008 — p8/'?';



Thelogical rulesof inference

o=v ¢ 9= ¢ v PANY PAY

¢ — WP ¢ NY ¢ W
¢ W OVY op=0 =10
OVY oV 0

(Vz : a)oo (7 : ) 9o
¢ola/z] (Vz : a)og

dola/x] (z:a)pg (x:a) Py =0
(Fz = a)eo (
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Structural rules

(L) e =9

Weakening (F’) P = o

fI’' CIVand ® C ¢,

MHeé=¢ ((I')P,¢p=10
(') ® =146

Cut

()@= ¢
(D) ©[b/7] = $[b/7]

Substitution

where A Is a context and If I Is the context

T1:01,.... 0, apthen isxy,... .z, and bis by, . ... b,, with
b; @ A-term of sort o; fori = 1,...,n. Also ¢[b/Z] is the result
of simultaneously substituting b, for z; in ¢ fori=1,...,n

and ®[b/7] is the set {¢[b/Z] | v € D).
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Adding equality

For each sort a we allow the formation of atomic formulae
(@ =4 b) for terms a, b of sort «.

Reflexivity axiom (a =4 a)

(a=ab) ¢ola/z]
do[b/x]

for terms a, b of sort a and (z : a)-formula ¢y.

Adding classes

We now allow the formation of classes {x : a | ¢9} on sort «
whenever ¢ Is a (z : «)-formula. We also allow atomic
formulae a € A whenever a Is a term of sort . and A is a
class on sort . We add the following axiom scheme for all
terms a of sort « and all (z : a)-formulae ¢y.

Equality rule

Comprehension: a € {z:a | ¢y} «— ¢ola/x]
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Some abbreviations

In the following ¢g IS a (z : «)-formula, A, B are classes on

sort « and a, b, ay, ..., a, are terms of sort a.
(Vx € A) ¢o (Vx:a)(zre A — ¢p)
(dx € A) ¢g (dx:a) (x e A A ¢o)
{rx e Al oo} {r:alxzeA N ¢}
ACB (Vr e A)z € B
A=2RB ACBANBCA
{ai,...,an}ta {x:alrz=qa1 V- ---Vr=qan}
da(a,b) {r:a|x=q4aNx=4b}
AUB {r:a|lxe AV xe B}
ANB {r:a|lxe A AN xe B}
- A {r:a|xdg A}
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Adding product sorts

¥

Given sorts aq, ... o, for n > 0, form the product sort
a1 X - X Qp
written 1 when n = 0 and aywhen n = 1.
Giventerms a; : aq,...ay, : oy, form the term
(@1, sn) i Q] X - X Qp
written x : 1 whenn =0 and just a; : @1 when n = 1.

Givenatermece: a; X --- X oy, fOorm terms ¢; : «; for
1=1,...,n.

Add the axioms
(1, s 0n)i =q, G (t=1,...,n)

(€1, 5Cn) =aix--xa, C
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Some abbreviations

In the following abbreviations A4, ... A,, are classes on sorts
ai, ..., respectively, with n > 2, A, B, R are classes on
sorts «, 3, a x B respectively and a Is a term of sort .

Al X oo X An
R—l

Ry,

U:z:EA Rl’

ﬂxEARx
R:A> B

R: A><BHB
R:A— B

{r:ap X Xap|r1€EAIAN---Nxy € Ay}
{z:ax | (x2,21) € R}

{y
{y
{y

p
p
P

(
(
(

a,y) € It}
dre A)y € R}
Vre A)y € Ry}

(Vx € A)(dy € B) (x,y) € R
R:A>B AN R!':B>A
RCAxB N R:A>B

AN (Vz,y € R) |21 =0 Y1 — 22 =3 y2]
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Adding a natural numberssort

We add a sort NV of natural numbers, with terms 0 and s(a)
for « a term of sort V together with the following axioms,
where A is a class on sort V.

(Vax : N) =0 =x s(z)]
(Vo : N)(Vy : N) [s(z) =N s(y) = 2 =N Y]

0eA) N (Vxe A)(s(x) € A) = (Vo : N)lxz € A
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Adding power sorts

°

Given a sort o, form the sort Pa of sets on sort «.

We require that every term of sort P« is a class on sort
.

Add the following axiom for terms a, b of sort Pa.

Extensionality axiom: (a=10) = (a =py b)

We need to have some set existence axioms. Local Set
Theory assumes that every class on sort « Is a term of
sort Pa..

But local set theory is thoroughly impredicative. We
obtain local constructive set theory by instead adding
some predicative set existence axioms. But first we
Introduce some more abbreviations.
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Some more abbreviations

In the following A, B are classes of sorts «, 3 respectively.

Pow(A) {z:Pa|zC A}
SA (Jy:Pa)y=A
B4 {z € Pow(Ax B)|z:A— B}
muv(B4) {z € Pow(Ax B)|z:A> B}
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Set Existence axioms

In the following axioms A, B, R are classes on sorts
o, 3, X B respectively.

Finite sets  (Vo1,...,2, ) S{x1,...,2p}ta (n > 0),
Equality sets  (Vz,y : ) Sdo(x,y),

Indexed Union SA A (Vo € A)SR; = SU,cq Rz
Infinity SV,

Strong Collection
SAAN(R:A>B) = (3z€ Pow(B)) R: A>=<z,

Subset Collection

SA A SB
= (32 € Pow(mv(B4)))(Vu € mu(B4))(3u € 2) v C u,
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