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Abstract

Hilbert-style axiomatic systems are presented for versions of the modal
logics KX, where 3 C {D, 4,5}, with non-contingency as the sole modal
primitive. The classes of frames characterized by the axioms of these
systems are shown to be first-order definable, though not equal to the
classes of serial, transitive, or euclidean frames. The canonical frame of the
non-contingency logic of any logic containing the seriality axiom is proved
to be non-serial. It is also shown that any class of frames definable in
the non-contingency language contains the class of functional frames, and
dually, there exists a greatest consistent normal non-contingency logic.
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Introduction

The non-contingency operator A is defined in terms of the necessity operator
O by putting AA := OAVO-A. This induces a translation of A-formulas
(i.e., formulas in the propositional modal language with A as the sole modal
primitive, A-language for short) into O-formulas. So, to any O-logic L (i.e., logic
in the O-language) one can associate a non-contingency logic of L, denoted by
LA, consisting of all A-formulas whose translations are theorems of L.

Montgomery and Routley [8] axiomatized the non-contingency logics of T,
S4, and S5 (see also [9, 10]). It is worth noting that in case when L contains T,
or more specifically, the reflexivity scheme [JA — A, necessity is definable in
terms of non-contingency (A-definable, for short) by 0A = A& AA. In the
logic Ver, the same effect is observed: it proves, for any A, a formula (A < T,
which can be regarded as a A-definition of 0. Cresswell [3] provides an example
of logic H such that H 2 T, H # Ver, but O is A-definable in H.
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A systematic study of non-contingency logic, in particular, the cases when
O is not A-definable, was initiated by Humberstone. In his paper [4], a (rather
complicated) system axiomatizing the non-contingency logic of K was presented.
Kuhn [5] succeeded in simplifying this system and proposed a finite axiomati-
zation of the non-contingency logic of K4.

Our paper continues this line of investigations. In Section 1 we present finite
axiomatization for the logics KX, where 3 C {4, 5}. We have slightly modified
the axiomatization of K& and K42 suggested by Kuhn [5] to make it similar to
the standard axiomatization of normal logics. In Section 2 we discuss a problem
with canonical model construction for the logic D?; it appears that if a normal
logic L contains the seriality axiom then the canonical frame of L is not serial
and hence falsifies L. However, there is a detour way to find an axiomatization
of some of these non-contingency logics; namely, adding the seriality axiom to
some logics does not change the non-contingency logic thereof. Section 3 is
concerned with definability of classes of frames by sets of A-formulas. Here we
show that the class of functional frames is the smallest A-definable class; in
particular, this explains why most of [J-definable classes of frames are not A-
definable. Dually, in Section 2 the logic Ver? is shown to be the greatest in the
lattice of consistent normal non-contingency logics. In the final Section 4 first-
order formulas are found that correspond to (i.e., characterize the same classes
of frames as) the axioms of non-contingency logics mentioned in Section 1.

The logic KD45 is known to capture the principles of reasoning involving
epistemic judgments: the postulates of this logic are valid under the (informal)
interpretation of a sentence of the form [JA as “A is known (to some idealized
person)” In this context, the non-contingency assertion AA means “the truth
value of A is known to the person’ (Strictly speaking, the logic KD45 is usually
proposed to represent categorical beliefs, when A is read “A is believed (by
an idealized person)”, for this logic does not contain the axiom A — A and
hence allows the person to believe in false statements. In accordance with
this, doxastic, understanding of the modality ‘CJ°, the assertion AA means “the
person has a definite view-point concerning the truth value of A”.) In Section 2
the logic of this modality, i.e. the non-contingency logic of KD45, is shown to
coincide with that of K45.

1 Transitive euclidean non-contingency logic

The propositional modal language consists of a denumerable set of variables
Var = {po, p1, ...}, symbols for falsehood L, implication —, and a unary modal
operator [J. Other connectives (T, =, &, V, <, O) are taken as standard
abbreviations. The set of formulas of this language is defined as usual and is
denoted by Fm". This language will be referred to as a O-language and its
formulas as O-formulas. A A-language and the set Fm® of A-formulas are
defined similarly. We fix a natural translation tr: Fm* — Fm" which respects



boolean connectives and tr(AA) := Otr(A4) v O-tr(A).

A (Kripke) frame is a structure (W, 1), where W is a nonempty set of
“worlds” and T is a binary “accessibility” relation on W. By | we denote
the converse relation of 7. A model M = (F, =) consists of a frame F and a
valuation = C W x Var. The notion “A is true in M at w” (written Myw = A
and M usually omitted) is defined for both OJ- and A-formulas in the standard
way; the modal clauses are as follows:

wEOA = Velw zE A

wEAA = (Volw zEA)or (Volw z B A).
Obviously, w = A & w = tr(A), for any A-formula A. A formula A is valid
in a frame F' (F' = A, in symbols) if A is true at every world in every model
based on F. If I is a formula or a set of formulas then a I'-frame is a frame
validating T'; the class of all I'-frames is denoted by F(T').

A O-logic is a set of [(-formulas containing all classical tautologies and closed

under the rules of modus ponens, substitution, and equivalent replacement:
A A—B A o A< B
(MP) —F (Sub) 757 (RE) ma=ms
(here A[B/p] is the result of substituting a formula B for all occurrences of a
variable p in A). The notion of A-logic is defined similarly. Given a U-logic L,
a non-contingency logic of L (briefly, a A-logic of L), denoted by L?, is the set
of all A-formulas whose translations are theorems of L (it is indeed a A-logic):

LA ={A € Fm* |tr(A) € L} = tr '(L).
The minimal normal modal logic K has the rules (MP), (Sub), and the
following axioms and the “necessitation” rule:
(Ag) All classical tautologies in the [J-language A
(AR) O(p — ¢) — (Op — Oq)  (distributivity) OA

In this paper we consider the systems KX, ¥ C {D,4,5}, obtained by
adding to K the axioms (AR), & € 3, listed below (the class of frames charac-
terized by (AR) is first-order definable by a formula (¢3) also shown below):

(AS) Op — Op (©B) Yw Iz wlz (seriality)
(AD) Op — O0Op (VYY) Yw Vo lw Yylz wly (transitivity)
(AE) Op — O0p ((,0?) Yw Vrlw Yylw zly (euclideanness)

(Nec)

Now we formulate our axiomatic systems for A-logics of KX, ¥ C {4, 5};
logics containing the seriality axiom are considered in the next section. For
notation simplicity, we denote the systems by KZA; Theorem 1.2 below justifies
the notation. The logic K has the rules (MP) and (Sub) as well as the following
axioms and the “noncontingentization” rule (cf. [4]):

(AL) All classical tautologies in the A-language

(AR) A(p = q) — (Ap = Ag) (equivalence) (NCR) A
(A2) Ap < A=p (mirror axiom) AA
(A3) Ap — [A(q —p)VA@p— 7")] (dichotomy)



To obtain the system KX2, 3 C {4,5}, add to K* the relevant axioms:
(AL) Ap — A(q — Ap) (weak transitivity)
(AS) =Ap — A(q — —Ap) (weak euclideanness)
Clearly, these systems are closed under the rule (REZ).
Before we pass to the main result of this section, let us recall for the future
reference the axiomatization of A-logics of T, S4, and S5 (cf. [8, 9]). First, T,
S4, and S5 are axiomatized over K as follows:

T=K+(AD), S4=T+(AD), S5=T+(AD),

where (A%) is the reflexivity axiom Op — p. The A-logics of T, S4, and S5 can
be axiomatized over K2, however in [8, 9] the following simple axiomatization
thereof is proposed. The rules of T4 are (MP), (Sub), and (NCR) and the
axioms are (A%), (A%), and

(AD) p— [A(p — q) — (Ap — Ag)] (weak distributivity)
The logics S42 and S5° are axiomatized as follows:
S4% =TA 1 (AL),  S5°=T2 4 (A5) =T + (AS),
where the extra axioms are

(AZ) Ap— AAp (b-transitivity)
(AZ) AAp (b-euclideanness)
(AS) A(Ap — p) (weak euclideanness)

The properties of frames expressed by the abovementioned non-contingency ax-
ioms are presented in Section 4. There we show that classes of frames validating
the axioms (Ag) and (A3) (resp. (A), (A), and (AS)) strictly contain the
classes of transitive (resp. euclidean) frames. The names we gave to these axioms
can be partially justified by Theorem 4.3.

The main result of this section is formulated in the theorem below. It states
that the systems KX axiomatize exactly the A-logics of KX, ¥ C {4,5}.
For its proof, we use the canonical model argument adapted for A-logics by
Humberstone [4] and Kuhn [5]. For K2 and K4* the theorem is proved in [5],
however, the axiomatization of these logics proposed in that paper slightly differs
from ours, so we restate the result for our systems. We need an auxiliary lemma.

Lemma 1.1 K» F Ap & Aq — A(p & q).
PrOOF. We derive in K2 (derivations are written quite schematically):
2
KA EAlp— q] & Alp < (p& )] = [Ap — Alp & q)).
Here ‘& is obtained from a tautology [p — ¢q] < [p < (p & ¢)] by applying

the rule (RE®) and 2 is an instance of the axiom (AL). Similarly,



K2 F Alg — p] — [Aq — A(p & q)]. Finally, we use the dichotomy axiom:
K2 Ap — {A(g—p) VAP —q)} —

—{[Ap = Alp &g V[Ag— Alp& )]} <

<= {(Ap& Aq) — Alp & q)}.
The first premise Ap of Ap — {(Ap & Aq) — A(p& q)} is redundant.

Theorem 1.2 (Completeness) For any ¥ C {4,5} and any A-formula A,
the following statements are equivalent:

(1) K2+ A;

(2) KX Ftr(A);

(3) A is valid in all KX-frames.

Proor. We follow the scheme (1) = (2) < (3) = (1). The equivalence
(2) & (3) is the well-known (cf. [2]) completeness of KX w.r.t. KX-frames.
In the rest of the proof we refer to A-formulas as just formulas.

(1) = (2) The axioms of K* are valid in any frame and so the translations
thereof are provable in K. The case of the axiom (A$') is considered in [5]. We

give a sketch of a derivation of (the translation of) the axiom (Ag') in K5:

O
K5F -Ap <: g]j'p : Dggp > O0-Ap — O(q — —Ap) — A(g — —Ap).

(3) = (1) We construct the canonical model My = (Wg,1,|=) for the logic

L = KX?. Its worlds are maximal L-consistent sets of formulas. A valuation
is defined in the usual way: w = p < p € w, for any world w and a variable p.
Before defining the relation T, we introduce some notation.

For a formula A, denote MA := {A(B — A) | B € Fm®}. In the subsequent
proof, the symbol X plays the role similar to that of O in the standard canonical
model argument for [J-logics. The difference is in their “types”: the operator [J
maps a formula to a formula, whereas X maps a formula to a set of formulas.
Note that semantically X is by no means equivalent to [J, in the sense that the
truth at a world w of the formula (JA is not equivalent to the truth at w of all
formulas in the set XA.

Now denote fw := {A € Fm* | KA C w}. Finally, put wlz iff fw C x.

Lemma 1.3 For any world w € Wy, the following properties are satisfied:
1° (Dichotomy) If AA € w then either A € fw or ~A € fw.
2° The set fw is closed under (even empty) conjunction (hence fw # & ).
3° The set fw is closed under derivability in L: if A € fw and LF A — B,
then B € fw.
4° The dichotomy property is reversible: if A € fw then AA € w.

PROOF. 1°. Suppose A,—A ¢ tw, then by definition of fw, for some formu-
las B,C we have: —=A(B — A) € w, -A(C — —A) € w. However, using the



dichotomy axiom, we derive: K» - AA — [A(B — A) V A(C — —A)], and
hence w is even K®-inconsistent, which contradicts our assumptions.

2°. By definition, the empty conjunction is T. Since A(B — T) is provable
in K2 for any formula B, we have XT C KACLCwandsoTe fw.

Now let A, B € fw and prove that (A & B) € tw, i.e., A[C—(A & B)] € w,
for any formula C. From KA C w and KB C w it follows that A(C—A) € w
and A(C—B) € w. Using Lemma 1.1, we derive:

KAFA(CHA)&A(C’HB) — A[(C - A) & (C — B)] «—
«— A[C — (A& B)].

Since w is closed under conjunction and derivability in K® (and even in L), we
conclude: A[C' — (A & B)] € w.

3°. To prove that B € fw, we take an arbitrary formula C and show that
A(C — B) € w. Since MA C w, we have A[-(C — B) — A] € w. The assump-
tion L F A — B truth-functionally implies L F [-(C — B) — A] < [C — B],
and an application of the rule (RE4) finally yields A(C — B) € w.

4°. XA C w implies A(T—A) € w, which is equivalent to AA € w. —

Lemma 1.4 (= 3) For any formula A and a world w, wE A & A € w.

PrOOF. By induction on A. Atomic and boolean cases are trivial. Now consider
A=AB.

(<) ABew = (by dichotomy 1°)
B etw or =B € fw = (by definition of 1)
(Vzlw B €x) or (Vexlw —B € x) = (by consistency of z)
(Vzlw B €z) or (Vzlw B¢ x) = (by induction hypothesis)
(Vzlw x = B) or (Vzxlwx £ B) = w E AB.

(=) Suppose AB ¢ w. Then the sets X = fw U {B} and Y = w U {—-B} are
L-consistent. For, if Y is not then L+ (A; & ... & A,) — B for some formulas
Ap,..., A, € fwand n>0. By 2°, (A; & ... & A,) € fw, then B € fw by 3°
and AB € w by 4°, which is not the case. The argument for X is similar except
for additional use of the mirror axiom.

Therefore, X and Y are contained in some worlds z and y. Since fw C z
and fw C y, we have wla and wly; by induction hypothesis, B € z and B ¢ y
imply « = B and y £ B, thus w £ AB. —

By this lemma, the canonical model falsifies all the nontheorems of L. To
conclude the proof, it remains to check that the canonical frame is a KX-frame.
The case ¥ = @ is trivial.

Suppose 4 € ¥ and prove that T is transitive. Let wT2Ty and show that w1y,
i.e., fw C y. Take any A € fw, then A(B — A) € w, for every B. By the axiom
(AD), K4 - A(B — A) — A[C — A(B — A)], for any C. Since w is closed



under K42-derivability, A[C' — A(B — A)] € w. Hence RA(B — A) C w and
A(B — A) € fw C z, whence XA C x and A € fz C y, as desired.

Suppose 5 € ¥ and prove that | is euclidean. Let wlz, wly and show that
xly, i.e., fz Cy. Takeany A ¢ y, then A ¢ fw by fw C y, hence "A(B—A) € w,
for some B. Since w is closed under K5°-derivability, we apply (A§) to obtain
A[C — =A(B — A)] € w, for all C, therefore X-A(B — A) C w. By wlz, we
conclude: =A(B — A) € x, thus KA € = and A ¢ fz, hence the claim. !

2 A problem with seriality

It is known (see [2]) that the canonical frame of the logic D = KD is serial (and
so it validates D). It turns out that this does not hold for the A-logic of D. More
precisely, an application of the construction described in the previous section
to D yields a frame which is not serial. A possible solution of the problem
consists in appropriate modification of the construction. However, in this section
we show that, in order to axiomatize A-logic of some logics containing D, this is
not necessary. In particular, we prove that KDX? = KX4, for any 3 C {4,5}.
Note that the canonical frame of KDX? validates KX4 (since its transitivity
and euclideanness follow from the presence of the axioms (A4') and (A£) in the
logic) and hence KDX4 so KDY is a canonical logic in the usual sence.

Recall that the logic Ver is obtained by adding to K the axiom Op, i.e.,
Ver = K + Op. Similarly, Triv = K + (Op < p). The results obtained in [7]
imply that, for any logic L 2 K, if 0T € L then L C Triv, otherwise L C Ver.
Now observe that the logic Ver® can be axiomatized by adding to K2 the
axiom Ap. The following fact is already mentioned in [4, p. 225].

Theorem 2.1 For any consistent O-logic L containing K, L™ C Ver?.

PROOF. Let A € L». Consider a formula A as a truth-functional compound of
variables and formulas of the form AB: A = f(p,ABy,...,AB,), where f is a
non-modal formula and §'is the list of all variables occurring in A. We must show
that Ver® I A, or equivalently, Ver® + f@,T,...,T), since Ver®  AB T,
for any B. The logic Ver® is conservative over propositional logic, so it remains
to prove that f(p,T,...,T) is a tautology. To this end, we take an arbitrary
g e {1, T}™ with m = |p] and check that the value ¥ := f(&,T,...,T)=T.
Since L2 is closed under the rule (Sub), substituting & for 7 in A yields a
A-sentence (i.e., A-formula containing no variable) A[¢/p] € LA, Tt is easily
seen that any A-sentence of the form AB is equivalent to T in K# (for this,
observe that any A-sentence is equivalent to either 1 or T, and both ALl and
AT are equivalent to T). Hence A[7/p] is equivalent to ¥ in K2, so ¢ € LA
Finally, due to consistency of L, we conclude: 9 = T. -

Corollary 2.2 For any consistent O-logic L D D, the canonical frame for L™
is not serial and hence not an L-frame.



PROOF. The set Ver” is LA-consistent, since it is even Ver”-consistent and
LA C Ver®. So it is contained in some world w of the canonical model (F, =)
for L. We claim that w has no T-successors (and thus the frame F, is not
serial). Indeed, if wlz then fw C z, but w contains AA for all formulas A,
hence fw = Fm? and z is inconsistent. o

Now we show, following [4], that adding the axiom (AJ) to some C-logics
does not change A-logic thereof. Let F' = (W, 1) be a frame. A set of worlds
accessible from w € W is denoted by wl := {& € W | wlz}. We turn each
“blind” world into a world “seeing” only itself and obtain a frame F= (W, 1),
where f} := T U {{w,w) | wl =&}. Given a class of frames F, we denote
F:={F | FeF}. In [4] it is noted that frames F and F validate the same
A-formulas. Consequently, the A-logic of classes F and F coincide.

Definition 2.3 We call the set £2(F) := {4 € Fm" | F |= A} a O-logic of a
class of frames F. A O-logic L is called (Kripke) complete (w.r.t. a class F) if
L = LP(F); finitely approzimable if it is complete w.r.t. a class of finite frames.
For the A-language, the same notions are defined similarly.

Theorem 2.4 Suppose a U-logic L is complete w.r.l. a class F and LD is the
smallest logic containing L and the ariom (AZ). If F C F then LD = LA,

PRrOOF. The inclusion (D) is trivial. Now take any A € LD?; clearly, A € L*
str(d)eLe FE tr( ) & F = A, so it remains to show that F ): A, for any
frame F € F. Since F C .7-" we have F € .7: and so F E L; besides, Fis serial,
hence F = (A%). Thus F E LD, whence F = LDA, in particular, F E A. By

the above, this is equivalent to F' = A. o

As a consequence, KDE? = KX2, for any X C {4, 5}, since the transitivity
and euclideanness properties are preserved as we pass from F' to F. For the case
¥ = & the result was obtained in [4].

3 Definability

Insofar as the A-language is embeddable into the U-language via the transla-
tion tr, the expressive power of the former is no more than that of the latter.
Moreover, as is already noted in [4], it is essentially less, for some well-known
O-definable classes are not A-definable. In this section we show that this effect
is explainable by the fact that every A-definable class of frames must contain
the class of functional frames.

Definition 3.1 A class of frames F is O-definable if there exists a set I' of
O-formulas such that, for any frame F, F € F <& F =T in this case T is said
to O-define F. For the A-language, the same notions are defined similarly.



Following [1, p. 91], we call a frame functional if it satisfies the condition
Yw Vz|lw Vylw =1y (functionality)

In [4] it is shown that the logic Ver® is complete w.r.t. the class Func of func-
tional frames and moreover, this logic A-defines the class Func.

Lemma 3.2 IfT" (resp. I') defines a class F (resp. F') and T C TV then F' C F
(of course, T and T are supposed to be in the same, O- or A-, language).

PrOOF. By assumption, VE (F € F < FET) and VF (Fe F' < FET).
Then, for any frame F', we have: Fe F/ &« FEI'=FET < FeF. A

Theorem 3.3 If a class of frames F # @ is A-definable then Func C F.

PROOF. Suppose a set I' A-defines F. Take a logic L := L5(F). Since
F ET, we have F = tr(T), whence tr(I') C L and I' € L?. By Theorem 2.1,
LA C VeI'A7 so I' C Ver® Now Lemma 3.2 implies Func C F. =

Corollary 3.4 The classes of reflexive, serial, transitive, symmetric, euclidean
frames, as well as any subclass thereof, are not A-definable.

This corollary (for the first four classes) was already obtained by Humber-
stone [4, Theorem 4.2] from other considerations.

We shall return to definability issues in the next section. Now we show
that the map L ~ L* preserves (Kripke) completeness; moreover, it is an
epimorphism of the lattice (w.r.t. inclusion) of complete logics containing K
onto the lattice of complete logics in the segment [KA,VerA]. In addition, we
obtain the same result for finitely approximable logics.

Theorem 3.5

(a) If a O-logic L is complete w.r.t. a class F then L is complete w.r.t. the
same class F. In particular, if L is finitely approzimable then so is L*.

(b) If a A-logic M is complete w.r.t. a class F then M = L® for some
O-logic L that is complete w.r.t. the same class F. In particular, if M is finitely
approzimable then M = L? for some finitely approzimable logic L.

PROOF. (a) By assumption, L = LP(F); then L» = L2(F), since, for any
A-formula A, A€ LAF) & FEAs FEt(Ad) etr(Ad) e L& Ac LA
(b) Suppose M = LA(F). Then take L := LZ(F) and the above argument
shows that M = L2, o
The above map is not injective, as the following example shows. Clearly,
Triv # Ver, however, Triv® = Ver?, since Triv® F Ap and Ver? is the
greatest non-contingency logic, by Theorem 2.1. The same argument applied to
any logic L containing the functionality axiom Op — Op yields L? = Ver?.



On the other hand, the restriction of this map to the family of logics con-
taining T is injective. This is an easy consequence of A-definability of O in
these logics by A = A & AA and hence the existence of a natural translation
from O- into A-language. Details are left to the reader.

We close this section with an observation that adding the class Func to a
nonempty class F does not change its A-logic. Thus, any (consistent) complete
A-logic can be represented as the A-logic of a class containing Func.

Lemma 3.6 L2(F) = LA(F UFunc) for any nonempty class F.

PROOF. First, L2(FUG) = LA(F)NLA(G), for any classes F and G. Secondly,
since F is nonempty, the logic L := ED(]-" ) is consistent and L2 C Ver® by
Theorem 2.1. Thirdly, the argument used in the proof of Theorem 3.5(a) yields
LA(F) = L and therefore £2(F) C Ver®,

Finally, £2(F U Func) = L2(F) N L2 (Func) = LA(F) N Ver™ = LA(F).

4 First-order correspondence

Here we present first-order formulas characterizing the same classes of frames
as the axioms of the non-contingency logics mentioned in Section 1.

We begin with introducing some convenient notation.

Validity of a first-order formula ¢ in a frame F = (W, 1) will be denoted
by F % ©, to distinguish from validity of modal formulas. Quantification over
worlds accessible from a given world w € W will be written as Vz|w and Jz|w
(as was done in Section 1). Instead of X NY # & we write briefly X NY.

A world w is called functional if it “sees” at most one world; this property
is obviously first-order expressible by

Fne(w) = Vz,ylw (z=y).

A world w is branching (Bra(w), in symbols) if it is not functional. We introduce
special notation for bounded quantification over branching worlds:
Yw p(w) = Yw[Bra(w) — @(w)];
Jw p(w) = Jw[Bra(w) & p(w)].
Bounded quantification over branching worlds accessible from w is written as
Vzlw p(w) = Ve[{wlz & Bra(x)} — @(z)];
Ja|w p(w) = Jzjwlz & Bra(z) & p(z)].
The existence of a branching world accessible from w will be abbreviated as
dx|w, which is equivalent to dx|wT. Finally, by Ttan and Eucl we denote the
classes of transitive and euclidean frames, respectively.

Recall that the formula Ap defines the class Func of frames satisfying the
condition Yw Fne(w). The main theorem of this section states that the classes
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of frames defined by A-formulas

(A2)  p—I[A(p—q) — (Ap — Ag)]
(AT)  Ap— A(g— Ap)

(A)  Ap— AAp

(A5)  —Ap— A(g — —~Ap)

(Ag)  A(Ap—p)

(AsAb) AAp

are first-order definable by the following formulas (braces enclosing two formulas
mean a conjunction thereof):

(P3) Yw wiw

(¢5)  YwVzlwVylz wly

(3) o [luer cun eI T
(QD5A) gw Vr,ylw zly

(¢3)  YwVrylw iy

(05)  Vw[Fzrlw — Va,ylw (21 = yT)]

Theorem 4.1 F (Aé) — F L (goé), for each & € {T,4,4b,5,5b,5'} and
any frame F.

PRrROOF. Note that the claim for & = T is already stated in [4].

Each formula (A2) under consideration belongs to the logic Ver” and hence
is true at any functional world under any valuation. Wherefore in the ‘<=’ part
of our proof it is assumed that we are given an arbitrary frame F' = (W, 1) such
that F' = (p2), a valuation |=, and a branching world w € W.

s ="T.

(=) Assume that F £ (p3), i.e., Jw —(wlw) and then Iz, y|w: z #y. To
falsify (A%) at w, put p (resp. ) to be true only at w (resp. ). Then w = p;
w = Ap, even w = O—p, since Vt|w t £ p; w = A(p — ¢), even w = O(p — q),
since Vt|w t = p — ¢; however w H Ag, since z |= ¢ and y H q.

(<) Suppose w = p, Ap; by (%), we have wlw, hence w = Op. Further,
suppose w = A(p — ¢). To see that w = Ag, consider two cases:

a) w = O(p — q); together with w |= Op, this implies w | Og.

b) w | O=(p — q), i.e., w E O(p & —q); it follows that w = O—g.

& = 4. Tt suffices to consider a formula Op — A(q — Ap) instead of (A%).

(=) Assume that F £ (©%), ie., Jw Jz|w Iyl —(wly). Let p be false
only at y and ¢ be true only at . Then w = UOp, since ~(wly); however,
w F A(q — Ap), for the following hold:

a) w = O(q¢ — Ap), since Bra(w) implies 3z |w, z # x, so that z F£ ¢ and
z | q— Ap.
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b) w | O0—(q — Ap), since wiz, z = ¢, and x B Ap; to see the latter, note
that 2Ty and y £ p, whereas Bra(z) implies 3t]x, t # y, so that ¢ = p.

(<) Suppose w |= Op and prove that even w = O(¢ — Ap). Take any x| w;
if Fnc(z) then x = Ap and so x = ¢ — Ap; if Bra(x) then even = |= Op, since,
for any y|z, we have wly by (%), and from w = Op it follows that y = p.

& = 4b. Clearly, instead of (/—\fb) we can deal with Op — AAp.

(=) Assume that F B (gofb), ie., Jw §xolw: 2ol € w] and Jz,ylw such
that at least one of the conditions in braces in (gofb) fails. There are two cases:

1) Either z or y is functional, say, Fnc(y). Since Bra(xo) and zol € w1,
we have Js,t]xg: s #t, 7(wls). Let p be false only at s. Then w = Op, for
—(w1s); y = Ap, for Fne(y); and xg £ Ap, for s B p and t = p; thus w B AAp.

2) Both z and y are branching. Then two subcases are possible:

a) (zN\w?) # (yT\wT). Due to symmetry, we can assume that 3s € (7 \ w1),
s ¢ (yT \wY). This implies Ts, =(yTs), and —(wTs). Let p be false only at s.
Then w = Op, for —(w1s); y E Ap, even y = Op, for =(y1s); and = £ Ap, since
s B p, whereas Bra(x) implies 3t|x, t # s, so that t = p; thus w £ AAp.

b) Now assume that (z7\w?l) = (y7 \w?) and (due to symmetry) zT Nw?
and yTNw] = &. Let p be true only at worlds accessible from w. Then w = Op
by construction; y = Ap, even y = O-p, for y] Nwl = &; and x # Ap, since
21 Nw? implies z |= Op, whereas (z] \w?) = (y1 \ w]) # & (the inequality is
due to Bra(y) and y] Nw?l = &) implies « = ¢—p. Thus again w £ AAp.

(«<=) According to ((3)), two cases are possible:

1) Qxlw (27 € wY). Then even w = Op — OAp, for assume that w = Op
and wlz. If Fne(x) then x = Ap; if Bra(z) then even x = Op, since 27 C wT.

2) Now suppose the second disjunct in (¢%)) holds. We must show that
w E Op & O—-Ap — O-Ap. Assume that w E Op & O—-Ap, then Jz|w:
x E Ap, hence Fs,t|lx: skE=p, t £ p (clearly, s #t), and so Bra(z). Now
take any ylw; to see that y £ Ap, first note that —~(w1t), for w = Op, hence
te (xt\w?) = (yT \wl), so yt and y = O—p; secondly, consider cases:

a) wls; then T NwT, hence y1 N w7 by (gofb) and so y = Op.

b) =(wls); then s € (zT\wT) = (yT\wl) (the equality holds by (¢%)),
whence yTs and y = Op.

6 =35.

(=) Assume that F B (©8), ie., Juw Iz, y|w: —(z7y). From Bra(w) it
follows that Jz|w: z # = (possibly z =y). Let p (resp. ¢) be true only at y
(resp. ). Then w = —Ap, since y |= p and either z or z differs from y, call it ¢,
so that w{t and t £ p; w = O(q — —Ap), for z £ ¢; w E O—(qg — —Ap), since
x = q and z |E Ap, even x = O-p, for =(21y).

(<) Suppose w = —Ap, then Iz, ylw: x = p, y £ p. We prove that even
w = O(g — —~Ap) and moreover: w = O-Ap. For any z]w, we have 27z, 2]y
by (&), hence z = Op and z = O—p and so z = =Ap.
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& =5". The formula (A%) is equivalent (modulo replacing —p by p) to
O(p & Ap) — (Op & TAD). R

(=) Assume that F | (p§), ie., 3w 3z, ylw: =(2Ty). Consider two cases:

1) x = y. Let p be true only at . Then w = O(p & Ap), since z = p and
x = O-p, for —(zTx); however, w £ Op, since Bra(w) implies 3z |w: z # x, so
that z E£ p.

2) x #y. Let p be false only at y. Then w | O(p & Ap), since z = p and
x = Op, for =(z7y); however, w £ Op, since y F p.

(<) Suppose w = O(p & Ap). Then Jz|w: z = p and z |= Ap. From (©§)
it follows that wl C z7. Since wlz, we have zlz, whence x = Op. Therefore
w | Op, since wl C z7; and for any y|w we have y = Ap and even y = Up;
to see the latter, first note that wlz and wly imply yTz; now take any z|y.
If z = x then z = p; if 2 # x then from ylx, yTz, and hence Bra(y) we infer,
by (%), that 272, so 2 |= p.

& = 5b. The formula (Aé,) is equivalent to QAp — OAp.

(=) Assume that F }# (QOSAb), ie., Jw ﬁxolw and Jdz,ylw: x] # y7. Then
two cases are possible:

1) Either z or y is functional, say, Fnc(y). Since Bra(xg), we have 3s,t]xo:
s #t. Let p be true only at s. Then w | OAp, for y = Ap by Fne(y); and
w | O—-Ap, since xg £ Ap, for s = p and ¢t £ p. Thus w B AAp.

2) Both z and y are branching. Since xT # yT, we can assume (due to sym-
metry) that 3s]z: —(yTs). Let p be true only at s. Then w = QAp, for y E Ap
and even y |= Op by virtue of =(yTs); and w = 0—Ap, since z £ Ap: indeed,
s | p, whereas Bra(x) implies 3t|a: t # s, hence t £ p. Again w £ AAp.

(«<=) There are two possibilities:

1) Volw Fne(z). Then Va|w z = Ap, hence w = OAp and so w = (A).

2) /El\xlw. Assume that w = QAp, i.e., Jx|w: z E Ap. Take any y|w; then
T =y7T by (cp?b), whence y = Ap. Thus w | OAp — OAp. o

Corollary 4.2 The following strict inclusions hold. Other inclusions between
these classes of frames follow from the exhibited ones.

Tran C F(AL) C F(AS)

U U
FJunc  F(AL)
M U

Cucl C F(AS) = F(AS)

PROOF. That unc C F(A) for any A-formula A is proved in Theorem 3.3. The
Completeness Theorem 1.2 implies that Tran C F(AL) as well as Eucl C F(AL).
Since putting ¢ := T in (A2) yields a formula equivalent to (A3) in K=, we
have F(Ag) C F(A4). The inclusion F(AL) C F(AS) is trivial, since (AZ)
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is the succedent of the implication in (A). The equality F(Ag) = F(AS) is
established in Theorem 4.1.

Let us prove that F(Ag) C F(AL). Suppose F = (¢8), ie., any two
worlds accessible from a branching world “see” each other (themselves as well).
We prove that even Y Va,ylw (z7 = yT). Take a branching world w in F' and
any x,y|w, then Ty and yTy. To prove the inclusion =T C yT, take any z|xz. If
z =y then clearly y1z. If z # y then from zTy and 27z it follows that Bra(x)
and again y1z. The converse inclusion is left to the reader.

The inclusion of classes Func, Tran, and €ucl into the nearest classes in
our diagram is strict, since these three classes are incomparable. The inclusion
F(AL) C F(AS) is strict, for the following inclusion of logics is strict:

TA + (A5) = S4° € S5° = T2 + (AS).

The inclusions F(AF) C F(AL) and F(Ag) C F(AL) are strict, since the
frame X in Figure 1 validates (A%) and (AZ}), but falsifies (A7) and (A§) at w.
(Below, reflexive and irreflexive points are depicted by e and o, respectively.)

e
Frame X Frame Y Frame Z

Figure 1: Three frames.

Finally, no other inclusion hold that do not follow from our diagram. To
show this, it suffices to refute the inclusions €ucl C F(AL) and Tvan C F(AL).
In Figure 1, the euclidean frame ) falsifies (A$) at w, whereas the transitive
frame Z falsifies (A5) at w. —1

It is worth noting that if we modify the frame Z by making w irreflexive
and y reflexive then we obtain a frame possessing, as Cresswell [3] proved, the
following interesting property: its U-logic is not equal to Ver, does not contain
T, but necessity is A-definable in it by JA = [AA & (A <~ AAA)).

Theorem 4.3 Fore € {4,4b} (resp. & € {5,5b,5'}), the aziom (AS) ezpresses
the transitivity (resp. euclideanness) property of reflexive frames. Precisely,
a reflezive frame F validates (AL) iff F is transitive (resp. euclidean).

ProoOF. Recall that, in presence of reflexivity, necessity is A-definable by
OA = A& AA. This induces a translation Tr from - into A-language which
respects boolean connectives and Tr(A) := Tr(A) & ATr(A). Clearly, F = A
< F = Tr(A), for any reflexive frame F' and any O-formula A. Therefore, in
the logic T, O-formulas A and tr(Tr(A)) are equivalent.
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Now we are ready to prove our theorem. For & € {4b, 5b, 5’} the claim follows
immediately from completeness of axiomatization of S4” and S5° proved in
[8, 9]. Consider, for instance, the case & = 4.

Take an arbitrary reflexive frame F. If F' is transitive then F' |= S4, so
F |=84% and F |= (A4). To prove the converse, assume that F = (A%), then
F = S4%. Due to completeness of S42, from S4 F tr(Tr(AD)) it follows that
S42 F Tr(AD), so F |= Tr(AD) and F |= (AD), thus F is transitive.

The claim for & = 5 follows from equivalence of (A§) and (AS).

For & = 4 the argument is: on the one hand, (A$) is stronger than (A%),
by Corollary 4.2; on the other, it is not too strong to go beyond S42 | ie.,
(AL) € K42 C S4”. Hence, (AL) can be treated like (AL) above. =

We conclude with a remark on axiomatic systems presented in Section 1.
According to Corollary 4.2, the axiom (A%) is stronger than (A%). Hence
(A%) can be replaced by (A4) in the axiomatization of S4°. Humberstone [4]
conjectured that K42 can be axiomatized using the simpler axiom (Aﬁ,) instead
of (AL). However, Kuhn [6] refuted the conjecture by providing the frame X
(see Figure 1 above) which separates these axioms. For the same reason, in the
axiomatization of K52, the axiom (A£) cannot be replaced by (AZ) (for the
frame X separates these axioms too). At the same time, we can replace (A%)
by (AS) in the axiomatization of K52, as well as replace (A%) by (A8) in the
axiomatization of S5%, since, by Theorem 4.1, these axioms are semantically
equivalent and hence their equivalence is provable in K4
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